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Preface (Readme)

This is the ninth edition of the text but the first with Farid Golnaraghi as the lead author.
For this edition, we increased the number of examples, added MATLAB ®' toolboxes, and
enhanced the MATLAB GUI software. ACSYS. We added more computer-aided tools for
students and teachers. The prepublication manuscript was reviewed by many professors,
and most of the relevant suggestions have been adopted. In this edition. Chapters 1through
4 are organized to contain all background material, while Chapters 5 through 10 contain
material directly related to the subject of control.

In this edition, the following materials have been moved into appendices on this book's
Web site at www.wiley.com/college/golnaraghi.

Appendix A: Elementary Matrix Theory and Algebra
Appendix B; Difference Equations

Appendix C: Laplace Transform Table

Appendix r-Transform Table

Appendix Propenies and Construction of the Root Loci

Appendix

D:
E;
Appendix F; General Nyquisi Criterion
G; ACSYS 2008: Description of the Software
H:

Appendix Discrete-Data Conuol Systems

In addition, the Web site contains the MATLAB files for ACSYS. which are software
tools for solving control-system problems, and PowerPoint files for the illustrations in the
texl.

The following paragraphs are aimed at three groups: professors who have adopted the
book or who we hope will selectit astheir text; practicing engineers looking for answers to
solve their day-to-day design problems: and. finally, students who are going to live with the

book because it has been i for the conirol-systems course they are taking.

To the Professor: The materia] assembled in this book is an outgrowth of senior-level
control-system courses taughi by the authors at their universities throughout ther teaching
careers. The first eight editions have been adopted by hundreds of universities in the United
States and around the world and have been translated into at least six languages. Practically
all the design topics presented in the eighth edition have been retained.

This text contains not only conventional MATLAB toolboxes, where students can
learn MATLAB and utilize their programming skills, bui also agraphical MATI-.~B-based
software. ACSYS. The ACSYS software added to this edition is very different from the
software accompanying any other control book. Here, through extensive use of MATL."B
GUI programming, we have created software that is easy to use. As a result, students will
need to focus only on learning control problems, not programming! We also have added
two new applications. SIMLab and Viitual Lab. through which students work on realistic
problems and conduct speed and position control labs in a software environment. In
SIMLab. students have access to the system parameters and can alter them (as m any
simulation). In Virtual Lab. we have introduced ab)ack-box approach in which die students

'MATLAB * is a registered vademark of The MaihWorks. Inc.
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have no access to the plant parameters and have to use some sort of system identification
technique to find them. Through Virtual Lab we have essentially provided students with a
realistic online lab with all the problems they would encounter in areal speed- or position-
control lab— for example, amplifier saturation, noise, and nonlinearity. We welcome your
ideas for the future editions of this book.

Finally, a sample section-by-section for a one-semester course is given in the
Instructor’s Manual, which is available from the publisher to qualified instructors. The
Manual also contains detailed solutions to all the problems in the book.

To Practicing Engineers: This book was written with the readers in mind and is very
suitable for self-study. Our obj was to treat clearly and thoroughly. The book
does not use the theorem-proof-Q.E.D. style and is without heavy mathematics. The
authors have consulted extensively for wide sectors ofthe industry for many years and have

participated in solving numerous control-systems problems, from aerospace systems to
industrial controls, automotive controls, and control o f computer peripherals. Although it is
difficult to adopt all the details and realism of practical problems in atextbook at this level,
some examples and problems reflect simplified versions of real-life systems.

To Students: You have had it now that you have signed up for this course and your
professor has assigned this book! You had no say about the choice, though you can form
and express your opinion on the book after reading it. Worse yet. one of the reasons that
your professor made the selection is because he or she intends to make you work hard. But
please don't misunderstand us: what we really mean is that, though this is an easy book to
study (in our opinion), it is a no-nonsense book. It doesn’t have cartoons or nice-looking
photographs to amuse you. From here on. it is all business and hard work. You should have
had the prerequisites on subjects found in a typical linear-systems course, such as how to
solve linear ordinary differential equations. Laplace transform and applications, and time-
response and frequency-domain analysis of linear systems. In this book you will not find
too much new mathematics to which you have not been exposed before. What is interesting
and challenging is that you are going to leam how to apply some of the mathematics that
you have acquired during the pasttwo or three years of study in college. In case you need to
review some ofthe mathematical foundations, you can find them in the appendices on this
book’s Web site. The Web site also contains lots of other goodies, including the ACSYS
software, which is GUI software that uses MATLAB-based programs for solving linear
control systems problems. You will also find the Simulink” ~-based SIMLab and Virtual
Lab, which will help you to gain understanding of real-world control systems.

This book has numerous illustrative examples. Some of these are deliberately simple
for the purpose of illuswating new ideas and subject matter. Some examples are more
elaborate, in order to bring the practical world closer to you. Furthermore, the objective of
this book is to present acomplex subject in aclear and thorough way. One of the important
learning strategies for you as a student is not to rely strictly on the textbook assigned. When
studying a certain subject, go to the library and check out a few similar texts to see how
other authors treat the same subject. You may gain new perspectives on the subject and
discover that one author may treat the material with more care and thoroughness than the
others. Do not be disvacted by written-down coverage with oversimplified examples. The
minute you step into the real world, you will face the design of control systems wilh
nonlinearities and/or time-varying elements as well as orders that can boggle your mind. It

ASImulink™ is a registered trademark of The MathWorks. Inc.



may be discouraging to tell you now that strictly linear and first-order systems do not exist
in the real world.

Some advanced engineering students in college do not believe that die material they
leam in the classroom is evergoing to be applied directly in indusuy. Some of our students
come back from field and interview trips totally surprised 10 find that the material ihev
learned in courses on control systems is actually being used in induswy loday. They are
surprised to find that this book is also a popular reference for practicing engineers.
Unfortunately, these fact-finding, eye-opening, and self-motivating uips usually occur near
the end of their college days, which is often too late for students to get motivated.

There are many learning aids available to you: the MATLAB-based ACSYS software
will assist you in solving all kinds of control-systems problems. The SIMLab and VirruaJ
Lab software can be used for simulation of virtual experimental systems. These are all
found on the Web site. In addition, the Review Questions and Summaries at (tie end o f each
chapter should be useful to you. Also on the Web site, you will find the ewvaia and other
supplemental material.

We hope that you will enjoy this book. It will represent another major textbook
acquisition (investment) in your college career. Our advice to you is not to sell it back to the
bookstore at the end of the semester. If you do so but find out later in your professional
career that you need to refer to a control systems book, you will have to buy ii again at a
higher price.

Special Acknowledgments: The authors wish to thank the reviewers for iheir invaluable
comments and suggestions. The prepublication reviews have had a great impact on the
revision project.

The authors thank Dr. Earl Foster. Dr. Vahe Caliskan. Simon Fraser students and
research associates Michael Ages, Johannes Minor, Linda Franak. Arash Jamalian.
Jennifer Leone. Neda Pamian. Sean MacPherson. Amin Kamalzadeh. and Nathan
(Wuyang) Zheng for their help. Farid Golnaraghi also wishes to thank Professor Benjamin
Kuo for sharing the pleasure ofwriting this wonderful book, and for his teachings, patience,
and suppon throughout this experience.

M. F. Golnaraghi
Vancouver. B
Canada

h Columbia,

B. ¢. Kuo.
Champaign. Illinois. USA.
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| INTRODUCTION

rol systems are in
ince in modem
Ition,

The main objectives of this chapter are:

To define a control system.
To explain why control systems are important.

To introduce the basic components of a conwol system.

1

2

3

4. To give some examples of control-system applications.

5. To explain why feedback is incorporated into most control systems.
6.

To invoduce types of control systems.

One ofthe mostcommonly asked questions by anovice on acontrol system is: What is
a control system? To answer the guestion, we can say that in our daily lives there are
numerous “objectives” that need to be i . Fori , in the d i
domain, we need to regulate the temperature and humidity of homes and buildings for
comfortable living. Fortransportation, we need to control the automobile and airplane to go
from one point to another accurately and safely. Induswially, manufacturing processes
contain numerous objectives for products that will satisfy the precision and cost-
effectiveness requirements. A human being is capable of performing a wide range of
tasks, including decision making. Some of these tasks, such as picking up objects and
walking from one poinl to another, are commonly carried out in a routine fashion. Under
certain conditions, some of these tasks are to be performed in the best possible way. For
instance, an athlete running a 100-yard dash has the objective ofrunning thatdistance in the
shortest possible time. A marathon runner, on the other hand, notonly mustrun the distance
as quickly as possible, but, in doing so, he or she must control the consumption of energy
and devise the best strategy for die race. The means of achieving these “ objectives” usually
involve the use of control systems that implement certain control strategies,

In recent years, control systems have assumed an increasingly important role in the
development and advancement of modern civilization and technology. Practically every
aspect of our day-to-day activities is affected by some type of control system. Control
systems are found in abundance in all sectors of industry, such as quality control of
manufactured products, automatic assembly lines, machine-tool control, space technology
and weapon systems, computer control, transportation systems, power systems, robotics,
Micro-Eiectro-Mechanical Systems (MEMS). nanotechnology, and many others. Even the
control of inventory and social and economic systems may be approached from the theory
of automatic control.
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Objeciives CONTROL Results

SYSTEM
system.

|'M  Basic Components of a Control System

The basic ingredients of a control system can be described by:

1. Objectives of control.

2. Control-system components.

3. Results or outputs.
The basic relationship among these three components is illustrated in Fig. 1-1. In more
technical terms, the objectives can be identified with inputs, or actuating signals, u. and
the results are also called outputs, or controlled variables, y. In general, the objective
of the control system is to control the outputs in some prescribed manner by the inputs
through the elements of the control system.

1-1-2 Examples of Control-System Applications

Intelligent Systems

Applications of control systems have significantly increased through the development
of new materials, which provide unique opportunities for highly efficient actuation and
sensing, thereby reducing energy losses and environmental impacts. Siate-of-the-an
actuators and sensors may be implemented in vinually any system, including biological
propulsion; locomotion; robotics: material handling: biomedical, surgical, and endoscopic:
aeronautics; marine: and the defense and space industries. Potential applications of conuol
of these systems may benefit the following areas;

* Machine tools. Improve precision and increase productivity by controlling chatter.

* Flexible robotics. Enable faster motion with greater accuracy.

Photolithography. Enable the manufacture of smaller microelectronic circuits by
controlling vibration in the photolithography circuit-printing process.

Biomechanical and biomedical. Artificial muscles, drug deliver)’ systems, and
other assistive technologies.

Process control. For example, on/off shape control of soiar reflectors or aero-
dynamic surfaces.

Control in Virtual Prototyping and Hardware in the Loop

The concept of virtual prototyping has become a widely used phenomenon in the
automotive, aerospace, defense, and space industries. In all these areas, pressure to cut
costs has forced manufacturers 10 design and test an entire system in a computer
environment before a physical prototype is made. Design tools such as MATLAB and
SIimulink enable companies to design and test controllers for different components ie.g..
suspension. ABS. steering, engines, flight control mechanisms, landing gear, and special-
ized devices) within the system and examine the behavior of the control system on the
virtual prototype in real time. This allows the designers to change or adjust controller
parameters online before the actual hardware is developed. Hardware in the loop
terminology is a new approach of testing individual components by attaching them to
the vinual and conuoller prototypes. Here the physical controller hardware is interfaced
with the computer and replaces its mathematical model within the computer!
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Smart Transportation Systems

The automobile and its evolution in the last two centuries is arguably the most wansiorm-
ative iDvention of man. Over years innovations have made cars faster, swonger, and
aesthetically appealing. We have grown to desire cars that are ‘““intelligent” and provide
maximum levels of comfort, safety, and fuel efficiency. Examples of intelligent systems in
cars include climate control, cruise control, anti-lock brake systems (ABSs), active
suspensions that reduce vehicle vibration over rough tewain or improve stability, air
springs that self-level the vehicle in high-G turns (in addition to providing a better ride),
integrated vehicle dynamics that provide yaw control when the vehicle is either over- or
understeering (by selectively activating the brakes to regain vehicle control), traction
control systems to prevent spinning of wheels during acceleration, and active sway bars to
provide “controlled” rolling of the vehicle. The following are a few examples.

Dnve-by-wire and Driver Assist Systems The new generations of intelligent vehicles
will be able to understand the driving environment, know their whereabouts, monitor their
health, understand the road signs, and monitor driver performance, even oveuwiding drivers
to avoid catastrophic accidents. These tasks require significant overhaul of current designs.
Drive-by-wire technology replaces the traditional mechanical and hydraulic systems with
electronics and control systems, using electromechanical actuators and human-machine
interfaces such as pedal and steering feel emulators— otherwise known as haptic systems.
Hence, the traditional components— such as the steering column, intennediate shafts,
pumps, hoses, fluids, belts, coolers, brake boosters, and master cylinders— are eliminated
from the vehicle. Haptic interfaces that can offer adequate transparency to the driver while
maintaining safety and stability of the system. Removing the bulky mechanical steering
wheel column and the rest of the steering system has clear advantages in terms of mass
reduction and safety in modem vehicles, along with improved ergonomics as a result of
creating more driver space. Replacing the steering wheel with a haptic device that the
driver controls through the sense of touch would be useful in this regard. The haptic device
would produce the same sense to the driver as the mechanical steering wheel but with
improvements in cost, safety, and fuel consumption as a result of eliminating the bulky
mechanical system.

Driver assist systems help drivers to avoid or mitigate an accident by sensing the nature
and significance of the danger. Depending on the significance and timing of the threat,
these on-board safety systems will initially alert the driver as early as possible to an
impending danger. Then, they will actively assist or. ultimately, intervene in order to avert
the accident or mitigate its consequences. Provisions for automatic over-ride features when
the driver loses control due to fatigue or lack of attention will be an important part of the
system. In such systems, the so-called advanced vehicle control system monitors the
longitudinal and lateral control, and by interacting with a centra] management unit, it will
be ready to take control of the vehicle whenever the need arises. The system can be readily
integrated with sensor networks that monitor every aspect o f the conditions on the road and
are prepared to take appropriate action in a safe manner.

Integration and utilization ofAdvanced Hybrid Powertrains Hybrid technologies offer
improved fuel consumption while enhancing driving experience. Utilizing new energy
storage and conversion technologies and integrating them with powertrains would be prime
objectives of this research activity. Such technologies must be compatible with cuwent
platforms and must enhance, rather than compromise, vehicle function. Sample applica-
tions would include developing plug-in hybrid technology, which would enhance the
vehicle cruising distance based on using battery power alone, and utilizing sustainable
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energy resources, such as solar and wind power, to charge the batteries. The smart plug-in
vehicle can be a part of an integrated smart home and grid energy system of the future,
which would utilize smart energy metering devices for optimal use of grid energy by
avoiding peak energy consumption hours.

High Performance Real-time Control, Heatih Moniroring, and Diagnosis Modem
vehicles utilize an increasing number of sensors, actuators, and networked embedded
computers. The need for high performance computing would increase with the inwoduction
of such revolutionary features as drive-by-wire systems into modem vehicles. The
wemendous computational burden of processing sensory data into appropriate control
and monitoring signals and diagnostic information creates challenges in the design of
embedded computing technology. Towards this end, a related challenge is to incorporate
sophisticaled computational techniques that control, monitor, and diagnose complex
automotive systems while meeting requirements such as low power consumption and
cost effectiveness.

The following represent more waditional applications of control that have become part
of our daily lives.

Steering Control of an Automobile

As a simple example of the control system, as shown in Fig. I-1, consider the steering
control of an automobile. The direction of the two front wheels can be regarded as the
controlled variable, or the output, y; the direction of the steering wheel is the actuating
signal, or the input, u. The control system, or process in this case, is composed of the
steering mechanism and the dynamics o fthe entire automobile. However, if (tie objective is
to control the speed of the automobile, then the amount of pressure exerted on the
accelerator is the actuating signal, and the vehicle speed is the controlled variable. As a
whole, we can regard the simplified automobile control system as one with two inputs
(steering and accelerator) and two outputs (heading and speed). In this case, the two
controls and two outputs are independent of each other, but there are systems for which the
controls are coupled. Systems with more than one input and one output are called
multivariable systems.

Idle-Speed Control of an Automobile

As another example of a control system, we consider the idle-speed conuol of an
automobile engine. The objective of such a control system is lo maintain the engine
idle speed at a relatively low value (for fuel economy) regardless of the applied engine
loads (e.g.. transmission, power steering, air conditioning). Without the idle-speed conuol,
any sudden engine-load application would cause a drop in engine speed that might cause
the engine to stall. Thus the main objectives of the idle-speed control system are (1) to
eliminate or minimize the speed droop when engine loading is applied and (2) to maintain
the engine idle speed at a desired value. Fig. 1-2 shows the block diagram ofthe idle-speed
control system from the standpoint of inputs-system-outputs. In this case, the throttle
angle a and the load torque TI (due to the application of air conditioning, power steering,
transmission, or power brakes, etc.) are the inputs, and the engine speed O)is the output. The
engine is the controlled process of the system.

Sun-Tracking Control of Solar Collectors

To achieve the goal of developing economically feasible non-fossil-fuel electrical power,
the U.S. govemmenl has sponsored many organizations in research and development of
solar power conversion methods, including the solar-cell conversion techniques. In most of
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Load torque Ti_
Figure 1-2 Idle-speed

Throtile anglea.  ENGINE conuol system.

Figure 1-3 Solar collector field.

these systems, the need for high efficiencies dictates the use of devices for sun tracking.
Fig. 1-3 shows asolar collector field. Fig. 1-4 shows a conceptual method of efficient water
extraction using solar power. During the hours of daylight. lhe solar collector would
produce electricity to pump water from the underground water table to areservoir (perhaps
on a nearby mountain or hill), and in the early morning hours, the water would be released
into the irrigation system.

One ofthe mostimportant features o f the solar collector is that the collector dish must
track the sun accurately. Therefore, the movement of the collector dish must be controlled
by sophisticated conlrol systems. The block diagram of Fig. 1-5 describes the general
philosophy of the sun-tracking system together with some of the most important compo-
nents. The controller ensures that the tracking collector is pointed toward the sun in the
morning and sends a “ start track” command. The controller constantly calculates the sun's
rate for the two axes (azimuth and elevation) of control during the day. The controller uses
the sun rate and sun sensor information as inputs to generate proper motor commands to
slew the collector.

1-1-3 Open-Loop Control Systems (Nonfeedback Systems)

« Open-loop systems are  The idle-speed control system illustrated in Fig. 1-2. shown previously, is rather un-
economical but usually sophisticated and is called an open-loop control system. It is not difficult to see lhat the
inaccurate. system as shown would not satisfactorily fulfill critical performance requirements. For

instance, if the throttle angle a is set at a certain initial value that cowesponds 10 a certain
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Figure 1-5 Important components of ie sun-wacking control system.

engine speed, then when aload torque Tlis applied, there is no way to preventadrop in ihe
engine speed. The only way to make the system work is to have a means of adjusting a in
response to a change in the load torque in order to maintain @at the desired level. The
conventional electric washing machine is anotherexample of an open-loop conwol system
because, typically, the amount of machine wash time is entirely determined by ihe
judgment and estimation of the human operator.

The elements ofan open-loop control system can usually be divided into two parts: Gie
controller and the controlled process, as shown by the block diagram of Fig. 1-6. An input
signal, orcommand, r. is applied to the controller, whose output acts as the actuating signal
u; the actuating signal then controls the controlled process so that die controlled variable y
will perform according to some prescribed standards. In simple cases, the controller can be

input r signal u variable >
CONTROLLER COF’:‘R-I&OE;LSED 1

Figure 1-6 Elements of an open-loop conuo] system.
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an amplifier, a mechanical linkage, a filter, or other control elements, depending on the
nature ofthe system. In more sophisticated cases, the controller can be acomputer such as a
microprocessor. Because ofthe simplicity and economy of open-loop control systems, we
find this type of system in many noncritical applications.

1-1-4 Closed-Loop Control Systems (Feedback Control Systems)

« Closed-loop systems have
many advantages over open-
loop systems.

What is missing in the open-loop control system for more accurate and more adaptive
control is a link or feedback from the output to the input of the system. To obtain more
accurate control, the controlled signal should be fed back and compared with the
reference input, and an actuating signal proportional to the difference of the input and the
output must be sent through the system to correct the ewor. A system with one or more
feedback paths such as that just described is called a closed-loop system.

A closed-loop idle-speed control system is shown in Fig. 1-7. The reference input 0},
sets the desired idling speed. The engine speed at idle should agree with the reference value

and any difference such as the load torque Ti is sensed by the speed transducer and the

error detector. The controller will operate on the difference and provide a signal 10 adjust
the throttle angle a to correct the error. Fig, 1-8 compares the typical performances ofopen-
loop and closed-loop idle-speed control systems. In Fig. |-8(a), the idle speed of the open-
loop system will drop and settle at a lower value after a load torque is applied. In Fig. 1-8
(b), the idle speed of the closed-loop system is shown to recover quickly to the preset value
after the application of Ti.

The objective of the idle-speed control system illustrated, also known as aregulator
system, is to maintain the system output at a prescribed level.

Figure 1-7 Block diagram of a closed-loop idle-speed control system.

Application of Application of

Desired

idle speed V idle speed \y -

Desired
--- Time

ia) (b)

Figure 1-8 (a) Typical response of the open-loop idle-speed control system, (b) Typical response of
the closed-loop idle-speed control system.
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» 1-2 WHAT IS FEEDBACK, AND WHAT ARE ITS EFFECTS?

« Feedback exists
whenever there is a closed
sequence of cause-and-
effect relationships.

The motivation for using feedback, as illustrated by ihe examples in Section i-1. is
somewhat oversimplified. In these examples, feedback is used to reduce rie error between
the reference input and the system output. However, the significance of ihe effects of
feedback in control systems is more complex than is demonsirated by (riese simple
examples. The reduction of system error is merely one of the many important effects
that feedback may have upon a system. We show in the following sections that feedback
also has effects on such system performance characteristics as stabilit>. bandwidth,
overall gain, impedaoce. and sensitivity.

To understand the effects of feedback on a control system, it is essential to examine
this phenomenon in a broad sense. When feedback is deliberately inwoduced for the
purpose ofcontrol, its existence is easily identified. However, there are numerous situations
where a physical system that we recognize as an inherently nonfeedback system turns out
to have feedback when it is observed in a certain manner. In general, we can state that

h aclosed of cause-and-effect relationships exists among the variables
of a system, feedback is said to exist. This viewpoint will inevitably admit feedback in a
large number of systems that ordinarily would be identified as nonfeedback systems.
However, control-sysiem theory allows numerous systems, with or without physical
feedback, to be studied in a systematic way once the existence of feedback in rie sense
mentioned previously is established.

We shall now investigate the effects of feedback on the various aspects of sysiem
performance. Without the necessarv mathematical foundation of linear-system theor>". at
this point we can rely only on simple siatic-system notation for our discussion. Let US
consider the simple feedback system configuration shown in Fig. 1-9. where r is the input
signal: V. the output signal; e. the error; and b. the feedback signal. The p G and//
may be considered as constant gains. By simple algebraic manipulations, it is simple to
show that the input-output relation of the system is

"GH (r

Using this basic relationship of the feedback system structure, we can uncover some of the
significant effects of feedback.

1-2-1 Effect o) Feedback on Overall Gain

« Feedback may increase
ihe gain of a system in one
frequency range but
decrease It in another.

As seen from Eq. (1-1). feedback affects the gain G of anonfeedback system by afactor of
1+ CH. The system ofFig. 1-9 is said to have negative feedback, because a minus si<mis
assigned to the feedback signal. The quantity GH may itself include a minus sign, so the
general effect offeedback is that it may increase or decrease the gain G. In a practical
control system. G and H are functions of frequency, so the magnitude of 1 — GH may be

Figure 1-9 Feedback system.
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greater than | in one frequency range but less than 1in another. IhtxtToTt.feedback could
increase the gain ofsystem in onefrequency range but decrease it in another.

1-2-2 Effect of Feedback on Stability

+ A system is unstable if its Stability is a notion that describes whether the system will be able to follow the input

output is out of conuol. command that is, be useful in general. In a nonrigorous manner, a system is said to be
unstable ifits output isout ofcontrol. To investigate the effect of feedback on stability, we
can again refer to the expression in Eq. (1-1). If CH = -1. the output of the system is
infinite for any finite input, and the system is said to be unstable. Therefore, we may state
thatfeedback can cause a system that is originally stable to become unstable. Certainly,
feedback is a double-edged sword; when it is improperly used, it can be harmful. It should
be pointed out, however, that we are only dealing with the static case here, and, in general,
GH = -1 is not the only condition for instability. The subject of system stability will be
treated formally in Chapters 2, 5, 7, and 8.

It can be demonstrated that one of the advantages of incorporating feedback is that it
can stabilize an unstable system. Let us assume that the feedback system in Fig, 1-9 is
unstable because GH = —1. If we introduce another feedback loop through a negative
feedback gain of F, as shown in Fig. 1-10, the input-output relation ofthe overall system is

(1-2)

\+GH + GF
« Feedback can improve It is apparent that although the properties of G and H are such that the inner-loop
stability or be harmful to feedback system is unstable, because GH = -1, the overall system can be stable by

properly selecting the outer-loop feedback gain F. In practice, GH is a function of
frequency, and the stability condition ofthe ciosed-loop system depends on the magnitude
and phase of CH. The bottom line is thaifeedback can improve stability or be harmful to
stability if it is not properly applied.

Sensitivity considerations often are important in the design of control systems.
Because all physical elements have properties that change with environment and age.
we cannot always consider the parameters of a control system to be completely stationary
over the entire operating life of the system. For instance, the winding resistance of an
electric motor changes as the temperature of the motor rises during operation. Control
systems with electric components may not operate normally when first turned on because

Figure 1-10 Feedback system with two feedback loops.
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« Note: Feedback can
increase or decrease the
sensitivity of a systcm.

of the still-changing system parameters during warmup. This phenomenon is sometimes
called “morning sickness.” Most duplicating machines have a warmup period during
which time operation is blocked out when first turned on.

In general, agood control system should be very insensitive to parameter variations but
sensitive to the input commands. We shall g what effect has on

sensitivity to parameter variations. Refening to the system in Fig. 1-9, we consider G
to be again parameter that may vary. The sensitivity ofthe gain of the overall system M to
the variation in G is defined as
percentage change in M

dG/G " percentage change in G -3
where dM denotes the incremental change in M due to the incremental change in G, or dG.
By using Eg. (1-1), the sensitivity function is written

© 36 M 1+GH -4

This relation shows that if GH is a positive constant, the magnitude of the sensitivity
function can be made arbitrarily small by increasing GH, provided that the system remains
stable. It is apparent that, in an open-loop system, the gain of the system will respond in a
one-to-one fashion to the variation in G (i.e.. = 1). Again, in practice, GH is a function
offrequency; the magnitude of 1+ GH may be less than unity over some frequency ranges,
so feedback could be harmful to the sensitivity to parameter variations in certain cases. In
general, the sensitivity of the system gain of a feedback system to parameter variations
depends on where the parameter is located. The reader can derive the sensitivity of the
system in Fig. 1-9 due to the variation of H.

1-2-3 Effect of Feedback on External Disturbance or Noise

« Feedback can reduce the
effecl of noise.

All physical systems are subject to some types of extraneous signals or noise during
operation. Examples of these signals are thermal-noise voltage in electronic circuits and
brush or commutator noise in electric motors. External disturbances, such as wind gusts
acting on an antenna, are also quite common in conwol systems. Therefore, conwol systems
should be designed so that riey are insensitive to noise and disturbances and sensitive to
input commands.

The effect of feedback on noise and disturbance depends greatly on where these
extraneous signals occur in the system. No general conclusions can be reached, but in
many situations, feedback can reduce the effect of noise and disturbance on system
performance. Let us refer to the system shown in Fig. 1-11. in which r denotes the command

Figure 1-11 Feedback system with a noise signal-
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signal and n is the noise signal. In the absence o ffeedback, thatis, H=0, the outputy due ton

acting alone is

y = G2n (1-5)
With the presence of feedback, the system output due to n acting alone is

|V — (1-6)
A1+ G 162/

Comparing Eq. (1-6) with Eq. (1-5) shows that the noise component in the output of
Eq. (1*6) is reduced by the factor 1+ G1G2H if the latter is greater than unity and the
system is kept stable.

ljj Chapter 9, the feedforward and forward controller configurations are used along
with feedback to reduce the effects of disturbance and noise inputs. In general, feedback
also has effects on such performance characteristics as bandwidth, impedance, wansient
response, and frequency response. These effects will be explained as we continue.

»1-3 TYPES OF FEEDBACK CONTROL SYSTEMS

Feedback control systems may be classified in a number of ways, depending upon the
purpose o fthe classification. For instance, according to the method of analysis and design,
control systems are classified aslinear ornonlinear, and time-varying or time-invariant.
According to the types of signal found in the system, reference is often made to
continuous-data or discrete-data systems, and modulated or unmodulated systems.
Conuol systems are often classified according to the main purpose of the system. For
instance, a position-control system and a velocity-control system control the output
variables just as the names imply. In Chapter 9. the type of control system is defined
according to the form ofthe open-loop transfer function. In general, there are many other
ways ofidentifying control systems according to some special features of the system. It is
important to know some of the more common ways of classifying control systems before
embarking on the analysis and design of these systems.

1-3-1 Linear versus Nonlinear Control Systems

* Most real-life control
systems have nonlinear
characteristics to some
extent.

This classification is made according to the methods of analysis and design. Strictly
speaking, linear systems do notexist in practice, because all physical systems are nonlinear
to some extent. Linear feedback control systems are idealized models fabricated by the
analyst purely for the simplicity ofanalysis and design. When the magnitudes of signals in
a control system are limited to ranges in which system components exhibit linear
characteristics (i.e., the principle of superposition applies), the system is essentially linear.
But when the magnitudes of signals are extended beyond the range of the linear operation,
depending on the severity of the nonlinearity, the system should no longer be considered
linear. For instance, amplifiers used in control systems often exhibit a saturation effect
when their input signals become large; the magnetic field of a motor usually has saturation
properties. Other common nonlinear effects found in control systems are the backlash or
dead play between coupled gear members, nonlinear spring characteristics, nonlinear
friction force or torque between moving members, and so on. Quite often, nonlinear
characteristics are intentionally introduced in a control system to improve its perfonnance
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« There are no general
methods for solving a wide
class of nonlinear systems,

or provide more effective control. For instance, to achieve minimum-time conttol. an on-
off (bang-bang or relay) type controller is used in many missile or spacecraft conuwol
systems. Typically in these systems, jets are mounted on the sides of the vehicle to provide
reaction torque for attitude control. These jets are often controlled in a fuli-on or full-off
fashion, so a fixed amount of atr is applied from a given jet for a certain time period to
control the attitude of the space vehicle.

For linear systems, a wealth of analytical and graphical techniques is available for
design and analysis purposes. A majority of the material in this text is devoted 10 the
analysis and design of linear systems. Nonlinear systems, on the other hand, are usually
difficult to weat mathematically, and there are no general methods available for solving &
wide class of nonlinear systems. It is practical to first design the conwoller based on the
linear-system model by neglecting the nonlineariiies ofthe system. The designed conttoller
is then applied to the nonlinear system model for evaluation or redesign by computer
simulation. The Virtual Lab introduced in Chapter 6 is mainly used to model the
characteristics of practical systems with realistic physical components.

1-3-2 Time-Invariant versus Time-Varying Systems

When the parameters of a conlrol system are stationary with respect to time during the
operation of the system, the system is called a time-invariant system. In practice, most
physical systems contain elements that drift or vary with time. For example, the winding
resistance of an electric motor will vary when the motor is first being excited and its
temperature is rising. Another example of a time-varying system is a guided-missile
control system in which the mass of the missile decreases as the fuel on board is being
consumed during flight. Although a time-varying system without nonlinearity is still a
linear system, the analysis and design of this class of systems are usually much more
complex than that of the linear lime-invariant systems.

Continuous-Data Control Systems

A continuous-data system is one in which the signals at various parts of the system are all
functions ofthe continuous time variable t. The signals in continuous-data systems may be
further classified as ac or dc. Unlike the general definitions of ac and dc signals used in
electrical engineering, ac and dc control systems carry special significance in control
systems terminology. When one refers to an ac control system, it usually means that the
signals in the system are modulated hy some form of modulation scheme. A dc control
system, on the other hand, simply implies that the signals are unmodulated, but they are
still ac signals according to the conventional definition. The schematic diagram of a closed-
loop dc control system is shown in Fig. 1-12. Typical waveforms of the signals in response
to a step-function input are shown in the figure. Typical components of a dc control system
are potentiometers, dc amplifiers, dc motors, dc tachometers, and so on.

Figure 1-13 shows the schematic diagram of atypical ac control system that performs
essentially the same task as the dc system in Fig. 1-12. In this case, the signals in the system
are modulated; Ihatis. the information is transmitted by an ac carrier signal. Notice that the
output controlled variable still behaves similarly to that of the dc system. In this case, the
modulated signals are demodulated by the low-pass characteristics of the ac motor. Ac
control systems are used extensively in aircraft and missile control systems in which noise
and disturbance often create problems. By using modulated ac control systems with carrier
frequencies 0f400 Hz or higher, the system will be less susceptible to low-frequency noise.
Typical components of an ac control system are synchros, ac amplifiers, ac motors
gyroscopes, accelerometers, and so on.
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Figure 1-12 Schematic diagram of a typical dc closed-loop system.

Figure 1-13 Schematic diagram of a typical ac closed-loop control system.

In practice, not all control systems are strictly of the ac or dc type. A system may
incorporate a mixture of ac and dc components, using modulators and demodulators to
match the signals at various points in the system.

Discrete-Data Control Systems

Discreie-data control systems differ from the continuous-data systems in that the signals at
one or more points of the system are in the form of either a pulse train or a digital code.
Usually, discrete-data control systems are subdivided into sampled-data and digital
control systems. Sampled-data control systems refer to a more general class of
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« Digital control systems
are usually less susceptible
(0 noise.

1-4 SUMMARY

Figure 1-14 Block diagram of a sampled-data conuwol system.

Digital

Figure 1-15 Digital autopilot system for a guided missile.

discrete-data systems in which the signals are in the form of pulse data. A digital control
system refers to the use of adigital computer or controller in the system so that the signals
are digitally coded, such as in binary code.

In general, a sampled-data system receives data or information only intermittently at
specific instants of time. For example, the ewor signal in a control system can be supplied
only in the form of pulses, in which case the control system receives no information about
the ewor signal during the periods between two consecutive pulses. Strictly, a sampled-data
system can also be classified as an ac system, because the signal of the system is pulse
modulated.

Figure 1-14 illustrates how atypical sampled-data system operates. A continuous-data
input signal r{l) is applied to the system. The error signal e(l) is sampled by a sampling
device, the sampler, and the output of the sampler is a sequence of pulses. The sampling
rate ofthe samplermay or may notbe uniform. There are many advantages to incorporating
sampling into a control system. One important advantage is that expensive equipment used
in the system may be time-shared among several control channels. Another advantage is
that pulse data are usually less susceptible to noise.

Because digital computers provide many advantages in size and flexibility, computer
control has become increasingly popular in recent years. Many airborne systems contain
digital controllers that can pack thousands of discrete elements into a space no larger than
the size ofthis book. Figure 1-15 shows the basic elements of adigital autopilot for guided-
missile control.

In this chapter, we inwoduced some of the basic concepts of what a control system is and what it is
supposed to accomplish. The basic components of a control system were described. By demonstrat-
ing the effects of feedback in a rudimentary way. the question of why most control systems are closed-
loop systems was also clarified. Mosl important, it was pointed out that feedback is a double-edged
sword— it can benefil as well as harm the system to be controlled. This is part of the challenging task
ofdesigning acontrol system, which involves consideration of such performance criteria as stability.
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sensitivity, bandwidth, and accuracy. Finally, various types of conuol systems were categorized
according 10 the system signals, linearity, and control objectives. Several typical conuol-system
examples were given to illustrate the analysis and design of conuol systems. Most systems
encountered in real life are nonlinear and time-varying to some extent. The concentration on the
studies of linear systems is due primarily to the availability of unified and simple-to-undersiand
analytical methods in (ie analysis and design of linear systems.

» REVIEW QUESTIONS
1
2.
3.
4,
5.

6-
7.

Iy

List the advantages and disadvantages of an open-loop system.

List the advantages and disadvantages of a closed-loop system.
Give the definitions of ac and dc conuwol systems.

Give the advantages of a digital coinrol system over a continuous-data control system,
A closed-loop control system is usually more accurate than an open-loop system. (T)
Feedback is sometimes used to improve the sensitivity of a control system. (T)

If an open-loop system is unstable, then applying feedback will always improve

its stability. (™)
Feedback can increase the gain of a system in one frequency range but decrease

it in another. ()
Nonlinear elements are sometimes intentionally invoduced to a control system

to improve its performance. [©)

Discrete-data control systems are more susceptible to noise due to the nature of
their signals. (T)

(F)
F)

(F)

(F)

F)

F)

Answers to these review questions can be found on this book’s companion Web site:

www.wiley.com/college/golnaraghi.
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Mathematical Foundation

The studies of control systems rely to a great extent on applied maihematics. One of the
major purposes of control-system studies is to develop a set of analytical tools so that tbe
designer can anive wiUi reasonably predictable and reliable designs without depending
solely on the drudgery of experimentation or extensive computer simulation.

In this chapter, it is assumed that the reader has some level of familiarit) with these
concepts through earlier courses. Elementary mauix algebra is covered in Appendix A.
Because ofspace limitations, as well as rie fact that most subjects are considered as review
material for the reader, the treatment o f (*iese mathematical subjects is not exhaustive. The
reader who wishes to conduct an in-depth study of any of these subjects should refer to
books that are devoted to them.

The main objectives of this chapter are:

To introduce the fundamentals of complex variables.
To introduce frequency domain analysis and frequency plots.
To introduce differential equations and state space systems.

To introduce the fundamentals of Laplace transforms.

I A

To demonstrate the applications of Laplace wansiorms to solve linear ordinar>
differentia] equations.

6. To introduce Grie concept of wansier functions and how to appl> them to Uie
modeling of linear time-invariant systems.

7. To discuss stability of linear time-invariant systems and the Routh-Hurftii2
criterion.

To demonstrate the MATLAB tools using case studies.

» 2-1 COMPLEX-VARIABLE CONCEPT

To understand complex variables, it is wise to Stan with the concept of complex numbers
and their mathematical properties.

2-1-1 Complex Numbers

A complex number is represented in rectangular form as
(2-1)

where, ] —y /~ and (T. V) are real and imaginar>- coefficients of r respectively. We can
treat (X. as a point in the Cartesian coordinate frame shown in Fig. 2-1. A pointin a
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Figure 2-1 Complex number z
representation in rectangular and polai
forms.

rectangular coordinate frame may also be defined by a vector R and an angle O. It is then
easy to see that

A= iicos¢
- (2-2)
y = [?sinG
where,
R = magnitude of z
0 = phase of z and is measured from the X axis. Right-hand rule convention:
positive phase is in counter clockwise direction.

Hence,

6= tan-12 @9
X
Introducing Eq. (2-2) into Eqg. (2-1), we get
z = [ICOSO + §i2sing (2-4)
Upon comparison of Taylor series of the terms involved, it is easy to confirm
C-* = cose + j sins (2-5)

Eqg. (2-5) is also known as the Euler formula. As aresult, Eq. (2-1) may also be represented
in polar form as

Z=ReM =R/d (2-6)
We define the conjugate of the complex number z in Eq. (2-1) as

2'=x-jy (2-7)
Or, alternatively,

z* = RcosO - iRsind = Re (2-8)

Note:

= - a 1- INO(.nH:ii2 *9)

Table 2-1 shows basic mathematical properties ofjcompiex nurabets.. -M
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TABLE 2-1 Basic Properties of Complex Numbers

Addition P\ xx+ jyx tzi

V2= o+ jyi La = *2~*=

NZ={xx+x2)+j{yi+y2) -z = Rie™ +R
Subtraction fzl= i+ jy\

\z2 =X2+jyt

2= (i -X2)+ {y\ -yz) cz = -2
Multiplication f21= -1+ jy\ izh=Rnel'<

\z2 = X2 + jy2 iz2=R2i"=

AZ={xix2-yiy2) + j{x\y2+x2y\)

/=1 -z = (i fil)/(e,+e21
Division fzi =-ii +jyi ‘zi

1 + jyz

(2\ =Xi - jy]

< Complex Conjugate

1zj=*2- iyi z\ = R2e->"
i

212 (xix2 +yiy2)+j(x2yi-xiys)

221 4+ yi
Find) andj
ji= = cosM+ysin/ =
=-J
! <
» EXAMPLE 2-1-2 Find  using Eq. (2-6).
f = {Rej")"=R7eJ"™ = R"ind (2-10)

2-1-2 Complex Variables

A complex variable s has two components: a real component O and an imaginary
component Q Graphically, the tea! component of s is represented by a <Jaxis in the
horizontal direction, and the imaginary component is measured along the vertical ioi
axis, in the complex i-plane. Fig. 2-2 illustrates the complex i-plane, in which any
arbitrary point 5= i) is defined by the coordinates a = O). and (O= (}[. or simply
si =01 +jo)].
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Figure 2-2 Complex j-plane.

2-1-3 Functions of a Complex Variable

The function GCj) is said to be a function of the complex variable s if, for every value ofs,
there is one or more cowesponding values of G (j). Because s is defined to have real and
imaginary parts, the function G(s) is also represented by its real and imaginary parts; that is,

Gis) = Re[Gis)] + jim[G{s)] (2-11)

where Re[G(5)] denotes the real part of G (i), and Im [G (j)] represents the imaginary partof
G(j). The function G (j) is also represented by the complex G(5)-plane, with Re[G (i)] as the
real axis and Im[G (i)] as the imaginary axis. If for every value of i there is only one
cowesponding value of G(s) in the G(i)-plane, G(s) is said to be asingle-valued function,
and the mapping from points in the i-plane onto points in the G(5)-plane is described as
single-valued (Fig. 2-3). If the mapping from the C(i)-plane to the 5-plane is also single-
valued, the mapping is called one-to-one. However, there are many functions for which the
mapping from the function plane to the complex-variable plane is not single-valued. For
instance, given the function

G(i) = (st 1) (2-12)

ReC

* clj)

Figure 2-3 Single-valued mapping from the 5-plane to the G(.5"plane.
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itis apparentthat, for each value ofs, there is only one unique corresponding value for G(s).
However, the inverse mapping is not true; for instance, the point G{s) = oc is mapped onto
two points, i = 0 and 5= -1, in the i-plane.

2-1-4 Analytic Function

Afunction G(s) ofthe complex variable s is called an analyticfunctionin a region o fthe s-
piane if thefunction and all its derivatives exist in the region. For instance, the funciion
given in Eg. (2-12) is analytic at every point in the i-plane except at the points 5 = 0 and
5= —1. At these two points, the value of the function is infinite. As another example, the
function G (i) = I + 2 is analytic at every point in the finite 5-plane.

2-1-5 Singularities and Poles of a Function

The singularities of a function are the points in the 5-plane at which the function or its
derivatives do not exist. A pole is the most common type of singularity and plays a very
important role in the studies of classical control theory.

The definition of a pole can be stated as; Tf afunction G(s) is analytic and single-
valued in the neighborhood ofpoint pi, it is said to have a pole oforder r @/ s = Pj i/ the
limit lim [(i - piYG[s)] has afinite, nonzero value. In other words, the denominator of

G{,s) must include the factor (i - piY, so when s = Pi, the function becomes infinite.
If r = 1. the pole at 5= Piis called asimple pole. As an example, the function

p..3

has apole oforder2at5= - 3and simple polesat5= Oandi = -1. Itcan also be said that
the function G(s) is analytic in the j-plane except at these poles. See Fig. 2-4 for the
graphical represemation of the finite poles of the system.

2-1-6 Zeros of a Function

The definition of azero of a function can be stated as: If thefunction G(s) is analytic at
s = Zj, il issaid to have a zero oforder Tats = Z[ if ihe limit lim [(s - 2,}* "G(5)] has a
finite, nonzero value. Or, simply, G(s) has a zero of order Tal s = Zj if //G (s) has an Tih-
orderpoieat s = Zj. For example, the function in Eq. (2-13) has a simple zeroat5= -2.

If the function under consideration is arational function ofs, thatis, a quotientoftwo
polynomials of 5. the total number of poles equals the total number of zeros, counting the
multiple-order poles and zeros and taking into account the poles and zeros at infinity.

The function in Eq. (2-13) has four finite poles ati = 0, - I, - 3, and -3 ; there is one
finite zero al i = -2, but there are three zeros at infinity, because
lim G(5) - lim ~ =0 (2-14)

Therefore, the function has a total of four poles and four zeros in the entire 5-plane
including infinity. See Fig. 2-4 for the graphical representation of the finite zeros of the
system.
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i-plane
-3 -2-10 12

Figure 2-4 Graphicai representation of C(5) =

— ; in the j-plane: X poles and O zeros.
Toolbox 2-1-1
For Eq. (2-13), use “zpk" to create Alternatively use:
zero-pole-gain models by the following » clear all
sequence of MATLAB functions » s=tf(3):

- * A
»G =2pk([-2] .[0 -1 -3 -3],10) »Gp =10.(s+ 2)/(s*(s + D»(s + 3)"2)
Zero/pole/gain: -
10 (s + 2) Transfer function:

10s + 20
s(s+1) (s+3)2

sM + 7s"3 + 1582 + 9s

Convert (rie transfer function to
polynomial form

» Gp = tf(G)

Transfer function:
10s + 20

sS4+ 7 + 158" + 9s

Use “pole” and "zero” to obtain the poles Convert the transfer function Gp to
and zeros of the transfer function zero-pole-gain form
» pole(Gp) » Gzpk = zpk(Gp)
ans = Zero/pole/ga
10 (s + 2)
-3 s(s+srz Cs+1)
-3

» zero(Gp)

ans =
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2-1-7 Polar Representation

To find the polar represeDtation of G{s) in Eq. (2-12) at J= 2j. we look aT individua]
components. That is

1
G{s)=- 2-15
= vy (2-15)
= 2J = RejO = 2eti
mS+ 1= 2j+ 1=Re-"*
(2-16)
«=\/22 + 1= w5
9=tanryY = lrad(= 63.43°)
(2-17)
2v5

See Fig. 2-5 for a graphical representation of 5] = 2/+ 1in the 5-plane.

» EXAMPLE 2-1-3 Find the polar representation of G(s) given below for s = j<u, where 0 is a constant varying from
zero to infinity.

J-10i+16* (s+ 2)(s + 8)

To evaluate Eq. (2-18) at | = jeu, we look at individual components. Thus.

<0+ 2=Vv'22+0Pi* (2-19)
= R\sin0| i2-20)

2 = /2)COS0J (2-213

R\ = (2-22)
a-23)

Figure 2-5 Graphical represeniation of
i] = 2;-" 1in the 5-plane.
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Figure 2-6 Graphical representation of
components 0 f------- .

(2-24)
(2-25)
e+ 8= \/82 +ither (2-26)
_la/r2 @-27)
16= 16e" (2-28)
See Fig. 2-6 f hical tati f ts of s
e Fig. 2-6 for a graphical representation of components o P N
¢ grapicattep “ {ioj+2){<oj+sy
Hence,
1 1
jw+2~ +
1 |
Mo+ i + uAgj-h
As aresult. G{s = jci}) becomes:
- 16
G{jw)» 2-30
{iw) V2~ 4052 vig* + (O @30
where
R = Gfa) = \Gijw)\ = (2-31)

VIPT4){Z7+64)

Similarly, we can define

IMG(E) i o4
ReG(jl)_ C(i=jw)=-01-

Table 2-2 describes differeni R and $values as <Ochanges. As shown. UiC magnitude decreases as
the frequency increases. The phase goes from 0' to -180v
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TABLE 2-2 Numerical Values of Sample Magnitude and Phase of the
System in Example 2-1-3

@rad/s R 0
o.l 0.999 -3.58

1 0.888 -33.69
10 0.123 -130.03
100 0.0016 -174.28

Alternative Approach: If we multiply both numerator and denominator of Eq. (2-18) by the

complex conjugate of the denominator, i.e. i<0+ 2){-{(D +9)

., 16(sa, + 2)(-ja; + 8

Real + Imaginary
(2-33)
{U?+4){i"+64) ~
16
< g{ir+4){u? + 64)
Rer®
-10a//?  Im(C(70)

See Fig. 2-7 for a graphical representation of gr for a fixed value of U

16
(@i + 2geoj +
So as you have noticed, the frequency response can be determined graphically. Consider the
following second order system: K

G{s) =
(s+ 1T])(i+ >2)

(2-34)

R= .
V «yh + 4){6)"+64)

Figure 2-7 Graphical representation of* f o r a fixed value of @
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Here are MATLAB commands to treat complex variables:
z=complex (a.b)

creates a complex output, z, from the two real inputs z = a + bi
ZC=conj (Z)

reiums the complex conjugate of the elements of z

x =real (Z)

returns the real part of the elements of the complex array z

Y =imag (Z)

returns the imaginary part of the elements of array z

R =abs (Z)

returns the complex modulus (magnitude), which is the same as
R=sqrt{real(z) .~2 + imag(Z) ."2)

theta = angle(Z)

returns the phase angles, in radians, for each element of complex array z

The angles lie between the “real axis” in the j-plane and the magnitude R
z=R.*exp(i*theta)

converts back to the original complex z

» z=coniplex(3,2)

z=
3.0000+ 2.00001

» zc=conj (Z)

zc =
3.0000 - 2.00001

» R=abs(z)

R=
3.6056

» theta =angle(Z)

theta =
0.5880

» ZRT=R.*exp(i*theta)

ZRT =
3.0000 + 2.00001

2-1 Complex-Variable Concept M 25
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where (-Pi) and (-P2) are poles of lhe function Gis). By definition, if i = jo). G(jit)) is the frequencj-
response function of G(j), because O has a unit of frequency (rad/s):

The magnitude of G(j(i)) is
A 3
> + Pi||> + wl

R=\G{ja>)\-
and the phase angle of G(;a>) is

9= 1G[jco) = [K —iji0+ P\ —ijo>+ P2

(2-37)
= -4>x-1z
For the general case, where
G(s) =K
The magnitude and phase of G(5) are as follows
L i+ Z[leesl> + A
(2-39)

4= (G{j(0) = iY\ + wm+]i'"™)-(<Hml +m

» 2-2 FREQUENCY-DOMAIN PLOTS

2-2-1 Computer-Aided

Let G (j) be the forward-path transfer function’ of a linear control system with unity
feedback. The frequency-domain analysis of the closed-loop system can be conducted
from the frequency-domain plots of G (i) with 5 replaced by joj.

The function G( jco) is generally a complex function of trie frequency at and can be
written as

Gijo}) = \G{ja})\iG{j(0) (2-40)
where \G{jo))\ denotes the magnitude of G{j(0), and -G ( jo*) is the phase of G{jw).

The following frequency-domain plots of G{joj) versus (O are often used in the
analysis and design of linear control systems in ihe frequency domain.

1. Polar plot. A plot of the magnitude versus phase in the polar coordinates as iy is
varied from zero to infinity

2. Bode plot. A plot of the magnitude in decibels versus a (or logio<u) in semilog
(or rectangular) coordinates

3. Magnitude-phase plot. A plotofthe magnitude (in decibels) versus the phase on
rectangular coordinates, with o> as a variable parameter on the cuAe

Construction of the Frequency-Domain Plots

The data for the plotting ofthe frequency-domain plots are usually quite time consuming to
generate if the computation is carried out manually, especially if the function is of high
order. In Wiis textbook, we use MATLAB and the ACSYS software for this purpose.

* For the fornial definition of a “transfer function.” refer to Section 2-7-2.
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Jplane M
M

M

Figure 2-8 Polar plot shown a amapping of Gie positive half of the ;<w-axis in the j-plane onto
the G(jo>)-plane.

From an analytical standpoint, the analyst and designer should be familiar with the
properties of the frequency-domain plots so that proper interpretations can be made on
these computer-generated plots.

The polar plot of a function of the complex variable s, G{s), is a plot of the magnitude of
G( joj) versus the phase of G( jio) on polar coordinates as (Ois varied from zero to infinity.
From amathematical viewpoint, the process can be regarded as the mapping of the positive
half of the imaginary axis of the 5-plane onto the G(jcy)-plane, A simple example of this
mapping is shown in Fig. 2-8. For any frequency (O= o)|, the magnitude and phase of
G{jo)\) are represented by a vector in the G{jiw)-plane. In measuring the phase,
counterclockwise is refewed to as positive, and clockwise is negative.

To illustrate the construction of the polar plot of a function G(J), consider the function
G(s)=-
where 7”is a positive constant. Setting 5= jai. we have

. 1
G{]a>)=-1+ jeuT

In terms of magnitude and phase. Eq. (2-42) is rewritten as

G(joh= , — L-tan* QT (2-43)

When Pis zero, the magnitude of G(joj) is unity, and the phase of G(jco) is at 0°. Thus, at &= 0,
G{jto) is represented by a vector of unit length directed in the O® direction. As <0 increases, the
magnitude of G{ joj) decreases, and the phase becomes more negative. As Qincreases, the length of
the vector in the polar coordinates decreases and Wie vector rotates in the clockwise (negative)
direction. When cuapproaches infinity, the magnitude of G(jw) becomes zero, and the phase reaches
-90°, This is presented by aveccor with an infiniiesimaily small length directed along the -9 0 °-axis
in the G(ja))-plane. By substituting other finite values of 0) into Eq. (2-43), the exact plot of G(jai)
lums out to be a semicircle, as shown in Fig. 2-9.
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EXAMPLE 2*2-2 As a second illuswative example, consider trie fuDClion

where Ti and T2 are positive real constants. Eq. (2-44) is re-written as
Glja>) =t —— _. tiw72 - tan ' aiTi) i2-45)

The polar plot of G{jio), in this case, depends on the relative magnitudes of T| and T2.1iT-, is greater
than T). the magnitude of C(J(i>) is always greater than unity as Qiis varied from zero to Giliiiity. and
the phase of G{ja>) is always positive. I T2 is less than T), the magnitude of G( ja>) is always less than
unity, and Uie phase is always negative. The polar plots of G{ja>) of Eq. (2-45) lhai ccwrespond to
these two conditions are shown in Hg. 2-10.

The general shape of the polar plot of a function G(ja>) can be determined from the foUowing
information.

1. The behavior of the magnitude and phase of G(joi) at &= 0 and w= oc.

2. The intersections of tie polar plot widi the real and imaginary axes, and the values of Gat
these intersections

Ty ReC

. (I+jcoTi)
Figure 2-10 Polar plots of G(yctf) =
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Toolbox 2-2-1

The Nyquist diagram for Eq. (2-44) for two cases is obtained by the following sequence of MATLAB
functions:

T1 = 10:

T2 = 5;

numl = [T2 1] ;

deni = [T11] ;

G1 = tf(numl.denl);
nyquist(Gl);

hold on;

nuiti2= [T11] ;

den2 = [T2 1] «

G2 = tf (num2,den2) ;
nyquist (G2);

title ( Nyquist diagram of G1 and 62 ?)

Noie; The "nyquist" function provides a complete polar diagram, where U is varyingfrom ~oc ro+ oo.

Nyquist diagram ot 01 and G2

29

Comparing the results in Toolbox 2-2-1 and Fig- 2-10. it is clear thal the polar plot reflects only a
ponion of the Nyquisl diagram. In many control-system applications, such as the Nyquis! stability
critenon (see Chapter 8). an exact plot of the frequency response is not essential. Often, a rough
sketch of the polar plot of the transfer function is adequate for stability analysis in the frequency

domain.
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» EXAMPLE 2-2-3

In frequency-domain analyses ofconttol systems, often we have to determine tbe basic prt*)erties ofa
polar plot. Consider the following transfer function:

G(i) = (2-46)

10
s{s+1)
By substituting s~ jew in Eq. (2-46), the magnitude and phase of C(jdi) at = 0 and iy = 3C are
computed as follows:

10
| — = oo <2-41)
o
lim 1G(ju})= lim UO/ju)~ —90° (2-48)
lim |C(yo)] = lim -15= 0 (2-i9)
lim 1G{Jai)= lim a0/(jui§ = -1w (2-50)
Thus, the properties of triepolarplotofC{yiy) at = 0andO — oc are ascertained-Nexi. we detennine

theintersections, if any, ofthe polar plot with the two axes o fthe G( yit)}-plane. If the polarplot o f G{ jo})
intersects the real axis, at the point of intersection, trie imaginary pan of G( jo}) is zero; thai is.

Im[G (»1=0 (2-51)

To express G{jcit) as lhe sum of its real and imaginary pans, we must rationalize G(jo)) by multi-
plying its numerator and denominator by the complex conjugate of its denominator. Therefore.
G{jo)) is written
10 (-H (->+1) 104w IOt
jeo{jco+1){-jco){-jco+1) co* + (O (2-52)
= Re[G(ju)] + §ImIG(ji:)]

When we set Im[G( jco)] to zero, we getoi = oc. meaning that the G( joj) plotintersects only with the
real axis of the G(ycw)-plane at (vie origin.

Similarly, the intersection of G(jco) with lhe imaginary axis is found by setting Re[G(jiu)] of
Eq. (2-52) to zero. The only real solution for &is also co= oc, which corresponds to the origin of the
G( yc£j)-plane. The conclusion is that the polar plot of G( jci}) does not intersect any one of the axes al
any finite nonzero frequency. Under certain conditions, we are interested in die properties of ihe
G{ju}) atinfinity, which corresponds to cu= 0in Wiis case. From Eq. (2-52). we see thatIm[G (j()] =
oc and Re[G(jco)] = -10 at = 0. Based on this information as well as knowledge of the angles of
G(ytu) at dr= 0 and @= DC, Grie polar plot of G{ ju>) is easily sketched wiihoul actual plotting, as
shown in Fig. 2-11.

Figure 2-11  Polar plot of G (j) =



2-2 Frequency-Domain Plots 31

» EXAMPLE 2-2-4 Given the transfer function
10

TEG 1)+ 2) @59

G{s)

we want to make a rough sketch of the polar plot of G( jclt). The following calculations are made for
the properties of the magnitude and phase of G(jw) at &= 0 and w = oc;

lim \C(jaA\ = lim - = oc (2-54)
a0 &—00)
lim iG{j(0)= lim z5/> = -90* (2-55)
. 10
lira \G{ja))\= Iim ~ =0 (2-56)

To find the intersections of the G{jo)) plot on the real and imaginary axes of the G{jo))-plane. we
rationalize G[}(U) to give

10(-»(->+1)(-> +2)

+1)0 +2)(-» (-> + 1)(o) + 2 @sn
After simplification, the last equation is written
GO)"R,G(>)]+ym[C(>)] (2-58)

Setting Re[G(jo})] to zero, we have @= oo, and G(joo) = 0, which means that the G(jw) plot
intersects the imaginary axis only at the origin. Setting Im[G{ jo})\ to have 4= iV T radisec.
This gives Ae point of intersection on the real axis at

G[£jVl) = -5/3 (2-59)

The result, ®©= -a/2 rad/sec, has no physical meaning, because the frequency is negative: it simply
represents a mapping point on the negative yiuw-axis of the s-plane. In general, if G(s) is a rational
function ofs (a quotientoftwo polynomials ofj), the polar plot of G( ja>) for negative values of(Qis the
miiTor image of that for positive U), with the mirror placed on the real axis of the C(jty)-plane. From
Eq. (2-58), we also see that Re[G(jO)] = 00 and Im[o(yO)] = oc. With this information, it is now
possible to make a sketch ofthe polar plot for the transfer funcQon inEq. (2-53). as shown in Fig. 2-12.

Although the method of obtaining the rough sketch of the polar plot of a transfer function as
described is quite straightforward, in general, for complicated wansfer functions that may have
multiple crossings on the real and imaginary axes of the transfer-function plane, the algebraic
manipulation may again be quite involved. Furthermore, the poiarplot is basically atool for analysis;
it is somewhat awkward for design purposes. We shall show in the next section that approximate
information on the polar plot can always be obtained from the Bode plot, which can be sketched

Figure 2-12 Polar plot of G{s) = - iS— s
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without any calculiuions. Thus, for more complicated wansfer fuacticms, sketches o f u»e polar plou
can be obtained with the help of the Bode plots, unless MATLAB is used. <

2-2-3 Bode Plot (Corner Plot or Asymptotic Plot)

The Bode plot of the function G{jct) is composed oftwo plots, one with the amplitude of

G{jir)) in decibels (dB) versus logiocu or @and the other witi rie phase of C(j(0) in

degrees as a function of logiQté or QA Bode plot is also known as & corner plot or an

asymptotic plot of Gijw). These names stem from the fact that the Bode plot can be

constructed by using straight-line approximations that are asymptotic to the actual plot.
In simple terms, the Bode plot has the following features:

1. Because the magnitude of G{j<o) in trie Bode plot is expressed in dB. product and
division factors in Gija)} became additions and subuwactions. respectively. The
phase relations are also added and subwacted from each other algebraically.

2. The magnitude plot of the Bode plot of G{j(0) can be apf>roximated by swaight-line
segments, which allow rie simple sketching of die plot without detaied computation.

Because the siraight-line approximation ofthe Bode plot is relatively easy to construct, the
data necessary for the other frequency-domain plots, such as the polar plot and the
magnitude-versus-phase plot, can be easily generated from the Bode plot.

Consider the function

GE) = y + A+ a)---(A+ AN rLL (2-60)
si(s+Pi){s+ P2]---u+ Pn)

where K and Td are real constants, and the z's and (rie p's may be realorcomplex (in
conjugate patrs) numbers. In Chapter 7. Eq. (2-60) is the preferredfonn for root-locus
construction, because the poles and zeros of G(5) are easily identified. For constructing the
Bode plot manually, Gis) is preferably written in the following form:

Aqlil+ZVE+ZIiEhdI+M ,-r,. ,2-6U
I>(I + 7-,i)(1 + ns) mmm(1 + T,5)

where K] is areal constant, the Ts may be real or complex (in conjugate pairs) numbers,
and Tjis the real time delay. If the Bode plot is to be consoucted with acomputer program,
then either form of Eq. (2-60) or Eq. (2-61) can be used.

Because practically all the terms in Eq. (2-61) are of the same form, (rien wiUiout loss
of generality, we can use the following wansier function to illuswate rie construction of trie
Bode diagram.

GU) a-62,

T s(1+T,s){I+2(s/a,,, +sya*,,) '
where K. Td, r,. Ti. Taand are real constants. It is assumed that the second-order
polynomial in the denominator has complex-conjugate zeros.
The magnitude of G(joj) in dB is obtained by multiplying the logarithm (base 10) of
|IC(jco)\ by 20; we have
|G (;w)ldB= 2010g,0|Gf7w)|
= 201ogK, /il + 20log,o|l + jioTil+ 201og,0|l + jcoT.j

—20 logjol _fi)f —20]og|ol | + j<i"Ta\ —20 logjol 1+ jl*co —(? (2-63)
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The phase of G(jai) is
ZG(jio) = J(+ I{I+ jtoTi) + z(1 + jeoTi) - 1j(0 - i{\ + juiTa)
- i{i+27a}/u},-o//(ul) - oTd rad (2-64)
In general, the function G{j(0) may be of higher order than that of Eq. (2-62) and
have many more factored terms. However, Egs. (2-63) and (2-64) indicate that

additional terms in G{jo)) would simply produce more similar terms in the magnitude
and phase expressions, so the basic method of conswuction of tie Bode plot would be

Toolbox 2-2-2

The Bode plot for Example 2-1-3. using (*ie NIATLAB "bode" function, is obtained by the following
sequence of MATL.AB functions.

Approach 1 Approach 2

num =[16]: s=tf(%?);

den= [110 16] ; 6=16/(s"2 + 10.s + 16);
G =tfCnum.den); bode(G):

bodeCG);

The "‘bode mfunction computes the magnitude and phase of the frequency response of linear time
invariant models. The magnitude is plotted in decibels idB) and the phase in degrees. Compare the
results to the values in Table 2-2.

Bode Diagram
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the same. We have also indicated that, in general, G{j(i>) can contain just five simple
types of factors:

1. Constant factor: K

2. Poles or zeros at the origin of order p:

3. Poles or zeros ati = -1 /r of order o: (1 + i(G¢T) "

4. Complex poles and zeros of order r: (I + y2fiv/iv, —O

5. Pure time delay where Td, p, g, and r are positive integers

Egs. (2-63) and (2-64) verify one of the unique characteristics ofthe Bode plotin that
each of the five types of factors listed can be dered as a plot; the individuaJ
plots are then added or subtracted accordingly to yield the total magnitude in dB and
the phase plot of G{j(0). The curves can be plotted on semilog graph paper or linear
rectangular-coordinate graph paper, depending on whether U) or logjQit) is used as the

abscissa.
We shall now investigate sketching the Bode plot of different types of factors.

2-2-4 Real Constant

Because

~dB = 20logl0 A"= constant (2-65)

the Bode plot of the real constant K is shown in Fig. 2-13 in semilog coordinates.

2-2-S Poles and Zeros at the Origin, (iGP)™"

The magnitude of in dB is given by
2010g,,|(y<u)t”| = +20plog,0<" dB (2-67)

for Q> 0. The last expression for a given p represents a straight line in either semilog or
rectangular coordinates. The slopes ofthese lines are determined by taking the derivative of
Eq. (2-67) with respect to log|0C that is.

. . (+20plog,0iu) = +20p dB/decade (2-68)
illogioiw

These lines pass through theO-dB axis atit) = 1. Thus, aunitchange in log jgstorresponds
to a change of #1Qp dB in magnitude. Furthermore, a unit change in 10gjQO) in the
rectangular coordinates is equivalent to one decade of variation in O), thatis, from 1to 10,
10 to 100, and so on, in the semilog coordinates. Thus, the slopes of the swaight lines
described by Eq. (2-68) are said to be +2{rp dB/decade of frequency.
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Figure 2-13 Bode plot of constant K.

Instead of decades, sometimes octaves are used to represent the separation of two
frequencies. The frequencies 0)\ and (02 are separated by one octave if (¢ilii\ — 2. The
number of decades between any two frequencies it>i and is given by

numberofd==ad=s=i5IM A= (2-69)

Similarly, the number of octaves between 0)2 and 0)! is

number ofoctaves = B (2-70)
log,02

Thus, the relation between octaves and decades is

numberofoctaves = 1/0.301 decades = 3.32 decades (2-71)
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Substituting Eq. (2-71) into Eq. (2-67), we have
+20pdB/decade = +20p x 0.301 ~ 6p dB/octave (2-72)
For the function G (i) = 1is, which has asimple pole atJ = 0, the magnitude of G(j(U) is a

suwaight line with a slope of -20dB/decade, and it passes (ruough the 0-dB axis Zi
(©= 1rad/sec.

The phase of is written
i{ja>fP=+px9¥f (2-73)
The magnitude and phase curves of trie function are shown in Fig. 2-14 for several
values of p.

180
T

9
si o
1 znly<a)
1 ZL
& -9 -
-180 -z
[
-270

Figure 2-14 Bode plots of (j(DY.
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2-2-6 Simple Zero, 1+/W7"
Consider the function
G{joi) = 1+ jojT (2-74)
where r is a positive real constant. The magnitude of G{j(0) in dB is
|G(;<»)ldB = 2010g,0|0(;a.)| = 20log.oV | + (2-75)

To obtain asymptotic approximations of |G (¥iy)|jB, we consider both very large and very
small values of At very low frequencies, GjT 1, Eq. (2-75) is approximated by

|G(;0))|[dB = 201log,0l - O dB (2-76)
because is neglected when compared with 1
At very high frequencies, 1, we can approximate 1+0?T'” by then Eq.
(2-75) becomes
|IG(;a))l.B * 2010g,0Vi?ri = aOlog.oioT (2-77)

Eq. (2-76) represents a straight line with a slope of 20 dB/decade of frequency.
The intersect of these two lines is found by equating Eq. (2-76) to Eq. (2-77), which
gives

tu=I/r (2-78)

This frequency is also the intersect of the high-frequency approximate plot and the low-
frequency approximate plot, which is the 0-dB axis. The frequency given in Eq. (2-78) is
also known as the corner frequency ofthe Bode plot of Eq. (2-14), because the asymptotic
plot forms the shape of a comer at this frequency, as shown in Fig. 2-15. The actual
IG(i<d)I plot of Eg. (2-74) is asmooth curve and deviates only slightly from the straight-
line approximation. The actual values and the straight-line approximation of |1 + j(iT™-Q
as functions of (0T are tabulated in Table 2-3. The error between the actual magnitude curve
and the straight-line asymptotes is symmetrical with respect to the comer frequency
QJ= 1UT. Itis useful to remember that the error is 3 dB at the comer frequency, and it is
1 dB at 1octave above (& = 2/T) and 1 octave below (0) = 1/2T) the comer frequency.
At 1decade above and below the comer frequency, the ewor is dropped to approximately
0.3 dB. Based on these facts, the procedure of drawing 11+ jojT\*Q is as follows;

1. Locate the comer frequency it; = 1/7" on the frequency axis.

2. Draw the 20-dB/decade (or 6-dB/octave) line and the horizontal line at 0 dB, with
the two lines intersecting at @= 1/T.

3. If necessary, the actual magnitude curve is obtained by adding the ewors to the
asymptotic plot at the strategic frequencies. Usually, a smooth curve can be
sketched simply by locating the 3-dB point at the corner frequency and the ]-dB
points at 1 octave above and below the comer frequency.

The phase of G(j<0) = 1+ jcoT is

rGijoj) = tan"'w7’ (2-79)

Similar to the magnitude curve, a straight-line approximalion can be made for the phase
curve. Because the phase of G{ joj) varies from 0' to w , we can draw a line from 0° at |
decade below the comer frequency to 90-' ai 1decade above the comer frequency. As shown
in Fig. 2-15, the maximum deviation between the straight-line approximation and the aciual
curve is less than 6" Table 2-3 gives the values of .f1+ jcuT) versus (oT.
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TABLE 2-3 Values o f <ol
Straight-Line Approximation Error (1 + jwT)

<ol logiotoT- 1+ ii+>ndB |1 + jtoTldB (dB) (deg)
0.01 l.o 0.000043 0 0.00043 0.5
0.10 -1 1.04 0.043 0 0.w3 5.7
0.50 -0.3 112 1 0 1 26.6
0.76 -0.12 1.26 2 0 2 374
1.00 0 141 3 0 3 45.0
131 0.117 165 4.3 23 2 52.7
2.00 03 223 7.0 6.0 1 634
10.00 1.0 104 20.043 20.0 0.043 843

100.00 2.0 100.005 40.00043 40,0 0.00043 89,4
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Z-2-7 Simple Pole, /(1 iNUIT)

2-2-8 Quadratic Poles

For the function

the magnitude |G (j(0)\ in dB, is given by the negative of the right side of Eq. (2-75), and
the phase IG{joi) is the negative ofthe angle in Eq. (2-79). Therefore, it is simple to extend
all the analysis for the case of the simple zero to the Bode plot of Eq. (2-80). The
asymptotic approximations of |G(ycu)|[jB at low and high frequencies are

i»r<!l |G(»|dB"OdB (2-81)

|G(yiw)|dB ~ -2010g,0<yr (2-82)

Thus, thecomer frequency of the Bode plot of Eq. (2-80) is stillat it) = 1/r, except
that at highfrequencies the slope of the straight-line approximation is—20dB/decade.

The phase of G{j(0) is 0 degrees at Q= 0. and -90° when O) = o0o. The magnitude in dB

and phase of the Bode plot of Eq. (2-80) are shown in Fig. 2-15. The data in Table 2-3 are
still useful for the simple-pole case if appropriate sign changes are made to the numbers.

For instance, the numbers in | 1 t h e straight-line approximation of
11 + jcoT\*Q. the error (dB), and the i{\ + j(0T) columns should all be negative. At

the corner frequency, the error between the straight-line approximation and the actual

magnitude curve is —3dB.

and Zeros

Now consider the second-order transfer function

SN+ 2;0},5+ 0N 1+ (2¢cM )i+ (fou?,)sh
We are interested only in the case when < < 1, because otherwise Gis) would have two
unequal real poles, and the Bode plot can be obtained by considering G{s) as the product of

two transfer functions with simple poles.
By letting s = jw, Eq. (2-83) becomes

The magnitude of G(ja>) in dB is

IC(ja.)| =201o0glo|C(jo))( = -20104g,,yll - +il-(oiloi,, Y (2-85)
At very low frequencies, « 1, Eq. (2-85) can be approximated as

|G (j")IdB = 20>0Eii)|C(j<u)| Si -20log|,l =0 dB (2-86)
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Thus, the low-frequency asymptote ofthe magnitude plot of Eq. (2-83) is a swraight line that
lies on the 0-dB axis. At very high frequencies, (Ulu}n.» 1, the magnitude in dB of G( jco) in
Eq. (2-83) becomes

|G(yit=)ldB -~ 20logloy”(oi/ciny = -401og,0(a;/w,) (2-87)
This equation represents a straight line with a slope of -40 dB/decade in the Bode-plot
coordinates. The intersection of the two asymptotes is found by equating Eq. (2-86) to
Eq. (2-87), yielding the comer frequency at@'= U)n- The actual magnitude curve of G{j(0)
in this case may differ strikingly from the asymptotic curve. The reason for this is that the
amplitude and phase curves of the second-order G(j(0) depend not only on the comer
frequency o>, but also on the damping ratio  which does not enter the asymptotic curve.
The actual and the asymptotic curves of are shown in Fig. 2-16 for several
values of The errors between the two sets of curves are shown in Fig. 2-17 for the same
set of values of G The standard procedure ofconstructing the second-order \G( jo)) B is to
first locate the comer frequency o, and -40-dB/decade line to the right of (0,,. The actual
curve is obtained by making cowections to the asymptotes by using either the data from the
error curves of Fig. 2-17 or the curves in Fig. 2-16 for the corresponding

Figure 2-16 Bode ploi of C(i) = —



2-2 Frequency-Domain F

i = i e curves of Bode plots of G(5] = -—---——S
Figure 2-17 Errors in r R ( L= T ser

The phase of G(jclt) is given by

1G (ju)) — -tan” (281
©, Ul

and is plotted as shown in Fig. 2-16 for various values of f.

The analysis ofthe Bode plot ofthe second-order transfer function of Eq. (2-83) can be
applied to the second-order transfer function with two complex zeros. For

G{i) = 1+— s+ XjSA (2-89)
Oin

the magnitude and phase curves are obtained by inverting those in Fig. 2-16. The errors
between the actual and the asymptotic curves in Fig. 2-17 are also inverted.

Toolbox 2-2-3

The Bode plot for Fig. 2-17 when f = 0.05 andcw = 1, using the MATLAB "bode" function, is obtained by
the following sequence of MATLAB functions.

Approach 1 Approach 2

num = [1]; s=tf('s");

den= [1 .11]; G=1/(s"2 + .1*5 + 1);
G = tf(num.den); bode(G);

bode(G);
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BodeDia™am

Frequency (réd/sec)

2-2-9 Pure Time Delay,

» EXAMPLE 2-2-5

The magnitude ofthe pure time delay term is equal to unity for all values of (O. The phase of
the pure time delay term is
Ig-juT, ,2-90)

which decreases linearly as a function of (w. Thus, for the transfer function
= (2-91)

the magnitude plot |G( yojjljjg is identical to that of The phase plot _Gfjoj) is
obtained by subtracting (0Td radians from the phase curve of G\{joj) at various U.

As an illustrative example on the manual consUTJCtion of the Bode plot, consider the function

cis) = 10)

(2-92)
The first step is to express G(s) in the form of Eq. (2-61) and set5 = jcu (keeping in mind that for
computer plotting, this step is unnecessaryj: we have

10(1 "jOAcv)

< i2-93;
yan(l + ;0.5wj(l -y0.2iy) )

G(jw) =
Eq. (2-92) shows that Ci jdJi has comer frequencies at cu= 2. 5. and 10 rad/sec. The pole al 5= 0
gives a magnitude curve that is a straight line with a slope of -20dB/decade. passing vwough the
cu= 1rad/sec pointon the 0-dB axis. The complete Bode plot of the magnitude and phase of G (jw)
is obtained by adding the component curves together, point by point, as shown in Fig. 2-18. The actual
curves can be obtained b> a computer program and are shown in Fig. 2-18.
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Toolbox 2-2-4

The Bode plot for Eq. (2-93). using the MATLAB "bode" function, is obtained by the followina sequence of
MATLAB functions.

num = [110] :
den= [.1 .710];
G=tf(num.den):
bode(6);

The result is a graph similar to Fia. 2-18.
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2-2-10 Magnitude-Phase Plot

» EXAMPLE 2-2-6

The magnitude-phase plot of G{ja>) is aplot of the magnitude of G{j(0) in dB versus its
phase in degrees, with as a parameter on the curve. One of the most important
applications of this type of plot is that, when G{j(0) is the forward-path wansfer function
of a unity-feedback control system, the plot can be supeqjosed on the Nichols chart
(see Chapter 8) to give information on the relative stability and frequency response of the
system. When constant coefficient K of the transfer function varies, the plot is simply
raised or lowered vertically according to the value of K in dB. However, in the
construction of the plot, the property of adding the curves of the individual components
of the transfer function in the Bode plot does not carry over to this case. Thus, it is
best to make the magnitude-phase plot by computer or transfer the data from the
Bode plot.

As an illustrative example, the polar plot and the magnitude-phase plot of Eq. (2-92) are shown in
Fig. 2-19 and Fig. 2-20, respectively. The Bode plot of the function is already shown in Fig. 2-18.
The relationships among these three plots are easily identified by comparing the curves in Figs. 2-18,
2-19, and 2-20"



2-2 Frequency-Domain Plots 45

Toolbox 2-2-5

The magnitude and phase plot for Example 2-2-6 may be obtained using the MATLAB *“nichols” function,
by the following sequence of MATLAB functions.

» G = zpk([-10] ,[0 -2 -5] .10)
Zero/pole/gain:
10 (s + 10)

s(s+2) (s+5)
» nichols(G)

See Fig. 2-20
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Toolbox 2-2-6

The phase and gain margins for Eq. (2-92) are obtained by the following sequence of MATLAB

functions.

Approach 1 Approach 2

nuni= [10 100]: s=tf('s’):

den = [17100] : G1=(10-S + 100)/(s"3 + 7*s"2 + 10-5) ;
61 = tf(num.den); margin(Gl) ;

margin(GI)1

“Margin" produces a Bode plot and displays the margins on this plot.

Bode Diagram
Gm=7.36 dB (at 5.77 rad/sec), Pm* 10.7 deg (at 3.88 rad/sec)

2-2-11 Gain- and Phase-Crossover Points

Gain- and phase-cro'ssdver points on the frequency-domain plots are imponant for analysis
and design of control systems. These are defined as follows.

* Gain-crossover point. The gain-crossover point on the frequencv-domain plot of

y) is the point atwhich Gl jeup\ = lor G( = 0dB. The frequenc> at ihe
gain-crossover point is called the gain-crossover frequency cOg

Phase-crossover point. The phai>e-crossover point on the frequency-domain plot
of Cljidi is the point at which C(joj} = 180'. The frequency at tre phase-
crossover point is called the phase-crossover frequency (fp.
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The gain and phase crossovers are interpreted with respect to three types of plots:

+ Polar plot. The gain-crossover point (or points) is where \Gij(t) 1= 1. The phase-
crossover point (or points) is where IGijco) = 180° (see Fig. 2-19).

Bode plot. The gain-crossover point (or points) is where the magnitude curve
|G (y(i))ljg crosses the 0-dB axis. The phase-crossover point (or points) is where the
phase cuire crosses the 180° axis (see Fig. 2-18).

Magnitude-phase plot. The gain-crossover point (or points) is where the G( joj)
curve crosses the 0-dB axis. The phase-crossover point (or points) is where the
G{jco) curve crosses the 180" axis (see Fig. 2-20).

2-2-12  Minimum-Phase and Nonminimum-Phase Functions

EXAMPLE 2-2-7

A majority of the process transfer functions encountered in linear control systems do not
have poles or zeros in the right-half i-plane. This class of transfer functions is called the
minimum-phase transfer function. When atransfer function has either apole or azero in
the righthalf Sdare, it is caled a nonmininmumphese trarsfer fuction.

Minimum-phase transfer functions have an important property in that their magnitude
and phase characteristics are uniquely related. In other words, given a minimum-phase
function G(y), knowing its magnitude characteristics \G{jco)\completely defines the phase
characteristics. :G(ycu). Conversely, given Gijoj). \G{jo)}\ is completely defined.

Nonminimum-phase transfer functions do not have the unique magnitude-phase
relationships. For instance, given the function

2-94

1 oyt (¢ )

the magnitude of G( joj) is the same whether ris positive (nonminimum phase) or negative

(minimum phase). However, the phase of G{ j(0) is different for positive and negative T.
Additional properties of the minimum-phase transfer functions are as follows;

« For a minimum-phase transfer function G(.s) with m zeros and n poles, excluding
the poles ati = 0.if any. when s = jco and as O) varies from oc to 0. the total phase
variation of G{juj) is (« - m)T1/2.

The value of a minimum-phase transfer function cannot become zero or infinity at
any finite nonzero frequency.

* A nonminimum-phase transfer function will always have a more positive phase
shift as @is varied from -X to 0,

As anillustrative example of the propenies ofihe nonminimum-phase transfer function, consider lhat
the zero of the transfer function of Eq. (2-92) is in the right-halfi-plane: that is.

G+ 2)(G+ 5)

The magnitude plot of the Bode diagram of C( j(0) is identical to that of the minimum-phase transfer
function in Eq. (2-92), as shown in Fig. 2-18. The phase curve of the Bode plot of C1 j(o) of Eq. (2-95)
is shown in Fig- 2-21(a), and the polar ploi is shown in Fig, 2-21(b). Notice that he nonminimum-
phase function has a net phase shift of 270" (from - 180'to + 90 ) as Qlvaries from JCto 0, whereas
the minimum-phase transfer funciion of Eq. (2-92) haii a net phase chanae of only 90' (from
- 180 to - 90-) over the same frequenc> range.
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Figure 2-21 (a) Phase curve of the Bode plot, (b) Polar plot. G{s) ~ (‘+2)(‘'+s)’

Care should be taken when using the Bode diagram for the analysis and design of systems
with nonminimum-phase transfer functions. For stability studies, the polar plot, when used
along with the Nyquis| criterion discussed in Chapter 8, is more convenient for nonminimum-

phase systems. Bode di of nonmini phase forward-path transfer functions should not
be used for stability analysis of closed-loop control systems. The same is true for the magnilude-
phase plot.

Here are some important notes

* A Bode plot is also known as a comer plot or an asymptotic plot.

The magnitude of the pure lime delay term is unily for all O).

The magnitude and phase characteristics of a minimum-phase function are uniquely related

Do not use the Bode plot and the gain-phase ploi of a nonminimum-phase wansfer function for
stability studies.
The topic of frequency response has a special importance in the study of control systems and is

revisited later in Chapter 8
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» 2-3 INTRODUCTION TO DIFFERENTIAL EQUATIONS

A wide range of systems in engineering are modeled mathematically by differential
equations. These equations generally involve derivatives and integrals of the dependent
variables with respect to the independent variable— usually time. For instance, a series

electric RLC (resi: induct: itance) network can be represented by the

differential equation:

dl ¢

where R is the resistance; L, ihe inductance; c, the capacitance; i(t), the current in the
network; and e(t), the applied voltage. In this case. eU) is the forcing function; r, the
independent variable; and /(r), the dependent variable or unknown that is to be determined
by solving the differential equation.

Eq. (2-96) is referred to as a second-order differential equation, and we refer to the
system as asecond-order system. Strictly speaking, Eq. (2-96) should be refiewed to as an
integrodifferential equation, because an integral is involved

2>3*1 Linear Ordinary Differential Equations

In general, the differential equation of an nth-order system is written

~ ~ =/()

which is also known as a linear ordinary differential equation if the coefficients
ao,a], ... .fln-i are not functions of v(/).
A first-order linear ordinary differential equation is therefore in the general form:

A waos() = /() (2-98)

and the second-order general form of a linear ordinary differential equation is

+ain +aoyil) = m (2-99)

In this text, because we treat only systems that contain lumped parameters, the differential
equations encountered are all ofthe ordinary type. For systems with distributed parameters,
such as in heat-transfer systems, partial differential equations are used.

2-3-2 Nonlinear Differential Equations

Many physical systemsare nonlinear and must be described bynonlinear differential
equations. For instance,the following differential equation ihatdescribesthe moiion of a
pendulum of mass m and length /, later discussed in this chapter, is
d*9
mf—|
d

I?‘I) + mesing(/) = 0 (2-100)

Because e[i) appears as a sine function, Eq. (2-100) is nonlinear, and the system is called a
nonlinear system.
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2-3-3 First-Order Differential Equations: State Equations”™

In general, an /ith-order differential equation can be decomposed into n fiist-order
differential equations. Because, in principle, first-order differential equations are simpler
to solve than higher-order ones, first-order differential equations are used in the analytical
studies of control systems. For the differential equation in Eq. (2-96). if we let

Xi(i) = \] ii{tydt (2-101)

and
A1) = A=W (2-102)
then Eq. (2-96) is decomposed into the following two first-order differential equations;

A = (2.103,
at

In a similar manner, for Eq. (2-97). let us define

M) =>(}

* (2-105)

then the iith-order differential equation is decomposed into n first-order differential
equations:

~aoxiUj-a,x2(1j - wem + U]

Notice that the last equation is obtained by equating the highest-ordered derivative term in
Eq. (2-97) totherest of the terms.In conuwolsystems theory,the set offirst-order
differential equationsin Eq.(2-106)  is calledthe state equations, and Xi.X-<.........X,
are called the state variables.

2-3-4 Definition of State Variables

The stale of a system refers to the past, present, and future conditions of the system.
From a mathematical perspective, it is convenient to define a set of Slate variables and
slate equations 10 model dynamic systems. As it turns out. the variables Xi(t).
X2(t)........Xn(T) defined in Eq. (2-105) are the state variables of the /ahada svstem

Please refer to Chapter 10 for more in-depth study of Slate Space Syscems.



described by Eq. (2-97), and the n first-order differential equations are the state equations,
in general, there are some basic rules regarding the definition of a state variable and what
constitutes a state equation. The state variables must satisfy the following conditions:

...Jc,,(to) define the

At any initial time [ = to, ihe state variables X] {to). X2 (f(})....

initial states of the system

Once the inputs o fthe system for | > to and the initial statesjust defined are specified,
the state variables should completely define the future behavior of the system.

The state variables of a system are defined as a minimal set of variables.
J]it), X 2(i).__Xn(t}. such that knowledge of these variables at any lime ro and informa-
tion on the applied input at time o are sufficient to determine the state of the system at any
time t > to. Hence, the space state form for n state variables is

x(tj = Ax(t) + Bu (2-107)

where x(t) is the state vector having « rows,

Xiit)
«(0
x(t) = (2-108)
Xnit)
and u(t) is the input vector with p rows.
ulio
) "2(0
u(tj = (2-109)
L"p(0

The coefficient matrices A and B are defined as:

wnoa2 - al)
o021 @> m <21

a2 ®m- &,

b]] hn  ma bip
hi b22 = bip
(ii x P)

h2 =g

5 The Output Equation

One should not confuse the state variables with the outputs of a system. An output of a
system is a variable that can he measured, but a state variable does not always satisfy this
requirement. For instance, in an electric motor, such state variables as the winding current
rotor velocity, and displacement can be measured physically, and these variables all qualify
as output variables. On the other hand, magnetic flux can also be regarded as a state variable
in an electric motor, because it represents the past, present, and future states of ihe motor,
but it cannot be measured directly during operation and therefore does not ordinarily
qualify as an output variable. In general, an output variable can be expressed as an algebraic
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combination of the state variables. For the system described by Eq. (2-97), if >e(/) is
designated as the output, then the output equation is simply y(t) =Jti(0-in general,

yiw

yiii)
yw = —Cx(t) + Du (2-112)

yo(i)

>11 C12 -« Ci,'
ca c2 - can
(2-113)
Cl cq2 = Can
du dn = dip"
d2, d2 = dip
(2-114)

d2 = <IP.

We will utilize these concepts in the model ng of various dynamical systems.

» 2-4 LAPLACE TRANSFORM

The Laplace transform is one of the mathematical lools used to solve linear ordinary
differential equations. In contrast with the classical method of solving linear differential
equations, the Laplace transform method has the following two features:

1. The homogeneous equation and the particular integral of the solution of the
differential equation are obtained in one operation.

2. The Laplace wansiorm converts the differential equation into an algebraic
equation in i-domain. It is then possible to manipulate the algebraic equation
by simple algebraic rules to obtain the solution in the i-domain. The final solution
is obtained by taking the inverse Laplace transform.

2-4-1 Definition of the Laplace Transform

Given the real functionyio that satisfies the condition

f dt<00 (2-115)
Jo

for some finite, real O, the Laplace transfonn of*O is defined as

(2-116)
Jo-
or

F(s) = Laplace transform of f{t) = £ [/{/)] (2-117)

The variable s is referred to as the Laplace operator, which is acomplex variable; that is,
i = O+ j(o, where Ois the real component and (Ois the imaginary component. The defining
equation in Eq. (2-117) is also known as the one-sided Laplace transform, as the
integration is evaluated from / = 0to 00.This simply means that all information contained
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iti/It) prior to r = 0 is ignored or considered to be zero. This assumption does not impose
any limitation on the applications of the Laplace transform to linear systems, since in the
usual time-domain studies, time reference is often chosen at f = 0. Furthermore, for a
physical system when an input is applied ati = 0, the response of the system does not start
sooner than t = 0; that is, response does not precede excitation. Such a system is also
known as being causal or simply physically realizable.

Strictly, the one-sided Laplace ffansform should be defined from i = 0" to i = oc. The
symbolt = 0~ impliesthelimitof/ — 0is taken from the leftsideofi = 0. Thislimiting process
will take care of situations under which ie function”/fo has ajump discontinuity or an impulse
ati = 0. For the subjects oeated in Uiis text, the defining equation of the Laplace transform in
Eg.(2-117)isalmostneverusedin problem solving, since the wansform expressions encountered
are either given or can be found from the Laplace transform lable, such as the one given in
Appendixc. Thus, the fine pointofusing 0" orO™ neverneedsto be addressed. For simplicity, we
shall simply use f= 0 orr =fo( > 0) as theinitial time in allsubsequentdiscussions.

Thefollowing examplesillustrate how Eq. (2-117) is used for the evaluation of the
Laplace transform ofy(/).

» EXAMPLE 2-4-1 Let"i) be a unil-step function that is defined as
= >0
=0 r<o
The Laplace transform offir) is obtained as

f(s) = £[»,(01 = r «(te-"dl= -~e-"
Jo s

Eq. (2-119) is valid if

r ufre-"dt= J dr<x (2-120)
Jo o
which means that the real part of 5, a. must be greater than zero. In practice, we simplyrefertothe
Laplace wansiorm of the unit-step function as 1/i, and rarely do we have to beconcerned withthe

region in the i-plane in which the transform integral converges absolutely.

EXAMPLE 2-4-2 Consider the exponential function

f{ty=e' ™ t>0 (2-122)
where @ is areal constant. The Laplace transform of_/ii) is written
N 1
F[s)= r e-°'e-"di=
Jo 5+ 0

Toolbox 2-4-1
Use the MATLAB symbolic toolbox to find the Laplace transforms.

» syms t
» F=tM

f=
4

» laplace(f)
ans =

24/s"5
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Inverse Laplace Transformation

Given the Laplace transform F (i), the operation of obtaining f{t) is termed the inverse
Laplace transformation and is denoted by

I(/) = Inverse Laplace transform of f (j) = ¢ ~"[F(j)| (2-123)

The inverse Laplace wansiorm integral is given as

1 rc+yoo
m = ~ |/ F{s)e™'ds (2-124)
27r;7c-;00

where c is a real constant that is greater than the real parts of all the singularities of f(i).
Eq. (2-124) represents a line integral that is to be evaluated in the j-plane. For simple
functions, the inverse Laplace transform operation can be carried out simply by referring to
the Laplace transform table, such as the one given in Appendix ¢ and on Wrie inside back
cover. For complex functions, the inverse Laplace transform can be canied out by first
performing a partial-fraciion expansion {Section 2-5) on F{s) and then using Uie Transform
Table from Appendix D.You may also use the ACSYS "Transfer FunctionSymbolic”
Tool, Tfsym, forpartial-fraction expansion and inverse Laplacetransformation.

Important Theorems of the Laplace Transform

The applications ofthe Laplace transform in many instances are simplified by utilization of
the properties of the transform. These properties are presented by the following theorems,
for which no proofs are given here.

I Theorem 1. Multiplication by a Constant
Let ~ be a constant and Fis) be the Laplace transform o f Then

Cmi)]=kF{s) (2-125)

Theorem 2. Sum and Difference
Let Fi{s) and F2is) be the Laplace iransform of/|(0 and/2(0. respectively. Then

E£[/,(1) = f2{i)] = F*[s) = Fzis) (2-126)

m Theorem 3. Differentiation
Let F(s) be the Laplace transform ofj{t), andy(0) is the limit off(.0 as | approaches 0. The
Laplace transform of the time derivative 0ijio is

4 = sFis) - lim /(0 = sF{s) - m (2-127)
In general, for higher-order derivatives ofJit)

= s"F{s) - lim
dr dt i (2-128)

= $"F{s) - 5"-7 (0)- o/ 1>(0)

where/ “"(0) denotes the /th-order derivative ofy(r) with respect to /. evaluated at r = 0.
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m Theorem 4. Integration
The Laplace transfonn of the first integral o ff(t) with respectto / is the Laplace transforrn

ofJ{t) divided by s\ that is.
F(s
., f(T)dz © (2-129)

For rtth-order integration.

F{s)
f{t)dTdt\dt2 m-'dtn-x (2-130)

rr -r

B Theorem 5. Shiftin Time
The Laplace transform offit) delayed by time T is equal to the Laplace transform”/)
multiplied by that is.

(2-131)
where Us{l —T) denotes the unit-step function that is shifted in time to the right by T.

I Theorem 6. Initial-Value Theorem
If the Laplace transform offi,t) is F(s), then

lim f{t) = lim sFis) (2-132)

if the lim it exists.

if Theorem 7. Final-Value Theorem

If the Laplace transform 0Tf{t) is F(s), and \f sF{s) is analytic (see Section 2-1-4 on the
definition ofan analytic function) on the imaginary axis and in the right half of the 5-plane,
then

(2-133)

The final-value theorem is very useful for the analysis and design of control systems,
because it gives the final value of atime function by knowing the behavior of its Laplace
transform atJ = 0. The final-value theorem is not valid if SF(s) contains any pole whose
real part is zero or positive, which is equivalent to the analytic requirement of sF{s) in the
right-halfi-plane, as stated in the theorem. The following examples illustrate the care that
must be taken in applying the theorem.

Consider the function

F(s) = (2-134)

Sis-"+5+2)
Because SF(s) is analytic on the imaginary axis and in the right-halfj-plane, the final-vaiue theorem
may be applied. Using Eq, (2-133), we have

lim /(f) = lim sF{s) = lim s

5
. (2-135)
SO T-+i+2 2
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EXAMPLE 2-4-4 Consider the function
(2-136)

which is the Laplace transform of /(/) = sin&jf. Because the function sF(s) has two poles on the
imaginary axis of the i-plane, the final-value Uieorem cannot be applied in this case. In other words,
although the final-value theorem would yield a value of zero as Gie final value offit), the result is
erroneous.

m Theorem 8. Complex Shifting
The Laplace transform ofJ[ti multiplied by where a is a constant, is equal 10 the
Laplace transform F(s), with s replaced by J+ a: that is,

C{e="°fit)] = Fista) (2-137)
TABLE 2-4 Theorems of Laplace Transforms
Multiplication by a constant cmt)] = kHs)
Sum and difference C[Mt)xf2(t)] "FI{s)£F2(s)
Differeniiation
. =sF{s)-m
di
=5a _gn .
dr =5F(5)-57/(0)-#-V{0)
where
"
/40) = d*m
Integration
c =
¢ C ' mr iWrdx,dt2 --dt,.t
i Jo Jo
Clfit - TiuAl- T)] =
Inilial'Value theorem lim fU) = Hm sF(s)
Final-value iheorem Hm fit) = lim sF(s) if sSF(s) does not have poles on or to the right of the imaginan- axis in
the j-plane.
Complex shifting Clenr'/{!}] = F{s+ a)
Real convolution » N
Fiis)F2(si=C y - Diit

= C jf'r2(titr - AT = c[fl«). 72

Complex convoiution C'iMi)falis] = hhi-Fiis)
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ft Theorem 9. Real Convolution (Complex Multiplication)
Let F|(j) and ~2(5) be the Laplace transforms of /i(0 and /2ii), respectively, and
/1(/) = 0,12(0 = 0, for / <0, then

110 * /2(0]

=¢ f M)npe-myar
Jo

where the symbol * denotes convolution in the time domain.

(2-138)

Eqg. (2-138) shows Criat multiplication of two transformed functions in the complex
5-domain is equivalent to the convolution of two corresponding real functions of | in the
i-domain. An important fact to remember is that the inverse Laplace transform of the
product of two functions in the %-domain is not equal to ihe product of the two
corresponding real functions in the i-domain\ that is, in general,

£-'[F {s)f2W 1//1(<)/2() (2-139)

There is also a dual relation to the real convolution theorem, called the complex
convolution, or real multiplication. Essentially, the theorem states that multiplication
in the real i-domain is equivalent to convolution in the complex i-domain: that is.

401()12 (<)1= W »f2 W (2-140)

where * denotes complex convolution in this case. Details of the complex convolution
formula are not given here. Table 2-4 summarizes the theorems of the Laplace transforms
represented.

» 2-5 INVERSE LAPLACE TRANSFORM BY PARTIAL-FRACTION EXPANSION

In a majority of the problems in control systems, the evaluation of the inverse Laplace
transform does notrelyon the use of the inversion integral of Eq. (2-124), Rather, the
inverse Laplace transform operation involving rational functions can be carried out using a
Laplace transform table and partial-fraction expansion, both of which can also be done by
computer programs.

2-5-1 Partial-Fraction Expansion

When the Laplace transform solution of a differential equation is a rational function in s. it
can be written as

where P(s) and Qis) are polynomials of5. It is assumed that the order ofPis) ins is greater
than that of Qis). The polynomial P(s) may be wrilten

I*(s) - 5 + w00+ O, (2-142)

whereoo.fli, ... ,&,_i are real coefficients. The methods of partial-fraction expansion will
now be given for the cases of simple poles, multiple-order poles, and complex-conjugate
poles of G(s).
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EXAMPLE 2*5-1

G(s) Has Simple Poles If all the poles of G (j) are simple and real. Eq. (2-117) can be
written as

(2-143)
p(s) 5+ 5I)(5 + i2)---{i+ in)

where S| 7A52" wmm/s,,. Applying the partial-fraction expansion. Eq. (2-143) is written

(2-144)
i+i1 s+ s2 i+,
The coefficient ATjj(i = 1,2, ...,n) is determined by multiplying both sides of Eq. (2-143)
by the factor {s + Si) and then setting iequal to -Si- To find ie coefficient AT], for instance,
we multiply both sides of Eq. (2-143) by (i + ij) and let s = -Si. Thus,

_ (2-145)
@2 -s (13 si)
Consider the function
55+ 3 5i+ 3
¢ ! (2-146)
e (s 1) (i + 2)(s+ 3)" 134652 + Il + 6
which is written in the p
f(-\ L (-2, AT3
The coefficients K-\. K -2, and K -T are determined as follows:
1 )G ()1 R (2-148)
e = MG+ DG .
‘ ! (2-(z-n o~
M-2)+ 3 , .
ir2 = 1(j+ 2)GW] i2-149)
(-2)(3-2)
_os(a) s
(3= 1"+ 3)gwi (2-150)
(1-3)(2-3)
Thus. Eq. (2-146) becomes
c(s) o2 " (2-151)
X - }
T+l jr2 i+3

Toolbox 2-5-1
For Example 2-5-1, Eq. (2-146) is a ratio of two polynomials.

»b=[53]% mimerator polynomial coefficients
» a=[16116] % denominator polynomial coefficients

You can calculate the partial fraction expansion as
» [r, p, k] =residueCb,a)
r=

-6.0000

7.0000
-1.0000
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-3.0000
-2.0000
-1.0000

Now. convert the panial fraction expansion back to polynomial coefficients.

» [b,a] =residueCr.p.k)

1.0000 6.0000 11.0000 6.0000

Note that the result is normalized for the leading coefficient in the denominator.

Has Multiple-Order Poles 1f r ofthe n poles of G{s) are identical, or we say that the

pole ati = -si is of multiplicity r, G(s) is written
RO ) (2-152)
. p(i) (s+ S|)(s+ i2) mmm(s + s»-r)(l + Si¥
(i~ 1,2, n —r), then G(5) can be expanded as
0(5)="+-% + ...
5+5i S+ % S+ S,,-I
W*—n - rtermsofsimple poles —»|
2 2-153
Al A2 Ar (¢ )
P+ 00 (s+ 1)~ (s+ SiY
l«—rtermsofrepeated poles —* |
Then (n —r) coefficients, Ksi,K;2, mm which correspond to simple poles, may be

evaluated by the method described by Eq, (2-145). The determination of the coefficients
that correspond to the multiple-order poles is described as follows.
(2-154)

(2-155)

(2-156)

(2-157)
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» EXAMPLE 2-5-2 Consider the function

1 [ I
s(s+1)' (s+2) + 7j2 + 2i
By using the format of Eq. (2-153), G(j) is written
A2 43 b
- 12-159;
CW=f +8+2% 81 +77 o+ i+ 3 )
The coefficients couesponding to the simple poles
K., = [sG(s)] (2-160)
if-2=[(i+ 2)GW]
and those of the third-order pole

>13= |(i +1)'G (5)]

| d 1
—_ 2-163;
'S sh-~ds [s{s+2)\ ( )
sis+ 2\
The completed partial-fraction expansion is
(2-165)

A2 s 265+2) j+1  (s+iy

Toolbox 2-5-2
For Example 2-5-2, Eq. (2-158) is a ratio of two polynomials.
» clear all
» a=[15972] % coefficients of polynomial s™4+ 5*s"3 + 9*s™"2 + 7*s + 2
a=
1 5 9 7 2

» b =[1] % polynomial coefficients
b=
1

» [r, p, k] =residueCh, a) % b is the numerator and a is the denominator
r=
-1.0000
1.0000
-1.0000
1.0000
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-2.0000
-1.0000
-1.0000
-1.0000

(1

[b,a] =residue(r,p,k)% Obtain the polynomial form

-0.0000 -0.0000 -0.0000 1.0000

1.0000 5.0000 9.0000 7.0000 2.

G(s) Has Simple Complex-Conjugate Poles Thepartial-fraction expansion of Eq. (2-
144) isvalid also for simple complex-conjugate poles. Becausecomplex-conjugate poles
are more difficult to handle and are of special interest in control system studies, they
deserve special treatment here.

Suppose that G(s) of Eq. (2-117) contains a pair of complex poles:

s= —0+ jo) and 5= —a —jco

The corresponding coefficients of these poles are found by using Eq. (2-145),
= (s+.7- (2-166)

= (s+a+ (@-167)

» EXAMPLE 2-5-3 Consider the second-order prototype function

2-168;
+ 2'co,s + (i ( )

Letus assume that the value of i; is less than one, so that the poles of G(s) are complex. Then. C(s) is
expanded as follows:

G (i)= (2-169:

.o
S+ O- joj i+o0+ yoi

0=UJnuV~~
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The coefficients in Eq. (2-169) are determined as

fi-a+jo, = (j + <- yitr)G(i) =iid. (2-172)
=oHa> 2>
K-a-ju, = (j + O+ jco)G{s) = . (2-173)
s=-a~j(0 %<0

The complete partial-fraction expansion of Eq. (2-168) is

1 1
mO0- jo S+0+jo

Taking the inverse Laplace transform on both sides of the last equation gives

g{l)=¢-e-"(em (>0 (2-175)
SW=yp==<" >0 (2-176)
w

» 2-6 APPLICATION OF THE LAPLACE TRANSFORM TO THE SOLUTION OF LINEAR
ORDINARY DIFFERENTIAL EQUATIONS

As we see later, the mathematical models of most components of control systems are
represented by first- or second-order differenlial equations. In this textbook, we primarily
study linear ordinary dUTerential equations with constant coefficients such as the first-
order linear system:

+o«y(l) = m (2-177)

or the second-order linear system:

[ + = (2-178,

Linear ordinary differential equations can be solved by the Laplace transform method
with the aid of the theorems on Laplace transform given in Section 2-4. the panial-
fraction expansion, and the table of Laplace transforms. The procedure is outlined
as follows:

1. Transform the differential equation to the i-domain by Laplace transform using
the Laplace transform table.

2. Manipulate the transformed algebraic equation and solve for the output variable.

3. Perform partial-fraction expansion to the wansiormed algebraic equation.

4. Obtain the inverse Laplace wansform from the Laplace transform table.

Let us examine two specific cases, first- and second-order prototype systems.
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2-6-1 First-Order Prototype System

»EXAMPLE 2-6-1

Consider Eq. (2-177), which may also be represented by the first-order prototype
form:

(2-179)

where, T is known as the time constant of the system, which is a measure of how fast the
system responds to initial conditions of external excitations.

Find the solution of the first-order differential Eq. (2-179).

SOLUTION For a unit step input

(2-180)
Eq. (2-179) is written as
».() = i) +y(<)
1fy{0) = j (0) = 0, £ (i/,(1)) = - and = yis), we have
i-irfw + fw
(2-183)
Notice that the system has a pole ai J = “ J/A-
Using panial fractions, Eq. (2-183) becomes
2-184
rs + 1 ( )
where, Kf} = landK_ilj = -1. Applying the inverse Laplace transform to Eq. (2-184), we get the
time response of Eq. (2-179).
Vou) = \ (2-185)

where t is the time for >(/) to reach 63% of its final value of Hm )»(i) = L

Typical unit-step responses ofy(i}are shown in Fig. 2-22 for a general value of . As the value of
time constant r decreases, Ihe system response approaches faster to the final value.

first-order RC circuit system.
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Toolbox 2-6-1

The inverse Laplace transform for Eq. (2-183) is obtained using the MATLAB Symbolic Toolbox by ihe
following sequence of MATLAB functions.

» syms s tau;

» ilaplace(l/(tau*s”2 +s)) ;

The result is Eq. (2-185).
Note, the sym command lets you construct symbolic variables and expressions, and the command:

» syms s tau;
is equivalent to:

» s=sym(%?);

» tau =sym(‘tau

1)

Time response of Eq. (2*183), shown in Fig. 2-22, for a given value r = 0.1 is obtained using

» clear all;
» t=0:0.01:1;
»tau

0.1:
» plot(l-expC-t/tau));

You may wish to confinti that att = 0.1, y(t) = 0.63.

2-6-2 Second-Order Prototype System

EXAMPLE 2-6-2

Similarly, for the second-order prototype of the form:

+ =m (2-186)

where | is known as the damping ratio, and (0,,is the natural frequency of the system. The
prototype forms of differential equations provide acommon format of representing various
components of acontrol system. The significance of this representation will become more
evident when we study the time response of control systems in Chapter 5.

Consider the differential equation

~ +370+2.,(,) =5,.0) 12-187,
where Usd) is the unit-step function. The initial conditions are )-(0) = -1 and y ‘'(0) =
dy(t)/dt\,"Q = 1. To solve the differentia] equation, we first take the Laplace transform on both
sides of Eq. (2-153):

1Ans) - J){0) - v"'(0) + Siris) - 3v(0) + iris} = 5/s (2-188)

Substituting the values of the initial conditions into the last equation and solving for y(s). we get

(2-189)
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Eq. (2-189) is expanded by partial-fraction expansion to give

Taking uie inverse Laplace wansform of Eq. (2-190), we get the complete solution as

yu)=i-5e-'+ie-"* >0 (2-191)
The firstterm in Eq. (2-191) is the steady-state solution or the particular integral; the last two terms
represent the transient or homogeneous solution. Unlike the classical method, which requires
separate steps to give the transient and the steady-state responses or solutions, the Laplace wansiorm
method gives the entire solution in one operation.

If only the magnitude of the steady-state solution ofy (0 is of interest, Ihe final-value lheorem of
Eq. (2-133) may be applied. Thus,

_hm ,(,) = lim "2

where, in order to ensure the validity of the final-value theorem, we have firsl checked and found thai
the poles of function 5y (i) are all in the left-half j-plane.

Consider the linear differential equation

The initial values of >(0 and dy{t)Idl are zero. Taking the Laplace transform on both sides of
Eqg. (2-193), and solving for KCj), we have

i€,
s

Vi - (2*194)
AN“ 5(52+34.51+1000) s(j2+ 2fw, "

TV <2)
where, usingthe second-order prototype representation,f = 0.5455 anda>, = 31.62. The inverse

Laplace wansform of Eq. (2-194) can be executed in a number of ways. The Lapiace Iransform table
in Appendix C provides the time-response expression in Eq. (2-194) directly. The result is

Asin(<o,v'l -cAt+e) >0

y(O = % 1I193i-"* sin(26.5/+ 0.993S) f>0 (2-197)

Eq. (2-197) can be derived by performing the partial-fraction expansion of Eq. (2-194). knowing that
the poles are at i = 0. -0 + ;0), and -O - jo), where

0 =10),,= 17.25 (2-198)

0= 0),v'l -f- =26.5 (2-199)
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The partial-fraction expansion of Eq. (2-194) is written

S S+ 0-j0 s+O0+jo

Ko = sY{s)

e-jf
K-atju, = {s+ 0 - ja>)Y{s) (2-202)
K-a-j* = 1i + 0 + ju})Y(s) (2-203)
The angle & is given by
Q= 180"-cos~'c (2-204)
and is illustrated in Fig. 2-23.
The inverse Laplace ttansform of Eq. (2-200) is now written
yit) = 1+
! J
-1+ sin\ct,,\\ - -
Substituting Eq. (2-204) into Eqg. (2-205) for §, we have
>(0 =
y{l) = 1- 1.193e-"* ' sin(26.5? + 0.9938) >0

Figure 2*23 Root location in the j-plane.
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Toolbox 2-6-2

Time response of Eq. (2-194) for a unit-step input may also be obtained using

Altematively:
num= [1000] ;
den= [134.51000] ; s=tf (%7;
G = tf (num.den): 6=1000/(s"2 + 34.5-5+1000) :
stepCG): step (G) ;
title ( Step Response @  title ( Step Response ?)
xlabel ( Time (sec ?) xlabel ("Time(sec ")
ylabel ( Amplitude ?) ylabel ( Amplitude ?)

wstep "’ produces the time response of afunction for a unit-step input.

Step Response

2-7 IMPULSE RESPONSE AND TRANSFER FUNCTIONS OF LINEAR SYSTEMS

The classical way of modeling linear time-invariant systems is to use transfer Tunctions to
represent input-output relations between variables. One way to define the transfer function
is to use the impulse response, which is defined as follows.

2-7-1 Impulse Response

Consider that a linear time-invariant system has the input uU) and output y(0. As shown
in Fig. 2-24, a rectangular pulse function H(f) of a very large magnitude w/2fi becomes
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~ EXAMPLE 2-7-1

Figure 2-24 Graphical representation a
impulse function.

an impulse function for very small durations as E-—»0. The equation representing
Fig. 2-24 is

0 t<T-e
«(l) = (2-208)

0 />r+e
ForU= 1,«(i) = &(r) is also known as unit impulse or Dirac delta function. For/ = 0in
Eq. (2-208), using Eq. (2-116) and noting the actual limits of the integral are defined from
i=0" tor= oo, it is easy to verify that the Laplace transform of 8{t) is unity,

ie. C{S{t)] = \ as£r0.

The important point here is that the response o fany system can be characteri:edby its
impulse response g(t), which is defined as the output when the input is a unit-impulse

function Syr). Once the impulse response of a linear system is known, the output of the
system y(t), with any input, u(t), can befound by using the transferfunction. We define

y = £6(0)  ¥s) g
G(i) = c{uin) Fis) (2-209)

as the transfer function of the system.

For the second-order prototype system Eq. (2-186), shown in Example 2-5-3 as:

£(«(1)) + 2iw,,s + 0,

is ihe transfer function of ihe system in Eq. (2-210). Similar to Example 2-5-3, given zero initial
conditions, the impulse response g(/) is

Yoy >0
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For a unii-step inpul «(r) = using the convolution properties of Uplace transforms,
Cly(")] = C{us*g{t)]
G()

From the inverse Laplace transform of Eq. (2-213), the output >-(j) is therefore

] Usg(t-T)dT

y{i) =1- ~ — sin~wunvi- + i>0 (2-214)
where, G= COS ‘G
Toolbox 2-7-1
The unit impulse response of Eq. (2-194) may be obtained using
Altermatively;
num =[1000] : s=tf (37);
6=1000/(sA2+34.5*s+1000);

den= [134.5 1000];
G = tf (num.den) ;
impulse(G);

impulse (G) :

Imputee Response
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2-7-2 Transfer Function (Single-Input, Singie-Output Systems)

The transferfunction ofa linear time-invariantsystem is definedas the Laplace transfonn
of the impulse response, with all the initial conditions set 10 zero.

Let G{s) denote the transfer function ofa single-inpuu single-ougput (SISO) system, witri
input «(/), outputy(0, and impulse response gU). The wansfer funcdon GiJ) is defined as

G(s) =git)] (2-215)
The transfer function G(s) is related to the Laplace wansiorm of the input and the output
through the following relation:

with all the initial conditions set to zero, and yCi) and U{s) are the Laplace wansionns of
>(?) and u(i). respectively.

Although the transfer function of a linear system is defined in tenns of the impulse
response, in practice, the input-output relation of a linear time-invariant system with
continuous-data input is often described by adifferential equation, so it is more convenieni
to derive the transfer function directly from the differential equation. Let us consider Giat
the input-output relation of a linear time-invariam system is described by ie following
mh-order differential equation with constant real coefficients:

dnyit) dy{t)
(2-217)

df” Codfrn Codt

The coefficients UQ a\........a,,-\ and bo. b\........bmSxt real constants. Once the input u(.t)
for 1> to and the initial conditions of >'(0 and @rie derivatives of v(0 are Sf)ecified ai die initial
time / = to, die output response >-(0 for f >/0 is determined by solving Eq. (2-217J. However,
from Grie standpoint of linear-system analysis and design, die metriod of using differential
equations exclusively is quite cumbersome. Thus, differential equations of the form of Eq.
(2-217) are seldom used in their original form for (rie analysis and design ofconool systems. It
should be pointed out that, although efficient subroutines are available on digital computers
for the solution of high-order differential equations, the basic philosophy of linear control
iheorx is that ofdeveloping analysis and design tools lhar will avoU the exact solution o fthe
system differentialequations, except when computer-simulation solutions are desired for final
presentation or verification. In classical conuol rieory, even computer simulations often start
with wansfer functions, rather than with differenrial equations.

To obtain the transfer function of the linear system that is represented by Eq. (2-217),
we simply take the Laplace transform on both sides ofthe equation and assume zero initial
conditions. The result is

(i* + Ct,,-\* *+ mmm+0]S + Go)+ bm-i* "+ mm --b\S —i>0)u(s)
(2-218)

The transfer function between u(t) and v(/) is given by

Gfl=TM = ) (2-219)
0] " + eee't-0if a0
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The properties of the transfer function are summarized as follows:

The transfer function is defined only for a linear time-invariant system. It is not
defined for nonlinear systems.

The transfer function between an input variable and an output variable of a system
is defined as the Laplace transform of the impulse response. Alternately, the
transfer function between a pair of input and output variables is the ratio of the
Laplace transform of the output to the Laplace transform of the input

All initial conditions of the system are set to zero.

The transfer function is independent of the input of the system,

The transfer function of acontinuous-data system is expressed only as a function of
the complex variable s. It is not a function of the real variable, time, or any other
variable thatis used as the independent variable. For discrete-data systems modeled
by difference equations, the transfer function is a function of z when the z-
transform is used (refer to Appendix D).

2-7-3 Proper Transfer Functions

The transfer function in Eq. (2-219) is said to be strictly proper if the order of the
denominator polynomial is greater than that of the numerator polynomial (i.e., n >m). If
n = m, the transfer function is called proper. The transfer function is improper if m > «.

2-7-4 Characteristic Equation

The characteristic equation ofa linear system is defined as the equation obtained by selling
the denominator polynomial of the transfer function to zero. Thus, from Eg.
(2-219), the characteristic equation of the system described by Eq. (2-217) is

5+ + eeet Qi+ GO= 0 (2-220)

Later we shall show that the stability of linear, single-input, single-output systems is
completely governed by the roots of the characteristic equation.

2-7-5 Transfer Function (Multivariable Systems}

The definition of a transfer function is easily extended to a system with multiple inputs and
outputs. A system of wriis type is often refewed to as a multivariable system. In a multivariable
system, adifferential equation ofthe form ofEq. (2-217) may be used to describe the relationship
between & pair of input and output variables, when all otrier inputs are set to zero. Because die
principle of superposition is valid for linear systems, the total effect on any output due to all the
inputs acting simultaneously is obtained by adding up the outputs due to each input acting alone.

In general, if alinear system hasp inputs and g outputs, the transfer function between
the yth input and the ith output is defined as

= A (2-221,

with Rk{s) = 0. k = 1.2....p A Y JmNote lhal Eq. (2-221) is defined with only the yth
input in effect, whereas the other inputs are set to zero. When all Ihe p inputs are in action,
the /th output transform is written

Yi{s) = Gn{s)Ri(s) + Gn.{s}R2(s}+ mm+G Js]R"(s] (2-222)
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It is convenient to express Eq. (2-222) in matrix-vector forrn:

\{s)=G{s)Ris)

where
YA(s)
Yiis)
Y{5) =
is the O X 1 vansiormed output vector;
RT{s)
R{i) =
is the /5 X 1transformed input vector; and
‘0iiw GizW Gip(s)
021(s) Oiiis) C2p(s
G(s) = p(s)
. C ,,W G ,w .

is the < X p wansfer-function matrix.

» 2-8 STABILITY OF LINEAR CONTROL SYSTEMS

(2-223)

(2-224)

(2-225)

(2-226)

From e studies of linear differential equations with constant coefficients of SISO systems, we
learned that the homogeneous solution that corresponds to the transient response o f die system is
governedby theroots o fthe characteristic equation. Basically, the design oflinearconuol systems
may be regarded as a problem of arranging the location of the poles and zeros of the system
transfer funclion such that the system will perfoim according to the prescribed specifications.

Among lhe many forms of performance specifications used in design, the most
important requirement is that the system must be stable. An unstable system is generally

considered to be useless.

When all types of systems are considered— linear, nonlinear, time-invariant, and time-
varying—the definition of stability can be given in many different forms. We shall deal
only with the stability of linear SISO time-invariant systems in the following discussions.

For analysis and design purposes, we can classify stability as absolute stability and
relative stability. Absolute stability refers to whether the system is stable or unstable; it is
ayes orno answer. Once the system is found to be stable, it is of interest to deiermine how

stable it is, and this degree of stability is a measure of relative stability.

In preparation for the definition of stability, we define the two following types of

responses for linear time-invariant systems:

+ Zero-state response. The zero-state response is due to the inputonly: all the initial

conditions of the system are zero.
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* Zero-inputresponse. The zero-input response is due to the initial conditions only;
all the inputs are zero.

From the principle of superposition, when a system is subject to both inputs and initial
conditions, the total response is written
Total response = zero-state response + zero-input response

The definitions just given apply to continuous-daia as well as discrete-data systems.

-9 BOUNDED-INPUT, BOUNDED-OUTPUT (BIBO)
I\BILITY— CONTINUOUS-DATA SYSTEMS

Let w(0.y(0. and g(0 be the input, output, and the impulse response of a linear time-invariant

system, respectively. With zero initiai conditions, ihe system bisauito be BIBO (bounded-input,

bounded-output) stable, or simply stable, ifits output y(t) is bounded to a bounded input u(t).
The convolution integral relating uit), >(/), and gU) is

>'[)= f u{t-T)g{T)dT (2-227)
Jo

Taking the absolute value of both sides of the equation, we get

W = u(( - 0s(T)rfr (2-228)
M O [<jA*W (-r)||s (r)|<ir (2-229)

1f u(l) is bounded,
J«(n] < M (2-230)

where A/ is a finite positive number. Then,
<A/l r\g(T)\dT (2-231)
Jo

Thus, if y(i) is to be bounded, or
lil()] <N<oo (2-232)

where Al is a finite positive number, ihe following condition must hold;
m [ \g{T}\dT<N<oo (2-233)
Jo
Or, for any finite positive Q,

[ \g{MdT <Q <-" (2-234)
Jo
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The condition given in Eq. (2-234) implies that the area under the |*{r)|-versus-T-curve
must be finite.

2-10 RELATIONSHIP BETWEEN CHARACTERISTIC EQUATION ROOTS AND STABILITY

2-11 ZERO-INPUT

To show the relation between the roots of the characteristic equation and the condition in
Eq. (2-234), we write the transfer function C(i), according to the Laplace wansiorm
definition, as

G W =4s(t)]=jf" sWi-“* (2-235)

Taking the absolute value on both sides of the last equation, we have

\G{S)\= rgit)e-"‘dt < rm \\e -~ ‘\dt (2-236)
Jo Jo

Because where O'is the real part of i, when s assumes a value of a pole of

G (i), G (i) = 00, Eg. (2-236) becomes

\g[H\e-"\d, (2-237)

If one or more roots of the characteristic equation are in the right-half5-plane or on they£y-
axis, O'> 0, then

\<M =\ (2-238)

Eq. (2-237) becomes

oc< rM\git)\di= r\g{i)\di (2-239)
Jo Jo

which violates the BIBO stability requirement. Thus,/or BIBO stability, the roots of the
characteristic equation, or (hepoles 0fQ{%), cannot be heated in the right-halfs-plane or
on theiin-axis; in other words, they must all lie in the left-halfs-plane. A system is said to
he unstable ifit isnot BIBO stable. When a system has roots on theyu)-axis. say, at5 = jojQ
and s = —jwQ- if the input is a sinusoid, sin 0)o/. then the output will be of the form of f sin
a)(,/. which is unbounded, and the system is unstable.

AND ASYMPTOTIC STABILITY OF CONTINUOUS-DATA SYSTEMS

in this section, we shall define zero-input stability and asymptotic stability and establish
lheir relations with BIBO stability.

Zero-input stability refers to the stability condition when the input is zero, and the
system is driven only by its initial conditions. We shall show that ihe zero-inpul stability
also depends on the roots of the characteristic equation.

Letthe input ofan nth-order system be zero and the output due to the initial conditions
be ,v(/). Then, v(/) can be expressed as

vy = ‘(to) (2-240)
L
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(2-241)

and g/c(i) denotes the zero-input response due to The zero-input stability is defined
as follows: If the zero-input response y(t), subject to thefinite initial conditions,
reaches zero as t approaches infinity, the system issaid to be zero-input stable, or stable;
otherwise, the system is unstable.

Mathematically, the foregoing definition can be stated: A linear time-invariant system
is zero-input stable if, for any set offinite there exists apositive number M. which
depends on y~’(to), such that

1
|>(r)[<M <oc foraUt>1Q (2-242)

lim [)-(i)1= 0 (2-243)

Because the condition in the last equation requires that the magnitude o f >(i) reaches
zero as time approaches infinity, the zero-input stability is also known at the asymptotic
stability.

Taking the absolute value on both sides of Eq. (2-240), we gel

(2-244)
*=0 =0 '

Because all the initial conditions are assumed to be finite, the condition in Eq. (2-242)
requires that the following condition be true:

n-l
Alsi(i)I<oc forall; >0 (2-245)
=g

Let the « characteristic equation roots be expressed as = O, + jiOi. i = 1.2

Then, if m of the n roots are simple, and the rest are of multiple order, >|(/) will be of the
form:

Y2Kie“+ "y2'Ger* (2-246)
i=i i=0

y{ti

where Ki and L, are constant coefficients. Because the exponential terms e in the last
equation control the response yU) a st—>oc. to satisfy the two conditions in Egs. (2-242)
and (2-243), the real parts of Sj must be negative. In other words, the roots of the
characteristic equation must ail be in the left-half .v-plane.

From the preceding discussions, we see thai,/07- linear time-invariant systems, BIBO,
zero-input, and asymptotic stability all have the same requirement that the roois of the
characteristic equation must all be heated in the left-half s-plane. Thus, ifa system is
BIBO stable, it must also he zero-input or asymptotically stable. For this reason, we shall
simply refer to the stability condition of a linear system as stable or unstable. The latter
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TABLE 2 5 Stability Conditions of Linear Continuous-Data Time-Invariant SiSO System

Stability Condition Root Values

Asymptotically stable or simply stable O,<0foralli,i = 1. 2......n. (All the roots are io the
left'haifi-plane.)

Marginally stable or marginally oi = 0 for any j for simple roots, and no O, > 0

unstable Fori= 1.2, .... n(atleast one simple root, no

multiple-order roots on thejw-axis. and n roots in the
right-halfi-plane; note exceptions)

Unstable O, > 0 foranyi oroj = 0 forany multiple-order root;
i=1,2,..., n(atleastone simple root in the right-
halfj-plane or at least one multiple-order root on the
Yi>-axis)

condition refers to the condition that at least one of the characteristic equation roois is not
in the left-half 5-plane. For practical reasons, we often refer 10 the situation in which Gie
characteristic equation has simple roots on theyiy-axis and none in the right-half plane as
marginally stable or marginally unstable. An exception to this is if the system were
intended to be an integrator (or, in the case ofcontrolsystems, a velocity control system)-,
then the system would have rootis) fl/ s = 0 and would be considered stable. Similarly, if
the system were designed to be an oscillator, the characteristic equation would have simple
roots on the y<w-axis. and the system would be regarded as stable.

Because the roots of the characteristic equation are the same as the eigenvalues of A of
the state equations, the stability condition places the same restrictions on the eigenvalues.

Let the characteristic equation roots or eigenvalues of A of a linear continuous-data
i ..n. If any of the roots is

time-invariant SISO system be Si = O, + jo
complex, it is in complex-conjugate pairs. The possible stability conditions of rie system
are summarized in Table 2-5 with respect to the roots of the characteristic equation.

The following example illuswates the stability conditions of systems with reference to
the poles of the system transfer functions that are also the roots of the characteristic
equation.

EXAMPLE 2-11-1 The following closed-loop transfer functions and their associated stability conditions are given.

M{s) =~ ~ +3) asymptotically stable (or, simply, stable)

= + Unstable due  .he pole a. |
M{s) = » AN Marginally stable or marginally unstable due to | = #jT
M(s) Unstable due to the multiple-order pole at1 = + /2

(,2+4)2(,+ io)

Mis) = + 30M3+A27TI05 Stable if the pole at s = 0 is placed intemionallv
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ETHODS OF DETERMINING STABILITY

The discussions in the preceding sections lead to the conclusion that the stability of linear
time-invariant SISO systems can be determined by checking on the location of the roots of
the characteristic equation of the system. For all practical purposes, there is no need to
compute the complete system response to determine stability. The regions of stability and
instability in the i-plane are illustrated in Fig. 2-25. When the system parameters are all
known, the roots of the characteristic equation can be found using MATLAB as demon-
strated in various MATLAB Toolbox windows discussed earlier in this chapter. The
Transfer Function Symbolic Tool (tfsym) developed for this chapter may also be utilized to
find the transfer function poles and zeros. See the end of this chapter for some examples.
These programs are discussed in detail in Appendix G. For design purposes, there will be
unknown or variable parameters imbedded in the characteristic equation, so a Routh-
Hurwitz stability routine has also been developed for this textbook (tfrouth), which is
discussed at the end of this chapter.

The metriods outlined in the following list are well known for determining the stability
of linear continuous-data systems without involving root solving.

1. Routh-Hunvitz criterion. This criterion is an algebraic method that provides
information on the absolute stability of a linear lime-invariant system that has a
characteristic ion with icients. The criterion tests whether any
of the roots of the characteristic equation lie in the right-half 5-piane. The number
of roots that lie on the ;o0)-axis and in the right-half 5-plane is also indicated.

2. Nyquistcriterion. This criterion is a semi-graphical method that gives informa-
tion on the difference between the number of poles and zeros of the closed-loop
transfer function that are in the right-half .y-plane by observing the behavior of the
Nyquist plot of the loop transfer function. This topic is discussed in detail in
Chapter 8. and the concepts of loop transfer function and close-loop systems are
discussed in Chapter 3.

3. Bode diagram. This diagram is a plot of the magnilude of the loop transfer
function G{jco)H{jcr) in dB and the phase of G(J{i))H{jco) in degrees, all versus
frequency GO The concepts of loop transfer function and closed-loop systems are

RIC
j-plane
Stable Unstable
region region
0
Stable Unstable
region region

Figure 2-25 Stable and unstable regions in ihe i-pla
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discussed in Chapter 3. The stability ofthe closed-loop system can be determined
by observing the behavior of these plots. This topic is discussed in detail in
Chapter 8.

Thus, as will be evident throughout the text, most of the analysis and design
techniques on control systems represent alternate methods ofsolving the same problem.
The designer simply has to choose the best analytical tool, depending on the particular
situation.

Details of the Routh-Hurwitz stability criterion are presented in the following section.

» 2-13 ROUTH-HURWITZ CRITERION

The Routh-Hurwitz criterion represents amethod of determining the location of zerosofa
polynomial with constant real coefficients with respect to the left halfand right halfof the
9plane, without actually solving for the zeros. Because root-finding computer programs
can solvefor the zeros ofapolynomial with ease, the value ofthe Routh-Hurwitz criterion
is at best limited to equations with at least one unknown parameter.

Consider that the characteristic equation of alinear time-variant SISO system is of the
form

F(s) = a,s" + a,,-Is"-" +

m+ ii|i + a0 = 0 (2-247)

where all the coefficients are real. To ensure the last equation does not have roots with
positive real parts, it is necessary (but not sufficieni) that the following conditions hold;

1. All the coefflcienis of the equation have the same sign.
2. None of the coefficients vanish.

These conditions are based on the laws of algebra, which relate the coefficients of
Eq. (2-247) as follows:

all roots (2-248)

~  products of the roots taken two alatime (2-249)

products of the roots taken three atatime
(2-250)

Thus, all these ratios musl be positive and nonzero unless ai least one of the roots has a
positive real part.

The two necessary conditions for Eq. (2-247) to have no roots in the right-half 5-plane
can easily be checked by inspection of the equation. However, these conditions are not
sufficient, for it is quite possible that an ion with all its ffici
same sign still may not have all the roots in the left half of the i-plane.

nts nonzero and of Ihe
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Routh’s Tabulation

The Hurwitz criterion gives the necessary and sufficient condition for all roots of Eq.
(2-247) to lie in the left half of the s-plane. The criterion requires that the equation's n
Hurwitz determinants must all be positive.

However, the evaluation of the n Hurwitz determinants is tedious to cauy out. But
Routh simplified the process by introducing a tabulation method in place of the Hurwitz
determinants.

The first step in the simplification of the Hurwitz criterion, now called the Routh-
Hurwitz criterion, is to arrange the coefficients ofthe equation in Eq. (2-247) into two rows.
The first row consists of the first, third, fifth ..
of the second, fourth, sixth, . . ., coefficients, all counting from the highest-order teun, as
shown in the following tabulation:

coefficients, and the second row consists

On a,-2 a,A ,6

&, 3 a,-5 a,-i

The next step is to form the following away of numbers by the indicated operations,
illustrated here for a sixth-order equation:

065" + 05/ + mem+ riJ+ ao = O (2-252)
06 04 «2 ~0
n 05 03 a\ 0
4 0504 - 06«3. 0502 - aeOi asOo - 06 X 0
5 —A =Ug U
«5 05 «5
3 Aai~asB_" Aa\ - asao
A A A
BC-AD _ * Cao - A xO _ CxO0O~AxQ _» ~
ED - Cao
E
Fog-E x O

This array is called the Routh’stabulation or Routh’sarray. The column ofs's on the left
side is used for identification purposes. The reference column keeps track of the calcula-
tions, and the last row of the Routh's tabulation should always be the s° row.

Once the Routh’s tabulation has been completed, the last step in the application of the
criterion is to investigate the signs of the coefficients in thefirst column of the tabulation,
which contains information on the roots of the equation. The following conclusions are
made;

The roots of the equation are all in ihe left half of the .2-plane if al! the elements of the first
column of the Routh’s tabulation are of the same sign. The number of changes of signs in
the elements of the firstcolumn equals the number of roots wi(h positive real pans, or those
in the right-half j-plane
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The following examples illustrate the applications of the Routh-Hurwiw criterion
when the tabulation tenninates without complications.

EXAMPLE 2.13.1 Consider the equation
2i + +5j+10=0 i2-253;

Because the equation has no missing terms and the coefficients are all of the same sign, it satisfies the
necessary condition for not having roots in the right-half or on the imaginary axis of ihe 5-plane.
However, the sufficient condition must still be checked. RouUi's tabulation is made as follows:

5 2 3 10
s' 1 5 0
Sign change
Sign change
-7 “»
jo 10 0 0

Because there are two sign changes in the first column of the tabulation, the equation has two roots in
the right half of the j-plane. Solving for the roots of Eq. (2-253). we have the four roots al 5 =

-1.005 + jO.933 and s = 0.755 + yl.444. Clearly, the last two roots are in the right-haw 5-plane,
which cause the system to be unstable.

Toolbox 2-13-1

The roots ofthe polynomial in Eq. (2-253) are obtained using the following sequence of MATLAB functions.
» clear all
» p=1[213s10] %Define polynomial 2*sA4+sA3+3*sA2+5*s+10
p=
2 1 3 5 10
» roots(p)
ans =

0.7555 + 1.4444]
0.7555 - 1.4444]
-1.0055 + 0.9331]
-1.0055 -0.93311

2-13-2 Special Cases when Routh's Tabulation Terminates Prematurely

The equations considered in the two preceding examples are designed so that Rouih's
tabulation can be carried out without any complications. Depending on the coefficients of
the equation, the following difficulties may occur, which prevent Routh's tabulation from
completing properly:
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1 The first elementin any one row of Routh's tabulation is zero, but the others are
not.

2 The elements in one row of Routh’s tabulation are all zero.

In the first case, if a zero appears in the first elementof arow, the elements in the next
row will all become infinite, and Routh's tabulation cannot continue. To remedy the
situation, we replace the zero element in thefirst column by an arbitrary small positive
number e, and then proceed with Routh’s tabulation. This is illustrated by the following
example.

Consider the characteristic equation of a linear system
i+ +25+3=0 (2-254)

Because all the coefficients are nonzero and of the same sign, we need to apply lhe RouUi-Hurwitz
criterion. Routh’s tabulation is carried out as follows:

112 3
120
0 3

Because (ie first element of the  row is zero, the elements in the j' row would all be infinite. To
overcome this difficulty, we replace the zero in the row with a small positive number £, and then
proceed with the tabulation. Starting with (rie » row, the results are as follows:

Sign change

Sign change 3 0

Because (riere are two sign changes in the first column of Routh’s tabulation, the equation in Eq.
(2-254) has two roots in the right-half 5-plane. Solving for the rools of Eq, (2-254), we get s =
-0.091 + >0.902 and [ = 0.406 + yi.293; the last two roots are clearly in the right-half i-plane.

It should be noted that the e-method described may not give correct results if the equation has
pure imaginary roots.

In the second special case, when all the elements in one row of Routh’s tabulation are zeros
before the tabulation is properly terminated, it indicates that one or more of the following conditions
may exist;

1. The equation has at least one pair of real roots with equal magnitude but opposite signs.
2. The equation has one or more pairs of imaginary roots.

3. The equation has patrs of complex-conjugate roots forming symmetry about the origin of
the j-plane; for example, s= -1 £ )1,J= 1+ jl.

The situation with the entire row of zeros can be remedied by using the auxiliary equation
,4(j) = 0, which is formed from the coefficients of the row just above the row of zeros in Routh's
tabulation. The auxiliary equation is always an even polynomial; thatis, only even powers ofs appear.
The roots ofthe auxiliary equation also satisfy the original equation. Thus, by solving the auxiliary
equation, we also get some of the roots of the original equation. To continue with Routh’s tabulation
when arow of zero appears, we conduct the following steps:

1. Form the auxiliary equation <(5) = Oby using the coefficients from the row just preceding
the row of zeros.

2. Take the derivative of the auxiliary equation with respect to 5; this gives dA{s)/d.= 0-
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» EXAMPLE 2.13.3

» EXAMPLE 2-13-4

3. Replace the row of zeros with the coefficients of dA{s)/ds = 0.

4. Continue with Routh’s tabulation in the usual manner with the newly formed row of
coefficients replacing the row of zeros.

5. Interpret the change of signs, if any, of the coefficients in the first column of tte Routh's
tabulation in the usual manner. "

Consider the following equation, which may be the characteristic equation of a linear control system;

+ 48" + B85 + +7j+4=0 (2-255)
Routh's tabulation is
s 1 87
st 4 84
s 6 60
4 4
s 0 0

Because arow of zeros appears prematurely, we form the auxiliary equation using the coefficients of
the  row:

/(s) = 4s2+4 =0 (2-256)
The derivative of 4(5) with respect to s is

=85=0 (2-257)
ds

from which the coefficients 8 and 0 replace the zeros in the  row of the original tabulation. The
remaining portion of the Routh’s tabulation is

s' 8 0 coefficientsofrf-4(j)/t/j
> 4

Because there are no sign changes in the first column of ihe entire Routh’s tabulation, ihe equation in
Eqg. (2-257) does not have any root in the righi-half 9plane. Solving the auxiliary equation in Eq.
(2-256), we get the two roots at 5= mand | = - y, which are also two of the roots of Eq. (2-255).
Thus, the equation has two roots on theya>-axis, and the system is marginally stable. These imaginary
roois caused the initial Routh’s tabulation to have the entire row of zeros in the s’ row.

Because all zeros CKCurring in a row that couesponds to an odd power of s creates an auxiliary
equation that has only even powers of J. the roots of the auxiliary equation may all lie on thejw-axis.
For design purposes, we can use the all-zero-row condition to solve for the marginal value of a system
parameter for system stability. The following example illustrates the realistic value of the Routh-
Hunvitz criterion in a simple design problem. <

Consider that a ihird-order control system has the characteristic equation

I + 3408.3s- + 1,204,000j+ 15 X lo"*- = 0 (2-258)
The Rouih-Hurwilz criterion is best suited to determine the critical value of K for stability, that is. the
value of K for which at least one root will lie on theyo>-axis and none in the right-halfi-plane, Routh’s
tabulation of Eq. (2-258) is made as follows:

J 1 1,204,000
s- 3408.3 1.Sx10" *

, 410.36 X 10° - 1,5 X 10’ S
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to Section 2-14-2 for the MATLAB symbolic tool to solve this problem.

EXAMPLE 2.13.5

0OX2-13-3

Forthe system to be stable, all the roots of Eq. (2-258) must be in the left-half .y-plane, and,
thus, all the coefficients in the first column of Routh’s tabulation must have lhe same sign.
This leads to the following condiiions:

7 isviclk
3408.3 (2:259)
1.5x10°%->0 (2-260)

From the inequality of Eq. (2-259), we have K < 273.57, and the condition in Eq. (2-260)
gives AT>0. Therefore, the condition of K for the system to be stable is

0</r<273.57 (2-261)
If we let K = 273.57. the characteristic equation in Eq. (2-258) will have two roots on the
yur>-axis. To find these roots, we substitute K = 273.57 in the auxiliary equation, which is
obtained from Routh's tabulation by using the coefficients of the s' row. Thus.

/I(i) = 3408.3i*+4.1036 X 10~-0 (2-262)

which has roots at i = ;1097 and [ = - ;1097. and the cowesponding value of K at these
roots is 273.57. Also, if the system is operated with K = 273.57, the zero-input response of
the system will be an undamped sinusoid with a frequency of 1097.27 rad/sec.

As another example of using the Routh-Hurwitz criterion for simple design problems, consider that
the characteristic equation of a closed-loop conuwol system is
[+ 3AT5 + {Ar+ 2)j+ 4= 0 (2-263)
11 is desired to find the range of K so thal the system is stable. Routh's tabulation of Eq. (2-263) is
i 1 S+ 2

iK 4
KK +1] -4  ~

From ther row. the condition of stability isSK > 0. and from the i' row. the condition of stabilily is

TK- +6K -4>0 (2-264)
or

a< - 2528 or a>0.528 (2-265)

to Section 2-14-2 for the MATLAB symbolic tool to solve this problem.
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When the conditions of > 0 and K > 0,528 are compared, it is apparent that the latter
requirement is more stringent. Thus, for the closed-loop system to be stable. K must satisfy

K > 0.528 (2-266)
The requirement of AT< - 2.528 is disregarded because K cannoi be negative.

It should be reiterated that the Routh-Hurwiiz criterion is valid only if the characteristic equation
is algebraic with real coefficients. If any one of the coefficients is complex, or if the equation is not
algebraic, for example, containing exponential functions or sinusoidal functions of 5. the Routh-
Hurwitz criterion simply cannot be applied.

Another limiiaiion of the Routh-Hunvitz criterion is that it is valid only for the determination of
roots of the characteristic equation with respect to the left half or the right half of the j-plane. The
stability boundary is theyo)-axis of the i-p'ane. The criterion cannol be applied 10 any other stability
boundaries in acomplex plane, such as the unit circle in the r-plane, which is uie stability boundary of
discrete-data systems (Appendix H),

> 2-U MATLAB TOOLS AND CASE STUDIES

2-14-1 Description and Use of Transfer Function Tool

If you have access to the MATLAB Symbolic Toolbox, you may use the ACSYS Transfer
Function Symbolic Tool by pressing the appropriate bunon in the ACSYS window or by
typing in tfsym in the MATLAB command window. The Symbolic Tool window is shown
in Fig. 2-26. Click the “Help for 1stTime User” button to see the instructions on how to use
the toolbox. The instructions appear in a Help Dialog window, as shown in Fig. 2-27. As
instructed, press the “Transfer Function and Inverse Laplace” button to run the program.
You must run this program within the MATLAB command window. Enter the transfer
function, as shown in Fig. 2-28, to gel the time response.

> Transiet Function Symbolic ior Kuo-G

Help for 1st Thne Usei

Tiansfer Function and Inverse Laplace

state-space

Slate-Space with (nil. Cond.

Figure 2-26 The Transfer Function Symbolic window.

I You musi have access lo MATIAB Symbolic Toolbox. To tun Programs, go D

TT. | MATLAB Command window aiter clicking each pushbutton.

figure 2-27 The Symbolic Help Dialog window.
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Transfer Function Symbolic. © Kuo & Golnaraghi 8th Edition, John Wiley &
Sons. e.g.. Use the following inpul format: (s+2)*(s"3+2*s+1)/(s*(s"2+2*s+1))

Enter G=5«(s+0.6V((s+1)*(s+2)* (s+3))

5s5+3
(s+i)(s+2)'(s+3)

G in polynomial form:

Transfer function:

3465 i+iTs+6
G factored:
Zerolpolelgain:

5(s-1,6)
(s+3) (s+2) is*]]

Inverse Laplace oansform:
Giime =
-exp(-i)+7rexp(-2»1)-6*exp (-3*1)

Figure 2-2B The inverse Laplace transform of Eq. (2-267) for an impulse input, in the
MATLAB command window.

Find the inverse Laplace wansiorm of the transfer function

S DG 2)(s+3) -5 +Hi+6

You can do uus either by using the ilaplace command in the MATLAB command window, as we
demonstrated in Toolbox 2-5-1 for Example 2-5-1. or by utilizing ihe tfsvTTi function, as shown in Fig. 2-28.

To find the time representation of Eq. (2-267) for a different input function such as a Mep or a
sinusoid, the user may combine the input transfer function {e.g. /s for a unit-step input) with ihe
transfer funciion in the TFtool inpul window. So lo obtain Eq. (2-267) time representation for a unit-
Slep input, use the following transfer function:

5i+ 3
c() = . . . (2-268)
sis+ 1)(i+2)(i + 3)
and repeat the previous sieps-
Similarly. for the transfer function
y)y=___ n N ;N (2-269)
* T+ 3455+ 1000) (52 + 11iOnS + lof;)

using the tfsym tool, the lime representation of this system is obtained as
I+ (-1/2 + 13/40-i) cxp((-69/4- 53/2*))'f+ (-1/2 - i3/40")'exp((-69/4+
53/2*»ro A

for Stability

The easiest way to assess stability of known transfer functions is to find ihe locaiion of the
poles. For that purpose, lhe MATLAB code that appears in Toolbox 2-13-1 is the easiest
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EXAMPLE 2-14-2

EXAMPLE 2-14-3

EXAMPLE 2-14-4

way for finding the roots of the characteristic equation polynomial— i.e., (vie poles of the
system. However, many ofthe other tools within ACSYS software may also be used to find
the poles of the closed-loop system transfer function, including the “Transfer Function
Symbolic” (tfsym) and the “ Transfer Function Calculator” (tfcal). You may also conduct
a more thorough stability study of your system using the root locus and phase and gain
margin concepts utilizing the “Controller Design Tool,” respectively. These topics will be
thoroughly discussed in Chapter 9.

In this section, we introduce the tfrouth tool, which may be used to find the Routh
away, and more importantly it may be utilized for controller design applications where it is
important to assess the stability of a system for a controller gain, say k.

The steps involved in setting up and then solving a given stability problem using
tfrouth are as follows.

1. Type “tfrouth” in the MATLAB command module within the "tfsymbolic”
directory.

2. Enterthe characteristic polynomial in symbolic (e.g., s'"*3+s”"2+s+l) orin vectorial
(e.g. [1 111]) forms.

3. Press the “Routh-Hurwitz” button and check the results in the MATLAB
command window,

4. In case you wish to assess the stability of the system for a design parameter, enter
it in the box designated as “Enter Symbolic Parameters.” For example, for s"3
+k1's"2+ k2*s + 1. you need to enter "k | k2" in the “Enter Symbolic Parame-
ters” box, followed by entering the polynomial s"3 + kl*s'*2 + k2*s+1 in the
“Characteristic Equation” box.

5. Pressthe “Routh-Hurwitz” button to form the Routh table and conduct the Rouih-
Hurwitz stability test.

To better illustrate how to use tfrouth, let us solve some of the earlier examples in this
chapter.

Recall Example 2-13-1; let's use tfrouth for the following polynomial:
Ish + + 55+ 10= 0 (2-270)

In the MATLAB command module, type in “tfroulh” and enter the characteristic Eq. (2-270) in
polynomial form, followed by clicking the "Routh-Hurwitz" button to get the Routh-Hurwitz matrix,
as shown in Fig. 2-29.

The results match Example 2-14-2. The system is therefore unstable because of two positive poles.
The Routh’s array first column also shows two sign changes to confirm this result. To see the complete
Routh (able, the user must refer to the MATLAB command window, as shown in Fig. 2-30.

Consider Example 2-13-2 for characteristic equation of a linear system:

s“+ P + 25"+2s+3=0 (2-271)

After entering the transfer function characteristic equation using ifrouth and pressing the "Rouih-
Hurwitz" button, we get the results shown in Fig. 2-31.
As a result, because of the final two sign changes, we expect to see two unstable poles.

Revisiting Example 2-13-3. use tfrouth to study the following characteristic equation:
j>+4/ +8j3+8j2+ 7s+4=0 (2-272)
to get the results shown in Fig. 2-32.
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Routh Hurwrtz

Enter the characteristic equation using a vector of polynomial
coefficierts. ofh symbofc form wiOl complex variable ‘s'.
Enter ALL symbotic parameters inthe box labeled 'Enter
Symbolic Parameters.

ex For(s"2 + 3*kp*s + ki*2):
erter 11. 3*lg), Id"'*r inthe Characteristic Ecjuaiion box
and 'kpw Inthe syrr*olic variables text box.
OR; Typein (s"2 + 3*kp*s + ki**) inthe Characteristic
Equation box and Icpkf inthe symtjcrfic vari®les text toox,

ex. The foKowir” are an equivalent:
(s"2+7*s+12). [1712. and (s+4)»(s+3).

Enter Symboftc Parameters
(Fcr example:)

Charaderistic Equation

2*S'M+87+3*SA2*5*S+10

Routh-Hurwaz

Figure 2-29 Entering characteristic polynomial for Example 2-14-2 using the ifrouth module.

Rouch-Hurwitz Matrix;

I¢] 3 10
(
a 5 0
(
(-7 0 0
[4s17 0 0
i
[0 0 0

0'sign changes in (he first column.

Figure 2-30 Stability results for Example 2-14-2. after using the Routh-Hurwitz test.
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EXAMPLE 2-14-5

Firsi element o frow3 is zero. EpiOon is used.
Routh-Hunvitz Matrix;

[t 2 3 1
[ )
[ 1! 2 o ]

)
eps 3 0 l
[-3+2eps 1
[ 0 g 1
( eps i
13 o o i

There are two sign changes in the firsi coiiimn.

Figure 2-31 Stability results for Example 2-14-3, after using the Routh-Hurfticz test.

Row of zeros found at row5- Audliary polyDomial is used.
Rou(h-Hurft'itz Maurix;

( 8 7 ]
[

[4 8 4

1

16 6 0

{

1
]
I 4 0 g
[
[ 0 0 1
]
4 o o ]
There are two sign changes in the first colunui.
Figure 2-32 Stability results for Example 2-14-4. after using the Routh-Hur«itz lesL
In this case, the program has automatically replaced ihe whole row of zeros in the fifth row
the coefficienis of Ihe polynomial formed from the derivative ofan auxiliary polynomial formed fro
the founh row. As a result, the system is unstable. Further, because of the final zero sign changes. v

expect to see no additional unstable poles. The unstable poles of the system mav be obtained direct
by obtaining the roots of the auxiliary- polynomial;

A(j) = 4j- 4= 0

Considering the cf ic equation of a ciosed-loop conuwol system

r - <A:-2jj-4 =0 (2-27

It is desired to find the range of K so that the svstem is stable. See Figs. 2-33. 2-34. and 2-?5 for mo
detalils..

In the end. the user is encouraged to make use of the software to solve examples and -ler
appearing in this chapter.
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Erterthe chffl-acterlstic equation UOTig a vector of pdyriomial
coetticiaTts, or in symkKJlic form wBi complex variabte ‘s’.
Erter ALL symbdic parameters inthe box labeled ‘Enier
Syniofe Parameters'
ex; For (s' + 3*kp*s +1d-2):
enter . 3*kp.\*77 ii the Characteristic Equation box
and lip U tnihe symbofc variables text box.
OR: Typein(s” +3”»s +ki*) inthe Charaderistic
Equatim box and'kp kf BittiesymboSc variables text box.

ex: The following sre all equivaiert
m(sh+ 7% +12), [1712], and (s+4)*(s+3).

Enter SymboSc Parameters
(For exampte:)

Characteristic Equation

MBS 2+ (k+2) s +4

Figure 2-33 Entering characteristic polynomial for Example 2-14-5 using the tfrouth module.

Routh-Hunvitz Matrix;
| k+2

3k 4

2
-4 +3k +6k

Figure 2-34 The Routh's array for Example 2-14-5.



»»

Uhapter 2. Mathematical Foundation

EXAMPLE 2-14-5

Fistelementof row3 is zero. Epsilon is used
Rouch-Hurwiu Matrix:

1 2 3 1
}

(1 2 0 )
]

[ eps 3 0 i
[ ]
[-3+2eps 1
0 0 ]

[ 3 0 0 ]

There are two sign changes in the first column.

Figure 2-31 Stability results for Example 2-14-3, after using the Roudi-Hurwitz lest

Row of zeros found at rows. Auxiliaiy polynomial is used
rwiu Matrix:

I 8 7 |
i §
4 1
[ 1
6 1
[54 ‘ !

v
8 1
[ ]
4 1

There are two sign changes in the fust column.

Figure 2-32  Stability results for Example 2-14-4, after using the Routh-Hurwitz test.

In this case, the program has automatically replaced the whole row of zeros in the fifth row wit
the coefficients ofthe polynomial formed from the derivative of an auxiliary polynomial formed fron
the founh row. As a result, the system is unstable. Further, because of the final zero sign changes. W
expect to see no additional unstable poles. The unstable poles of the system may be obiained directi’
by obtaining the roots of the auxiliary- polynomial

=4i-+4=0

Considering the characteristic equation of a closed-loop control system

I+ 3Aj2+ (A-+ 2)5+ 4=10 2-274

It is desired to find the range of K so that the system is stable. See Figs. 2-33. 2-34. and 2-35 for mon
details.

In the end. the user is encouraged to make use of the software to solve examples and probtem
appearing in this chapter.
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iMm d=*~*

|t|- Enter Characteristic Equatfiam:

Enterthe characteristic equdion uéng 8 vector ot
coefficlenis, or in symbolic form with comptex variafiiB = .
Enter ALL symbolic parameters in the box labeled irter
SymboBc Parameters.’

ex: For (s"2 + 3*kp*s +1d"-
enter 11, 3*kp, ki*2J* jn the Characteristic EquaBori box
and 'kp ki' Inthe symbolic vew-iables text box.
OR; in(s"2 +3*kp*s + ki*2) inthe Charaderisiic
Eetuation box and 'kp ki' inthe symbcHic variables text box.

ex The following are all equivalent
w2+ 7os+12), [1712], and (s+4)*(s+3).

Enter Symbolic Parameters
(Fot example;)

Characteristic Equation

$"3+3*k*s"2+(k+2)*s+4

Routh-Hurwitz

Figure 2-33 Entering characteristic polynomial for Example 2-14-5 using the tfrouih module

Routh-Hunviiz Malrix;

L 2
1 -4 +3k +6k
[1/3-. .

[ 3
[
[

Figure 2-34 The Routh’s avay for Example 2-14-5.
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2-15 SUMMARY

RH =

( 1 k2 ]
[ 3%k, 4 ]
[ U3*(-4+3*ke2+6*K)/k. 0 ]
[ 4 0 ]
» evaURH]

ans =

1.0000 2.4000
1.2000 4.0000
-0.9333 0
4.0000 0

There are two sign changes in the first column
» k=1

» eval(RH)

ans =

1.0000 3.0000
3.0000 4.0000
1.6667 0
4.0000 0

There are no sign changes in Ihe first column

Figure 2-35 The Routh's array for Example 2-14-5.

In this chapter, we presented some fundamental mathematics required for the study of linear convol
systems. Specifically, we staned with complex numbers and their basic properties leading 10
frequency domain mathematics and plots. The Laplace transform is used for the solution of linear
ordinary differential equations. This transform method is characterized by first transforming the real-
domain equations into algebraic equations in the transform domain. The solutions are first obtained in
the transform domain by using the familiar methods of solving algebraic equations. The final solution
in the real domain is obtained by taking the inverse transform. For engineering problems, the
transform tables and ihe panial-fraccion expansion method are recommended for the inverse
transformation.

in this chapter, the definitions of BIBO, zero-input, and asymptotic stability of linear time-
invariant continuous-data and discrete-data systems are given. It is shown that the condition of riese
types of stability is related directly to the roots of the characteristic equation. For a continuous-daia
system to be stable, ihe roots of the characteristic equation musl all be located in the left half of ihe
.T-plane.

The necessary condition for a polynomial F(v) to have no zeros on the >>axisand in therieht half
of the v-plane is Ihat all ils coefficients must be of the same sign and none can vanish. TTie necesn-
and sufficient conditions (if Fi V) 0 have zeros onl) in the left half of the i-plane are checked V.ith the
Roulh-Hurwitz criterion. The value of the Routh-Hurw ilz criterion is diminished if the characteristic
equation can be solved using MATLAB.
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:w QUESTIONS
1. Give the definitions of the poles and zeros of a function of the complex variable s.

1.  What are the advantages of the Laplace transform method of solving linear ordinary
differential equations over the classical method?

3. What are state equations?

4. What is a causal system?

5. Give the defining equation of theone-sided Laplace wansform.
6. Give the defining equation of theinverse Laplace wansfonn.

7. Give the expression of the final-value theorem of the Laplace transform. What is the
condition under which the theorem is valid?

8. Give the Laplace transform of the unit-step function, U,(1).
9. What is the Laplace wansiorm of the unit-ramp function, IUsilY!

10. Give the Laplace ffansform 0ij{i) shifted to the right (delayed) by Td in terms of the
Laplace transform offit). F{s).

11. Ifam ] = F\{s) and c\h{t)\ = F2{s), then find c[f* {t)]f2{t)\ in terms of f, (i) and
~2(5).

12. Do you know how lo handle the exponential term in performing the partial-fraction
expansion of

-2
{s+1)is +2)
13. Do you know how to handle the partial-fraction expansion of a function whose denominator
order is not greater than that of the numerator, for example.
(s+1)(s + 2)

14. In trying to find the inverse Laplace transform of the following function, do you have to
perform trie partial-fraction expansion?

Fis) = 5
U+ 5Y

15. Can the Routh-Hurwitz criterion be direcily applied to the stability analysis of the
following systems?

(a) Continuous-data system with the characteristic equation
s*+ 57 + 25" + 3s + =0

(b) Conlinuous-data system with ihe characteristic equation

- 5p + 3h+ Ks+ K-=0
16. The first two rows of Routh’s tabulation of a third-order system are
2 2
r 4 4
Select the correct answer from the following choices:
(a) The equalion has one root in the right-haif s-plane.

(b) The equation has two roots on the yto-axis at [ = ; and -j. The third root ib in the left-half
j-plane.
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Answers to these review questions can befound onthis book’s companioD Web site:
www.wiley.com/coliege/golnaraghi.

Complex Variables, Laplace Transforms

1 F B- Hildebrand. Methods of Applied Mathematics. 2nd Ed.. Prentice Hall. Englewood Cliffs. NJ. 1965.

2. B.c. Kuo. Linear Networks and Systems. McGraw-Hill Book Company. New York. 1967.

3. c. R- Wylie. Jr.. Advanced Engineering Maihenwiics. 2nd Ed.. M Hill Book Company. New York,
1960°

4. K. Ogata. Modern Control Engineering. 4th ed-, Prenlice-Hall. NJ. 2002.

5. J.J. Dislefano. A. R. Scubbenid. and I. - Williams. Feedback and Control Svsiems. 2nd ed.. McGraw-Hill
1990.

6. "ChE-400: Applied Chemical c * hnp:/iwww.ent.ohiou.
20and7i20Class":?-20iioies.htm.

Partial-Fraction Expansion

Additional References

c. Ponle, “On the Partial Fraction Expansion of a Rational Function with Multiple Poles by Digital
Computer.” IEEE Trans. Circuit Theory. Vol. CT-11. pp. 161-162. Mar. 1964.

B. O- Watkins. "A panial Fraction Algorithm." IEEE Trans. Automatic Control. Vol. AC'16. pp. 489-491.
Oct. 1971.

9. w. J. Palm, I1l. Modeling. Analysis, and Control of Dynamic Systems. 2nd Ed., John Wiley & Sons. New York.
1999.
K Ogata. Modern Control Engineering. 4th Ed.. Prentice Hall. NJ. 2002-
1. Cochin and w. Cirdv/ikndcr. Analysis and Design of Dynamic Systems. 3rd Ed.. Addison-Wesley. 1997.
12 A Esposito. Fluid Poner with Applications. 5th Ed. Prentice Hall. NJ. 2000.
H. V, Vu and R. s. Eifandiari. Dynamic Syslems. Irwin/McGraw-Hill. 1997,
4. J. L. Shearer. B. T- Kulakowski. and J. . Gardner. Dynamic Modeling and Control of Engineerirt] Systems.
2nd Ed.. Prentice Hall. NJ, 1997,
15 R.L- Woods and K. L. Lawrence. Modeling and Smulaiion ofDynamic Sysiems. Preniice Hall. NJ. 1997.


http://www.wiley.com/coliege/golnaraghi
http://www.ent.ohiou.edu/che/che400/Handouu%5e

16. B. C. Kuo, Automatic Control Systems. 7ih Ed., Prentice Hall. NJ, 1995.
17 B C Kuo and F. Golnaraghi, Automatic Control Systems, 8th Ed., John Wiley and Sons. NY. 2003.

18. F. R. Gantmacher. Matrix Theory, Vol. . Chelsea Publishing Company. New York. 1964.
19. K. J. Khatwani, “On Routh-Hunvitz Criierion,” IEEE Trans. Aulomatic Control. Vol. AC-26, p. 583,

Apnl 1981.
20. S. K. Pillai “The £ Method of the Routh-Hurwitz Criterion," IEEE Trans. Aulomalic Control.

Vol. AC-26. 584. April1981.

ILEMS

PROBLEMS FOR SECTION 2-1
2-1.  Find the poles and zeros of the following functions (including the ones at infinity, if any). Mark
the finite poles with X and the finite zeros with o in the j-plane.

(G+2)(j2+ 3s+ 2) “10s(s+1)(1+ 2)

2-2. Poles and reros of a function are given; find the function:
(a) Simple poles: 0, -2; poles of order 2: -3; zeros: -1, 0o
(b) Simple poles: -1. -4; zeros: 0

(c) Simple poles: -3, o0o; poles of order 2: 0,-1; zeros; j. oc

2-3. Use MATLAB to find the poles and zeros of the functions in Problem 2-1.

PROBLEMS FOR SECTION 2-2
2-4.  Find the polar representation of C(5) given in Problem 2-1 for s = jcu, where w is a constant
varying from zero to infinity.

2-5. Find the polar plot of the following functions:
10
0 -2

<a) Gfja>] -

A 0<{<!

MJITa>+ 1)
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2-6. Use MATLAB to find the polar plot of vie functions in Problem 2-5.
2-7. Draw the Bode plot of the following functions:

(a) 2000Q + 0.8)
m>(77+10)0 + 50)

o (ja .-100ai”+100)
-COMNO - 25i»2 + 100)

TTXT “iis >

Q.03(g>" + 1)°

@ ol = (i> "= 1)@+ l)(e>' + 0.5)

2-8. Use MATLAB to draw the Bode plot of the functions in Problem 2-7.

PROBLEMS FOR SECTION 2-3
2-9. Express the following set of first-order differential equations in the vector-matrix form of

A= Ax(0 + Bu().
BA= (0 +2,«
P3S = -2§%2(0 + 3T3() + »1L(0
~3(0
dt

M= -X{T) + IX2{t) + lu][h)
(b) A A= 2j1i(f)-x 30} + if2(i)

NN = 35ci((}-4):2(0--i3(f)

PROBLEMS FOR SECTION 2-4

2-10. Prove theorem 3 in Section 2-4-3.

2-11. Prove the integration theorem 4 in Section 2-4-3.
2-12. Prove the shifi-in-time theorem, which is

CLg(t-T)u,(t-T) = e-"~G{s)]

2-13. Prove the convolution theorem in both time and s domain, which is
£Ui(1)*O 2(01 = G|(5)G2(i)
E1Ni(0g2(0]=c,(,r)*c2(i)
2-14. Prove theorems 6 and 7.
2-15. Use MATLAB to obtain £{sin”*2/}- Then, calculate £{cos”2f} when you know £{sin"2/}.
Verify your answer by calculating £{cos-2f} in MATLAB.



2-16. Find che Laplace transforms of the following functions. Use the theorems on Laplace
transforms, if applicable.

(a) g(() = 5re-"«M

(b) g(l) = (tsin2l +

(C)g(h=2e-2'sin2tu,(()

(d) ~(i) = sin2/cos2/«,(i)

@) g(f) = - kT) where s{t) = unit-impulse function

2-17. Use MATLAB to solve Problem 2-16.

2-18. Find the Laplace wansiorms of the functions shown in Fig. 2P-18. First, write a complete
expression for ~(0. and then take the Laplace transform. Let gT{t) be the description of the function
over the basic period and then delay gTU) appropriately to get”(i). Take the Laplace transform of gU)
to get the following;

Figure 2P-18

2-19. Find the Laplace transform of the following function.

/+1 0<f<1

0 1< f<2
2-t 2<t<3
0 >3

2-20. Find the Lapiace transform of the periodic function in Fig. 2P-20.

Figure 2P-20

2-21. Find the Laplace transform of the function in Fig. 2P-21.
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Figure 2P-21

2-22. Solve the following differential equations by means of the Laplace transform.

(a) 12 + 577+ 4/(f) = e~-'u,{t) Assume zero initial conditions.
dxx(t
O iy
dt
daxa{t] _ "
gi = -2xi{f)-3x2ii) +u.{)Xif0) = 1, R(0) =0
aryu) » dyv)
1
E(0)=-1 |(0)=1 v(0)=0

2-23. Use MATLAB to find the Laplace transform of Ihe functions in Problem 2-22.
2-24. Use MATLAB to solve the following differeniial equation:
d-y
dt-
2-25. A series of a ihree-reacior tank is arranged as shown in Fig. 2P-25 for chemical reaciion.

-V = e' (Assuming zero initial conditions)

iD

Reactor 1

Figure 2P-25

The state equation for each reactor is defined as follows;



i2:iai=illooCH, -l0OCAI-fevzQz]
at ~2

o= 1[]10000« - 1000CA3 - hVACai
di V-

when Vj and ki represent the volume and the temperature constant of each tank as shown in the
following table;

Reactor Vi k,
1 1000 ol
2 1500 0.2
3 100 0,4

Use MATLAB to solve the differential equations assuming Cai = Ca2 = C43 = O atr = 0.

PROBLEMS FOR SECTION 2-5
2-26. Find the inverse Laplace transforms of the following functions. First, perform partial-traction
expansion on G(5); then, use the Laplace transform table.

s{s+ 2)is+71)
(6) G(s) = oeeeme
(s+ 175 + 3)
(e) G(j) =
G+
., 2+ 2se~"+4e-2
® =?2T6itii7T6

35 + 10s=+ 85+ 5
<><'>= [T 515 T 70tiT6

2-27. Use MATLAB to find the inverse Laplace transforms of the functions in Problem 2-26. First
perform parlial-fraction expansion on G (j); ihen. use the inverse Laplace transform.
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2-28. Given the state equation of the system, convert it to the set of first-order differential equation.

w0 12" 0 o~1
@A= 1 0 1 B= 1 0
S1o-2 0 o
31 -2 -1
by A= -12 2 B= 0
0o 0 1 2

2-29. The following differential equations represent linear time-invariani systems, where KO
denotes the input and yU) the output. Find the wansier function for each of the systems.
(Assume zero initial conditions.)

@ din di-

dr at- at
.Cy VW, = 00N+ 2.,
S at- dr .{ov( "at (

,d,2180 +:i7+5v(,) = (0 +2.(,-1)

D =AA
rim pi; at+2r{f} +2J;lr(T)dT

at- at

dn{t) oA o odrir-2) A,
A 2 v I)+2jlyT)dT:—dr— -+ 20(i-2)

O

LN | i
dtadl

2-30. Uise MATLAB to find Y[s]IR{s) for the differential equations in Probiem 2-29.

2-31. Use MATLAB to find the panial-fraction expansion to the following functions.

1005+ D)
@ of = 52(i+ 4)(i + 6j
_ T+ 1)
brea = i(s + 2](52725 + 2)
S 5(M2)
@60 = 5, 1) (i + 5)
« = (7TTIL(ie7TTT
s(i-+5i-3i
® s) = = b
j(i- - 1)(5-0.5}
- 51 8s- 6
@ o=
) o= 0 v
5-(.s-)li- Qi

2*32. Use MATLAB to find the inverse Laplace transforms of the functions in Problem 2-31.
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PROBLEMS FOR SECTIONS 2-7 THROUGH 2-13

2-33. Without using the Routh-Hurwitz criterion, determine if the following systems are asymp-
totically stable marginally stable, or unstable. In each case, the closed-loop system transfer function
is given.

(i +5)(i2+ 2)

100(5-1)
" {s+ 5){s" + 25+2]

10(i+ 12.5)
+35 + 50i-+1 + 100

® Ma) =

2-34. Use the ROOTS command in MATLAB lo solve Problem 2-33.

2-35. Using the Rouch-Hurwitz criterion, determine the stability of the ciosed-loop system that has
ihe following istic equations. D ine the number of roots of each equaiion that are in the
right-half j-plane and on the ja>-'d\h.

(a) 57+25j2+ 105+ 450 = 0

(b) j*+ 2552+ 10j + 50 = 0

(c) 57+ 255" + 2505+10 = 0

(d) 257+ 10p + 5550+ 5.5j+10 = 0

)/ +8s-A + 1507 + 2052+ 165+16 = 0

(f) / + 2"+ 10s2+ 20i + 5= 0

(g) 5% + 25" 4-8/ + 12j5 + 205* + 16i° +16j° = 0

2-36. Use MATLAB to solve Problem 2-35.

2-37. Use MATLAB Toolbox 2-13-1 to findthe roots of the following characteristic equations of
linear continuous-data systems and detennine thestability condition of the systems.
(a) p + 10s"+ 101+130 = 0

(b) s*+ 12s3+j2 + 2s+ 10 = 0

(c) /I + 128" + 10j2+ 10s+ 10 =0

(d) 1-'+ 12j3 +s- + 10i+ 1 =0

() j* +  + 1255 + 100s’ + 100i- +20s+ 10 = 0

(D s* +I125j“ + 100jJ + 100s- + 20s+ 10= 0

2-38. For each of the characteristic equations of feedback control systems given, use MATLAB
to determine the range of K so that the system is asympiotically stable. Determine ihe value of K so

that the system is marginally stable and determine the frequency of sustained oscillation, if
applicable.

(@) / + 25"+ I5sh + 200+ A'=
(b) + Ks" + 2s- + (AC+ +10=0
@©r + A"+ 2)v+ 2Ks+10 = 0
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(d) j-"+20j7+55+10%: = 0
(e) s" + + 5sh + 105+ 10K = 0
(0 1"+ 1251 +i2 + Bs+ /L= 0

2-39. The loop transfer function of a single-loop feedback conwol system is given as

i(s+2)(i +rj)

The parameiers K and T may be represented in a plane wiUi K as Ihe horizontal axis and T as lhe
vertical axis. Determine the regions in the r-versus-Af parameter plane where the closed-loop system
is asymptotically slabie and where it is unstable. Indicate the boundary on which ihe system is
marginally stable.

2-40. Given the forward-palh transfer I'unction of unity-feedback control systems, apply the Roulh-
Hurwitz criterion lo determine the stability of the closed-loop sysiem as a function of K. Determine
the value of K that will cause const: i 1s in the system. Determine the
frequency of oscillation.

S 100)(i + 500)
l2(v+ 2)
(0 6 = K

i(j+ 10)(s+20)

2-41. Use MATLAB to solve Problem 2-40.

2-42. A controlled process is modeled by the following Slaie equaiions,
=.(.)-2,.(0 ()+«()
The control u{t) is obtained from state feedback such Ihat
H(f) = - kiX2(t)
where Ali and k*aie real conslants. Deiermine the region in theAi-versus-A:-. parameter plane in
which lhe closed-loop syslem is i stable.

2-43. A linear lime-invariant system is described by the following slaie equations.

dx(0 ~
0 1 Om ‘0
0o o 1 B= 0
0 -4 -3 1
The closed-loop system is by state feedback, so thai «(f) = -K x (f). where K =

[ki k2 Ai] and Ati. K2. and i*, are real constants. Determine the consirainis on the elements of K
so that ihe closed-loop system is asymptotically stable.

2--14.  Given the system in state equation form.

ino= AXW + B, (.
The A 0
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1 0 o 1
@ A= 0 -3 0 B= 0

0o o0 )

1o o roi
(b)y A= 0 -2 0 B=

0 0 3 1

Can the system be stabilized by state feedback uf{t) - -Kx (i), where K = [ii k2 Ki]"!
2-45. Consider the open-loop system in Fig. 2P-45(a).

F(s)~

Figure 2P*45a

Our goal is to stabilize this system so the closed-loop feedback control will be defined as shown in

the block diagram in Fig. 2P-45(b).

Fis)
H{s) o(i)

f
Figure 2P-45b

Assuming /(/) = kpe +

(a) Find the open-loop transfer function.
(b) Find the closed-loop transfer function.
(c) Find the range of Alpand Aj in which the system is stable.

2-46. The block diagram of a motor-conlrol system with tachometer feedback is shown in
Fig. 2P-46. Find the range of the tachometer constant K, so that the system is asymptotically
stable.

Figure 2P-46

2-47.  The block diagram of acontrol system is shown in Fig. 2P-47.-Find-the-+egjon.in the fi- versus-
a plane for the system to be asymptotically stable. (Use fCas the venical and a as ihe horizontal axis.)
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H) /*N (0 X(s+2)
/-1

Figure 2P-47

2-48. The convenlional Routh-Hunvitz criierion gives information only on ihe location of the zeros
of a polynomial F(s) with respect to the left half and right half of the 5-plane. Devise a linear
transformation s= f[p, a), whereis acomplex variable, so Ihai ihe Routh-Hurwitz criterion can
be applied to determine whether F{s) has zeros to the righl of the line s = -a. where a is a posilivc
real number. Apply the wansiormation to the following characieristic equations to detennine how
many roots are to the right of the line J = -1 in the j-plane.

(a) f(s) = s"+5s+3=0
(b)s + 3"+ 3s+ 1=0
() /m(*) =8 + 4+ 3s+ 10= 0
(d) +ai+4=0

2-49. The payload of a space-shuttle-pointing conuol system is modeled as a pure mass M. The
payload is suspended by magnetic bearings so that no friction is encoumered in the conuol. The
attitude of the payload in the > direction is conuolled by magnetic actuators located at the bas«.
The total force produced by the magnetic actuators isyi/). The controls of ihe other degrees of
motion are independent and are not considered here. Because there are experiments located on the
payload, electric power must be brought tothe payloadthrough cables.The linearspring with
spring constant K, is used to model lhe cable Thedyr i rthe
control of ihe y-axi.s motion is shown in Figure 2P-49. The force equation of motion in the \-

direction is

(1) = Ky() +M

Primary
lagnet turns

Spindle
motor

ITTail
2 aA- 2

Figure 2P-49
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control of the y-axis motion is shown in Figure 2P-49. The force equation of motion in the y-
direction is

where = O.SN-m/m and A/ = 500kg. The magnetic actuators are conirolled through state
feedback, so that

m =-Kpy[l)-KD* *

(a) Draw a functional block diagram for the system.
(b) Find the characteristic equation of (he closed-loop system.

(c) Find trie region in the Ko-"tnm-Kp plane in which the system is asymptotically stable.

2-50. An inventory-control system is modeled by the following differential equations:

where Xi(/) is trie level ofinventory; #2(0 . the rate of sales o f product; w(/), the production rate; and AT,
areal constant. Let the output of the system by y{f) = (/) and r(f) be the reference set point for the
desired inventory level. Let u(f) = r(i) - >(0- Detennine the constraint on K so that the closed-loop
system is asymptotically stable.

2-51. Use MATLAB to solve Problem 2-50.

2-52. Use MATLAB to

(a) Generate symbolically the time function of_flO

/(1) = 5+ 26" A'sinA2i+ 0 - e McosA2lt A

(b) Generate symbolically CM = +2)

(c) Find the Laplace transform ofjit) and name it F(5).

(d) Find the inverse Laplace wansform of G(s) and name it g(t).

(e) If G{s) is the forward-path tfansfer function of unity-feedback control systems, find the transfer
function of tie closed-loop system and apply the Routh-Hurwitz criterion to determine its stability.

(0 if F(s) is the forward-palh Uansfer function of unity-feedback conuol systems, find the wansier
function of the closed-loop system and apply the Rouih-Hurwitz criterion to determine its stability.



Block Diagrams and
Signal-Flow Graphs

In this chapter, we discuss graphical techniques for modeling control systems and their

underlying mathematics. We also utilize the block diagram reduction techniques and the

Mason's gain formula to find the transfer function of the overall control system. Lateron in

Chapters 4 and 5, we use the material presented in this chapter and Chapter 2 to fully model

and study the performance o fvarious control systems. The main objectives o fthis chapterare:
1. To study block diagrams, their components, and their underlying mathematics.
2. To obtain transfer function of systems through block diagram manipulation and

reduction.

To introduce the signal-flow graphs.

To establish a parallel between block diagrams and signal-flow graphs.

To use Mason’s gain formula for finding transfer function of systems.

To introduce state diagrams.

N o g & ow

To demonstrate the MATLAB tools using case studies.

» 3-1 BLOCK DIAGRAMS

The block diagram modeling may provide control engineers with a better understanding
of the composition and interconnection of the components of a system. Or it can be used,
together with transfer functions, to describe the cause-and-effect relationships throughout
the system. For example, consider a simplified block diagram representation of the heating
system in your lecture room, shown in Fig. 3-1, where by setting adesired temperature, also
defined as the input, one can set off the furnace to provide heat to the room. The process is
relatively straightforward. The actual room temperature is also known as the output and is
measured by a sensor within the thermostat. A simple electronic circuit within the
thermostat compares the actual room temperature to the desired room temperature

Figure 3-1 A simplified block diagram representation of a heating system.
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Disturbance
torque

1 (v
fl+ /1 ()

Figure 3-2 (a) Block diagram of a dc-motor control system, (b) Block diagram with transfer
functions and amplifier characteristics.

(comparator). If the room temperature is below the desired temperature, an error voltage
will be generated. The ewor voltage acts as a switch to open the gas valve and turn on the
furnace (or the actuator). Opening the windows and the door in the classroom would cause
heat loss and. naturally, would disturb the heating process (disturbance). The room
temperature is constantly monitored by the output sensor. The process of sensing the output
and comparing it with the input to establish an error signal is known as feedback. Note that
the ewor voltage here causes the furnace to turn on, and the furnace would finally shut off
when the euor reaches zero.

As another example, consider the block diagram ofFig. 3-2 (a), which models an open-
loop, dc-motor, speed-control system. The block diagram in this case simply shows how the
system components are interconnected, and no mathematical details are given. If the
mathematical and functional relationships of all the system elements are known, the block
diagram can be used as atool for the analytic or computer solution ofthe system. In general,
block diagrams can be used to model linear as well as nonlinear systems. For example, the
input-output relalions of the dc-motor control system may be represented by the block
diagram shown in Fig. 3-2 (b). In this figure, the input voltage to the motor is the output ofthe
power amplifier, which, realistically, has a nonlinear characteristic. If the motor is linear, or,
more appropriately, if itis operated in the linearregion ofils characteristics, its dynamics can
be represented by transfer functions. The nonlinear amplifier gain can only be described in
time domain and between the time variables v,</) and v,(0. Laplace transform variables do
notapply to nonlinear systems: hence, in this case, v*s) and »,(5) do notexist. However, if the
magnitude of v,<0 is limited to the linear range of the amplifier, then the amplifier can be
regarded as linear, and the amplifier may be described by the transfer function

K (3-1)

where ATis aconstant, which is the slope of the linear region of the amplifier characteristics.
Alternatively, we can use signal-flow graphs or state diagrams to provide a graphical
representation of a control system. These topics are discussed later in this chapter.
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3-1-1 Typical Elements of Block Diagrams in Control Systems

We shall now define the block-diagram elements used frequently in conwol systems and the
related algebra. The common elements in block diagrams of most conwol systems include:

+ Comparators

+ Blocks representing individual component transfer functions, including:
* Reference sersor (or input sensor)

+ Output sensor

* Actuator

« Controller

« Plant (the component whose vanables are to be controlled)

Input or reference signals

Output signals

Disturbance signal

Feedback loops

Fig. 3-3 shows one configuration where these elements are interconnected. You may
wish to compare Fig. 3-1 or Fig. 3-2 to Fig. 3-3 to find the control terminology for each
system. As arule, each block represents an element in the control system, and each element
can be modeled by one or more equations. These equations are normally in the time domain
or preferably (because of ease in manipulation) in the Laplace domain. Once the block
diagram of a system is fully constructed, one can study individual components or the
overall system behavior.

One ofthe important components of a control system is the sensing and the elecwonic
device that acts as a junction point for signal comparisons— otherwise known as a
comparator. In general, these devices possess sensors and perform simple mathematical
operations such as addition and subtraction (such as the thermostat in Fig. 3-1). Three
examples of comparators are illustrated in Fig. 3-4. Note that the addition and subtraction
operations in Fig. 3-4 (a) and (b) are linear, so the input and output variables o f these block-
diagram elements can be time-domain variables or Laplace-wansiorm variables. Thus, in
Fig. 3-4 (a), the block diagram implies

<) = WM -IW (3-2)

£()) = R{s) - ¥(s) (3-3)

As mentioned earlier, blocks represent the equations of the system in time domain or the
transfer function of the system in the Laplace domain, as demonstrated in Fig. 3-5.

Figure 3-3 Block diagram representation of a general control system.
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eU)s,rit)yt)
O E(S) =RU) +Yis)

>0

A comparator
rio) e(1)-rnl) +r2u) - y(l) performs addition
i and subiraction

Riis) + \ 7~ £(s) = «|(i) + RAs)- y(i)

(©)

Figure 3-4 Block-d ;sof typical sensing devices of conwol systems, (a) Subuaction.
(b) Addition, (c) Addition and subiraction.

«(0 s (0 J Time Figure 3-5

X.u
g{x.u) domain  diagrams.
Uis) * X (i) Laolace
(i) domain

In Laplace domain, the following input-output relationship can be written for the system in
Fig. 3-5:

X{s) = Gi")U{s) (3-4)

If signal X (j) is the output and signal U(s) denotes the input, the transfer function of the
block in Fig. 3-5 is

_ Xjs)
G(s) = is) (3-5)

Typical block elements that appear in the block diagram representation of most control
systems include plant, controller, actuator, and sensor.

Consider the block diagram of two transfer functions Gi(j) and G2(i) that are connected in series.
Find die transfer function G(j) of the overall system.

SOLUTION  The system wansier function can be obtained by combining individual block equations.
Hence, for signals /4(5) and X (i), we have



108 * Chapter 3. Block Diagrams and Signal-Row Graphs

EXAMPLE 3-1-2

o (i) . >4(i) Figure 3-6 Block diagrams O'1i5) and
G, (i) Gtis) s . !
GTis) connected in series.

X(5)=,4(i)G 2(i)
A(s) = U(s)Gi(s)
X{s] = G{s}G2is)Uis]

G{i)=G,(j)G 2(i) (3-6)
Hence, using Eq. (3-6), the system in Fig. 3-6 can be represented by the system in Fig. 3-5. <

Consider amore complicated system oftwo wansier functions G i(i) and Czis) that are connected in
parallel, as shown in Fig. 3-7. Find the tfansfer function G(5) of the overall system.

SOLUTION  The system transfer function can be obtained by combining individual block equations.
Note for the two blcxks C](s) and C zW .Aiii) acts as the input. andA2(5) and/43(5) are the outputs,
respectively. Further, note that signal U(s) goes through abranch pointp to become .41(s). Hence, for
the overall system, we combine the equations as follows.

-4iW = 14i)

A2W -AL()C W

A(s) = Aiis)G2{s)
Xis)=A2is)+Ai{s)

X{s) " U {s){Gi(s) + G2(s)}

U{s)

G{s) =G ,(i) + G2(j) 37

For a system to be classified as a feedback control system, it is necessary that uie controlled
variable be fed back and compared with the reference input. After the comparison, an error signal is
generated, which is used to actuate the conwol system. As a result, the actuator is activated in the
presence of tie error to minimize or eliminate that very ewor. A necessary component of every
feedback control system is an output sensor, which is used to convert the output signal to a quaDtiiy
that has the same units as the reference input. A feedback conwol system is also known a closed-ioop
system. A system may have multiple feedback loops. Fig. 3-8 shows the block diagram of a linear

Figure 3-7 Block diagrams Gi(j) and
Giif) connected in parallel.
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s Y(s)
e Gis)
J o) yii)
m
o Figure 3-8 Basic block diagram of a
Bfs)

feedback control system.

feedback control system with a single feedback loop. The following terminology is defined with
reference to the diagram:

r(r), R(s) = reference input(command)
y(i), Y{s) = output (controlled variable)
fc(/).B(s) = feedback signal
«(f), U{S) = actuating signal =erTorsignale(f).f{j), whenW (i) = 1
H(s) = feedbacktransfer function
G{s)H{s] = L{s) = loop transferfunction
C (i) = forward-path transfer function
M{s) = Y(s)/R(s) = ciosed-loop transfer function or system transfer function

The closed-loop transfer function M(s) can be expressed as a function of C{s) and His). From Fig. 3-8,
we write

y(5) = G(u (i) (3-8)
and
B(5) = W(i)>'(i) (3-9)
The actuating signal is written
o(i) = R(s) - B{s) (3-10)

Substituting Eq. (3-10) into Eq. (3-8) yields
y(i) = Gis)R{s) - G(s)H{s) (3-11)

Substituting Eq. (3-9) into Eqg. (3-7) and then solving for K(5)//?(5) gives ihe closed-loop transfer
function

The feedback system in Fig. 3-8 is said to have a negative feedback loop because the comparator
subtracts. When the comparator adds the feedback, il is called positive feedback, and the transfer
function Eq. (3-12) becomes

1f G and H are constants, they are also called gains. If// = 1in Fig. 3-8, the system is said to have a
unity feedback loop, and if w = 0. the system is said to be open loop.

Relation between Mathematical Equations and Block Diagrams

Consider the following second-order proioiype system:

Je(l) + +0j;j:i(r) = uiuil) (3-14)
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Figure 3-9 Graphical representation of Eq. (3-17)
using a comparator.

which has Laplace representation (assuming zero initial conditions jr(0) =i{0) = 0):
X{s)s"+2"c0,,x(s)s + ci)lx (5) = &, u{s) (3-15)

Eq. (3-15) consists of constant damping ratio  constant natural frequency io,,, input U(s),
and output A:(i). If we rearrange Eq. (3-15) to

a)lu {s)-21a), X{s)s-a)lx{s) =x(s)s” (3-16)

it can graphically be shown as in Fig. 3-9.

The signals 2"0)nsX{s) and a>Ix{s) may be conceived as the signal X (i) going into
blocks with transfer functions 2lco,,s and U, respectively, and the signal X(s) may be
obtained by integrating twice or by post-multiplying by -y, as shown in Fig. 3-10.

Because the signals X (i) in the right-hand side of Fig. 3-10 w the same, they can be
connected, leading to the block diagram representation of the system Eq. (3-17), as shown
in Fig. 3-11. If you wish, you can further dissect the block diagram in Fig. 3-11 by factoring
out the term - as in Fig. 3-12(a) to obtain Fig. 3-12(b).

If the system studied here corr to the spring damper seen in Fig. 4-5 (see
Chapter 4), then we can designate internal variables A{s) and Hi), which represent
acceleration and velocity of the system, respectively, as illustrated in Fig. 3-12. The best
way to see this is by recalling that - is the integration operation in Laplace domain. Hence,
if A(5) is integrated once, we get V(i). and after integrating V(j), we get the X (i) signal.

It is evident that there is no unique way of representing a system model with block
diagrams. We may use different block diagram forms for different purposes, as long as the

Eq. (3-17).

Figure 3-11 Block diagram
representation of Eq. (3-17) in Laplace
domain.
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Figure 3-12 (a) Factorization ofi term in the internal feedback loop of Fig. 3-11. (b) Final block
diagram representation of Eq. (3-17) in Laplace domain.

Figure 3-13 Block diagram of
Eq. (3-17) in Laplace domain with V(5)
represented as the output.

overall transfer function of the system is not altered. For example, to obtain the transfer
function V{s)/U{s), we may yet reawange Fig. 3-12 to get Vii) as the system output, as
shown in Fig. 3-13. This enables us to determine the behavior of velocity signal with
input U{s).

Find the transfer function of the system in Fig. 3-12 and compare that lo the transfer function of
system in Eq. (3-15).
SOLUTIONS  The Qil block at the input and feedback signals in Fig. 3-12(b) may be moved to the
right-hand side of the comparator. This is ihe same as factorization of O as shown;

ojl Uis) 100X is) = 0)1(U{s) - X {s)) (3-17)
Fig. 3-14(a) shows the factorization operation of Eq. (3-17), which results in a simpler block diagram

representation of the system shown in Fig. 3-14 (b). Note that Fig. 3-12(b) and Fig. 3-14(b) are
equivalent systems.
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"20)islics3,
Figure 3-14 (a) Factorization of a>i. (b) Alternative block
in Laplace domain.
1 1 relations:
= -1(s)G2(s)
Considering Fig. 3-12(b), it is easy to identify the ime
simplified using Eq. (3-12). or (
t(m'
M) A i A = >'wWi ls)
AG) _MEINTT  icon
s
After pre- and post-multiplication by tu5 and i. respe
simplified lo what is shown in Fig. 3-IS. which ullim
X(s) s(s + 2cco,,)
uw(s) J " M(s)

*5(i + 2fcy,)
Eq. (3-19) is also the transfer funclion of system Ei

» EXAMPLE 3-1-4 Find the velocity transfer function using Fig. 3-13 a

SOLUTIONS  Simplifying the two feedback loops i.

Vis) _
u(s]”

ms)'-
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7-22)

3-23)

>hdpi

(3-34;
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POt

r2) (3-43)
35+ 2

(5+1)

simplified version ofablock diagram. The

i cause-and-effect representation of linear

>ns. Besides the differences in the physical

the signal-flow graph is constrained by more

iagram notation is more liberal. An SFG may

ng the input-output relationships among the

.ons.

ibed by a setof N algebraic equations:

=1,2, ...w (3-44)

juations are written in the form of cause-and-effect

‘(gainfrom to j) X (fcthcause) (3-45)

aput= “(gain) X (input) (3-46)

axiom in forming the setofalgebraic equations for SFGs.
i by a set ofintegrodifferencial equations, we must first
— equations and then reawange the latter in the form

(3-47)
k=\

It variables. The
ise-and-effect
ntransmit
squaiions

latter of
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u)

-X(s)

Visi 1

o

Figure 3-14 (a) Factorization of u)i. (b) Alternative block diagram representation of Eq. (3-17)

in Laplace domain.

m xf)

Figure 3*15 A block diagram

representation of 5+0)2.

Considering Fig. 3-12(b), it is easy to identify the internal feedback loop, which in turn can be

simplified using Eq. (3-12), or

7
Nis) 3 A21gh, s+ 2>,
S

After pre- and post-multiplication by W2 and

simplified lo what is shown in Fig.

) _

u{s)~ *

respectively, the block diagram of Gie system ii
3-15, which ultimately results in

112 ,
5(5+ 2°&n)
col ~

— (3-19;
+2103,8 + coi

s{s + TIuj.,)

Eq. (3-19) is also the transfer function of system Eq. (3-15).

EXAMPLE 3-1-4

Find the velocily iransfer function using Fig. 3-13 and compare Uiat to the derivative of Eq. (3-19)

SOLUTIONS  Simplifying the two feedback loops in Fig. 3-13. starting with the internal loop first

we have

V(51
in7) ~

sco-
+2 1o, s+ UA
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Eq. (3-20) is the same as the derivative of Eq. (3-19), which is nothing but multiplying Eq. (3-19) by
an 5 term. Try to find the A{s)/U{s) wansfer function. Obviously you must get: s"X(s)/U(.s). <

lock Diagram Reduction

As you might have noticed from the examples in the previous section, the transfer function
of a control system may be obtained by manipulation of its block diagram and by its
ultimate reduction into one block. For complicated block diagrams, it is often necessary to
move a comparator or a branch point to make the block diagram reduction process
simpler. The two key operations in this case are:

1. Moving a branch point from p to Q, as shown in Fig. 3-16(a) and Fig. 3-16(b).
This operation must be done such tiiat the signals y{5) and Bis) are unaltered. In
Fig, 3-16(a), we have the following relations:

Y{s)= A {s)G2{s)

(3-21)
B{s) = Y{s)H.{s)
In Fig. 3-16(b), we have the following relations:
J3'(s)=A ()G 2(s)
(3-22)
BW =A(s)il/,(s) GjW
But
(3-23)

=lb(i)= rwwiw

2. Moving a comparator, as shown in Fig. 3-17(a) and Fig. 3-17(b), should also be
done such that the output y (j) is unaltered. In Fig. 3-17(a), we have the following
relations:

Y{s)AA{s)G 4s)+B{s)Hx{D (3-24)

Figure 3-16 (a) Branch point relocation
from point p to (b) point Q,
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@

Gifs)

Figure 3-17 (a) Comparator relocation
from the right-hand side of block Glis) to
(b) the left-hand side of block O2(5).

In Fig. 3-17(b), we have the following relations:

V. (0)=4G) + s()

G2{s) (3-25)
r(j) = yWGzw

(3-26)
>yW =AW C2(s) + B(i)H,(i)

» EXAMPLE 3-1-5 Find the input-output wansier function of the system shown in Fig. 3-17(a).

SOLUTION  To perform the block diagram reduction, one approach is to move the branch point at Ki
to the left of block C2. as shown in Fig, 3-18(b). After that, the reduction becomes UiviaJ. first by
combining the blocks G2, €3, and Gi as shown in Fig. 3-18(c), and then by eliminating the two

Figure 3-18 (a) Original block diagram, (b) Moving the branch pointat  to the left of block Gj. (c)
Combining the blocks Gi. G2, and G3. (d) Eliminating the inner feedback loop-
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-[fPKTh”6 T

G2Gi+ G4

—*1 gjGi->C4

Figure 3-18 (Continueif)

feedback loops. As aresult, the ttansfer function of the final system after ihe reduction in Fig- 3-18(d)
becomes

y(s) _ G1G2G T+ G 1G4 @-27)
E(s) ~ 1+G 2G3H1+G 1C2G3 + G1G4

“

lock Diagram of Multi-input Systems— Special Case; Systems with a Disturbance

An important case in ihe study of control systems is when adisturbance signal is present.
Disturbance (such as heat loss in the example in Fig. 3-1) usually adversely affects the
performance of the control system by placing a burden on the controller/actuator compo-
nents. A simple block diagram with two inputs is shown in Fig. 3-19. In this case, one of the
inputs, D(s), is known as disturbance, while R(s) is the reference input. Before designing a
proper controller for the system, it is always important to leam the effects of D(s) on the
system.
We use the method of superposition in modeling a multi-input system.

Super Position: For linear systems, the overall response of the system under
multi-inputs is the summation o f the responses due to the individual inputs, i.e., in this case,

ymal = A«lo=0 & Ao|/?=0 (3-28)
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Figure 3-19 Block, diagram of a system undergoing disturbance

Figure 3-20 Block diagram of the
system in Fig. 3-19 when Dis) = 0.

When D (i) = 0, the block diagram is simplified (Fig. 3-20) to give the wansier function

Y. G ,is)G 2j
) i5)6 2js) (229)
R{s) 1+G,(5)G2/li(i)
When R{s) - 0, the block diagram is rearranged to give (Fig. 3-21):
A A -G2
y() {s) (3-30)

D{s) 1+G ,(5)G 2 (5)H ,(i)

Figure 3-21 Block diagram of the
system in Fig. 3-19 when /?i,s) = 0.
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As aresult, from Eq. (3-28) to Eq. (3-32), we ultimately get

Yoa REs) + ) o )
0a s) + is
. D=0 D(s)
(3-31)
G1G2 -G
Y{s) = R{s) + uD{s,
) 1+G 1G2w1 © 1+G 1G2H1 )
Observations: and have the same denominators if the disturbance signal

goes to the forward path. The negative sign in the numerator of ol«=0 shows (iat Gie
disturbance signal interferes witri the controller signal, and. as aresult, it adversely affects
the performance of ihe system. Naturally, to compensate, there will be a higher burden on
the controller.

and Transfer Functions of Multivariable Systems

In this section, we shall illuswate the block diagram and matrix representations (see
Appendix A) of multivariable systems. Two block-diagram representations of a multi-
variable system with p inputs and g outputs are shown in Fig. 3'22(a) and (b). In Fig. 3-22
(a), the individual input and output signals are designated, whereas in the block diagram of
Fia. 3-22(b). the mulripliciiy of trie inputs and outputs is denoted by vectors. The case of
Fig. 3-22(b) is preferable in practice because of its simplicity.

Fig. 3-23 shows the block diagram of a multivariable feedback control system. The
transfer function relationships of (rie system are expressed in vector-mauwix forni (see
Appendix A):

\{s) = G(5)U(D) (3-32)
V{s) = R{s)-B{s) (3-33)
B[s) = H{s)Y{s) (3-34)

r(ft f.

v,(f)
MULTIVARIABLE
SYSTEM

A)

Ia)

MULTTVARIABLE
SYSTEM

Figure 3-22 Block diagram representations of
a multivariable svstem.
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»EXAMPLE 3-1-6

G() F

Figure 3-23 Block diagram of a multivariable
feedback conuol system.

where Y (j) is the O X 1output vector; U (i), R(i), and B (i) are all /? X 1vectors; and G(i;
and H (i) are OX pand p X Otransfer-function matrices, respectively. Substituting Eq
(3-11)into Eg. (3-10)and then from Eq. (3-10) to Eq. (3-9), we get

Y (1) = GBIR(5) - G{i)H(5)Y (s) (3-35;
Solving for Y (j) from Eqg. (3-12) gives

Y (i) = [1+ G()H(s)]-'G (s)R(s) (3-36)

provided that | + G(5)H (i) is nonsingular. The closed-loop transfer mawix is defined as

(3-37)

Then Eq. (3-14) is written

Y{s) = M{s)R{s) (3-38)

Consider that the forward-path transfer funclion matrix and the feedback-path wansier function
matrix of Gie system shown in Fig. 3-23 are

1 1.
G = 5+ J H{s) =

5+ 2-

0
1

respectively. The closed-loop transfer function matrix ofthe system is given by Eq. (3-15). and
is evaluated as follows:

1 B+ 2 1-
1+ G(s)H(i) = 5+ 1 (403
2 2
5+ 2.
The closed-loop transfer function matrix i;
1 i+ 1
2

5+ 21+ 3 2 i-+5i+ 2
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3j2+95 + 4
s+1){s +2) s (3+43)

2 s{s+i)

IGNAL-FLOW GRAPHS (SFGs)

A signal-flow graph (SFG) may be regarded as a simplified version ofablock diagram. The
SFG was introduced by S. J. Mason [2] for the cause-and-effect representation of linear
systems that are modeled by algebraic equations. Besides the differences in the physical
appearance of the SFG and the block diagram, the signal-flow graph is constrained by more
rigid mathematical rules, whereas the block-diagram notation is more liberal. An SFG may
be defined as a graphical means of portraying the input-output relationships among the
variables of a set of linear algebraic equations.
Consider a linear system that is described by a set of N algebraic equations:

N

yi =
k=i

Y (3-44)

It should be pointed out that these N equations are written in the form of cause-and-effect
relations:

N
ytheffect = y~~(gainfromfeto j) X (Arthcause) (3-45)

*=1

or simply

This is the single mostimportant axiom in forming the set of algebraic equations for SFGs.
When the system is represented by a set of integrodifferential equations, we must first
transform these into Laplace-transfoim equations and then rearrange the latter in the form
of Eq. (3-31), or

yi(s) = j=h2,...,iv (3-47)

asic Elements of an SFG

When constructing an SFG, junction points, or nodes, are used to represent variables. The
nodes are connected by line segments called branches, according to the cause-and-effect
equations. The branches have associated branch gains and directions. A signal can transmit
through a branch only in the direction of the arrow. In general, given a set of equations
such as Eq. (3-31) or Eq. (3-47), the construction of the SFG is basically a matter of
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* ~2  Figure 3-24 Signal flow graph ofy2= fii2\Vi-

following through the cause-and-effect relations of each variable in terms of itself and the
olriers. For instance, consider that a linear system is represented by the simple algebraic
equation

y2 = 0 py\

where is the input, >2 is the output, and &i2is the gain, or wansmittance, between the two
variables. The SFG representation of Eq. (3-48) is shown in Fig. 3-24. Notice that the branch
directing from node  (input) to nodey2 (output) expresses the dependence o f>2on V| butnot
the reverse. The branch between the input node and the output node should be interpreted asa
unilateral am plifier with gain O12, sowhen a signal ofone unitis applied atie input>'i, a signal
of strength 0i2>'i is delivered at node »2. Although algebraically Eq. (3-48) can be written as

y.,= — y2 (3-49)
~2

the SFG of Fig. 3-24 does notimply this relationship. If Eq. i3-49) is valid as a cause-and-
effect equation, a new SFG should be drawn with >2 as the input and >] as the output.

EXAMPLE 3-2-1 As an example on the construction of an SFG. consider uie following set of algebraic equations:

>2 =ai2>| +032>3
J3 = 023J2 + 0434
>4 = fi24>2 + 034>3 + <‘uyA
ys = aisyi + OiiVA
The SFG for these equations is consuucted, step by step, in Fig. 3-25.

3-2-2 Summary of the Basic Properties of SFG

The importani properties of the SFG that have been covered thus far are summarized as
follows.

1. SFG applies only to linear systems.

2. The equations for which an SFG is drawn must be algebraicequations in the form
of cause-and-effect.

3. Nodes are used to represent variables. Normally, the nodes are awanged from left
to right, from the input to the output, following a succession of cause-and-effeci
relations through the system.

4. Signals travel along branches only in ihe direction described by the arrows o f the
branches.

5. The branch directing from node \k to Vj represents the dependence of  Ufwn }k
but not the reverse.

6. A signal Victraveling along a branch between J* and Wis multiplied by &ie gain of
the branch a”j, so a signala®jVk is delivered at \j.

3-2-3 Definitions of SFG Terms

In addition to the branches and nodes defined earlier for the SFG. the following lenns are
useful for the purpose of identification and execution of the SFG algebra.
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(b)>2 = «I2)'1+«32)'3 >3 = ajjya+

«32 "43 «U .

(c)y2 = “I2yi+<»32>3 >3 = «23X2+ «4iyd n = «2Q+ «3MB+ «is>4

(d) Complete signal-flow graph

Figure 3-25 Step-by-step construction of the signal-flow graph in Eq. (3-50).

Input Node (Source): An input node is a node that has only outgoing branches
(example; node y\ in Fig. 3-24).

Output Node (Sink): An output node is a node that has only incoming branches:
(example; node »2 in Fig- 3-24). However, this condition is not always readily met by an
output node. For instance, the SFG in Fig. 3-26(a) does not have a node that satisfies the
condition ofan output node. It may be necessary to regard >2 and/or  as output nodes to
find the effects at these nodes due to the input. To make >2 an output node, we simply
connect abranch witii unity gain from the existing node y2to anew node also designated as
>l as shown in Fig. 3-26(b). The same procedure is applied to >3. Notice that, in the
modified SFG of Fig. 3-26(b), the equations y2 = yi and yj = >3 are added to the original
equations. In general, we can make any noninput node of an SFG an output by the
procedure just illustrated. However, we cannot convert anoninput node into an input node
by reversing the branch direction ofthe procedure described for output nodes. Forinstance,
node y2 of die SFG in Fig. 3-26(a) is not an input node. If we attemptto convertit into an
input node by adding an incoming branch with unity gain from another identical node y2,
the SFG of Fig. 3-27 would result. The equation that portrays the relationship at node >2
now reads

w = w + auyi + 032w (3-51)

which is different from the original equation given in Fig. 3-26(a).
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(a) Original signal-flow graph

Figure 3-26 Modification of a

signal-flow graph so that y2 and

ys satisfy the condition as output
®Modified signal-flow graph nodes.

ovi

"3 Figure 3-27 Erroneous way to make node V2 aninput
node.

Path: A path is any collection ofa continuous succession of branches traversed in the
same direction. The definition of a path is entirely general, since il does not prevent any
node from being traversed more than once. Therefore, as simple asthe SFG of Fig. 3-26(a)
is, it may have numerous paths just by traversing the branches 023 and «32 continuously

Forward Path: A forward path is a path that starts at an input node and ends at an
output node and along which no node is traversed more than once. For example, in the
SFG of Fig. 3-25(d), ») is the input node, and the rest of the nodes are all possible output
nodes. The forward path between yi and )>2 is simply the connecting branch between the
two nodes. There are two forward paths betweeny | and J3: One contains the branches from
yi] to >2 to =8, and the other one contains the branches from y] 10 y2 to >4 (through the
branch with gain and then back to J3 (through the branch with gain (43). The reader
should try lo determine the two forward paths between >'i and >4. Similarly, there are three
forward paths between y\ and ys.

Path Gain: The product of the branch gains encountered in traversing a path is called
the path gain. For example, the path gain for the path Vi -y i-y i~y a in Fig. 3-25(d) is
ai2«23f34-

Loop: A loop isapath thatoriginates and terminates on the same node and along which
no other iiode is encouniered more than once. For example, there are four loops in the SFG
of Fig. 3-25(d). These are shown in Fig. 3-28.

Forward-Path Gain: The forward-path gain is the path gain ofaforward path.

Loop Gain: The loop gain is (he path gain ufa loop. For example, the loop gain of the
loop >2 - V4->'3->'2 in Fig. 3-28 is 024043032-

Nontouching Loops: Two parts of an SFG are nontouching if they do not share a
common node. Forexample, the loops M) - >3 —V2 and >4 - \4 of the SFG in Fis. 3-25(d)
are nontouching loops.
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Figure 3-28 Four loops in the signal-fiow graph of Fig. 3-25(d).

FG Algebra

Based on the properties of the SFG, we can outline the following manipulation rules and

algebra;

1

The value of the variable represented by a node is equal to the sum of all the
signals entering the node. For the SFG of Fig. 3-29, the value of >1 is equal to the
sum of the signals transmitted through all the incoming branches; that is.

y\ = ailyi + Oio7 + aitr4 + asiys (3-52)

The value ofthe variable represented by anode is transmitted through all branches
leaving the node. In the SFG of Fig. 3-29, we have

y7 = aijyi (3-53)
ys = a i8yi
Parallel branches in the same direction connecting two nodes can be replaced by a

single branch with gain equal to the sum of the gains of ihe parallel branches. An
example of this case is illuswated in Fig. 3-30.

Figure 3-29 Node as a summing point and as a
transmitting point.
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Figure 3-30 Signal-flow graph with parallel paths replaced by one with a single branch.

Figure 3-31 Signal-flow graph with cascade unidirectional branches replaced by a single branch.

-m.5)
Figure 3-32 Signal-flow graph of ihe feedback control system shown in Fig. 3-8.

4. A series connection of unidirectional branches, as shown in Fig. 3-31, can be
replaced by a single branch with gain equal to the product of the branch gains.

3-2-5 SFG of a Feedback Control System

The SFG of the single-loop feedback control system in Fig. 3-8 is drawn as shown in Fig.
3-32. Using the SFG algebra already outlined, the closed-loop transfer function in Eq.
(3-12) can be obtained

3-2-6 Relation between Block Diagrams and SFGs

The relation between block diagrams and SFGs are tabulated for three important cases, as
shown in Table 3-1.

3-2*7 Gain Formula for SFG

Given an SFG or block diagram, the task of solving for the input-output relations by
algebraic manipulation could be quite tedious. Fortunately, there is a general gain formula
available that allows the determination of the input-output relations of an SFG by
inspection.
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Block diagrams and their SF6 equivalent representations

Block Diagram Signal Flow Diagrar

isfer Function

—

c)

c,Is)

G(») ! as 1
+a(s)N(s)

Given an SFG with N forward paths and A"loops, the gain between the input node yin
and output node youl is [3]

(3-54)
¥ ou
where
>>, = input-node variable
youi = output-node variable
M = gain between yin and youl
= total number of forward paths between ), and VU
Mk —gain of the Aih forward paths between y,,, and y,,ui
(3-55)
Lmr = gain product of the mth {m = i.j.k. ...) possible combination of r non-

touching loops {!< /=< K).

1- (sum of the gains of all individual loops) + (sum of products of gains of all
possible combinations oftwo nontouching loops) - (sum of products of gains of
all possible combinations of three nontouching loops) H-

= the A for that part of the SFG that is nontouching with the hh forward path.
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The gain formula inEq. (3-54) may seem formidable to use at firstglance.However,
and A* are the only terms in the formula that could be complicated if theSFG has a larj
number of loops and nontouching loops.

Care must be taken when applying the gain formula to ensure that itis applied betwei
an input node and an output node.

EXAMPLE 3-2-2 Consider that the closed-loop transfer function Y{s)/R{s) ofthe SFG in Fig. 3-32 is to be determim
by use of the gain formula, Eq. (3-54). The following results are obtained by inspection of the SF(

1. There is only one forward path between R(s) and y(j). and the forward-path gain is
Ml = G(s) 35
2. There is only one loop; the loop gain is
Lu=-G{s)H{s) 35

3. There are no nontouching loops since there is only one loop. Furthermore, trie forward pal
is in louch with the only loop. Thus, A| = 1 and

A= 1- £1, = |+G{s)H{s) (3-51
Using Eg. (3-54), the closed-loop wansfer function is written

yM _Af|A| G{s)

B (3-5'
R{s) A 1+ G{s)His)

which agrees with Eq. (3-12).

EXAMPLE 3-2-3 Consider ihe SFG shown in Fig. 3-25(d). Lei us first determine the gain between V| and V5 using th
gain fonnula.

The three forward paths between yi and ys and the forward-path gains are
M| = 712023734045 Forwardpath: i - >2- \3-J4- ys

= 012025 Forwardpaih: V i—V2 —yj
=«12024045 Fonvardpalh; V|- y2-V4-15

M7
The four loops of the SFG are shown in Fig. 3-28. The loop gains are

£011=023032 20 = i-31 = 724043732 {41 = da
There is only one pair of nontouching loops; that is. ihe two loops are

>2- >3- >2 and VA- V4
Thus, the product of the gains of the two nontouching loops is

N2 = 2i0i20i4 {3-6C

Ali ihe loops are in touch with forward paths M| and My Thus. A] = ii.i = 1 Two of the loops are m
in touch with forward path Al-. These loops are V3 - >4 - >3 and 4 — V4. Thus,

N2 =1 —034043 —«44 (3-61

Substituting these quantities into Eq. (3-54). we have

ys  A/|A| +M 2A2 +AN3A3
Vi A
__(0[2223Q34<345) + (g|2f125)(1 - "34°43 -<"44) +0|2Q24Q4.i
1—((>3132 + 034043 + 1"24f132043 + 044) + M2IvERU4

(3-6:
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where

1- (Z-l +Z-21 +731 +i-41) + [-12
(3-63)
= 1- (023432 + (r34fl43 + 024732043 + 044) + 023032"44

The reader should verify that choosing >2 as the output,

>2 _ 012(1 - Q 34g43 -Q44)
where A is given in Eq. (3-63).

EXAMPLE 3-2-4 Consider the SFG in Fig. 3-33. The following input-output relations are obtained by use of the gain

formula:
3-65;
yr A (3-65)
y4_G]G2(I+H4)
A
Y6 _ y? _ G1G2G3G4 + c?iCs(i + GiHI)
yi W\ A
A= 1+ GiWi+ G3W2+ G|G2G3//3 + Hi+ G iGIHiHIi
(3-68)

+ GiHiHI + GiHiHi, + G1G2G3//3//4 + G\CiH\H2Hi

Figure 3-33 Signal-flow graph for Example 3-2-4.

pplication of the Gain Formula between Output Nodes and Noninput Nodes

It was pointed out earlier that the gain formula can only be applied between a pair of input
and output nodes. Often, it is of interest to find the relation between an output-node variable
and anoninput-node variable. For example, in the SFG of Figure 3-33, it may be of interest
to find the relation yn/yi, which represents the dependence of>7 upon V2: the latter is not

an input.
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We can show that, by including an input node, &rie gain formula can still be applied {
find the gain between a noninput node and an output node. Let>>jn be an input and >outte a
output node of a SFG. The gain, yowhi. where y2 is not an input, may be written as

Sout )i A AR

>in A
Because A is independent of the inputs and the outputs, the last equation is written

yel D >w
y2 ZMk k\in"y, ~oy”

(3-7C

Notice that A does not appear in the last equation.

» EXAMPLE 3-2-5 From the SFG in Fig. 3-33. the gain between >2and yn is written
yi \ _ G~C2G”Gi + Cios(i + G M
yi o yity\ 1+ G3W2 + W4+ GW2W4

3-2-9 Application of the Gain Formula to Block Diagrams

Because of the similarity between the blcx:k diagram and the SFG. the gain formula in Eq
(3-54) can directly be applied to the block diagram to determine the transfer function of ih(
system. However, in complex systems, to be able to identify all the loops and nontouchinj
parts clearly, it may be helpful if an equivalent SFG is drawn for the block diagram firs
before applying the gain formula.

» EXAMPLE 3-2-6 To illusirate how an equivalent SFG of a block diagram is constructed andhowthe gainformulai
applied to ablock diagram, consider the block diagram shown in Fig. 3-34(a). The equivalent SFG 0
the system is shown in Fig. 3-34(b). Notice thal since anode on the SFG is interpreted as the summini
pointofall incoming signals to the node, the negative feedbacks on the block diagram are represents
by assigning negative gains to the feedback paths on the SFG. First we can identify the forward path
and loops in the system and their corresponding gains. Thai is:

Forward Path Gains: 1 G\G-<Gy. 2. G1G4
Loop Gains: 1 -G\GiHy. 2. -GiGiHi. 3. -C 1C2G3; 4. -GiHr. 5. -CiCi
The closed'loop transfer function of the system is obtained by applying Eq. (3-54j to eitrier the biocl
diagram or the SFG in Fig. 3-34. That is
y(s) C,C2C3+G,Ga

Ris]- 1
where
A= 1+G1C2//1 +G2GTHI"GiIG2Gi + GiIH2~G\Gi (3-73
Similarly.
E{s) 1+C,G2//| +C2G3W2 + CAW:
Ris) A
KiJ) _ C1G2G3 + C1G4

Efs) 1+ GIC2WI " C2C3W2 + CAWZ

The last expression ib obtained using Eq. (3-70).
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b

1 (a) Block diagram of a control system, (b) Equivalent signal-flow graph.

timpMfied Gain Formula

From Example 3-2*6, we can see thatall loops andforwardpaths are touching in this case.
As a general rule, if there are no nontouching loops and forward paths (e.g., y2 ~yi —yi
and y4 - >4 in Example 3-2-3) in the block diagram or SFG of the system, then Eq. (3-54)
takes a far simpler look, as shown next.
Forward Path Gains
. R (3-76)
_yin 1—Loop Gains

Redo Examples 3-2-2 through 3-2-6 to confirm the validity of Eq. (3-76).

1ATLAB TOOLS AND CASE STUDIES
There is no specific software developed for this chapter. Although MATLAB Controls
Toolbox offers functions for finding the transfer functions from a given block diagram, it
was felt that students may master this subject without referring to a computer. For simple
operations, however, MATLAB may be used, as shown in the following example.
EXAMPLE 3-3-1 Consider the following transfer functions, which correspond to the block diagrams shown in Fig- 3*35.

H{s) = 10 (3-77)

Use MATLAB [0 find the transfer function Y(s)IR{s) for each case. The results are as follows.
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Toolbox 3-3-1

Case (a) Use MATLAB to find G] * 02

y (i) i+ 1 1
A 2T 3742 % (7T 2)

Approach 1

» clear all

» s=tfC37):

» GI=1/0+1)
Transfer function:
1

s+1

» 62=Cs+1)/Cs+2)

Transfer function:
s+ 1

s+2

» YR=G1-G2

Transfer function:

s+ 1
s"2+3s+2
» YR_simple=minreal (YR)

Transfer function:
1

i(5) + »nu

@

cl(i)

Figure 3'35 Basic block diagrams
used for Example 3-3-1.

Approach 2

» clear all
» GI=tf([1],[11])

Transfer function:
1
s+ 1
» G2=tfC[I1],[12])
Transfer function:
s+1
s+ 2
» YR=61"G2
Transfer function:
s+ 1
s"2+3s+2
» YR_simple=minreal (YR)

Transfer function:
1
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ninreal(YR)" for pole zero cancellation, if necessary

Itively use “ YR=series(GI,G2)" instead of “YR=G1"G2"

3) Use MATLAB to find G\ + Gj

25+ 3 2(5+1.5)
2+ 3T+ 2~ (s+1)(i +2)

ch 1 Approach 2
=ar all » clear all
tfCs ?);

1/Cs+l)

Transfer function:
;fer function: 1

» G2=tf([1 1] ,[12])

Transfer function:
s+1

=(s+1)/Cs+2)

;fer function:

s+2
» YR=G1+G2

Transfer function:

jfer function: 2+ 3543

3s+3
Sh2+3s+2

» YR=parallel(Gl,62)

3s+2

=parallelCGl,G2)
Transfer function:
s"2+3s+3

>fer function:

s"2+3s+2

mirveaKYR)" for pole zero cancellation, if necessary

atively use “YR=parallel(Gl.G2)" instead of “ YR=G1+G2*

ole/Giiin format:
JKCYR)
**pole/gain:

43s + 3)

) (s+1)

Use “zero(YR)" to obtain transfer
function zeros:

» zeroCYR)
ans =

-1.5000 + 0.8660I
-1.5000 - 0.86601

Use “pole(YR)" to obtaii
transfer function poles;

» pole(YR)
ans =

-2
-1



132 » Chapter 3. Block Diagrams and Signal-Flow Graphs

Case (b) Use MATLAB to find the closed-loop feedback function -

Toolbox 3-3-2

Case (c) ¥is) 1
R{s) 52+5 + 10

Approach 1

» clear YR
» s=tf(%"):
» 6=1/(s.(s+D)
Transfer function:
1
SA2 4+ s
» H=10
H=
10
» YR=G/(1+G"H)
Transfer function:
s"2+s
sM+2s"3+11s"2+10s
» YR_simple=minreal (YR)
Transfer function:
1

s"2+s+ 10

Approach 2

» clear all
» G=tf([I1],[110])

Transfer function:

s"2+ s

» H=10

H=

10

» YR=G/(1+G"H)

Transfer function:
s"2+s

s™4+2s"3+11s"2+10s

» YR_simple=minreal (YR)

Transfer function:
1

Use “ininreal(YR)" for pole zero cancellation, if necessary

Alternativelv use: Use “pole(YR)"to obtain transfer func-

tion poles
» YR=feedbackCG,H) » pole(YR)
Transfer function: ans =

1 -0.5000 +3.12251

-0.5000 - 3.12251
s"2 + s+ 10
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This chapter was devoted to the mathematical modeling of physical systems. Transfer functions,
block diagrams, and signal-flow graphs were defined. The transfer function of a linear system was
defined in terms of impulse response as well as differential equations. Multivariable and single-
variable systems were examined.

The block diagram representation was shown to be a versatile method of portraying linear and
nonlinear systems. A powerful method of representing the interrelationships between the signals of a
linear system is the signaJ-flow graph, or SFG. When applied properly, an SFG allows the derivation of
the transfer functions between input and output variables of a linear system using the gain formula. A
state diagram is an SFG that is applied to dynamic systemsthat are represented by differential equations.

At the end of the chapter. MATLAB was used to calculate transfer functions of simple block
diagram systems.

EW QUESTIONS

;rences

1. Define the wansier function of a linear time-invariant system in terms of its impulse response.
2. When defining the wansfer function, what happens to the initial conditions of the system?
3. Define the characteristic equation of a linear system in terms of the transfer function.

4. What is refewed to as a multivariable system?

5. Can signal-flow graphs (SFGs) be applied to nonlinear systems?

6. How can SFGs be applied to systems that are described by differential equations?

7. Define the input node of an SFG.

8. Define the output node of an SFG.

9. Slate the form to which the equations must first be conditioned before drawing the SFG.
10. Whal does the avow on the branch of an SFG represent?

11. Explain how a noninput node of an SFG can be made into an output node.

12. Can the gain formula beapplied between any two nodes of an SFG?

13. Explain what the nontouching loops of an SFG are.

14. Does the & of an SFG depend on which pair of input and output is selected?

15. List the advantages and utilities of ihe state diagram.

16. Given the Slate diagram of a linear dynamic system, how do you define the state variables?
17. Given the slate diagram of a linear dynamic system, how do you find the transfer function
between a pair of input and output variables?

18. Given the state diagram of a linear dynamic sysiem. how do you write the state equations of the
system?

19. The Slate variables of adynamic system are not equal to the number of energy-siorage elements
under what condition?

Answers to these review questions can be found on this book's companion Web site:
ww-w.wiley-com/college/golnaraghi.

iagrams and Signal-Flow Graphs

1 T.D. Graybeal, "Block Diagram Network Transformation." Ell'v. Eng.. Vol. 70. pp. 985-990.1951.
2. S. 3 Mason. "Feedback Theory—Some Propenies Of Signal Flow Graphs," Proc. IRE. Vol. 41. No. 9
pp. 1144-1156. Sept. 1953.



132 » Chapter 3. Block Diagrams and Signal-Flow Graphs

Toolbox 3-3-2
Case (b) Use MATLAB to find the closed-loop feedback function -
Case(c) vin) !
R{s) s"+s+\0
Approach 1 Approach 2
» clear YR » clear all
» s=tf(%s7?); » G=tf([1] ,[110])

» 6=1/(s*(s+D)

~ Transfer function:
Transfer function: 1

1
s"2+ s

s"2+s » H=10
» H=10 =
= 10

10 » YR=G/(1+G-H)
» YR=G/(1+GF) Transfer function:
Transfer function: "2+ s

s"2 +s
s"4+2s"3+11s"2+10s

SH +2s73+11"2+10s » YR_simple=minreal (YR)

» YR_siraple=rninreal (YR) Transfer function:

Transfer function: 1
1

Use “minreal(YR)" for pole zero cancellation, if necessary

Use "pole(Y R)" to obtiiii transfer func-

tion poles
» YR=feedback(G,H) » pole(YR)
Transfer function: ans -

-0 .5000 + 3.1225]
-0.5000 - 3.12251
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This chapter was devoted to the mathematical modeling of physical systems. Transfer functions,
block diagrams, and signal-flow graphs were defined. The transfer function of a linear system was
defined in terms of impulse response as well as differential equations. Multivariable and single-
variable systems were examined.

The block diagram representation was shown to be a versatile method of portraying linear and
nonlinear systems. A powerful method of representing (ie interrelationships between the signals of a
linear system is the signal-flow graph, or SFG. When applied properly, an SFG allows the derivation of
the transfer functions between inpul and output variables of a linear system using the gain formula. A
state diagram is an SFG thatis applied to dynamic systems that are represented by differential equations.

At the end of the chapter, MATLAB was used to calculate transfer functions of simple block
diagram systems.
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RENCES

Define the transfer function of a linear time-invariant system in terms of its impulse response.
When defining the transfer function, what happens to the initial conditions of the system?
Define the characteristic equation of a linear system in terms of the transfer function.

What is referred to as a multivariable system?

Can signal-flow graphs (SFGs) be applied to nonlinear systems?

How can SFGs be applied to systems that are described by differential equations?

N oo s eon e

Define the input node of an SFG.

8. Define the output node of an SFG.

9. State the form to which the equations must first be conditioned before drawing the SFG.
10. What does the awow on the branch of an SFG represent?

11. Explain how a noninput node of an SFG can be made into an output node

12. Can the gain formula be applied between any two nodes of an SFG?

13. Explain what the nontouching loops of an SFG are.

14. Does the A of an SFG depend on which pair of input and output is selected?

15. List the advantages and utilities of the state diagram.

16. Given the Slate diagram of a linear dynamic system, how do you define the state variables?
17. Given the state diagram of a linear dynamic system, how do you find the transfer function
between a pair of input and output variables?

18. Given the state diagram of alinear dynamic system, how do you write the state equations of the
system?

19. The state variables of adynamic system are not equal to the number of energy-storage elements
under what condition?

Answers to these review questions can be found on this book’s companion Web site:
www.wiley.com/college/golnaraghi.
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» PROBLEMS
PROBLEMS FOR SECTION 3-1
3-1. Consider the block diagram shown in Fig. 3P-1.
Find:

0]

Figure 3P-1

(a) The loop transfer function.

(b) The forward path transfer function,

(c) The error transfer function.

(d) The feedback transfer function.

(e) The closed loop transfer function.

3-2. Reduce the block diagram shown in Fig. 3P-2 to unity feedback form and find the system
characteristic equation.

Figure 3P-2

3-3. Reduce the block diagram shown in Fig. 3P-3 and find the Y/X.
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3-4. Reduce the block diagram shown in Fig. 3P-4 to unity feedback form and find the Y/X.

3-5. The aircraft turboprop engine shown in Fig. 3P-5(a) is conuolled by a closed-loop system with
block diagram shown in Fig. 3P-5(b). The engine is modeled as a multivariable system with input
vector E (j), which contains the fuel rate and propeller blade angle, and output vector Y (j), consisting
of the engine speed and turbine-inlet temperature. The wansfer function matrices are given as

6{s) = $;D . Hm:; ?
5 J+u

Find the closed-loop transfer function matrix [I + G (i)H (i)] G (i).

COMBUSTION

=0
~onnr
S5uuiym- (" =>3 .
PROPELLER

Figure 3P-5(a)

Figure 3P-5(b)

3-6. Use MATLAB to solve Problem 3-5.

3-7.  The block diagram of the position-control system of an electronic word processor is shown in
Fig, 3P-7.

(a) Find the loop transfer function 0 o (i)/0 ~(5) (the outer feedback path is open).

(b) Find the closed-loop wansfer function 0o (i)/0r(i).
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sensor Preamp

JAN+B,

Current feedback

Tachometer feedback

Figure 3P-7

3-8. The block diagram of a feedback conuwol system is shown in Fig. 3P-8- Find the following
wansfer functions:

@ R o
Yis)
b
® £ Az
Y{s)
(¢]
¢ N(s) «=0
(d) Find the output K(i) when R(s) and Nis) are applied simultaneously.

Figure 3P-8

3-9. The block diagram of a feedback control system is shown in Fig. 3P-9.
(a) Apply the SFG gain formula directly to the block diagram to find tie wansfer functions
Y{s) Y(s)
s=0
Express Kii) in terms of /?(i) and N{s) when both inputs are applied simultaneously.

(b) Find the desired relation among ihe transfer functions Gi(j).G 2(i).C 3(j).C 4(i).//|(i). and
W:(i) so that the oulpul K(J) is not affected by the disturbance signal N(s) at all.
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3-10. Fig. 3P-10 shows the block diagram of the antenna control system of the solar-collector field
shown in Fig. 1-5. The signal Nis) denotes the wind gusi disturbance acted on the antenna. The
feedforward transfer function Gj{s) is used to eliminate the effect of N(s) on the output y(j). Find the
transfer function Determine the expression of Gj{s) so that the effect of N(s) is
entirely eliminated.

N(s)

Figure 3P-10

3-11. Fig. 3P-11shows the block diagram ofadc-motor control system. The signal Nis) denotes lhe
frictional torque at the motor shaft.

(a) Find the transfer function His) so Ihat the output K(j) is not affected by the disturbance torque N{s).
(b) With His) as determined in part (a), find the value of K so thal the sleady-state value of ey) is
equal to 0.1 when the input is a unit-ramp function. r(r) = = I/i“.and N{s) —0. Apply
ihe final-value Iheorem.

Figure 3P-11
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3-12. The block diagram of an elecuic train control is shown in Fig. 3P-12. The syscem parameters
and variables are

Ar) = voltage representing the desired train speed, V
v(f) = speedof wain, ft/sec
M = Massofuwain = 30.0001b/sec”
K = amplifier gain
K, = gain of speed indicator = 0.15 v/ft/sec

erU).. ~\jITK AMPLIFIER CONTROLLER At) *  x v(f)
K G/s) Ms Train
speed
SPEED
Figure 3P-12

To determine the wansfer function of the controller, we apply a step function of 1 volt 10 the input of
Ehe controller, that is. edi) = us{f)- The output of the controller is measured and described by the
following equation;

1(/) = 100(1 -0.3e"® '-0.7i-"*> {/)

(a) Find the wansier function Cc(s) of the conuoller.

(b) Derive the forward-path transfer function V{j)/£ (5) ofthe system. The feedback path is opened in
this case.

(c) Derive the closed-loop transfer function V{s)/Er{s) of the system.

(d) Assuming that K is set at a value so that the train will not run away (unstable), find the steady-state
speed of the wain in feet per second when the input is er(t) = «i(/)V.

3-13. Use MATLAB to solve Problem 3-12.

3-14. Repeat Problem 3-12 when the output of the controller is measured and described by the
following expression:

fit) = 100( - - 0.5)
when a step input of 1V is applied to the controller.
3-15. Use MATLAB 10 solve Problem 3-14,

3-16. A linear time-invariant multivariable system with inputs /u](?) and r2(/) and outputs V) (0 and
>e(/) is described by the following set of differential equations.

- 1-(f) + r2(f)

di- ' dt dt
Find the followins transfer functions:

Ylis) y\s) 2(5)
PI=0  172(v)

PROBLEMS FOR SECTION 3-2
3-17. Find the state-flow diagram for ihe system shown in Fig. 3P-4.
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3-18. Draw a signal-flow diagram for the system with the following state-space representation;

m-5 -6 3m ‘0.5 Om
X = 1 0 -1 ox + 0 05 u

L-0.5 15 0.5. .05 05.

05 05 0

05 0 0.5

3-19. Find the state-space representation of a system with the following transfer function;
"+ A 5+A Q)

3-20. Draw signal-flow graphs for the following sets of algebraic equations. These equations should
first be arranged in the form of cause-and-effect relations before SFGs can be drawn. Show that there
are many possible SFGs for each set of equations.

@ Xi= -x2-Tx1 +1
X2 = 5X] -2 x2+X2

X| = 4xi + J2- 573+ 5

(b) 2X[ +TX2+XI = -1
Xl -2X2-X383=1
X2+ x3= 0

3*21. The block diagram of a control system is shown in Fig. 3P-21.
(a) Draw an equivalent SFG for the system.

(b) Find the following transfer functions by applying the gain formula of the SFG directly to the
block diagram.

¥{s) y(i) E(s) E{s)
R{s) n-o N(S) r=o RIS) 40 NIs)

(c) Compare the answers by applying the gain formula to the equivalent SFG.

3-22. Apply the gain formula to the SFGs shown in Fig. 3P-22 to find the following transfer

finctions: §1 ¥t Br T
“ N oWy
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Figure 3P-22
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3-23. Find the vansier functions and J2/i'i of the SFGs shown in Fig. 3P-23.

Figure 3P-23
3-24. Signal-flow graphs may be used to solve a variety ofelectric network problems. Shown in Fig.

3P-24 is the equivalent circuit of an elecwonic circuit. The vollage source e"u) represents a
disturbance voltage. The objective is to find the value of the constant k so that the output voltage

Figure 3P-24
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Cail) is not affected by ej{i). To solve the problem, it is best to first write a set of cause-and-effect
equations for the network. This involves acombination of node and loop equations. Then consuuct an
SFG using these equations. Find the gain eg/ej with all other inputs setto zero. Forej notto affect eg,
set eo/enj to zero.

3-25. Show that the two systems shown in Figs 3P-25(a) and (b) are equivalent.

Figure 3P-25
3-26. Show thai the two systems shown in Figs. 3P-26(a) and (b) are not equivalent-

cl

Figure 3P-26

3-27. Find the following transfer functions for the SFG shown in Fig. 3P-27.

Figure 3P-27(a)
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Figure 3P-27|b)

3-28. Find the following ransfer functions for ihe SFG shown in Fig. 3P-28. Comment on why the
results for parts (c) and (d) are not the same.

Figure 3P-28

3*29. The coupling between the signals of the turboprop engine shown in Fig, 3P-4(a) is shown in
Fig. 3P-29. The signals are defined as
Ri (i) = fuelrate
= propellerblade angle
Y\(s) = engine speed
Yiis) = turbine inlet temperalure
(a) Draw an equivalent SFG for Gie system.
(b) Find the A of the system using Ihe SFG gain formula.
(c) Find the following transfer functions:

JIw >25) yzis]
«=0 Riis) «@=0 R\is} =g Ii2iS)

(d) Express the iransfer functions in matrix form. Y {j) = G(s)R(5).
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Figure 3P-2S

5-30. Fisuie 3P-30 shows uie block diagram of a conool sysiein with coDdirional feedback. The
oansfer function G;,(51 denotes uie controUed process, and Gf(s) and His) are the controUer transfer
ftinctions.

u) Derive Grie transfer functions Y [s),'R[s)\f;* and >'(i)/A”(i)|r=0- = 0 »Pen
Gce(s) = Gp[si.
(b> Lei

Find (rie output response %) when N{s) = 0 and r(r) = Uj(0-
(C) Ulki Gp(it and Cf(j) as aven in pan (bt. select His) amona the follottins choices such thai

when ni/i = «j{/i and r(r) = 0. the steadv-state value of is equal to zero. (There may be nwxe
than one answer.)
10
H[S) =
10(5-n H(s) —— {n = posibve integer) Seieci n

Keep in mind that the poles of ihe closed-loop ffansfer function must all be in the left-half
final-value Gieorem to be valid.

5-plane for &

G"s)

o

Figure 3P-30

3-31. Use MATL.\B to sohe Problem 3-30.
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3-32. Consider the following differential equations of a system:
= -Zt,{0 + 3X2(0
dxait) _
dt -5X1(0-5X2(0+ 2r(0
(a) Find the characteristic equation of the system.
(b) Find the wansier functions Xi{s)IR{s) and Xi{s)IR{s).

3-33. The differential equation of a linear system is

dfi ol i

where ><0 is the output, and rit) is the inpul.
(a) Write the state equation of the system. Ctefine the state variables from right to left in ascending
order.
(b) Find the characteristic equation and its roots. Use MATLAB to find the roots.
(c) Find tie transfer function Yis)/R(s).
(d) Perform a paitial-fraction expansion of
(e) Findthe output y(I) for / > 0 when r(i) = «,(0-
(f)  Findlhe final value of yU) by using the final-value theorem.
3-34. Consider the differential equation given in Problem 3-33. Use MATLAB to
(a) Find the partial-fraction expansion of Y(s)/R(s).
(b) Find the Laplace waDsform of the system.
(c) Findthe output >(0 for / > 0 when r{f) =
(d) Plot the step response of the system.
(e) Verify the final value triat you obtained in Problem 3-33 part (0.

3-35. Repeat R-oblem 3-33 for the following differential equation:

~

d* dfi dt 4

3-36. Re| jlem 3-34 for the differential equation given in Problem 3-35.

3-37. The block diagram of a feedback control system is shown in Fig. 3P-37.

Figure 3P-37
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(a) Derive the following transfer functions:
1(£) E{s)
« (M) A0 R=0 Ris) n=0

(b) The controller with the wansier function 04 (5) is for the reduction of ihe effect of the noise
Find Cafi) so that the output Y(s) is totally independent of N(s).
(c) Find the characteristic equation and its roots when G"is) is as determined in part (b).
(d) Find the steady-state value of e(f) when the input is a unit-slep function. Sei N{s) = 0.
(e) Find y(r) for f > 0 when the input is a unit-step function. Use Ga(s) as determined in pa
3-38. Use MATLAB to solve Problem 3-37.
ADDITIONAL PROBLEMS
3-39. Assuming

Pi= 2/ + 9s*+ 15/ + 255" + 25i" + 14j+ 6

P2 =s'" + 8s= + 23s* + 365" + 38s" + 28s + 16

(a) Use MATLAB to find roots of P\ and Pi-
(b) Use MATLAB to calculate PT=P 2~ P\, P4= P2 +P], and Pi = {Pi - P2i*P\-
3-40. Use MATLAB to calculate the polynomial
(@)P6 = r+1)(j~ + 2)(j+ 3)(2s"+5+1)
(b)  pr = (sh+ I)(s + 2)(s + 4)(ir + 25+ 1)
3-41. Use MATLAB to perform partial-fraction expansion to the following functions:
LN (i+1)(» C 2)(» + 4)(»+10)
© s(s+ 2)fs2+2i + 5)(2SZ + s+ 4)

C4 12TA+477 + 60
4s' + 28j5+ 83r> + 135j3+ 1262 + 62+ 12
3*42. Use MATLAB 10 calculate unity feedback closed loop transfer function in Problem
3-43. Use MATLAB to calculate
(a) 03(5) = C| () + C2(1)
(b) G4(s)-G[[5)-G 2(5)
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Theoretical Foundation and
Background Material:
Modeling of Dynamic
Systems

One of the most important tasks in the analysis and design of control systems is
mathematical modeling of the systems. The two most common methods of modeling
linear systems are the transfer function method and the state-variable method. The transfer
function is valid only for linear time-invariant systems, whereas the state equations can be
applied to linear as well as nonlinear systems.

Although the analysis and design of linear control systems have been well developed,
their counterparts for nonlinear systems are usually quite complex. Therefore, the control-
systems engineer often has the task of determining not only how to accurately describe a
system mathematically but, more importantly, how to make proper assumptions and
approximations, whenever necessary, so that the system may be realistically characterized
by a linear mathematical model.

A control system may be composed of various components including mechani-
cal, thermal, fluid, pneumatic, and electrical; sensors and actuators; and computers.
In this chapter, we review basic properties of these systems, otherwise known as
dynamic systems. Using the basic modeling principles such as Newton's second law
of motion or Kirchoff's law, the models of these dynamic systems are represented by
differential equations. It is not difficult to understand that the analytical and
computer simulation of any system is only as good as the model used to describe
it. It should also be emphasized that the modern control engineer should place
special emphasis on the mathematical modeling of systems so that analysis and
design problems can be conveniently solved by computers. In this textbook, we
consider systems that are modeled by ordinary differential equations. The main
objectives of this chapter are:

* To introduce modeling of mechanical systems.

* To introduce modeling of electrical systems.

+ To introduce modeling thermal and fluid systems.
* To discuss sensors and actuators.

* To discuss linearization of nonlinear systems.

+ To discuss analogies.
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Furthermore, rie main objectives of the following sections are:

+ To demonstrate mathematical modeling of control systems and components.

+ To demonstrate how computer solutions are used to obtain the response of these
models.

To provide examples that improve learning.

This chapter represents an introduction to the method of modeling. Because numerous
types of control-sysiem components are available, the coverage here is by no means
exhaustive. This chapter further is intended to be self-sufficient and will not affect the
general flow ofthe text. In Chapters 5 and 9, through various examples and case studies, it
fundamentals discussed here are utilized to model more complex control systems and to
establish their behavior.

4-1 INTRODUCTION TO MODELING OF MECHANICAL SYSTEMS

Mechanical systems may be modeled as systems of lumped masses (rigid bodies) or as
distributed mass (continuous) systems. The laner are modeled by partial differentia]
equations, whereas the former are represented by ordinary differentia] equations. O f course,
in reality all systems are continuous, but, in most cases, it is easier and therefore preferred to
approximate them with lumped mass models and ordinary differential equations.
Definition: Mass is consideredaproperty ofan element that stores the kinetic energy of
translational motion. Mass is analogous to the inductance of electric networks, as shown in
Section 4-10. If w denotes the weight of a body, then M is given by

w .
M= - i4-1)
9

where g is the acceleration of free fall of the body due to gravity (g = 32.174 fwsec' in
British units, and g = 9.8066 m/sec” in Sl units).

The equations of a linear mechanical system are written by first constructing a model
of the system containing interconnected linear elements and then by applying Newton's
law of motion to the free-body diagram (FBD). For translational motion, the equation of
motion is Eq. (4-2). and for rotational motion. Eq. (4-33) is used.

The motion of mechanical elements can be described in various dimensions as
transiational. rotational, or acombination of both. The equations governing the motion
of mechanical systems are often directly or indirectly formulated from Newton's law of
motion.

4-1-1 Translational Motion

The motion of translation is defined as a motion that takes place along a straight or curved
path. The variables that are used to describe translational motion are acceleration,
velocity, and displacement.

Newton's law of motion states that the algebraic sum of external forces acting on a
rigid body in a given direction is equal to the product of the mass of the bodv and its
acceleration in the same direction. The law can be expressed as

forces = Ma (4-2)
exierriul
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»yio
Figure 4-1 Force-mass system.

where M denotes (tie mass, and a is (tie acceleration in (rie direction considered. Fig. 4-1
illustrates the situation where aforce is acting on abody widi mass M. The force equation is
written as

/W =AfaW =M "r"=M ~ (4-3)

where a{i) is the acceleration. v(r) denotes linear velocity, and y(r) is the displacement of
mass M. respectively.

For linear wansladonal motion, in addition 10 the mass, die following system elements
are also involved.

« Linear spring. In practice, alinear spring may be amodel of an actual spring or a
compliance of a cable or a belt. In general, a spring is considered 10 be an element

TITdi srores potential energy.

fit) = Ky(t) (4-4)
where K is the spring constant, or simply stifftiess. Eq. (4-4) implies @iat the force
actina on the spring is directly proportional to the displacement (defonnation) o f trie
spring. The model representing a linear spring element is shown in Fig. 4-2. If (e
sprins is preloaded witri a preload tension of T. (vien Eq. (4-4) should be modified to

m  -T = Ky(t) (4-5)

Friction for translation motion. Whenever riere is motion or tendenc)' of motion
between two physical elements, frictional forces exist. The frictional forces

encountered in physical systems are usually of anonlinear nature. The character-

istics of trie frictional forces between two contacting surfaces often depend on such

factors as the composition of the surfaces, the pressure betueen the surfaces, and
ihetr relatise velocity amona others, so an exact mathematical description of the
frictional force is difficult. Three different typesof frictionare commonly used in
practical systems:nscous friction, static friction, and Coulomb friction. These
are discussed separately in (tie following paragraphs.

« Mscous friction. Viscousfriciiofi represeiiis a retarding force Ihai is a linear
relationship benveeti the applied force and velociry-. The schematic diagram
element for viscous friction is often represented by a dashpot. such as riat shown
in Fig. 4-3. The mathematical expression of viscous friction is

= (4-6)

= »yv)

Figure 4-2 Forc'e-spring svsiem.
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= »)<)

Figure 4-3 Dashpot for viscous fricdon.

Figure 4-4 Graphical representation of linear and nonlinear friclionaJ forces, (a) Viscous fricUon.

(b) Static

friction, (c) Coulomb friction.

where B is the viscous frictional coefficient. Fig. 4-4(a) shows the functional
relation between the viscous friciional force and velocity.

Static friction. Staticfriction represents a retarding force that tends to prevent
motionfrom beginning. The static frictional force can be represented by Wrie expression

@7

which is defined as a frictional force that exists only when the body is stationary
but has atendency of moving. The sign of the friction depends on the direction of
motion or the initial direction of velocity. The force-to-velocity relation of static
friction is illustrated in Fig. 4-4(b). Notice that, once motion begins, the static
frictional force vanishes and other frictions take over.

Coulomb friction. Coulomb friction is a retarding force that has constant
amplitude with respect to the change of velocity, but the sign of thefrictional
force changes with the reversal of the direction of velocity. The mathematical
relation for the Coulomb friction is given by

/(0 = Fc (4-8)

where f,. is the Coulomb friction coefficient. The functional descriptioD of the
friction-to-velocity relation is shown in Fig. 4-4(c).

it should be pointed out that the three types offrictions cited here are merely practical

models Ihat have been devised to portray friciional phenomena found in physical systems.

They are

by no means exhaustive or guaranteed to be accurate. In many unusual situations,

we have to use other frictional models lo represent the actual phenomenon accurately. One
such example is rolling dry friction [3,4], which is used to model friction in high-precision
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TABLE 4-1 Basic Translational Mechanical System Properties and Their Units

Parameter Symbol Used Sl Units  Other Units Conversion Factors
Mass M kilogram  slug 1kg- 1000g
(kg) fsec® = 2.2046 Ib(mass)
= 35.274 oz(mass)
= 0.06852 slug
Disiance y meter (m) ft Im = 3.2808ft = 39.37in
in lin. - 25.4mm

1ft = 0.3048m

Velocity m/sec fusec
in/sec
Acceleration a misec’ fusecr
in/sec™
Force f Newton pound IN = 0.2248 Ib(force)
(N) Ob force) = 3.5969 oz(force)
dyne

IN = 1kg-m/s*
Idyn = Ig-cm/s2

=

Spring Constant N/m Ib/ft
Viscous Friction Coefficient B N/m/sec  Ib/fusec

ball bearings used in spacecraft systems. It turns out that rolling dry friction has nonlinear
hysteresis properties that make it impossible for use in linear system modeling.

Table 4-1 shows the basic translational mechanical system properties with their
cowesponding basic Sl and other measurement units.

EXAMPLE 4-1-1 consider lhe mass-spring-friction system shown in Fig. 4-5(a). The linear motion concerned is in the
honzontal direction. The free-body diagram of the system is shown in Fig. 4-5(b). The force equation
of Ihe system is

@-9)

The last equation may be rearranged by equating the highest-order derivative lerm to the rest of the
temis:

,,,,,,,,, > *)

(a) (b)
Figure 4-5 (a) Mass-spring-friction system, (b) Free-body diagra
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Figure 4-6 The mass-spring-friction
system of Eq. (4-11) block diagram
represcDtation.

where and 1 represent velocity and accele

alternatively, the former equation may be rewritlen inio an input-ouipui form as

(4-11)

For zero initial conditions, the transfer function between y (i) and F{s) i& obtained by laking the

Laplace transform on both sides of Eq. (4-11) with zero initial conditions;
\ 1
M (4-12)

F{s) Ai2 +Bi+a
The same result is obtained by applying the gain formula to the block diagram, which is shown
in Fig. 4-6-

Eg. (4-i0) may also be represented in the space state form using a slate vector x<u having n
rows, where n is the number of state variables, so that

x = AX"Bu i4-13)
where
(4-14)
y{)=xi{l) v(f)=X2(0 (4-15)
-011
M

So using Egs. (4-13) through (4-16). . (4-10) is rewiriuen in vectoral form as

=(J i ) (4-17)

M M7
The state Eq. (4-17) may also be written as a set of first-order differemial equations:

dl

dxiii) K B 1
di  ~ M
y(n =

For zero initial conditions, the transfer function between Hi) and Fin) is obuined by taking ihe
Laplace iransfomi on both sides or Eq. <4-18>;

Vis] = Xil]
Kis) 1
Fls) ~ Ms-  BsH
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Figure 4-7 Block diagram
representation of mass-spring-
friclion system of Eq. (4-19).

Figure 4-8 Block diagram
representation of mass-spring'
friction system of Eq. (4-20) with
initial conditions X](0) and X2i0).

The same result is obtained by applying the gain formula to the block diagram representation of the
system in Eq. (4-19), which is shown in Fig. 4-7.

For nonzero initial conditions, Eq. (4-18) has a different Laplace transform representation that
may be written as:

SX,W -i,(0)= X 2(i)

5X2(i) -X2(0) = - SIx L (s) + () (4-20)

Upon simplifying Eq. (4-20) or by applying the gain formula to the block diagram representation of
the system, shown in Fig. 4-8. the oulput becomes

>0x 4-1-1

domain step response for Eq. (4-12) is calculated using MATLABfor K = . M =i. B »
M=l B=1;

0.02:30;

=[1]:

:[MBK] :

f(hnum .den);

STEP (G ,t) ;

(t yij):

el( ‘Time (Second) ') ;ylabel( ‘Step Response ')
e( ‘Response of the system to step input’)
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EXAMPLE 4-1-2 As another example of writing the dynamic equations of a mechanical system with translational
motion, consider the system shown in Fig. 4-9(a). Because the spring is deformed when it is subject to
aforce/(/). Iwo displacements, yi and )'2. must be assigned to the end points of the spring. The free-
body diagrams of the system are shown in Fig. 4-9(b). The force equations are

/M =nv,(0-»(01 («2)

(4-23)
These equations are rearranged in input-outpul form as

A2(1) , B dn{t) K @21

Figure 4-9 Mechanical
system for Example 4-I-;
(a) Mass-spring-damper
syslem. (b) Free-body
diagram.
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Figure 4-ID Mass-spring-1
representation, (b) Block d

For zero initial conditions, the transfer function between I'i(s) and i'ai'S) is obtained by taking the
Laplace transform on both sides of Eq. (4-24):

= 4-25
(j) Ms*+Bs+K ( )

The same result is obtained by applying the gain formula to the block diagram represeniation of the
system, which is shown in Fig. 4-10. Note thal in Fig. 4-10, Eq. (4-22) was also used.
For state representation, these equations may be rearranged as

20 +5 D0 -nM I

dfl- i©-n
For zero initial conditions, the transfer funclion of Eq. (4-26) is the same as Eq. (4-25). By using the
last two equations, the state variables are defined as X\ (/) = yiit) and X2{t) = dy2(f)ldi. The state
equations are therefore written as

dx\ {t)
dt
dx2(l)

The same result is obtained after taking Ihe Laplace transform of Eq. (4-27) and applying the gain
formula to the block diagram representalion of the system, which is shown in Fig. 4-11. Noie that in
Fig. 4-11, F{s), K](j), X)(5), ~2(5). and X2(y) are Laplace transforms o{fit), ytH). JTiiO. yiiO. and
a2(/), respectively.
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Figure 4-11 Block diagram representation
ofmass-spring-friction system of Eq. (4-27).

EXAMPLE 4-1-3 Consider the two degrees of freedom (2-DOF) spring-mass system, with two masses mi and m2, (wo
springs iT) and *2. and two forces /| and/2. as shown in Fig. 4-12. Find the equations of motion.

SOLUTION  To avoid any confusion, we first draw the free-body diagram (FBD) of trie system by
assuming the masses are displaced in Ihe positive direction, so that yi > >2 > 0 (i.e., springs are boih
in tension). The FBD of the system is shown in Fig, 4-13. Applying Newton's second law lo the
masses My and Mj, we have

1) - Kiyi + Kiiyi - y2) = M{yi
flit) - fi2iy\ -n ) = M2y2 “B
Reafranging the equations into the standard input-output form, we have
Aly,+(AT, +AT2)y(-A:m = /I(r) @)
A2y| - K2y, + Kjyi = flit)

Altemaiively, Eq. (4-29) may be represented in ihe standard second-order mauix form, as

Mi 0wy AKA+K2 -K2' iy 70 @30
0 Ml p. -K2 K2 .y 2.
In state space form, assuming the following state vector x(t), the inputs Ui(/) and L(t), and the output
yiO. we get
yiw
x2{1) >2(0 . . -
M) i .« = [i(f). «2 = /ziOIMO =jri(0
Xa(t) V2(0 .
A
M, WAA ™2
K. Figure 4-12 A 2-1X)F spring-mass sysiem.
. V20

ATyi(0 fi2Lvi(f)-y2(i)! Figure 4-13 FBD of the 2-DOF spring-mass system.
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Then, using Xi - yi and X4 = yi. we gel the state-space representation a

'X] -0 0 10 Xxi 0 0
0 0 01 x 0 0 _

e B U2 (stateequation)
13 -KilM, Ki/mi 0 0 X3 1/Al, 0
X4 . LK2/M1 0 0, .XA 0 /w2

Xl

X2
>=\\ 0 0 0] +0-Ul + 0-H2 (output equation)

Xi

T4,

(4-32)

where the state equation is a set of four first-order differential equations.

rtationai Motion

The rotational motion of a body can be defined as motion about a fixed axis. The extension
of Newton’slaw of motion for rotational motion states that the algebraic sum ofmoments
or torque about a fixed axis is equal to the product of the inertia and the angular
acceleration about the axis. Or

y~"torques = Ja (4-33)

where J denotes the inertia and a is the angular acceleration. The other variables generally
used to describe the motion of rotation are torque r, angular velocity iw, and angular
displacement 6. The elements involved with the rotational motion are as follows:

« Inertia. Inertia, J, is considered a properly ofan element that stores the kinetic
energy of rotational motion. The inertia of a given element depends on the
geometric composition about the axis of rotation and its density. For instance,
the inertia of a circular disk or shaft, of radius r and mass M, about its geometric
axis is given by

1 (4-34)

When atorque is applied to a body with inertia y, as shown in Fig. 4-14. the lorque
equation is written

(4-35)

where d{t) is the angular displacement; (u{i), the angular velocity; and a{i), the
angular acceleration.

Figure 4-14 Torque-inertia system.
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no

&) Figure 4-15 Torque torsional spring system.

Torsional spring. As with the linear spring for translationaj motion, a torsional
spring constant K. in torque-per-unitangular displacement, can be devised to refffesent
the complianceof a rodor a shaft when it is subject to an appliedttxque. Rg. 4-15
illustratesa simpletorque-spnng system that canbe represented by theequation

T() = K&{l) (4-36)

If the torsional spring is preloaded by a preload torque of TP, Eq. (4-36) is modified to

T{i) - TP~ K9{l) (4-37)

Friction for rotational motion. The three types of friction described for transla-
tional motion can be carried over to the motion of rotation. Therefore. Egs. (4-6).
(4-7), and (4-8) can be replaced, respectively, by their counterparts:

+ Viscous friction.

=8 * (4-38)
at
 Static friction.
no = x(F,)|% (4-39)
dm
(4-40)
M 1)

Table 4-2 shows Gie S| and other measurement units for inertia and the variables in

rotational mechanical systems.

EXAMPLE 4-1-4 The rotational system shown in Fig-4-16(a) consists of adisk mounted on a shaft that is fixed atone
end. The moment of inertia of the disk about the axis of rotation is J. The edge of the disk is riding on
tie surface, and the viscous friction coefficient between ihe two surfaces is B. The inertia of the shaft

is negligible, but the torsional spring constant is K.

Assume that atorque is applied to ic disk, as shown; then ihe torque or moment equation aboul

the axis of (he shaft is written from ihe free-body diagram of Fig. 4-16(b):

Notice that this system is analogous to Ihe translational system in Fig. 4-5. The state equations may be

written by defining the slate variables as Ji(/) = 9{i) and JR(0 =
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Figure 4-16 Rotational system for Example 4-1-4.

TABLE 4-2 Basic Rotational Mechanical System Properties and Their Units

Symbol  SI Other
Used Units Units Conversion Factors
kg-m* slug-ftr Ig-cm =
Ib-ft-sec” 1.417 X 10"®oz-in.-sec2
1 Ib-ft-sec”
= 1920z-in.-sec"
= 32.2 Ib-ft*
loz-in.-sec™ = 3860z-in"
1g-cm-sec” - 980 g-cm”
Angular Displacement T Radian Radian rad= 180 - 57.3deg
Angular Velocity 0 radian/sec radian/sec
= 0.1047 rad/sec
Lrpm = 6deg/sec
Angular Acceleration A radian/sec’ radian/sec
Torque T (N-m) Ib-ft Ig-cm = 0.0139 oz-in.
dyne-cm llb-ft = 1920z-in.
loz-in. = 0.00521 Ib-ft
Spring Conslani K N-m/rad fl-b/rad
Viscous Friction Coefficient B N-m/rad/sec  ft-Ib/rad/sec
Energy Q J (joules) Btu 1J= 1N-m
Calorie IBtu = 1055J

leal = 4.184J

EXAMPLE 4-1-5 Fig. 4-17(a) shows the diagram of a motor coupled 10 an inertial load through a shaft with a spring
constant K. A non-rigid coupling between two mechanical components in a conwol system often
causes lorsional resonances that can be transmitted to all parts of the system. The system variables
and parameters are defined as follows:

r,.(i) = motor torque

B,,, = motor viscous-friction coefficient
K = spring consum of the shaft

e,,{l) = motor displacement

= motor velocity
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T. K
MOTOR LOAD
i j h
o 1l
»U},,*Kte,,-e0 Kid, -eo"
Figure 4-17 (a) Motor-load
(b) system. <b) Free-bod) diagram.

J,, = motor inertia

61(i) = load displacement
0)i(t) = load velocity

J1 =load inenia

The free-body diagrams of ihe system are shown in Fig. 4-17ib). The lorque equations of the
system are

i442)

d-Qiii]

dtr
In Wrils case, the system contains three energy-storage elements in J,,,,Ji . and K. Thus, there should be tiuee
state variables. Care should be taken in construciing the slate diagram and assigning Gie statt variables so
Ihai a minimum number of Gie latter are incorporated. Egs. (4-42) and (4-43J are rearranged as

K\9,,{t)-eL{t)]=JL (4-43)

d~9Jt) B, d6,,U) K S .
i4-42)
dedt)
(4-45)
The state variables in this case are defined as X](I) = 0,(tj - OLit}. x2ill = dé&iii)/dt. and
X31l) = d9,,(r)/dt. The stale equations are
dxiit) _
= Xy{t)-x2{i)
di
dx2lt) _ K

The SFG representation is shown in Fig. 4-18.
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inversion between Translational and Rotational Motions

In motion-control systems, it is often necessary to convert rotational motion into ttanslational
motion. For instance, a load may be controlled to move along a straight line through a rotary
motor-and-lead screw assembly, such as that shown in Fig. 4-19. Fig. 4-20 shows a similar
situation in which arack-and-pinion assembly is used as a mechanical linkage. Another familiar
system in motion conirol is ttie control of a mass through a pulley by arotaiy motor, as shown in
Fig. 4-21. The systems shown in Figs. 4-19,4-20, and 4-21 can all be represented by a simple
system with an equivalentinertia connected directly to rie drive motor. For instance, the mass in
Fig. 4-21 can be regarded as a point mass (riat moves about the pulley, which has a radius r. By
disregarding the inertia of the pulley, the equivalent inertia that the motor sees is

(4-47)

If the radius of the pinion in Fig. 4-20 is r, the equivalent inertia that the motor sees is also
given by Eq. (4-47).

Now considerthe system of Fig. 4-19. The lead of the screw, L, is defined as the linear
distance that the mass wavels per revolution of the screw. In principle, the two systems in
Fig, 4-20 and Fig. 4-21 are equivalent. In Fig. 4-20, the distance traveled by the mass per
revolution of the pinion is 2nr. By using Eq. (4-47) asthe equivalent inertia for the system
of Fig. 4-19, we have

- 7 (é ) (4-48)

Tu), eu)
Figure 4-19 Rotary-lo-linear moUon control
system (lead screw).
Drive Figure 4-20 Rotary-to-linear moiion control
motor V.I) system (rack and pinion).

— »i(h)

Figure 4-21 Rotary-to-linear motion
control system (belt and pulley).
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4-1-4 Gear Trains

T~ Figure 4-22 Gear @rain.

A gear train, lever, or timing belt over a pulley is a mechanical device that transmits
energy from one part of the system to another in such a way that force, torque, speed,
and displacement may be altered. These devices can also be regarded as matching
devices used to attain maximum power transfer. Two gears are shown coupled together
in Fig. 4-22. The inertia and friction of the gears are neglected in the ideal case

considered.
The relationships between the torques T\ and T2, angular displacement O) and @' and
the teeth numbers N| and N2 of the gear train are derived from the following facts:

1. The numberofteeth on the surface ofthe gears is proportional to the radii ri and T2
of the gears; that is,

(4-49)
2. The distance traveled along the surface of each gear is the same. Thus.
&1-1-02r2 (4-50)

3. The work done by one gearis equal to that of the other since there are assumed to
be no losses. Thus,

Tre\=T292 (4-51)

If the angular velocities ofthe two gears O)] and (&2 are broughtinto the picture. Egs. (4-49)
through (4-51) lead to

TN 02 Ni o2 n
72 M A2 0N T2

In practice, gears do have inertia and friction between the coupled gear teeth that often
cannot be neglected. An equivalent representation of a gear train with viscous friction.
Coulomb friction, and inertia considered as lumped parameters is shown in Fig. 4-23.
where T denotes the applied torque, Ti and 72 are thetransmitted torque, fci and are the
Coulomb friction coefficients, and Bi and B2 are the viscous friction coefficients. The
torque equation for gear 2 is

dniit) doiit) o2
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Figure 4-23 Gear wain with friction and inertia.
The torque equation on the side of gear 1is
(4-54)

Using Eq. (4-52), Eq. (4-53) is converted to

Eq. (4-55) indicates that it is possible to reflect inertia, friction, compliance, torque, speed,
and displacement from one side of a gear train to the other. The following quantities are
obtained when reflecting from gear 2 to gear 1:

Inertia: Y.

Viscous-frictioncoefficient: f —i B2
\N 1)
Torque: » 72
(4-56)

Angulardisplacement; — &2
N2

Angularvelocity:

- ("2
"2

Coulomb friction torque: — Fc2T -2
N2 (>

Similarly, gear parameters and variables can be reflected from gear 1to gear 2 by simply
interchanging the subscripts in the preceding expressions. If a torsional spring effect is
present, the spring constant is also multiplied by {N\lNIY in reflecting from gear 2 to gear
1. Now substituting Eq. (4-55) into Eq. (4-54), we get

(4-57)

—
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(4-59

—F\f) + TTreqf) (4-60

EXAMPLE 4-1-6 Given a load that has inertia of 0.05 oz-in.-sec” and a Coulomb friction torque of 2 0z-in, find the
inertia and frictional torque reflected through a 1:5 gear train (/V]/A?2= 1/5, with Nz on the load
side). The reflected inertia on the side of Ni is (I/5)"x0.05 = 0.0020z-in.-sec”. The reflectwi
Coulomb friction is (1/5) X2 = 0.40z-in. "

4-1-5 Backlash and Dead Zone (Nonlinear Characteristics)

Backlash and dead zone are commonly found in gear trains and similar mechanical
linkages where the coupling is notperfect. In amajority of situations, backlash may give
rise to undesirable inaccuracy, oscillations, and instability in control systems. In
addition, it has a tendency to wear out the mechanical elements. Regardless of the
actual mechanical elements, aphysical model ofbacklash or dead zone between an input
and an output member is shown in Fig. 4-24. The model can be used for a rotational
system as well asfor a translational system. The amount of backlash is bH on either side
of the reference position.

In general, the dynamics of the mechanical linkage with backlash depend on the
relative inertia-to-friction ratio ofthe output member. If the inertia of the output memberis
very small compared with thatofthe input member, the motion is controlled predominantly
by friction. This means that the output member will not coast whenever there is no contact
between the two members. When the output is driven by the input, the two members will
travel together until the input member reverses its direction; then the output member will be
at a standstill until the backlash is taken up on the other side, at which time it is assumed
that the output member instantaneously takes on the velocity of the input member. The
transfer characteristic between the input and output displacements of a system with
backlash with negligible output inertia is shown in Fig. 4-25.

—»j:(0

— >

Ouipul

Figure 4-24 Physical model of backlash figure 4-25 Input-output characteristic of
between two mechanical elements. backlash.
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N Figure 4-26 Basic passive electrical
N elements, (a) A resistor, (b) An inductor,
@ (b) © (c) A capacitor.

JTRODUCTION TO MODELING OF SIMPLE ELECTRICAL SYSTEMS

First we address modeling of electrical networks with simple passive elements such as
resistors, inductors, and capacitors. Later, in the next section, we address operational
amplifiers, which are active electrical elements.

Ddeling of Passive Electrical Elements

Consider Fig. 4-26, which shows the basic passive electrical elements: resistors, inductors,
and capacitors.

Resistors: Ohm'’slaw states (riat the voltage drop, en{t), across a resistor R is proportional
to Grie cuwent i) going through tiie resistor. Or

€f({l) = i{HR (4-61)

Inductors: The voltage drop, ei{t), across an inductor L is proportional to the time rate
of change of cuwent i) going through the inductor. Thus,

ei) = (4-62)

Capacitor:  Thevoltage drop, ec{t), across a capacitor C is proportional to the integral
cuwent /(0 going throughthecapacitor with  respect to time. Therefore,

ec{)y = p-ndt (4-63)

Ddeiing of Electrical Networks

The classical way of writing equations of electric networks is based on the loop method or
the node method, both ofwhich are formulated from the two laws of Kirchhoff, which state:

Current Law or Loop Method: The algebraic summation of all currents entering a
node is zero.

Voltage Law or Node Method: The algebraic sum of all voltage drops around a
complete closed loop is zero.

*XAMPLE 4-2-1 Lei us consider the RLC network shown in Fig. 4-27. Using the voltage law

=eR+ei+ec
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L
-nnnrt
c:x eff)
eJQ)
Figure 4-27 RLC network, (a) Electrical ics, (b) Signal-flow graph rep

(c) Block diagram represeniation.

Ck=Voltage across the resistor R
= Voltage across the inductor L

e, = Voltage across the capacitor ¢

Using current in C:

(4n
and taking a derivative of Eq. (4-54) widi respect to time, we get the equation of the RLC network &

diGi) i(t)  de{t)
dtr dr A e dt (-67
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A practical approach is to assign the cujTent in Gie inductor L, id), and the voltage across the
capacitor ¢ Ec(0, asthe state variables. The reason for this choice is because ihe state variables are directly
related to the energy-storage element of a system. The inductor stores kinetic energy, and the capacitor
stores elecwic potential energy. By assigning i(f) and CcU) as stale variables, we have a complete
descTlption of the past history (via the initial states) and the present and future states of ihe network.

The state equations for the network in Fig. 4-27 are wrinen by first equating the currentin C and
the voltage across L in terms of the state variables and the applied voltage e(0- In vector-mauix form,
the equations of the system are expressed as

[*.(01 o
di \eAt)] I eil)
dift) TRy,
Lt L L.
This format is also known as the state form if we set
xyit} edt)
Xx2(f). W
2 . 0
X [» gl Xy 1 eft) (4-70)
-2, 1 2
L

The transfer functions of the system are obtained by applying the gain formula to the SFG or block
diagram of the system in Fig. 4-27 when all the initial states are set to zero.

. . . - J (4-71)
Eis) \+{R/L)s'* +i]/LC)s-* i+RCs+LCs" N
I{s) (1™ys-* Cs

4-72
E{s) 1+ [RIL)s-* + (/Zz.C)j-2 1+RCS + LCs" ¢ )

Tmain step responsesfor Eqs. (4-7!) and (4-72) are shown using MATLABforR =1.L=1.¢c =1I:

:c07;
:[L*c R*c 1]
f(hnuml,denl):
f(num2 ,den2) ;
cep (G I.t)
cep (G 2,t) :
tyl. ‘r):
m

ty2,'g’);
LCTiine")
L(Bain?
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EXAMPLE 4-2-2 As another example of writing the state equations of an electric network, consider the networl
shown in Fig. 4-28(a). According 10 (he foregoing discussion, the voltage across lhe capacitor
E‘M), and lhe currents of the inductors, /i(Oand /2(0 . are assigned as state veriastdes, asshown ii
Fig. 4-28(a). The stale equations of the network are obtained by writing the voltages across thi

Figure 4-28 Network of Example 4-2-2. (a) Electrical ic, (b) SFG rep
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inductors and the currents in the capacitor in terms of the three state variables. The Slate

equations are

RN - Acit) + eft) @)
L2A=-R2h{'i+ ‘c{) @)
cM >=1/,(,)-MO @15)

In vector-matrix form, the state equations are written as

e(t) @T16)
X\ r((i ( |) |
X = @O @
3 icw

The signal-flow diagram of the network, without the initial states, is shown in Fig. 4-28(b). The
transfer functions between / 1(5) and £(5), /2(5) and £(5), and Ec(s) and £(5). respectively, are wrinen
from the state diagram

/1(5) L2Csh + R2Cs+1

on
E{s) ~ A S
4-79
£(5) A @™
£.(. L2S+ R2
) @)
E{s) A
A = LiL2Cs” + (RiL2+R2LI)Cs” + (LI + Li + RiR2C)s + Ri + R2 481
Toolbox 4-2-2
Time domain step responsefor the gainformula explained by step responses of Egs. 4-78-4-80 are shown
using MATLAB as illustrated below vorRi =1, R22], U = 1. L2=i, ¢ * i):
pLI=sl L2=1¢c=1;
:30;
= [LZ*CRZ*CI]

num2 = [1]:

num3 = [L2 R2] ;

den = [L1*L2*C R1*L2*C+R2*L1*C L1+L2+R1*R2*C R1+R2] ;
G1 =tf(numl.,den);
G2 = tf(num2,den)

G3 = tf(num3,den)
yl = step (G1,t) ;
y2 = step (G2 ,t) :

step (63 ,t) :
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plot(t,yl, T2
hold on

plot(t,y2, 97
hold on

plot(t,y3, 9
xlabeic Time %)
ylabeic %ain?

+« EXAMPLE 4-2-3 Consider the RC circuit shown in Fig. 4-29. Find the differential equation of the system. Using th'

voltage law
ei,,{t)=e/i{t) + ec{t) @&

where

6R = iR
and Ihe voltage across the capacitor v,.(f) is
ec(0 J idt
But from Fig. 4-29

eoii) = ¢ /

Figure 4-29 Simple electrical RC circuit.
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If we differentiate Eq. (4-85) with respect to time, we get
v dedl)

c dt (4-86)
Céoit) =i
This implies that Eq. (4-85) can be written in an input-output form
en,(t)*RCeo(t)+e,, (1)
In Laplace domain, we get the system wansfer function as
gp(*) 1 (4-89)

Ei,{s) RCs+\
where uie r = i?c is also known as the lime constant of Uie system. The significance of this term is
discussed earlier in Chapter 2, and the initial conditions are assumed to be ei,{r=0) =

eMt=0) =0

Consider the RC circuit shown in Fig. 4-30. Find the differential equation of the system.

Figure 4-30 Simple elecuical RC circuit.

As before, we have

einit) = edt) + e/i{t) (4-90)
em{r)="1 idt+ iR (4-91)

But Vo(r) = iR. So
(4-92)

is the differential equation of the system. To solve Eq. (4-92), we difTerentiate once with respect to
time:

(4-93)

In Laplace domain, we get the system transfer function as
£0(5) _ RCs
Ei,,{s)~ RCs-¥ 1

where, again, r = /?c is the time constant of the sysiem.

(4-94)

Consider the voltage divider of Fig. 4-31 - Given an input voltage <?o(f). find the output voltage e {t) in
trie circuit composed of two resistors /?| and /22.
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>n2

| Figure 4-31 A voltage divider.

The currents in the resistors are

4.95
' «l
i2=liti (4-96
72
The node equation al the ei(l) node is
i,-/2=0 (4-97
Substituting Eqgs. (4-95) and (4-96) into the previous node equation:
=0 (4-98

| m
Rearrangement of lhis equation yields the following equation for the voltage divider:

In Laplace domain, we get
The Sl and most other measurement units for variables in electrical systems are the same, as shown ir

Table 4-3.

TABLE 4-3 Basic Electrical System Properties and Their Units

Parameter Notation Units
Charge Q coulomb = newton-meter/volt
Current i ampere (A)
Voltage e voU(V)
Energy H joule = volt X coulomb
Power P joule/sec
Resistance R ohm (O) - voluamp
Capacitance 4 farad (F)
= coulomb/voit = amp sec/vol
= second/ohm
Inductance L henry (H)
= volt sec/amp
= ohm sec

» 4-3 MODELING OF ACTIVE ELECTRICAL ELEMENTS: OPERATIONAL AMPLIFIERS

Operational amplifiers, or simply op-amps. offer aconvenient way to build, implement, 0
realize continuous-data or .Y-domain transfer functions. In control systems, op-amps ari
often used to implement the controllers or compensators that evolve from ihe control
system design process, so in this section we illustrate common op-amp configurations. Ai
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Figure 4-32 Schematic diagram of an op-amp.

in-depth presentation of Op-amps is beyond the scope of this text. For those interested,
many texts are available that are devoted to all aspects of op-amp circuit design and
applications [8, 9].

Our primary goal here is to show how to implement first-order transfer functions with
op-amps while keeping in mind that higher-order transfer functions are also important. In
fact, simple high-order transfer functions can be implemented by connecting first-order op-
amp configurations together. Only a representative sample of the multitude of op-amp
configurations will be discussed. Some of the practical issues associated with Op-amps are
demonstrated in Chapters 5 and 9.

4-3-1 The Ideal Op-Amp

When good engineering practice is used, an op-amp circuit can be accurately analyzed by
considering the op-amp to be ideal. The ideal op-amp circuit is shown in Fig. 4-32, and it

has the following properties:

1

The voltage between the + and —tewninals is zero, that is, = e~.This property
is commonly called the virtual ground or virtual short.

The currents into the + and - inputterminals are zero. Thus, the input impedance
is infinite.

The impedance seen looking into the output terminal is zero. Thus, the outputis an
ideal voltage source.

The input-output relationship is e,, = Aie"" —e~), where the gain A approaches
infinity.

The input-output relationship for many Op-amp configurations can be determined by
using these principles. An Op-amp cannot be used as shown in Fig. 4-32. Rather,
linear operation requires the addition of feedback of the output signal to the - input
terminal.

4-3-2 Sums and Differences

As illustrated in Chapter 3, one of the most fundamental elements in ablock diagram or an

SFG is the addition or subtraction of signals. When these signals are voltages, op-amps
provide a simple way to add or subtract signals, as shown in Fig. 4-33. where all the
resistors have the same value. Using superposition and the ideal properties given in the
preceding section, the input-output relationship in Fig. 4-33(a) is v, = -fv'a- Vf]. Thus,
the output is the negative sum of the input voltages. When a positive sum is desired, the
circuit shown in Fig. 4-33(b) can be used. Here the output is given by e, = ea + et.
Modifying Fig. 4-33(b) slightly gives the differencing circuit shown in Fig. 4-33(c). which
has an input-output relationship of e,, = eh - ea.
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Figure 4-33 Op-amps used to add and subtract signals.

4-3-3 First-Order Op-Amp Configurations

In addition to adding and subtracting signals, Op-amps can be used to implemei
transfer functions of continuous-data systems. W hile many alternatives are availabl
we will explore only those that use the inverting op-amp configuration shown in Fi;
4-34. In the figure, Z |(i) and ZjU) are impedances commonly composed of resisto
and capacitors. Inductors are not commonly used because they tend to be bulkier ar
more expensive. Using ideal op-amp properties, the input-output relationship, *
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1 Z,wJ—

Eits)

Figure 4-34 inverting op-amp configuratiol

transfer function, of the circuit shown in Fig. 4-34 can be written in anumber of ways,
such as

Gy = Eqfs) z2(i) _
Ei(s) z,(i)  A{s)Y2(s) @-101)
.z 2(s)vigs] = - MO
Y2iS)
where Y\ (j) = 1/Z| (s) and = 1/"2{s) are the admittances associated with the circuit

impedances. The different transfer function forms given in Eq. (4-101) apply conveniently
to the different compositions of the circuit impedances.

Using the inverting op-amp configuration shown in Fig. 4-34 and using resistors and
capacitors as elements to compose Z](s) and Zzis), it is possible to implement poles and
zeros along the negative real axis as well as at the origin in the 5-plane, as shown in Table
4-4. Because the inverting op-amp configuration has been used, all the transfer functions
have negative gains. The negative gain is usually not an issue because it is simple to add a
gain of -1 to the input and output signal to make the net gain positive.

TABLE 4-4 Inverting Op-Amp Transfer Functions

Input Feedback Transfer
Element Element Function
(@) E1 Invening gain, e.g., if Ri
Ri
7| =121
(b) Pole at the origin, i.e.. an
AWV - \R1C2J s integrator
z, =i Hh
(-R2C))s Zero at the origin, i.e., a
differenciator
2=Rz
if2c2’
z, =1l of -R2/R1
R2C2

(Continued)



176 > Chapter 4. Theoretical Foundation and Background Mateiidi. iviuumiily Ul wyiigiiiii:

» EXAMPLE 4-3-1

TABLE 4-4 (Continued)
Input Feedback Transfer
Element Element Function Comments
(e) n 11ca -R2f.S + I/R2C2\ Pole at the origin and a zerc
Avw -] p Ri » -1/R 2C2.i.e.. a Pl coniroll
7| =«|
(f) a R2 Zeroat5= , \ .ie.,aPE
-l-v itic'i
h | J 22=«2 coniroUer
@ « . Poles ats = and a zei
Vv flcj R2C2
1 1 ats= ;o ie.. aleadorl
M |? M | /Ilé'l
conuoller

+*C|

As an example of Op-amp realization of transfer functions, consider the wansier function

Gis)=K,+Ti + Kos @10

where Kp, Kd. and Ki are real constants. In Chapters 5 and 9, this transfer function will be called |
PID controller, since the first term is a proportional gain, the second an integral term, and the thi
a derivative term. Using Table 4-4, the proportional gain can be implemented using line (a), t
integral term can be implemented using line (b), and the derivative term can be implemented usi]
line (c). By superposition, the output of G(s) is the sum of the responses due to each lerm in G(.
This sum can be implemented by adding an additional input resistance to the circuit shown
Fig. 4-33(a). By making the sum negative, the negative gains of the proportional, integral, §
derivative term implementations are canceled, giving the destred result shown in Fig. 4-35. Tl
transfer functions of the components of the Op-amp circuit in Fig. 4-35 are

Proportional: Ep{s) Rj u
E{s) R\
Integral: E,_(S) 1
Eis)
£d{s)
E(s) -RdCds

The oulput voltage is
£,(5) = -[Ep (i) + Ei{s) + £d(i)] (4-10

Thus, the transfer function of the PID op-amp circuit is

By equating Egs. (4-102) and (4-107), the design is completed by choosing the values of the resistc
and the capacitors of the op-amp circuit so that the desired values of Kp. K/. and Kp are matched. T
design of the controller should be guided by the availability of standard capacitors and resislor

It is important to note that Fig. 4-35 isjust one of many possible implemeniations of Eq. (4-10;
For example, it is possible lo implement ihe PID controller wilh just three Op-amps. Also, it
common to add components to limit the high-frequency gain of the differentialor and to limit t
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integrator output magnitude, which is often referred to as aniiwindup protection. One advantage of
the implementation shown in Fig. 4-35 is that each of the three constants Kp, K,, and Ko can be
adjusted or tuned individually by varying resistor values in its O p-amp circuits. Op-amps are also used
in control systems for A/D and D/A conveners, sampling devices, and realization of nonlinear
elements for system compensation. M

» 4-4 INTRODUCTION TO MODELING OF THERMAL SYSTEMS

In this section, we inttoduce thermal and fluid systems. of the I th i

associated with these nonlinear systems, we only focus on basic and simplified models.

4-4-1 Elementary Heat Transfer Properties™

The two key variables in athermal process are temperature T and thermal storage or heat
stored Q, which has the same units as energy. Heat transfer is related to the heat flow rate g,
which has the units of power. That is

(4-108)
As in the electrical systems, the concept of capacitance in aheat transfer problem is related
to storage (or discharge) of heatin abody. The capacitance C is related to the change of the
body temperature T with respect to time and the rate of heat flow q:

g=cf (4-109)

'For more in-depth study of this subject, refer to references [1-7],
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WL ey

-» Figure 4-36 One-dlrectional heat conduction flow.

where the thermal capacitance C can be stated as a product of p material density, ¢ materia
specific heat, and volume V:

C = pcpV (4-110

In athermal system, there are three different ways that heat is transferred; by conduction
convection, or radiation.

Conduction: Thermal conduction describes how an object conducts heat. In general thi;
type of heat transfer happens in solid materials due to a temperature difference betweei
two surfaces. In this case, heat tends to travel from the hot to the cold region. The wansfer 0
energy in this case takes place by molecule diffusion and in adirection perpendicular to Ui
object surface. Considering one-directional steady state heat conduction along -V. as showt
in Fig. 4-36, the rate of heat transfer is given by

kA
q=— AT =D ,-2"T (4-11i:

where q is the rate of heat transfer (flow), k is the thermal conductivity related to inh(
material used, A is the area normal to the direction of heat flow v, and AT" = T\ -T i is the
difference between the temperatures at X= 0 and X = i,07 Tl and T2. Note in this case
assuming a perfectinsulation, the heat conduction in other directions is zero. Also note thai

(4-112:

where R is also known as thermal resistance. So the rate of heat transfer g may bi
represented in terms of R as

(4-113:

Convection: This type of heattransfer occurs between a solid surface and a fluid exposed
to it, as shown in Fig. 4-37. At the boundary where the fluid and the solid surface meet, the
heat transfer process is by conduction. But once the fluid is exposed to the heat, it can be
replaced by new fluid. In thermal convection, the heat flow is given by

(4-114:

Figure 4-37 Fluid-boundary heat convection.
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Figure 4*38 A simple heat radiation system with directls'
opposite ideal radiators.

where @ is the rate of heat transfer or heal flow, h is the coefficient of convective heal
transfer. A is rie area of heat tfansfer. and IT -Ti, - Tf is the difference between the
boundan- and fluid temperatures. The term fiA may be denoted by D(f where

(4-115)

Asain. lrie rate of heat wansier q may be represented in terms of (¥ierma] resistance R. Thus

\T "
(4-116j

Radiation: The rate of heat wansier through radiation between w o separate objects is
deteraiined b> the Siephan-Bolwmann law.

qrOALTI-Ti) (4-117)

where @ is the rate of heat wansfer. a is the Siephan-Bolwmaiui constant and is equal to
5.667 X 10"~ \v/m - A is the area normal to tie heat flow, and Ti and 12 are the
absolute temperarures of the two bodies. Note (riai Eq. (A -117) applies to directly opposed
ideal radiators of equal surface area A that perfectly absorb all the heat without reflection
(see Fig. 4-38).

The Sl and other measurement units for variables in thennal systems are shown in
Table 4-5.

TABLE 4-5 Basic Thermal System Properties and Their Units

Parameter S>mbol Used S| Umc.' CKher Units Conversion Factors
Temperature T CiCeliius)  '¥ iFahrenheiti = F-32 X009

KiKelMfi) -c ="K-273
Energy 'Heal Stored) Q Jljoulet Biu 13= I N-m

calorie I Btu =
lea] = 4-li4)
Hciii Flom Rale y Sliec Beu/sec
\v

Resistance R CAV FiBra-Tin

K.Av
Capacitance c J'kg Cr Bta-F

J'kgK. Btu/'R
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» EXAMPLE 4-4-1 A rectangular object is composed of a material that is in contact with fluid on its top side while beini
perfectly insulated on three other sides, as shown in Fig. 4-39. Find the equations of the heat ttansfei
process for the following:

J Figure 4-39 Heat wansier problem between

A p,c.k afluid and an insulated solid object.

Ti = Solid object temperature; assume that the temperature distribution is uniform
Tf= Top fluid temperature

i = Length of the object

A = Cross sectional area of the object

p = Material density

¢ = Material specific heat

k =Material thermal conduciivity

h = Coefficient of convective heat transfer
SOLUTION  The rate of heat storage in the solid from Eq. (4-109) is
(4-118)
Also, the convection rate of heal transferred from the fluid is

q=hA{T{-T() (4-119)

The energy balance equation for the system dictates q to be the same in Egs. (4-118) and (4-119). Hence,
upon infroducing thermal capacitance C from Eq. (4-109) and the convective thermal resistance R from
Eqg. (4-113) and substituting the right-hand sides of Eq. (4-118) into Eq. (4-119), we get

RCf, = -T, +Tf (4-120)
In Laplace domain, the transfer function of the system is written as

Ti{s)_ 1

This) RCs+\ (@121)

where the fiC = r is also known as the time constant of the system. The significance of this lerm is
discussed earlier in Chapter 2. and the initial conditions are assumed to be 7i{f = 0)
=t{r=0)=0. M

» 4-5 INTRODUCTION TO MODELING OF FLUID SYSTEMS
4-5-1 Elementary Fluid and Gas System Properties™

In this section, we derive the equations of fluid and pneumatic systems. Understanding the
models of these systems will later help in appreciating the models of hydraulic and
pneumatic actuators. 10 be discussed in more detail in Chapter 5. In fluid systems there are
five parameters of importance— pressure, flow mass (and flow rate), temperature, density.

"For a more in-depili study of this subject, refer to references [1-7],
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Figure 4-40 Control volume and the net mass flow rate.

and flow volume (and volume rate). Incompressible fluid systems, just like electrical
systems, can be modeled by passive components including resistance, capacitance, and
inductance. In case of incompressible fluids, the fluid volume remains constant.

To understand these concepts better, we must look at the fluid continuity equation or
the law of conservation of mass. For the control volume shown in Fig. 4-40 and the net
mass flow rate, we have

(4-122)
a=qi-
where m is the net mass flow, p is fluid density. g,,, = Wis the mass flow rate, and q is the net

fluid flow rate (volume flow rate of the ingoing fluid gi minus volume flow rate of the
outgoing fluid o). The conservation of mass states;

= pV+Vij3 (4-124)
a

where m is the net mass flow rate, is the mass of the control volume (or for simplicity
"the container" fluid), and V is the container volume. Note

= (4-121»

which is also known as the conservation of volume for the fluid. For an incompressible
fluid, p is constant. Hence.

in = pv (4-126)

Capacitance— Incompressible Fluids: Similar to the electrical capacitance, fluid capac-
itance relates to how energy can be stored in a Huid system. The fluid capacitance C is the
ratio of the fluid flow rate q to the rate of pressure P\

cni (4-127)

il=cp (4-128)
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» EXAMPLE 4-5-1

EXAMPLE 4-5-2

The pressure in the tank shown in Fig. 4-41, which is filled to height h, is

Figure 4-41 Incompressible fluid flow into a
A cylindrical container.

As aresult, noting that q =

c=r = (4130)
pgh P9

For the general case, what is happening in Fig. 4-40, as the fluid flows into the control volume, ihe

fluid mass will change; so does the pressure. Capacitance expresses the rate of change of the fluid

mass with respect to pressure. That is

dPldt  dP
In general, the fluid density p is nonlinear and may depend on temperature and pressure. This
nonlinear dependency. Pni(p. T). known as the equation of slate, may be linearized using the fini-
order Taylor series relating p,,! to p and T.

where p. Pref* and are constant reference values of density, pressure, and temperature,
respectively. In this case.

are the bulk modulus and the thermal expansion CMfflcient. respectively. In most cases o f interest,
however, the temperatures of the fluid entering and flowing out of the container are almost the same.
Further, if the container of volume Kisarigid object, using Eq. (4-133). Eq. (4-124) may be rewTirten
as

A = pg= Vpsrg=AP=CP (4-135)

In practice, accumulators are fluid capacitors, which may be modeled as a spring-loaded piston
system, as shown in Fig, 4-42, In this case, assuming a spring-loaded piston of area A waveling inside
arigid cylindrical container, the pressure rate is shown as

P=A{<i-V) (4-136)
where V —AX.

Fora pneumatic system, the law of conservation of volume does not apply because uie volume
of a gas varies with pressure or olher external effects. In this case, only the conservation of mass
applies. As aresult. i is cusiomar>' to use the mass flow rate q, as opposed to volume flow rate g in
the equations involving pneumatic systems.

Capacitance— Pneumatic Systems: As in the previous case, capacitance relates to how cDergv-
can be stored in the system, and it defines the rate of change of gas siored in a control volume as
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yyy-

p, Figure 4-42 A spring-loaded piston system.

shown in Fig. 4-40 with respect to pressure. For a constant volume container, the general gas
capacitance relation Eq. (4-131) becomes

where the container volume V is a constant.
For a perfect gas under normal temperatures and pressures, the perfect gas law states:

PV = mRgT (4-138)
where V is the volume of a gas with absolute pressure p and mass m, TIS the absolute temperature of
the gas, and Rg is the gas constant, which depends on the type of gas used. Notice in this case four
parameters p. V,r and m are mathematically relaied- As aresult, to solve one, the other chree must be
somehow related. Using a polytropic process, which is a general process for all fluids relating the
pressure, volume, and mass, we have:

intnNe
(4-139)

where « is called the polyiropic exponent and can vary from 0 to oc. As a result, the capacitance
relation Eq. (4-137) may be restated as

c= (4-140)

Or. using Eqg. (4-138) and knowing m = pv.

As a side note, if in a polylropic process the mass m is constant, and given a process from slate ] to
state 2, ihe general gas law may also be defined by
- (4-142,
T 12
For a constant temperature or an isothermal process, the gas temperatures at any two given
instants are ihe same. Or

In this case, rt = 1in the capacitance relation Eq. (4-140),
For a constant pressure or an isobaric process.
p* =Pi
Vi _V2 (4-144)

In this case, n = 0 in ihe capacitance relation Eq. i4-140).
For a constant volume or an isovolumetric process, the relation becomes

Vi= W
h_Ty (4145
Pi~ T2

In this case, n = oc in the capacitance relation Eq. i4-140).
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= O = Figure 4-43 Fluid forced through a frictionless
Pi Pi pipe of length t.

For areversible adiabatic or an isentropic process, the relation becomes
PiVf = />iy| (4-146)
In this case, n = it in the capacitance relation Eq. (4-140), where Kk is the ratio of specific heats:

k=c<i (4-147)

where Qpis the specific heat of the gas at constant pressure and c,. is ihe gas specific heat at constant
volume. In pneumatic systems, k = 1-4 (for air).

Inductance— Incompressible Fluids: Fluid inductance is also referred to as fluid inertance in
relation to the inertia of a moving fluid inside a passage (line or a pipe). Inertance occurs mainly in
long lines, but it can also occur where an external force (e.g., caused by a pump) causes a significant
change in the flowrate. In the 1in Fig. 4-43, afr pipe with a uniform

fluid flow moving at ihe speed V,in order to accelerate thefluid, an external force F isapplied. From
Newton’s second law,

AP = {P"-P2)
But
V=Av =g (4-149)
So
(P\~P2) = Lg (4-150)
where

(4-.51)

is known as the fluid inductance. The concept of inductance is rarely discussed in the case of
compressible fluids and gases and, therefore, is not discussed here.

Resistance— Incompressible Fluids: As in the electrical systems, fluid resistors dissipate
energy. For the system shown in Fig. 4-44. the force resisting the fluid passing through a passage
like a pipe is

Ff=AAP (4-152)
where AP = P\ - P2 is the pressure drop and A is the cross-sectional area of the pipe. Depending on

the type of flow (i.e., laminar or turbulent) the fluid resislance relationship can be linear or nonlinear
and relates the pressure drop 10 the mass flow rate @,,,. For a laminar flow, we define

\P =Rq,,,=Rpq (4-153)
\p
R= — (4-154)
¢n
where q is the volume flow rate. Table 4-6 shows R for various passage cross sections, assuming a

laminar flow.

Figure 4-44 Flow of an incompressible fluid through
a pipe and a fluid resistor R.
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A One-Tank Liquid-Level
System
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TABLE 4-6  Equations of flesistance Riof Laminar Flows

Ruid resistance P,-

Symbois used Fluid volume flow rate: q
Pressure drop: AP = Pi2 = P \- P1
Laminar resistance: R
fi: Fluid viscosity

w = width; h = height: i = length: d = diameter
Adi
- 4A
dh = hydraulic diameter = .
perimeter
Circular cross section R = 128ui
Ta
Square cross section R = 32
Rectangular cross section R -
wh?
(1+ hiwy
Rectangular cross section: Approximation
w/h = small
Annular cross section
do = outerdiameter; d, = innerdiameter
Annular cross section: Approximation R=n
ndodf

d,,Id, = small

When the flow becomes turbulent, the pressure drop relation Eq. (4-153) is rewritten as
AP =RrC (4-155)

where Rr is the turbulent resistance and « is a power varying depending on the boundary used—e.g.,
n = 1/4 for along pipe and. most useful, n = 2 for a flow through an orifice or a valve.

For the liquid-level system shown in Fig. 4-45. water or any incompressible fluid {i.e.. fluid densily p
is constant) enters die lank from the top and exits through ihe valve in the bottom. The volume flow

'he vaive inlet and the volume flow rate at the valve outlet are g, and @,,. respectively. The fluid
height in the tank is h and is variable. The valve resistance is R. Find the system equation for the input.
q,, and output, /)-

SOLUTION The conservation of mass suggests

dm _d(pV)___

where pq, and pg,, are the mass Row rate in and out of lhe valve, respectively. Because the fluid
density /7 is a constanl, ihe conservalion of volume aiso applies, which suggests the time rate of
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x Figure 4-45 A single-tank liquid-level system.

change of the fluid volume inside the tank is equal to the difference of incoming and outgoing flov

races.

d{Vv) _ d{Ah) -

(4-157

In this case, A is the tank cross-sectional area, and h is the fluid inside the tank height and is a variable

Recall from Eq. (4-131)

= dm/dt
" dpP/dt
Hence
—
dt dt
Or from Eq. (4-158).
cr=n-pg,

(4-158

(4-159:

(4-160:

Using relation Eq. (4-154), the fluid valve resistance R. assuming a laminar flow, is defined as

(4-161.

where A/7is the pressure drop across the valve. Relating the pressure 10 fluid height A, which i;

variable, we get

Pi = Palm + pgh
P2 = Palm

(4-162.

where Pi is in the pressure at the valve inlet and P2 is the outlet pressure, and Pa,,, is the atmospheric

pressure. After combining Egs. (4-157) through (4-162), we gel the system equation;

dh

RCh~h = -gi

(4-163

where ¢ = Alg is the capacitance znd p = R is the resistance. As a result, system time constant ]

t = RC.

<

EXAMPLE 4-5-4 Consider a double lank system, as shown in Fig. 4-46. with 1l and ii2 representing the two tan!
A Two-Tank Liquid-Level heights and /7] and representing the two valve resistances, respeclively. Find Che differentia

System equations.

SOLUTION  Using the same approach as in Example 4-5-3. it is not difficult to see

P\_-_Pi ipam + hy) -
== P pghy)

PO - PN\ = PQi3— =
R\

(4165
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hj .
Ai.p I

y
Figure 4-46 Two-tank liquid-level system.

>

_ pi- Pi_pP2- Pi
! R] Ri
A ipam + pgh\) - (pam + pghl) {pam + pgh) - ; i4-166)
Thus, the equations of system are
(4-167)
(4-168)
Resistance— atic Systems: The resistance for pneumatic ~systems is a bit more compli-

caled. For a gas following the perfect gaslaw Eq. (4-138). the flow through a valve or an orifice of
cross-sectional area A. shown in Fig. 4-47. is related to the outlet pressure p. Note that ihe mass flow
rate @,, on both sides of the valve, by the virtue of continuity, is the same. Not considering the
theoretical details, for a laminar flow U \p =p, - pis small, we have

RI = (4-169)
aqm

where p, is the inlet pressure, p is outlet pressure, g is the volumetric flow rate, and /2 is the
equivalent resistance, which is obtained experimentally. For a turbulent flow, we get
Ap
Re=" (4-170)

where Ry is the turbulent resistance. We use the next example to better illustrate these concepts.

x Figure 4-47 Air flow through a pipe with an orifice.

Consider air passing through a valve and entering arigid container system, as shown in Fig. 4-48. In this

case, the valve is modeled as an orifice, inlet pressure is p,. the mass flow rate is q,,. and the pressure

inside the container (or the valve outletpressure) is p. In this case, it is cufstomary to triink of the pressures

in both sides of the valve as a conbtant pressure p, (or steady state pressure) plus a variation. Thai is,
p.=p. + p

14-171)
p=p.-p

Figure 4-48 Gas flow into a rigid container.
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For the rigid container in Fig, 4-48 with constant volume V, ihe law of conservation o f mass dictates
chat in (rie container

4.172,
dt dt dt ¢ )
where Pi is fluid density before reaching the valve. At the inlet (left side of trie valve), we have
~ =Pig=q., (4-173)
Recall from Eq. (4-131)
4-174
dP/di  dP ¢ )
dm dm/dp (@175
dt  dpldt
= 4-176;
dt dt ¢ )
But from Eq. (4-169) we have
(4-177)
R1
Thus from Egs. (4-176) and (4-173), and using R = R1 for simplicity, we get
= Pi-P (4-178)
dt R
or
+ 4,79,

The differenlial equation can be rearranged as
RCp+p=pi (4-180)

In Laplace domain, the wansier function of the system is written as

1
Pi{s) RCs+\ (@-181)

wherethe /IC = Tisalso known asthe time constant of thesystem. Thesignificance of this term
isdiscussed earlier in Chapter 2,and the inilial conditions areassumed to be p(t= 0)=
Pit = 0) = 0.

Using an isothermal process, where temperature is constant, and taking a derivative of Eq.
(4-138) with respect to time, we have

= <4-182,

From Eq. (4-172) and Eq. (4-182), we gel

ydp 1
dt RJ di

Bui from Egs. (4-169), (4-172), and (4-173), we have
Thus,
After substituting

the differential Eqs. (4-186) and (4-179) become lhe same.
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TABLE 4-7 Basic Fluid and Pneumatic System Properties and Their Units

Parameter Symbol Used Sl Units Other Units Conversion Factors
Temperature T °C (Celsius) °F (Fahrenheit) °c = (*F-32) X5/9
°K (Kelvin) °R (Rankin) =° K + 273
Energy (Hear Stored) Q J (joule) Btii 1J= 1N-m
calorie IBtu= 1055J
Ical = 4.184J
Volume Flow Rare i m"/sec ftv/sec
inWec
Mass Flow Rare kglsec Ib/sec
Resistance (hydraulic) R N-sec/m™ Ibrsec/in®
Resistance (pneumatic) R sec/m” Ibfhr/(ft' 1b”)
Capacitance [hydraulic) C m'IN inMb
Capacitance (pneumatic) C
Time Constant t =RC sec

Using the polytropic process defined in Eq. (4-139), it is easy to see
RCp +P= pi (4-187)

where

The Sl and other measurement units for variables in eiectrica] systems are tabulated in Table 4-7.

» 4-6 SENSORS AND ENCODERS IN CONTROL SYSTEMS

4-6-1 Potentiometer

Sensors and encoders are important components used to monitor the performance and for
feedback in control systems. In this section, the principle of operation and applications of
some ofthe sensors and encoders that are commonly used in control systems are described.

A potentiometer is an electromechanical wansducer that converts mechanical energy into
electrical energy. The input to the device is in the form ofa mechanical displacemeni, either
linear or rotational. When a voltage is applied across the fixed terminals of the potentiometer,
the output voltage, which is measured across the variable terminal and ground, is profwrtional
to die input displacement, either linearly or according to some nonlinear relation.

Rotary potentiometers are available commercially in single-revolution or mullirevolution

form, with limited orunlimitedr i motion. The i are commonly made with
wirewound or d plastic resistance material. Fig. 4-49 shows acutaway view ofarotary
poter ,and Fig. 4-50 1earpotentiometerthatalsocontainsabuilt-inoperahonal

amplifier. For precision control, the conductive plastic potentiometer is preferable, because il has
infinite resolution, long rotational life, good output smoothness, and low static noise.

Fig. 4-51 shows the equivalent circuit representation of a potentiomeier. linear or
rotary. Because the voltage across the variable terminal and reference is proportional to the
shaft displacement of the poientiometer. when a voltage is applied across the fixed
terminals, Ihe device can be used to indicate the absolute position of a system or lhe
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Mckel ribbon
cail termmation
(not shown)

Dual slider contact
position guides
Sollerable brass
terminals
Figure 4-49 Ten-turn rotary potentiometer (courtesy of Helipot Division of Beckman
Instnimenis, Inc.),

Figure 4-50 Linear motion i with built-in i (courtesy of
Waters Manufacturing. Inc.).

relative position oftwo mechanical outputs. Fig. 4-52(a) shows the awangement when the
housing of the potentiometer is fixed at reference; the output voltage e<i) will be
proportional to the shaft position 6>f(r) in the case of a rotary motion. Then

e(r)=KM) (4-189)

Fixed Q Variable
terminals terminal

Figure 4-51 Electric circuit representation of a poientiometer.



4-6 Sensors and Encoders in Control Systems 191

Figure 4-52 Potentiometer used as a position indicator, (bj Two potemiomeiers used to sense the
positions of two shafts.

where is the proportional constant. For an iV-tum potentiometer, the total displacement
of the variable arm is 2ni* radians. The proportional constant Ks is given by

virad (4-190)
2uN

where £ is the magnitude of the reference voltage applied to the fixed terminals. A more
flexible arrangement is obtained by using two potentiometers connected in parallel, as
shown in Fig. 4-52(b). This arrangement allows the comparison of two remotely located
shaft positions. The output voltage is taken across the variable terminals of the two
potentiometers and is given by

e(t) = Ks[ei{i}~e2it) (4-191)

Fig. 4-53 illustrates the block diagram representation of the setups in Fig. 4-52, In
dc-motor control systems, potentiometers are often used for position feedback. Fig.
4-54(a) shows the schematic diagram of a typical dc-motor, position-control system.
The potentiometers are used in the feedback path to compare the actual load position
with the desired reference position. If there is a discrepancy between the load position
and the reference input, an error signal is generated by the potentiometers that will
drive the motor in such away that this error is minimized quickly. As shown in Fig. 4-54
(a), the error signal is amplified by adc amplifier whose output drives the armature of a
permanent-magnel dc motor. Typical waveforms of the signals in the system when the
input dr{t) is a step function are shown in Fig. 4-54(b). Note that the electric signals are
all unmodulated. In confrol-systems tenninologw a dc signal usually refers to an
unmodulated signal. On the other hand, an ac signal refers to signals that are
modulated by a modulation process. These definitions are different from those
commonly used in electrical engineering, where dc simply refers to unidirectional
signals and ac indicates alternating signals.

Figure 4-53 Block diagram repr ion of p i arr in Fig. 4-52.
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9ilt)

Figure 4-54 (a) A dc-motor. position-control sysiem with potentiometers as error sensors,
(b) Typical waveforms of signals in ihc control system of part (a).

Fig. 4-55(a) illustrates aconirol system thai serves essentially the same purpose as
that of the system in Fig. 4-54(a). except that ac signals prevail. In this case, the
voltage applied to ihe error deiecior is sinusoidal. The frequency of this signal is
usually much higher lhan thai of the signal that is being transmitted through ihe
system. Control sysiems wilh ac signals are usually found in aerospace systems that
are more susceptible to noise.

Typical signals of an ac cornrol system are shown in Fig. 4-55(b). The signal V(l) is
referred to as the carrier whose frequency is ojc. or

(/) = E£sinoj(7 (4-192)
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Figure 4-55 (a) An ac conuol system with potentiometers as error detectors, (b) Typical waveforms
of signals in the control system of part (a).

Analytically, the output of the error signal is given by
e{t) = K.er(t)v{t) (4-193)
where 6e(i] is the difference between the input displacement and the load displacement, or
Oeit) = 9r{t) - 9i(t) (4-194)
For the de(t) shown in Fig. 4-55(b), e(l) becomes asuppressed-carrier-modulated signal.
A reversal in phase ofeU) occurs whenever the signal crosses the zero-magnitude axis. This
reversal in phase causes the ac motor to reverse in direction according to the desired sense

ofcouwection of the error signal 9e(t). The term suppressed-carrier modulation stems from
the fact that when a signal 6e{t) is modulated by a carrier signal v(/) according to Eg.
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(4-193). the resultant signal e{i) no longer contains the origina] carrier frequenc>- itc. To
illustrate this, let us assume that de{i) is also a sinusoid given by

6eft) = sincuil (4-195)

where, normally, oji <Sia>c- Using familiar trigonomeuic relations and substituting Egs.
(4-192) and (4-195) into Eq. (4-193). we get

e{t) = iifiE[cos(itrc —c

—cos{o)c + (4-196)

Therefore. e(t) no longer contains the carrier frequency as or the signal frequency (Hf bul
has only the two sidebands Qc+ (Os and Cjc - Qs

When the modulated signal is transmitted through the system, the motor acts as a
demodulator, so that the displacement of the load will be of the same form as the dc signal
before modulation. This is clearly seen from the waveforms of Fig. 4*55(b). Ii should be
pointed out that a control system need not contain all dc or all ac components. li is quite
common to couple a dc component to an ac component through a modulator, or an ac
device to adc device through ademodulator. For instance, the dc amplifier of the sysiera in
Fig. 4-55(a) may be replaced by an ac amplifier that is preceded by a modulaior and
followed by a demodulaior

4-6-2 Tachometers

Tachometers are electromechanical devices that convert mechanical energ>' into elecoical
energy- The device works essentially as a voltage generator, with the output voluge
proportional to the magnitude of the angular velocity of the input shaft. In conwol systems,
most of the tachometers used are of the dc variety: that is. the output voltage is a dc signal.
DC tachometers are used in control systems in many ways; they can be used as velocitj'
indicators to provide shaft-speed readout, velocity feedback, speed conwol. or stabilization.
Fig. 4-56 is a block diagram of a typical velocity-control system in which ie tachometer
output is compared with the reference voltage, which represents the desired velociu- to be
achieved. The difference between the two signals, or the ewor. is amplified and used to
drive the motor so Uiat the velocity will eventually reach the desired value. In this type of
application, the accuracy of the tachometer is highly critical, as the accuracy of the speed
control depends on it.

In aposition-control system, velocity feedback is often used 10 improve the stabilit} or
the damping of the closed-loop system. Fig. 4-57 shows the block diagram of such an
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application. In this case, the tachometer feedback forms an inner loop to improve the
damping characteristics of the system, and the accuracy of the tachometer is not so critical.

The third and most traditional use of a dc tachometer is in providing the visual speed
readout of a rotating shaft. Tachometers used in this capacity are generally connected
directly to a voltmeter calibrated in revolutions per minute (rpm).

Mathematical Modeling of Tachometers
The dynamics of the tachometer can be represented by the equation

de(t)

efi) = K, dt

(4-197)

where &,(0 is the output voltage; 9{t), the rotor displacement in radians; the rotor
velocity in rad/sec; and K,, the tachometer constant in v/rad/sec. The value of K, is
usually given as a catalog parameter in volts per 1000 rpm (V/krpm).

The transfer function of a tachometer is obtained by taking the Laplace transform on
both sides of Eq. (4-197). The result is

E
BRI (4-198)
e(5)
where E,is) and 0 (i) are the Laplace transforms of e,(I) and 9{r), respectively.

4-6-3 Incremental Encoder

Incremental encoders are frequently found in modern control systems for converting linear
or rotary displacement into digitally coded or pulse signals. The encoders that output a
digital signal are known as absolute encoders. In the simplest terms, absolute encoders
provide as output a distinct digital code indicative of each particular least significant
increment of resolution. Incremental encoders, on the other hand, provide a pulse for each
increment of resolution but do not make distinctions between the incremems. In practice,
the choice of which type of encoder to use depends on economics and control objectives.
For the most part, the need for absolute encoders has much to do with the concern for data
loss during power failure or the applications involving periods of mechanical motion
without the readout under power. However, the incremental encoder's simplicity in
construction, low cost, ease of application, and versatility have made it by far one of
the most popular encoders in control systems. Incremental encoders are available in rotary
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Figure 4-58 Rotary incremental encoder Figure 4-59 Linear incremenial encoder
(courtesy of DISC Instruments, Inc.). (courtesy of DISC Instruments. Inc.).

and linear forms. Fig. 4-58 and Fig. 4-59 show typical rotary and linear incremental
encoders.

A typical rotary incremental encoder has four basic parts: a light source, arotary disk,
a stationary mask, and a sensor, as shown in Fig. 4-60. The disk has alternate opaque and
transparent sectors. Any pair of these sectors represents an incremental period. The mask is
used to pass or block abeam of light between the light source and the photosensor located
behind the mask. For encoders wilh relatively low resolution, the mask is noi necessary. For
fine-resolution encoders (up to ihousands ofincremenis perevolution), amultiple-slit mask
is often used to maximize reception of the shutter light. The waveforms of the sensor
outputs are generally triangular or sinusoidal, depending on the resolution required.
Square-wave signals compatible with digital logic are derived by using a linear amplifier
followed by a comparator. Fig. 4-61(a) shows a typical rectangular output waveform of a
single-channel incremental encoder. In this case, pulses are produced for both directions of
shaft rotation. A dual-channel encoder with two sets of output pulses is necessary for
direction sensing and other control functions. When the phase of the two-output pulse wain
is 90° apart electrically, the two signals are said to be in quadrature, as shown in Fig. 4-61
(b). The signals uniquely define 0-to-1 and 1-to-O logic transitions with respect to the
direction of rotation of the encoder disk so that a direction-sending logic circuit can be
constructed to decode the signals. Fig. 4-62 shows the single-channel output and the

Sensor
photovoltaic cell,
pholoiransisior,

phntodiode)
Stationaiy
mask

Figure 4-60 Typical incremental optomechanics.



4-6 Sensors and Encoders in Control Systems 197

cw shaft rotation ccw shaft rotation

13

180° | 180

[— Period —

-»| 90*17 Quadrature

Figure 4-61 (a) Typical rectangular output waveform of a single-channel encoder device
(bidirectional), (b) Typical dual-channei encoder signals in quadrature {bidirectional).

Figure 4-62 (a) Typical sinusoidal output waveform of a single-channel encoder device.
(b) Typical dual-channel encoder signals in quadrature.

quadrature outputs with sinusoidal wavefonns. The sinusoidal signals from the incremental
encoder can be used for fine position control in feedback control systems. The following
example illustrates some applications of the incremental encoder in control systems.

EXAMPLE 4-6 Consider an incremental encoder that generates two sinusoidal signalb in quadrature as the encoder
disk rotates. The output signals of the two channels are shown in Fig. 4-63 over one cycle. Note that
the two encoder signals generate 4 zero crossings per cycle. These zero crossings can be used for
position indication, position control, or speed measurements in control systems. Let us absume that
the encoder shaft is coupled directly to the rotor shaft of a motor that directly dnves the printwheel of
an electronic typewriter or word processor. The printwheel has % charactcr positions on its periphery,
and the encoder has 480 cycles. Thus, there are 480 X 4 = 1920 zero crossings per revoiution. For the
96-character printwheel. this cowesponds to 1920/96 = 20 zero crossings per character; that is. there
are 20 zero crossings between two adjacent characters.
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Output channel | Output channel 2

Figure 4-63 One cycle of the output
signals of a dual-channel
incremental encoder.

One way of measuring the velocity of the printwheel is to count the number of pulses generated
by an electronic clock that occur between consecutive zero crossings of the encoder outputs. Let us
assume that a 500-kHz clock is used; thal is. the clock generates 500,000 pulses/sec. If the counter
records, say. 500 clock pulses while the encoder rotates from the zero crossing to the next, tvie shaft
speed is

500 pulses/zero crossing
lono™rocrossings/sec ~ , 52083rev/sec
1920 zero crossings/rev
= 31.25rpm

The encoder arrangement described can be used for fine position control of the priniwheel. Let the
zero crossing A of the waveforms in Fig. 4-63 correspond to a character position on ihe printwheel
(the next character position is 20 zero crossings away), and the point corresponds to a stable
equilibrium point. The coarse position control of the system must first drive the printwheel position to
within 1zero crossing oneiUierside ofposition/4; then, by using the slope of the sine wave at position
A. the control system should null the error quickly.

4-7 DC MOTORS IN CONTROL SYSTEMS

Direct-current (dc) motors are one of the most widely used prime movers in the industry
today. Years ago, the majority of the small servomotors used for control purposes were
ac. In reality, ac motors are more difficult to control, especially for position control, and
their characteristics are quite nonlinear, which makes the analytical task more difficult.
DC molors. on ihe other hand, are more expensive, because of their brushes and
commutators, and variable-flux dc motors are suitable only for certain types of control
applications. Before permanent-magnet technology was fully developed, the torque-
per-unit volume or weight of a dc motor with a permanent-magnet (PM) field was far
from desirable. Today, with the development of the rare-earth magnet, it is possible to
achieve very high torque-to-volume PM dc motors at reasonable cost. Furthermore, the
advances made in brush-and-commuiator technology have made these wearable parts
practically maintenance-free. The advancements made in power electronics have made
brushless dc motors quite popular in high-performance control systems. Advanced
manufacturing techniques have also produced dc motors with ironless rotors that have
very low inertia, thus achieving a very high torque-to-inertia ratio. Low-time-constant
properties have opened new applications for dc motors in computer peripheral equip-
ment such as tape drives, printers, disk drives, and word processors, as well as in the
automation and machine-tool industries.
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A Uiiifonn. radially,
\ \ 1/ oriented magnetic

Conductor
carrying
current/

Cenierof
rotation Figure 4-64 Torque production in a dc motor.

4-7-1 Basic Operational Principles of DC Motors

The dc motor is basically atorque transducer that converts electric energy into mechanical
energy. The torque developed on the motor shaft is directly proportionalto the field flux
and thearmature cuwent. Asshown in Fig. 4-64, acurrent-carryingconductor is
established in a magnetic field with flux <p and the conductor is located at a distance r
from the center of rotation. The relationship among the developed torque, flux 0, and
current s

T, = K,,0i

(4-200)

where Tmis the motortorque (in N-m, Ib-ft, or 0z-in.); 0, the magnetic flux (in webers); ia,
the armature cuuwent (in amperes); and K,,, a proportional constant.

In addition to the torque developed by the arrangement shown in Fig. 4-64, when the
conductor moves in the magnetic field, a voltage is generated across its terminals. This
voltage, the back emf, which is proportional to the shaft velocity, tends to oppose the
current flow. The relationship between the back emf and the shaft velocity is

eh=K"ou",, (4-201)

where eh denotes the back emf (volts) and O)m is the shaft velocity (rad/sec) of the motor.
Egs. (4-200) and (4-201) form the basis of the dc-motor operation.

4-7-2 Basic Classifications of PM DC Motors

In general, the magnetic field ofadc motor can be produced by field windings or permanent
magnets. Due to the popularity of PM dc motors in control system applications, we shall
concentrate on this type of motor.

PM dc motors can be classified according 10 commutation scheme and armature
design. Conventional dc motors have mechanical brushes and commutators. However, an
important type of dc motors in which the commutation is done electronically is called
briishless dc.

According to the armature construction, the PM dc motor can be broken down into
three types of armature design: iron-core, surface-wound, and moving-coil motors.

Iron-Core PM DC Motors

The rotor and stator configuration of an iron-core PM dc motor is shown in Fig. 4-65. The
permanent-magnet material can be barium ferrite. Alnico, or a rare-eanh compound. The
magnetic flux produced by the magnet passes through a laminated rotor structure that
contains slots. The armature conductors are placed in the rolor slots. This type of dc motor
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Conductors
(bonded to rotating

Figure 4-65 Cross-section view of a permanent- Figure 4-66 Cross-section view of a surface-
magnet (PM) iron-core dc motor. wound permanent-magnei (PM) dc motor.

is characterized by relatively high rotor inertia (since the rotating part consists of the
armature windings), high inductance, low cost, and high reliability.

Surface-Wound DC Motors

Fig. 4-66 shows the rotor construction of a surface-wound PM dc motor. The armature
conductors are bonded to the surface of a cylindrical rotor structure, which is made of
laminated disks fastened to the motor shaft. Because no slots are used on the rotor in this
design, the armature has no "cogging” effect. The conductors are laid out in the air gap
between the rotor and the PM field, so this type of motor has lower inductance than that of
the iron-core structure.

Moving-Coii DC Motors

Moving-coil motors are designed to have very low moments of inertia and very low armature
inductance. This is achieved by placing the armature conductors in (rie air gap between a
stationary flux return patri and the PM structure, as shown in Fig. 4-67. In this case, the
conductor structure is supported by nonmagnetic material— usually epoxy resins or fiber-
glass— to form ahollow cylinder. One end o f the cylinder forms ahub. which is attached to the
motor shaft. A cross-section view of such a motor is shown in Fig. 4-68. Because aU

Conductors
(bonded together by

Figure 4-67 Cross-section view of a surface-
wound permanent-magnet (PMj dc motor.
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Figure 4-68 Cross-section side view of a moving-coil dc motor.

unnecessary elements have been removed from the armature of the moving-coil motor, its
momentofinertia is very low, Because the conductors in the moving-coil armature are not in
duect contact with iron, the motor inductance is very low, and values of less trian 100/iH are
common in this type of motor Its low-inertia and low-inductance properties make the moving-
coil motor one of the best actuator choices for high-performance conuwol systems.

Brushless DC Motors
Brushless dc motors differ from the previously mentioned dc motors in that they employ
electrical (rather than mechanical) commutation o fthe armature cuwent. The most common
configuration of brushless dc motors— especially for incremental-motion applications— is
one in which the rotor consists of magnets and “ back-iron" support and whose commutated
windings are located external to the rotating parts, as shown in Fig. 4-69. Compared to the
conventional dc motors, such as the one shown in Fig. 4-68, it is an inside-out configuration.
Depending on the specific application, brushless dc motors can be used when a low
moment ofinertia is needed, such as the spindle drive in high-performance disk drives used
in computers.

4-7-3 Mathematical Modeling of PM DC Motors

Dc motors are extensively used in conuol systems. In this section we establish the
mathematical model for dc motors. As it will be demonstrated here, the mathematical model
ofadc motoris linear. We use the equivalent circuit diagram in Fig. 4-70 to representa PM dc

Figure 4-69 Cross-section view of a brushless.
permaneni-magnet (PM), iron-core dc motor.
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Figure 4-70 Model of a separately
excited dc motor.

motor. The armature is modeled as aclrcuit with resistance R,, connected inserieswith
inductance La, and a voltage source€hrepresenting the back emf (eleciromoiive force) inthe
annature when the rotor rotates. The motor variables and parameters are defined as follows:

an

= armaturecuuent Lo = armature inductance
= armature resistance Bait) = applied voltage
ef,(t) = backemf Kh = back-emfconstant
Ti{t) = loadtorque 4>= magnetic flux in the air gap
T,.(i) = motortorque to,n{t) = rotorangularvelocily
6m{t) = rotordisplacement Jn, —rotorinertia
Ki = torque constant Bj,, = viscous-friction coefficient

Wi ith reference to the circuit diagram of Fig. 4-70, the control of the dc motor is applied at

the armatureterminals in the form of the applied voltagee™(I). For linear analysis, we

assume thatthe torquedeveloped by the motor is proportional to the air-gap flux and the
armature cuwent. Thus,

T,..() = (4-202)
Because O is constant. Eq. (4-202) is written
= Kiiry) (4-203)
where K, is the torque constant in N-m/A, Ib-fwA, or oz-in/A.

Starting with the control input voltage e*ii), the cause-and-effect equations for the
motor circuit in Fig. 4-70 are

(4-205)

Shit) = (4-206)
at

where TiU) represenis a load frictional torque such as Coulomb friction.
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Figure 4-71 Signa]-flow graph diagram of a dc-motor system with nonzero iniiial conditions.
in Eq. (4-205), ij.t)

Eqgs. (4-204) through (4-207) consider that the applied voltage CaU) is the cause; Eq.
(4-204) considers that dij,t)ldi is the immediate effect due to
Eq. (4-206) defines the back emf; and, finally, in Eq. (4-207). the
and &m(i). By direct

causes the torque

torque 7,,(/) causes the angular velocity Om{t) and displacement
The state variables of the system can be defined as
substitution and eliminating all the nonstate variables from Eqs. (4-204) through (4-207),

the state equations of the dc-motor system are written in vector-matrix form:

(4-209)

[ dia |
ia{t) Ra .
o 2 lLa wic(i) » s
dcomil) . T )
Ki Bm + ea{l) + ) (4-208)
dr o 0 {0 Tm
.0
do,n{t) o . .0 .
Lodt
Notice that, in this case, Tiit) is treated as a second input in the state equations.
The SFG diagram of the system is drawn as shown in Fig. 4-71, using Eq. (4-208). The
transfer function between the motor displacement and the input voltage is obtained from

the state diagram as
Ki
+ [RaJm + B,,La)s” + [KtKi+ R M s

Ea{s)

where TiU) has been set to zero.

Fig. 4-72 shows a block-diagram representation of the dc-motor system. The advan-
tage of using the block diagram is that it gives a clear picture of the transfer function

Us)

Figure 4-72 Block diagram of a dc-motor system.
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relation between each block of the system. Because an s can be factored out of the
denominator of Eq. (4-209), the significance ofthe tranterfunction €>m{s)/Ea{s) is that
the dc motor is essentially an integrating device between these two varktbies. This is
expected because, if CaU) is a consiant input, the output motor displacement w ill behave as
the output of an integrator; that is. it will increase linearly with time.

AlUiough adc motor by itselfis basically an 0f>en-I00p system, the SFG diagram of Fig.
4-71 and the block diagram of Fig. 4-72 show that the motor has a “built-in” feedback loop
caused by the back emf. Physically, the back emfrepresents the feedback of a signal that is
proportional to the negative of the speed of the motor. As seen from Eq. (4-209), the back-
emf constant K(, represents an added term to the resistance Ra and the viscous-friction
coefficientB,,. Therefore, the back-emfeffect isequivalent to an *‘electricfriction, 'mwhich
fends to improve the stabiiity of the motor and, in general, the stability of the system.

Relation between Ki and Ki,

Although functionally the torque constant K, and back-emf constant Kb are two separate
parameters, for a given motor their values are closely related. To show the relationship, we
write the mechanical power developed in the armature as

P =eb{tMI) (4-210)
The mechanical power is also expressed as

P = Tr,it)(0,it) (4-211)
where, in Sl units. T,,{t) is in N-m and is in rad/sec. Now, substituting Egs. (4-205)
and (4-206) in Eq. (4-210). we get

P=7-,(a)()=*rK »  (i)" (4-212)

from which we get
Kh{Vhaa/sec) = Ki(N-m/A) (4-213)

Thus, we see that, in S| units, the values of K/f and Ki are identical if Khis represented in
virad/sec and K, is in N-m/A.
In the British unit system, we convert Eq. (4-210) into horsepower (hp); that is,

g = — hp (4-214)

In terms of torque and angular velocity, p is

where isin ft-Ib and (imft) is in rad/sec. Using Eq. (4-205) and (4-206). and equating

Eq. (4-214) toEq. (4-215). we get
Towi —

- 550
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Thus,

4-217
550 ¢ )

where Kh is in viracusec and Ki is in ft-Ib/A.

y'STEMS WITH TRANSPORTATION LAGS (TIME DELAYS)

Thus far, the systems considered all have transfer functions that are quotients of
polynomials. In practice, pure time delays may be encountered in various types of systems,
especially systems with hydraulic, pneumatic, or mechanical transmissions. Systems with
computer control also have time delays, since it takes time for the computer to execute
numerical operations. In these systems, the output will not begin to respond to an input
until after a given time interval. Fig. 4-73 illustrates systems in which wansporiation lags or
pure time delays are observed. Fig. 4-73(a) outlines an arrangement where two different
fluids are to be mixed in appropriate proportions. To assure that ahomogeneous solution is
measured, the monitoring point is located some distance from the mixing point. A time
delay therefore exists between the mixing point and the place where the change in
concentration is detected. If the rate of flow of the mixed solution is vinches per second
and d is the distance between the mixing and the metering points, the time lag is given by

(4-218)

If it is assumed that the concentration of the mixing point is >>(f) and that it is reproduced
without change Td seconds later at the monitoring point, the measured quantity is

(4-219)

Thickness-
measuring gauge

wg W

Figure 4-73 Systems with transportation lag.
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The Laplace transform of Eq. (4-219) is
i4-220)

where y(i) is the Laplace transform of>(/). The wansier function between b{t) and j(0 is

&) (4-221)

Fig. 4-73(b) illustrates the control of thickness of rolled steel plates. The transfer funciioD
between the thickness at the rollers and the measuring point is again given by Eq. (4-221).

Approximation of the Time-Delay Function by Rational Functions

Systems that are described inherently by transcendental transfer functions are more
difficult to handle. Many analytical tools such as the Routh-Hurwitz criterion (Chapter 2)
are restricted to rational transfer functions. The root-locus technique (Chapter 7) is also
more easily applied only to systems with rational transfer functions.

There are many ways of approximating by a rational function. One way is to
approximate the exponential function by a Maclaurin series; that is,

dip.
e-"" \TaTjs + -iin (4-222)

. . (4-223)
\+TiS+Tyi2

where only Ihree terms ofthe series are used. Apparently, the approximations are not valid
when the magnitude of 7> is large.

A better approximation is to use the Fade approximation [5, 6], which is given in the
following for a two-term approximation:

The approximation of the transfer function in Eq. (4-224) contains a zero in the right-half
i-plane so that the step response of the approximating system may exhibit a small negative
undershoot near | = 0.

4-9 LINEARIZATION OF NONLINEAR SYSTEMS

From the discussions given in the preceding sections on basic system modeling, we
should realize that most components found in physical systems have nonlinear char-
acteristics. In practice, we may find that some devices have moderate nonlinear
characteristics, or nonlinear properties that would occur if they were driven into certain
operating regions. For these devices, ihe modeling by linear-system models may give
quite accurate analytical results over a relatively wide range of operating conditions.
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However, there are numerous physical devices that possess strong nonlinear character-
istics. For these devices, a linearized model is valid only for limited range of operation
and often only at the operating point at which the linearization is cawied out. More
importantly, when a nonlinear system is linearized at an operating point, the linear
model may contain time-varying elements.

earization Using Taylor Series: Classical Representation

In general. Taylor series may be used to expand a nonlinear function /(x(0) about a
reference or operating value Xo(t)- An operating value could be the equilibrium position in
a spring-mass-damper, a fixed voltage in an electrical system, steady state pressure in a
fluid system, and so on. A function ~x(i)) can therefore be represented in a form

f{x(t)) = \:‘c,{x{t)—M<))‘ (4-225)

where the constant c, represents the derivatives o fAx(/)) with respect to x{t) and evaluated
at the operating point X(*t). That is

1
(4-226)

o
fim =fM i) + at —M))+2 . - Mi)f+ (@_227)
If A(x) = j:(f) — is small, the series Eq. (4-227) converges, and a linearization
scheme may be used by replacing y(x(f)) with the first two terms in Eq. (4-227).

That is,

o) «/(*0(0) + - ME)i (4.228)

= 0+ Cii:lr

earization Using the State Space Approach

Alternatively, let us represent a nonlinear system by the following vector-matrix state
equations:

M= (O] (4-229)

where x(0 represents the rt X 1slate vector; r(/), the /7 x 1input vector; and f[x(i). r
()], ann x 1function vector. In general, fis a function of the state vector and the input
vector.



208 ' Chapter 4, Theoretical Foundation and Background Material; Modeling of Dynamic Systems

Being able to represent a nonlinear and/or time-varying system by state equations is a
distinct advantage of the state-variable approach over the ttansfer-function method since
the latter is strictly defined only for linear time-invariant systems.

As a simple example, the following nonlinear state equations are given:

(4-230)

<1adz(0 <)+ r@) (4-231)

Because nonlinear systems are usually difficult to analyze and design, it is desirable to
perform a linearization whenever the situation justifies it.

A linearization process that depends on expanding the nonlinear state equations into a
Taylor series about anominal operating point or trajectory is now described. All the terms
ofthe Taylor series of order higher than the first are discarded, and the linear approximation
of the nonlinear state equations at the nominal point results.

Let the nominal operating wajectoiy be denoted by xo(0- which corresponds to the
nominalinput ro(0 and some fixed initial states. Expanding the nonlinear state equation of Eq,
(4-229) into aTaylor series about x(/) = xo(/) and neglecting all the higher-order terms yields

(r,-r, i) (4-232)

where f= 1, 2. Ni. Let

Wt/ = X - xo, (4-233)
(4-234)
Mi - Xi- XQi

Xoi = /i(xo0,ro)

Eq. (4-232) is written
(4*237)

Eq. (4-237) may be written in vector-matrix form;

Ax = AAX"B'Ar



XAMPLE 4-9-1

4-9 Linearization of Nonlinear Systems 209

m 3fr

dxl - dx2 3x,

dh g4 dfi
E &

dxi  dx2 dx, (4-239)

dh df

dxl  6X2 dx,

fi SA*

Sri dri dr,

% 3

6r. Bn drp (4-240)
%L

dn  dr2

The following examples serve to illustrate the linearization procedure just described.

Find the equation of motion of a mwith amassm and a massless rod of length /. as shown ii
Fig. 4-74.

SOLUTION  Assume the mass is moving in the positive direction as defined by angle 0. Note that 6 is
measured from the X axis in the counter-clockwise direction. The first step is to draw the free-body
diagram of the components of the system, i.e., mass and the rod, as shown in Fig. 4-74(b). For the
mass m, the equations of motion are
'YARA = ma:, (4-241)
YAFy = timy (4-242)

where fv  and Fyareihe external forces applied to massm, and and Oy areihecomponents of
acceleration of mass minX andy, respectively. Accelerationof mass m isa vector with tangential and
centripeial components. Using the rectangular coordinate frame (x, y) representation, acceleration vector is

a= (fécose-iérsin»)j (4-243)
where | and J are the unit vectors along X and y directions, respectively. As a result,

a, = (-(osino - (4-244)

oy= ~GCOSO-

Figure 4-74 (a) A spring-supponed pendulum,
(b) (b) Free-body diagram of mass m.
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Considering the external forces applied to mass, we have
n = -F tcose + mg (4-246)

-F tsine (4-247)

Egs. (4-241) and (4-242) may therefore be rewritten as
-F tcose + mg = m("-e 'aune - eé” sine) (4-248)
-PTine = m”eecose - ee"sindj (4-249)

Premuliiplying Eq. (4-185) by (-sin&) and Eq. (4-186) by (cos O) and adding the two, we get

-mg sinO= mié (4-250)
where (sin"¢ + COS = 1). After rearranging, Eq. (4-250) is rewritten as
mee + mgsin9 = 0 (4-251)
A
o+ Rine =0 (4-252)

In brief,using static equilibrium position &= 0 as the operating point, forsmall motions the
linearizationof the system implies AO' = Os= sin O Hence, the linear represenlaiion of the system is
9+ |e = 0.
Alternatively in the state space form, we defineX] = Oand X = Oas state variables, and as a result ihe
state space representation of Eq. (4-252) becomes

i| =x2

8 . _ i4-253)
X2 = singj

Substituting Eq. (4-253) into (4-173) with r(f) = 0, since there is no input (or external excitations) in
this case, we gel

~Al(o e (4-254)
- («55)
where Ajt| (i) and ax2{t) denote nominal values of XiU) andX2U). respectively.Notice triat the lasi
two equations are linear and are valid only for small signals.In vector-mauix form, theselinearized
Slate equations are written as
ni(o FO O biriy @)
A2(0, @ o™ Ax2(r)
i4-257)

It is of interest to check the significance of the linearization. If Xoi is chosen to be at the origin of the
nonlinearity, xo\ = 0, tien a = K".Eq. (4-255) becomes

Ax2(n =K Sxi{i) (4-258)
Switching back to classical representation, we gel
6+ Ke=0 (4-259)

» EXAMPLE 4-9-2 Forthe pendulum shown in Fig, 4-74, re-derive the differentia] equation using the moment equation.
SOLUTION  The free-body diagram fiéor the momem equatiion is shown in Fig. 4-74. Applying UK
moment equation about the fixed point 0.
Mo = mira
-1 sing +mg =
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Rearranging the equation in the standard input-output differential equation form,
mée + mgBNi6 = Q (4-261)
or

6+ |sing = 0 (4-262)

which is the same result obtained previously. For small motions, as in Example 4-9-1,

sing *=9 (4-263)
The linearized differentiai equation is
9+0jl9=0 (4-264)
where
= (4-265)
<

In  Example4-9-1, thelinearized system turns out to betime-invariant. Asmentioned earlier,
linearization of anonlinear system often results in a linear time-varyingsystem. Consider the
following nonlinear system:

(4-266,

iz(<)=«(HjtI(") («67)
These equations are 10 be linearized about the nominal trajectory [;toi(i)’ ©02(01' which is the solution
to the equations with initial conditions X\(0) = X2(0) = 1 and input u{t) = 0.
Integrating boUl sides of Eq. (4-267) with respect to t, we have

ic2(i)=X2(0) = | (4-268)

Then Eq. (4-266) gives
= (4-269)
Therefore, the nominal trajectory about which Egs. (4-266) and (4-267) are to be linearized is described by
noy(f) = -r+ 1 (4-270)
XQzit) = 1 (4-271)

Now evaluating the coefficients of Eq. (4-237), we get

. sli0 2 % (» s/2io
ax{}  © ai2®)ii(0 aii(i) VR
Eq. (4-237) gives
<A2(0 = «0(0~1(0 (4-274)
By substituting Egs. (4-270) and (4-271) into Egs. (4-273) and (4-274), the linearized equations are
Aii(/) 0 2 Ay
. A 4-275
Al2(). 0 0 GT2() 1og A0 (4-275)

which is a set of linear state equations with time-varying coefficients.

Fig. 4-75 shows the diagram of a magnetic-ball-suspension system. The objective of the system
is to control the position of the steel bail by adjusting the current in the eiecvomagnet ihrough the
input voltage e(l). The differential equations of the system are

Hi)= «i() + (4-277)

at
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Mg

Figure 4-75 Magnetic-ball-suspension system.

where
e{t) = input voltage
y{t) = ball position
i{t) = winding current
R = winding resistance
L = winding inductance
M — mass of ball
g = gravitational acceleration

Let us define the slate variables 1 X][f)*y{t),X2(t)=dy{l)ldt. and XiU) = i{t). The stale
equations of the system are

O it (@28)
dat == X2
ax2m 1#) (@-2791
M xiit)
(4-280)

Let us linearize the syslem about ihe equilibrium point >>o(i) = JQ = constant. Then,

di (4-281;

=0 (4-282:

The nominal value of J(0 is determined by substituting Eq. (4-282) into Eq. (4-276)

Thus.
‘o(f) =-ro3(i) = VMgXOoi
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The linearized stole equation is expressed in the form of Eq. (4-238). with the coefficient matrices A"
and B’ evaluated as

-0 1 0 - "o 1 0 -
A 0 2% &- 0
— Mxoi  ~  ap \Mxoi) (4-285)
R R
o o [ L

NALOGIES

Comparing Egs. (4-11), (4-41), and (4-65), it is not difficult to see that the mechanical
systems in Egs. (4-11) and (4-41) are analogous to a series RLC electric network shown in
Example 4-2-1. As a result, with this analogy, mass M and inertia J are analogous to
inductance L, the spring constant K is analogous to the inverse of capacitance 1/C, and the
viscous-friction coefficient B is analogous to resistance R.

AMPLE 4-10-1 Itis logical, in Example 4-1-1. to assign KO. the velocity, and/*(0. the force acting on the spring, as
state variables, since ihe former is analogous to the currenl in L and ihe latter is analogous to the
voltage across C. Writing die force on M and Ihe velocity of the spring as functions of the state
variables and the input force /(/), we have
Force on mass;

(4-287)
at

Velocity of spring:
1 dMt)
K di
The final equation of motion Eq. (4-11) may be obtained by dividing both sides of Eq. (4-287) by M
and multiplying Eq. (4-288) by K. Hence, in terms of displacement y{/).
dhu)"Bdy{t) K f(t)

= v(0 (4-288)

(4-289)
Considering Example 4-2-1, after rewriting Eq. (4-67) as
= -eAt) - Riy) +eu)

and using the current relation Eqg. (4-66):

the comparison of Eq. (4-287) with Eq. (4-290) and Eq. (4-288) wilh Eq. (4-29J) clearly shows the
analogies among the mechanical and electrical components.

mCAMPLE 4-10-2 As another example of writing the dynamic equations of a mechanical system with (ranslalionai
motion, consider the system shown in Fig. 4-9(a). Because the spring is deformed when it is subject
to a force/{/), two displacemenis. y, and >2. must be assigned i0 the end points of the spring. The
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EXAMPLE 4-10-3
A Pneumatic System

Figure 4-76 Elecuwic network analogou;
the mechanical system in Fig. 4-10.

free-body diagra 1 of the system is shown in Fig. 4-9(b). The force equations are

Ky~ {t)-y2{]-

dt
These equations are rearranged as
(4-294)
dh2{t)
T (4-295)
dir" ¢ )
By using the lasi two equations, the SFG diagram of the system is drawn in Fig. 4-10(a). The stale
variables are defined as X\ (/) = >2(0 and X2U) = dv2(f)/<""- state equations are written directly
from the state diagram:
.= (4-296)
i X2{t) ( )
dx2il) @-297)

As analternative, we can assign the velocity v(/) ofthe massM a e state variable and the force/*(f)
on the spring as the other state variable. We have

4:[@ ~ 1 (4-298)

*(0 = m (4-299)
One may wonder why there isonly one state equation in Eq. (4-287), whereas there are two state vari*les
in v(f) andfkU)- The IWO state equations of Egs. (4-296) and (4-297) clearly show that the system isoitrie
second order. The situation is better explained by referring to the analogous electric network of tie system
shown in Fig. 4-76. Although (tie network has two energy-storage elements in L and c. and thus tiere
should be two state variables, the voltage across the capacitance e,.f) in this case is redundant, since it is
equal to ihe applied voltage eU). Egs. (4-298) and (4-297) can provide only the solutions to the velocity of
M. v(i). which is the same as (hiUydt. once//) is specified. Then >2(/) is determined by integrating v(i)
with respect to I. The displacement 3i(0 is then found using Eqg. (4-292). On the other hand. Egs. (4-296)
and (4-297) give Ihe solutions to \2(/) and dy2(I)kll dtrectly. and >-|(f) is obtained from Eq. (4-292).
The transfer functions of Uie system are obtained by applying the gain formula to the stale diagram.

wor L (4-300)
F{s) s[Ms+ B)

4 Ms” -rB s K
Vi) Msh-rBs (4-301)

F(s)~ Ks{Ms+ B)

Dry air passes through a valve into a rigid 1 nr' container, as shown in Fig. 4-77, at a constant
temperature T = 25"C(= 298"K).The pressure at the left-hand side ofthe valve is;j,. which ishigher
than the pressure in the tank p. Assuming a laminar flow, the valve resistance becomes linear.
R = 200sec/m-- Find the time constant of the system.
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Figure 4-77 A pneumatic system with a valve and a
spherical rigid tank.

SOLUTION  Assuming atf as an ideal gas, isothermal process, and low pressures, from Example 4-5-5.
rie equation of tie system is

o Pi (4-302)
where air at standard pressure and temperature is represented as an ideal gas,
=RMNJ p=- A p (4-303)
Thus, the time constant is
(4-304)

where, from reference [1] at the end of this chapter,
. ftIbf 0.3Q48 m 4.45 N kg m/sec” Ibm

fiair = 5335 | wor  fe Ibf N 0.4536kg "K(9/5)'

For the liquid-level system shown in Fig. 4-45, C = A/g is the capacitance and ;0= " is the
resistance. As a result, system time constant isT = RC. Comparing the thermal, fluid, and electrical
systems, similar analogies may be obtained, as shown in Table 4-8.

TABLE 4-8 Mechanical. Thermal, and Fluid Systems and Their Electrical Equivalents
System R.QL Analogy
Mechanical (translation) F = Bv{t) e= >F
R=B i{t)=>v(t)
. hy
FAK julthdt where
e = voltage
c=1 i{t) —current
K F = force
m = jijF ¢ v{t) = linearvelocity
=M
Mechanical (rotation) T = B(0(t) e=>T
R=B i(t) = >coft)
T=kJ aitidt where
e = voltage
i{t) - current
T = torque
0=-Tdt io{t) = angular velocity
L=1J
Fluid (incompressible) AP = Rq(t) (laminar flow) e=>AP
R depends on flow regime i{t) = >q(i)
qft) = CP where
¢ depends on flow regime e = voltage

2(f) = current

{Continued)
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TABLE 4-8  (Continued}

System R.C.L Analog}
where p = pressure
A = areaofcross section qit) = volmneflowraii
| = length

p = fluid density
Thermal e=>T
R=—
1f where

e = voltage
i(t) = current
T = temperature
q(t) = heal flow

CASE STUDIES

EXAMPLE 4-11-1 Considerthe system in Fig, 4-78. The purpose of the system considered here is to cODuol the position

of the fins of a modem airship. Due to the requirements of improved response and reliability, tb
surfaces of modern atrcratr are conuolled by eleci¥ic actuators with electronic conuwols. Gone aretit
days when the ailerons, rudder, and elevators of the alrcraft were all linked to the cockpit ihrougl
mechanical linkages. The so-called fly-by-wire conuwol system used in modern aircraft implies tha
the attitude of aircraft is no longer conuolled entirely be mechanical linkages. Fig. 4-78 illustrates thi
controlled surfaces and the blcx:k diagram of one axis of such a position-conool system. Fig. 4-7!
shows the analytical block diagram of the system using the dc-motor model given in Fig. 4-72. Thi
system is simplified to the extent that saturation ofuie amplifier gain and motor torque, gear backlasti
and shaft compliances have all been neglected. (When you get into the real world, some of ibesi
nonlinear effects should be incorporated into the mathematica] model to come up wiuvi a bene
coniroller design that works in reality. The reader should refer to Chapter 6. where (riese topics an
discussed in more detail.)

The objective of the system is lo have the output of the system. ¢y(0, follow the input dr(t). Thi
following system parameters are given initially:

Gain of encoder K, = lv/rad

Gain of preamplifier K = adjustable

Gain of power amplifier Ki = 10v/v

Gain of cuuent feedback K2 =0.5V/A

Gain of tachometer feedback X, =OV/rad/sec
Amature resistance of motor =5.0n

Annature inductance of motor 0.003H

Torque constant of motor K, =9.002-in./A
Back-emf constant of motor w6 = 0.0636 v/rad/sec
Inertia of motor rotor Jn, = 0.0001 oz-in.-sec
Inertia of load JI = 0.0loz-in.-sec®
Viscous-friclion coefficient of motor Bm = 0-005 oz-in.-sec
Viscous-friction coefficient of load BL = 1.00z-in.-sec
Gear-train ratio between motor and lo N = = 1/10

Because the motor shaft is coupled to the load through a gear train with a gearratio ofM 6y = SBm
the total inertia and viscous-friction coefficient seen by die motor are

n"AJI = 0.0001 + 0.01/100 = 0.0002 0z-in.-sec-

ir (4-305
B, ~ = 0.005 + 1/100 = 0.0150z-in.-sec
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Sensor k- 1
POWERAMPLIRER GEAR
j-jQ -. PREAMP -jQ -.
WuH CURRENTFB TOAIN Position
of conuol
surface
TACHOMETER
Figure 4-78 Block diagram of an attitude-control system of an aircraft.
Gear
Preamp ratio
Power amplifier
Cuiient feedback
Tachometer feedback
Figure 4-79 Transfer-function block diagram of the system shown in Fig. 4-78.
respectively. The fonvard-path tfansfer function of the unity-feedback system is written from
Fig. 4-79 by applying the SFG gain fonnula:
C{s) = 0.(5)
K.KiKiKN (4-306)
j[273,j2 + {RAJ, + LaB, + KiK2J)s+ RgB, + KiKiB, + KiKb + KK]K.K,]
The system is of the third order, since Oie highest-order term in G(s) is s*. The electrical time constant
of the amplifier-motor system is
=, .= |" =0.0003sec (4-307)
Aa+ ftyA2” 5+5
The mechanical time constant of the motor-load system is
» = 0701333.ec (4-308)
AMPLE 4-11-2 In this case study, we shall model a sun-seeker conuol system whose purpose is to control the attitude

of a space vehicle so that it will track the sun with high accuracy. In the system described here,
wacking the sun in only one plane is accomplished. A schematic diagram of the system is shown in
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Figure 4-80 Schematic
diagram of a sun-seeker
system.

Evor discriminator

Fig. 4-80. The principal elements of the error discriminator are two small rectangular silicon
photovoltaic cells mounted behind a rectangular slit in an enclosure. The cells are mounted in sucha
way that when the sensor is pointed at the sun, abeam of light from the slit overlaps both cells. Silicon
cells are used as current sources and connected in opposite polarity to the input of an op-amp. Any
difference in the short-circuit current of tie two cells is sensed and amplified by the op-amp. Because
the current of each cell is proportional to the illumination on ihe cell, an error signal will be present al
the output of the amplifier when the light from the slit is not precisely centered on the cells. This error
voltage, when fed to the servoamplifier, will cause the motor to drive the syslem back into alignment.
The description of each part of the system is given in the following sections. n

Coordinate System

The centerofthe coordinate system is considered to be ai the outputgear ofthe system. The

reference axis is taken to be the fixed frame of the dc motor, and all rotations are measured

with respect to this axis. The solar axis, or the line from the output gear to the sun. makes an

angle &r{t) with respect to the reference axis, and 60{t) denotes the vehicle axis with respect

to the reference axis. The objective of the control system is to maintain the error between
and 600 . “ (0 * near zero:

(4-309)
The coordinate system described is illustrated in Fig. 4-81.

Error Discriminator

When the vehicle is aligned perfectly with the sun, a{t) = 0, and fa(i) = ib{t) = /, or
ia(f) = ib{i) = 0. From the geometry of the sun ray and the photovoltaic cells shown in
Fig. 4-81. we have

(4-310)

7= — - Z-tano(i) (4-311)
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Figure 4-81 Coordinate system of the sun-seeker system.

where oa denotes the width of the sun ray that shines on cell A and ob is the same on cell B,
for a given a(r). Because the cuwent iait) is proportional to oa and iby) is proportional to

ob, we have

iw=1/+nrtana{() (4-312)
(4-313)

forO < tana(l) < H'/2L.For 1V/2L < tan<«(() < (C - M'/2)/Z, thesunrayiscorapletcly
on cell A. and i,(() = 2/, ((» = 0. For (c - wIViL < tana(() < (C! H'/2)i, 4{i)
decreases linearly from 2/ to zero. ia{t) = ib{t) = 0 for tana(f) > (C + Vy/2)/L There-
fore, the ewor discriminator may be represented by the nonlinear characteristic of Fig.
4-82, where for small angle a{/), tana(/) has been approximated by a(i) on the abscissa.

The relationship between the output of the op-amp and the cuwents ia(i) and i*(0 is

eoft) = [ia(/) - «*(?)] (4-314)

Figure 4-82 Nonlinear characteristic of the ewor discriminator. The abscissa is tan a, but it
is approximated by a for small values of a.
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Js+B

Figure 4-83 Block diagram of the sun-seeker system.

Servoamplifier

The gain of the servoamplifier is -K. With reference to Fig. 4-83, the output of thf

servoamplifier is expressed as

ea{t) = -K[eo{t)+e {t)] = -Kes{t)

Tachometer

(4-315]

The output voltage of the tachometer e, is related to (rie angular velocity of the motoi

through the tachometer constant K;:

eft) -

The angular position of the output gear is related to rie motor position through

ratio \/n. Thus,

eo=-e,,

DC Motor

The dc motor has been modeled in Section 4-6. The equations are

ea(l) = Raiait) + ebft)
eb{t) =

TAii) = Kiirv)

(4-316)

the geai

(4-317)

(4-318)
(4-319)

(4-320)

(4-321)

where J and B are the inertia and viscous-friction coefficient seen at the motor shaft. The
inductance ofthe motoris neglected in Eq. (4-318). A block diagram thal characterizes all

the functional relations of the system is shown in Fig. 4-83.

» EXAMPLE 4-11-3 Classically, the quaner-car model is used in ihe study o f vehicle suspension systems and the resulting
dynamic response due to various road inputs. Typically, ihe inertia, stiffness, and dampins character-
istics of ihe system as illuslraied in Fig. 4-84(a) are modeled in a iwo degree of freedom (2-DOF,
system, as shown in (b). Although a 2-DOF system is a more accurale model, it is sufficient for UK

following analysis to assume a I-DOF model, as shown in (c).
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(b) (©
Figure 4-84 Quarter-car model realization, (a) Quarter car. (b) Two degrees of freedom, (c) One
degree of freedom.

Open-Loop Base Excitation
Given the system illustrated in Fig. 4-84(c), where

m Effective \a car mass 10 kg

K Effective stiffness 2.7135 N/m
Cc Effective damping 0.9135 N-m/s™
x(t) Absolute displacement of the mass m m

y(0 Absolute displacement of the base m

z(t) Relative displacement WO-yCO) m

the equation of motion of the system is defined as follows;
mx(t) + cx{i) + kx{t) = cy{t) + ky{t) (4-322)

which can be simplified by substituting the relation z{t) = x{t) -~ (r) and non-dimension-
alizing the coefficients to the form

mo+ = -gil) = -0 (i) (4-323)
The Laplace transform of Eq. (4-323) yields the input-output relationship

Z{s)_ -1 - (4-324)
A{s) + 2isco,,s + aii

where the base acceleration ~(5) is the Laplace transform of a(i) and is the input, and

relative displacement z(i) is the output.

Closed-Loop Position Control
Active control of the suspension system is to be achieved using the same dc motor
described in Section 4-7 used in conjunction with arack as shown in Fig. 4-85.

Y-' Figure 4-85 Active control of the 1-DOF model via a dc motor
and rack.
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In Fig. 4-85, Tit) is tie torque produced by the motor with shaft rotation 6, and r is die radiusi
the motor drive gear. Thus, Eq. (4-322) is rewritten to include (vie active component,/(r;

mx + cx + kx = cy + ky+ f{t) (4-321
mz+ cz+kz =f(t) - my=/(r) - maft) (4-32(
(4-32

Because z = 6r, we can substitute Eq. (4-327) into Eq. (4-326), rearrange, and take th
Laplace transform to get

Noting that z(j)/r = ©{i), this is analogous to previous inpul-output relationships wher
0 (i) = Geg{T{s]-Td{s))\ hence, the term mrA{s) is interpreted as a disturbance torqu<
The block diagram in Fig. 4-86 can thus be compared to Fig. 4-85, wher
J =mr*+Jm, B = cr® + Bm, and K = kr*. Using the principle of superposition, Ihi
system is rearranged to the following form:

Kmr

(4-321

JTA(s)

{"s+ \Yjs™+Bs+K)+"' " s

4-12 MATLAB TOOLS

Apart from the MATLAB toolboxes appearing with the chapter, this chapter does n(
contain any software because of its focus on theoretical development. In Chapters 6 and*
where we address more complex control-system modeling and analysis, we will imroduc
the Automatic Control Systems MATLAB and SIMULINK tools. The Automatic Conur(

\ (i) K, r Zs)
) .

Figure 4-86 Block diagram of an armature-controlled dc motor.
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Systems software (ACSYS) consists of a number of m*files and GUIs (graphical user
interface) for the analysis of simple control engineering transfer functions. It can be
invoked from the MATLAB command line by simply typing Acsjs and then by clicking on
the appropriate pushbutton. A specific MATLAB tool has been developed for most chapters
of this textbook. Throughout this chapter, we have identified subjects that may be solved
using ACSYS, with a box in the left margin of the text titted “MATLAB TOOL."

The most relevant components of ACSYS to the problems in this chapter are Virtual
Lab and SIMLab, which are discussed in detail in Chapter 6. These simulation tools
provide the user with virtual experiments and design projects using systems involving dc
motors, sensors, electronic components, and mechanical components.

This chapter is devoted to the mathematical modeling of physical systems. The basic mathematical
relations ofelectrical, mechanical, thermal, and fluid systems are described using differential equations,
state equations, and transfer functions. Analogies were used to relate the equatrons of these systems.
The operations and mathematical descriptions of some of the commonly used components in control
systems, such as error detectors, tachometers, and dc motors, are presented in this chapter.

This chapter includes various examples. However, due to space limitations and the intended scope
of this text, only some of the physical devices used in practice are described. The main purpose of this
chapter is to illusUate the methods of system modeling, and ttie coverage is not intended to be exhaustive.

Because nonlinear systems cannot be ignored in the real world, and this book is not devoted to
the subject, Section 4-9 introduced Wie linearization of nonlinear systems at a nominal operating
point. Once the linearized model is determined, the performance of the nonlinear system can be
investigated under the small-signal conditions at the designated operating point.

Systems with pure time delays are modeled, and methods of approximating the transfer
functions by rational ones are described.

In the end, three case study were that reflect i of
practical applications.

V QUESTIONS

1. Among the three types of friction described, which type is governed by a linear mathematical
relation?

2. Given atwo-gear system with angular displacement & and 2, numbers of teeth Ni and N2, and
torques Ti and Tz, write the mathematical relations between these variables and parameters.

3. How are potentiometers used in control systems?

4. Digital encoders are used in control systems for position and speed detection. Consider that an
encoder is set up to output 3600 zero crossings per revolution. What is the angular rotation of the
encoder shaft in degrees if 16 zero crossings are delected?

5. The same encoder described in Question 4 and an electronic clock with a frequency of | MHz
are used for speed measurement. What is the average speed of the encoder shaft in rpm if 500 clock
pulses are detected between two consecutive zero crossings of the encoder?

6. Give the advantages of dc motors for control-systems applications.

7. What are the sources of nonlineariiies in a dc motor?

8. What are the effects of inductance and inertia in a dc motor?

9. What is back emfin a dc motor, and how does it affect the performance of a control system?
10. What are the electrical and mechanical time constants of an electric motor?

11. Under what condition is the torque constant K, of a dc moior valid, and how is it related to the
back-emf constant Khl
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12. Aninertial and frictional load is driven by a dc motor with torque T,,.The dynamic equaUonc
the system is

If the inertia is doubled, how will it affect the steady-state speed of the motor? How will the steady
state speed be affected if, instead, the frictional coefficient B,,, is doubled? What is the mechanica
constant of the system?

13. What is a tachometer, and how is it used in conwol systems?
14. Give the transfer function of a pure time delay Td-

15. Does the linearization technique described in this chapter always result in alinear time
invariant system?

The answers to these review questions can be found on this book's GO 1 Web site
www.wiley.com/college/golnaraghi.
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PROBLEMS

PROBLEMS FOR SECTION 4-1
4-1. Consider the mass-spring system shown in Fig. 4P-1.

Figure 4P-1

(a) Find the equation of the motion.

(b) Calculate its natural frequency.

4-2.  Consider the five-spring one-mass system shown i Fig. 4P-2,
(a) Find its single spring-mass equivalent.

(b) Calculate its natural frequency.
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4-3.  Fig. 4P-3 shows a simple model of a vehicle suspension system hitting a bump. If the mass of

the wheel and its mass moment of inertia are m and J, respectively, then:
(a) Find the equation of the motion.

(b) Determine the transfer function of the system.
(c) Calculate its natural frequency.

(d) Use MATLAB to plot the step response of the system.

Figure 4P-3

4-4.  Write the force equations of the linear wanslational systems shown in Fig. 4P-4.

>1

M2 w

Figure 4P-4
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(a) Draw the system block diagrams or SFGs.
(b) Define the slate variables as follows:
(i) X] = y2 X2 = dyj/dt, X3 = yi. andA4 = dy\/dt
(i) Xi = y2,X2= y\. mdxi= dyt/di
(iii) X\ = yi. X2 =yi. andx3 = dy2ldt
(c) Write the state equations. Find Uie ransier fuDctions and Y2(s)IF(s)
4-5. Write the force equations of the linear translational system shown in Fig. 4P-5- Draw sysien

block diagrams. Write the state equations. Find the tfansfer functions y,(i)/F (5) and Y2(s)IF{s). So
Mg = 0 for the transfer funciions.

Figure 4P-5

4-6. Consider a train consisting of an engine and a car. as shown in Fig. 4P-6.

Figure 4P-6

A controller is applied to Ihe train so Ihai it hab a smoolh Sian and stop, along with a constant-speec
ride. The mass of the engine and the car are M and m. respectively. The two are held togeiher by i
spring with lhe stiffness coefficienl of K. F represents the force applied by the engine, and ii
represents the coefficient of rolling friction. If the train only wavels in one direction:

(a) Draw the free-body diagram.

(b) Find Uie stale variables and output equations.

(c) Find the ansfer function.

(d) Write ihe state-space equations of ihe system.
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4-7. A vehicle towing a trailer through a spring-damper coupling hitch is shown in Fig. 4P-7. The
following parameters and variables are defined: M is the mass of the trailer; Kh. the spring constant of
uie hitch- By, the viscous-damping coefficient o f the hitch; B,, the viscous-friction coefficient of the
wailer;>i(f). the displacement o f the towing vehicle; y2(i), the displacement of the trailer; and/(f), the
force of the towing vehicle.

Figure 4P-7

(a) Write lhe differential equation of the system.

(b) Write the state equations by defining the following state variables; X|(f) =yi(i) —>2(0
mtz() = dyividt.

4-8. Assume that trie di: 1tangle ofthe shown in Fig. 4P-8 are small enough that
the spring always remains honzontal. If the rods with the length of L are massless and the spring is
attached to the rods | from the top. find the state equation of the system.

N

Figure 4P-8

4-9. Fig. 4P-9 shows an inverted pendulum on a cart.
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If the mass of the cart is represented by M and the force/is applied to hold the bar at the desirs
position, then

(a) Draw the free-body diagram.

(b) Determine the dynamic equation of the motion.

(c) Find the transfer function.

(d) Write the state space of the system.

If/is an impulse signal, plot the impulse response of the system by using MATLAB.

4-10. A two-stage inverted pendulum on a cart is shown in Fig. 4P-10.

If the mass of the cart is represented by M and the force/is applied to hold ihe bar at the desirec
position, then

(a) Draw the free-body diagram of mass M.

(b) Determine the dynamic equation of the motion.

(c) Find the transfer function.

(d) Write the stale space equations of the system.

4-11. Fig. 4P-11shows awell-known “ball and beam" system in control systems. A ball is locatec
on abeam to roll along the length of the beam. A lever arm is attached to the one end of the beam and i
servo gear is attached to the other end of the lever arm. As the servo gear turns by an angle O the leve:
arm goes up and down, and then the angle ofihe beam is changed by a. The change in angle causestht
ball to roll along the beam. A controller is desired to manipulate the ball's position.
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Assuming:
m = mass of Gie ball
r= radius of the ball
lever arm offset
g = gravitational acceleration
L = length of the beam
J'= baH's moment of inenia
p = ball position coordinate
@ = beam angle coordinate
9 = servo gear angle
(a) Determine the dynamic equalion of the motion.
(b) Find the wansier function.
(c) Write the state space equations of the system,
(d) Find the step response of the system by using MATLAB.
4-12.  The motion equations of an aircraft are a set of six nonlinear coupled differential equations.
Under certain assumptions, they can be decoupled and linearized into the longitudinal and lateral

equations. Fig. 4P-12 shows a simple model ofairplane during its flight. Pitch conirol is alongitudinal
problem, and an autopilot is designed to control the pitch of the airplane.

Figure 4P-12

Consider that the airplane is in steady-cruise at constant altitude and velocity, which means the
thrust and drag cancel out and the lift and weight balance out each other. To simplify the problem,
assume that change in pilch angle does not affect ihe speed of an aircraft under any circumstance.
(a) Determine Uie longitudinal equations of motion of the aircraft.

(b) Find the transfer funciion and state-space variables.

4-13.  Write the torque equations of the rotational systems shown in Fig- 4P-13. Write lhe state
equations. Find the transfer function 0 (j)/r{s) for the system in (a). Find the transfer functions
Qi[s)/T(s) and 02(s)/7(i) for ihe systems in pans (b). (c), (d). and (e).

4-14.  Wrile the torque equations of the gear-Irain system shown in Fig. 4P-14. The moments of
inertia of gears are lumped as 7. J2. and Ji. T,,.tf) is the applied torque; jV|, A2 NT. and Ni are the
number of gear teeth. Assume rigid shafts

(a) Assume thaty1,72-and Ji are negligible. Write Chetorque equations of the system. Find the total
inenia ihe motor sees.

(b) Repeat part (a) with the moments of inenia Ji. J2. and Jy
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Figure 4P-13

Figure 4P-14

4-15. Fig. 4P-15 shows a molor-load system coupled through a gear train with gear ratio
n = Ni/N2-The motor torque is T,,,il). and Ti_[i) represents a load torque.

(a) Find the optimum gear ratio n' such that the load acceleration at = is maximized.
(b) Repeat pan (a) when the load torque is zero.

Figure 4P-15
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4-16. Fig. 4P-16 shows the simplified diagram of the printwheel control system of an old word
processor The printwheeliscontréued by adc motor through belts and pulleys. Assume that the belts
Le rigid. The following parameters and variables are defined: TJ,l) is the motor torque; ihe
motor displacement; y(/), the linear displacement of tie printwheel; J,,, the motor inertia; B,,, Ae
motor viscous-friction coefficient; r, the pulley radius; M. the mass of the printwheel.

(a) Write the differential equation of the system.

(b) Find the ransfer function Y{s)/T,,{s).

Jnt
Figure 4P-16

4-17. Fig. 4P-17 shows the diagram of a printwheel system with belts and pulleys. The belts are
modeled as linear springs with spring constants Ki and K2.
(a) Write the differential equations of the system using 6m and y as the dependent variables.

(b) Write the state equations using X\ = r9m~y, Xi = dyidt, and X3 = = d6,/dt as the state
variables.

(c) Draw a state-flow diagram for the system,
(d) Find the transfer function Y{s)/T,,.{s).
(e) Find the characteristic equation of the system.

J,, =0

Figure 4P-17

4-18. The schematic diagram of a steel-rolling process is shown in Fig. 4P-18. The steel plate is fed
through the rollers at a constant speed of V fus. The distance between the rollers and the point where

Figure 4P-1
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the thickness is measured is d ft. The rotary displacement of the motor, .(/). i§ eenverted te the
linear displacement by the gear box and liaear-actuator combination >>(/) = where nisa
positive constant in iurad. The equivalent inertia of the load that is reflected to the motor shaftis J .
(a) Draw a functional block diagram for the system.

(b) Derive the forward-path transfer function Y{s)/E(s) and the closed-loop oansfer funciiOD
Y{s)/R{s).

4-19. The schematic diagram of a motor-load system is shown in Fig. 4P-19. The following
parameters and variables are defined; T,,(t) is the motor torque; U}m{l), the motor velocity; the
motor displacement; <UE.(/), the load velocity; &i.(r). the load displacement; K. (rie torsional spring
constant; J,,, the motor inertia: B,,, the motor viscous-friction coefficient; and B1, trie load viscous-
friction coefficient.

(a) Write the torque equations of the system.

(b) Find the wansier functions 0i,(s)/rm (i) and 0,(i)/rm (5)-

(c) Find the chaiacterisiic equation of the system.

(d) Let Tm(r) = T,,bsa constant applied torque; show that Wm = Q)L = constant in the steady state.
Find the steady-state speeds Wm and (I)L

(e) Repeat part (d) when the value of Jt is doubled, bul J,, stays the same.

ILr Tir)
(o0
Figure 4P-19

4-2«. This problem deals with ihe attitude conuol of a guided missile. When waveling through the
atmosphere, a missile encounters aerodynamic forces that tend to cause instability in tie attitude of
the missile. The basic concern from the flight-control standpoint is the lateral force of the atr, which
tends to rotate ihe missile about ils center of gravity. If the missile centerline is not aligned with the
direction in which the center of gravity ¢ is waveling, as shown in Fig. 4P-20, with angle 6. which is
also called the angle of attack, a side force is produced by the drag of the air trough which the missile
wavels. The total force Fq may be considered to be applied at the center of pressure p. As shown in
Fig- 4P-20. this side force has atendency to cause the missile to tumble end over end, especially if the
point p isin front of the center of gravity ¢ Let the angular acceleration of the missile about the poim
c. due to the side force, be denoted by Of. Normally. F is directly proponional to the angle of attack
Qand is given by

OF=-n9
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where Kp is a constant that depends on such parameters as dynamic pressure, velocity of Ihe
missile, air density, and so on, and

J — missile moment of inertia about ¢

d\ = distance between ¢ and p

The main objective of tie flight-control system is to provide the stabilizing action [0 counter the
effect of Ihe side force. One of the standard conirol means is to use gas injection a( the tail of Ihe
missile to deflect the direction of ihe rocket engine thrust Ts, as shown in the figure.
(a) Write a torque differential equation to relate among T,, @ & and the system parameters given.
Assume that 5 is very small, so that sin 8(/) is approximated by &(/).
(b) Assume thal T, is a consiant torque. Find Uie transfer function 0(s)/A(s), where 0(s) and A (i)
are the Laplace transforms of 0{t) and S{t), respectively. Assume that 5(i) is very small.
(c) Repeat parts (a) and (b) with points ¢ and p interchanged. The di in the expression of Off should
be changed to d2-

4-21. Fig. 4P-21(a) shows a well-known “broom-balancing” system in control systems. The
objective of the control system is 10 maintain the broom in the upright position by means of the
force «(/) applied to the car as shown. In practical applications, the system is analogous to a one-
dimensional control problem of the balancing of aunicycle or a missile immediately after launching.
The free-body diagram of the system is shown in Fig. 4P-21(b), where

- »u)
"0
CAR
) ) (OIS
(@ (b)
Figure 4P-21
1, = force at broom base in horizontal direction

Iv = force at broom base in vertical direction
Mh = mass of broom

g = gravitational acceleration
mass of car

Jh = moment of inertia of broom about center of gravity cc = MhLijl
(a) Write the force equations in the X and the y directions at the pivot point of the broom. Write the
torque equation about the center of gravity c ¢ of the broom. Wriie the force equation of the car in the
horizontal direction.
(b) Express the equations obtained in part (a) as state equations by assigning the slate variables as
X\ =9, X2= doidi. J3= X. andjT4 = dx/dt. Simplify these equations for small 0 by making the
approximations sing”~&andcosé” 1.
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(c) Obtain a small-signal linearized state-equation model for the system in the forni of
i? A = A-Ax()+B-ArW

at the equilibrium point JToi(0 = £02(0 = 0, JCO3()) = O, and X0i{t) = 0.

4-22. Most machines and devices have rotating parts. Even a small irregularity in the mass
disdibution of rotating components can cause vibration, which is called rotating unbalanced. Fig.
4P-22 represents the ic of a rotating ur mass of m. Assume that the frequency of
rotation of the machine is 0).

(a) Draw the state-flow diagram of the system.

(b) Find the ttansfer function.
(c) Use MATLAB to obtain the time response of the system.

Friction
"Free

4-23. Vibration absorbers are used to protect machines that work at the constant speed from steady-
state harmonic disturbance. Fig. 4P-23 shows a simple vibration absorber.

Figure 4P-23

Assuming the harmonic force F[t) = Asin(0>0 is the disturbance applied to the mass M:
(a) Derive the state space equations of the system.

(b) Determine the u-ansfer function of the system.

4-24. Fig. 4P-24 represents a damping in the vibration absorption.

Assuming the harmonic force F([) = i4sin(w/) is the disturbance applied to the mass M:
(a) Derive the state space equations of the system.

(b) Determine the transfer function of the system.
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Figure 4P-24

PROBLEMS FOR SECTION 4-2
4-25. Consider the elecuical circuits shown in Figs. 4P-25(a) and (b).

r Li u
o— £ Tifrs I— AVA—0

a) ~c, =kc2 vi,

Figure 4P-25

For each circuit:

(a) Find the dynamic equations and state variables.

(b) Determine ihe transfer function.

(c) Use MATLAB 10 plot the step response of ihe system.

4*26. An electromechanical system shown in Fig. 4P-26 represents a moveable-plate capacity.
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Assume lhat the plate a of the parallel capacitor is fixed and the plate b widi mass M is moved by
forcel. If C(j:) = when the £is the dielectric constant and A is Ihe surface of u»e plaics. then the
elecinc field produces a force opposing the motion of the plates, and it is related to UK charge (%)
across lhe plates: ft =

(a) Find the differential equations of this system.
(b) Determine X(s)/Cis).

4-27. Consider the electromechanical system shown in Fig. 4P-27.

(b) Find the differential equation that describes the operation of the system.
(c) Calculate ihe transfer funciion of the system,

4-28. Repeat Problem 4-27 for ihe elecwomechanical system shown in Fig. 4P-28.

Figure 4P-28

PROBLEMS FOR SECTION 4*3
4-29. Find the transfer function of the circuit for the simple Op-amp clrcuit given in Fig. 4P-29-

4-30.  An Op-amp circuit with connection to bolh lerminals is shown in Fig. 4P-30.
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Figure 4P-30

The op-amp can be modeled as

w=1i-=0

when v+ and v_ represent the voltaces of positive and negative terminals, respectively, and /+ and i.
show the current of (iese terminals.

(a) Find the positive feedback ratio.

(b) Find the negative feedback ratio.

(c) Determine when the circuit remains stable.

4-31. Find the transfer fiinction for each circuil given in Fig. 4P-31.

PROBLEMS FOR SECTION 4-4

4-32. A lhermal lever is shown in Fig. 4P-32.

As shown. lhe actuator is a pure electtic resistance and the heal flow is senerated by the elecuic
power input. The lever (at the top) moves up or down proportionally, dependins on the difference
between the temperature of the ambient air and the temperature of the actuator. Calculate UtiVXCi).
assuming zero iniiial conditions.
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JZL

Figure 4P-32

4-33. Hot oil forging in quenching vat with its cross-sectional view is shown in Fig. 4P-33.

Figure 4P-33

The radii shown in Fig. 4P-33 are r|, r2, and r3 from inside to outside. The heat is wansiened to the
atmosphere from the sides and bottom of the vat and also the surface of the oil with a convective
heat coefficient of ko. Assuming:

k,. = The thermal conductivily of the vat

ki = The thermal conductivity of the insulator

Cg—The specific heat of the oil
da = The density of the oil

c = The specific heat of the forging

m = Mass of the forging

A = The surface area of the forging

h=The thickness of the boltom of the val
To= The ambient temperature

Determine the system model when Uie temperature of the oil is desired.

4-34. A power supply within an enclosure is shown in Fig, 4P-34. Because the power supply
generates lots of heat, a heat sink is usually attached 10 dissipate the generated heat. Assuming the rate
of heal generation within the power supply is known and constant, Q. the heat transfers from ihe power
supply to the enclosure by radiation and conduction, the frame is an ideal insulator, and the heal sink
temperature is constant and equal to the atmospheric temperature, determine the model of the system
that can give the temperature of Ihe power supply during its operation. Assign any needed parameters.

Figure 4P-34



Problems 239

4-35. Fig. 4P-35 shows a heat exchanger system.

Fluid B

Figure 4P-35

Assuming the simple material transport model represents the rale of heat energy gain for this
system, then
{mc)[T2 - Ti) =qgained

where m represents the mass flow, T[ and T2 are the entering and leaving fluid temperature, and ¢
shows the specific heat of fluid.

If the length of the heat exchanger cylinder is L, derive a model to give the temperature of Fluid
B leaving the heat exchanger. Assign any required parameters, such as radii, thermal conductivity
coefficients, and the thickness.

PROBLEMS FOR SECTION 4-5

4-36. The objective of this problem is to develop alinear analytical model of the automobile engine
for idle-speed control system shown in Fig. 1-2. The input of the system is the ihrollle position that
controls the rate of air flow into the manifold (see Fig. 4P-36). Engine torque is developed from the
buildup of manifold pressure due to air intake and the intake of the att/gas mixture into the cylinder.
The engine variations are as follows:

Figure 4P-36

q,{l) = amount of air flow across throttle into manifold
dg,{t)ldl = rate of air flow across throttle into manifold
= average air mass in manifold
= amounl of air leaving intake manifold through intake valves
dQoiO/dt = rate of air leaving intake manifold through intake valves
T{t) — engine torque

Ta = disturbance torque due to application of auto accessories = constant
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euit) = engine speed

@(f) = thronie position
TD = lime delay in engine
Je = inenia of engine

The following assumptions and mauiematical rel Qdie engine variables are given;
1. The rate of air flow into the manifold is linearly dependent on ihe ihrotUe positioo:
dthj_r)l= K\ —proportional constaDt
i

N

. The rate of air flow leaving the manifold depends linearly on wie air mass in the manifold aad the
engine speed:

d“gr(‘)—: K2q,,(i) + KiuHl) K2- Ki = coDstant

3. A pure time delay of To seconds exists between the change in the manifold ail mass and the eDgine
torque:
T(t) = Ktqmir - td) = constant
4. The engine drag is modeled by a viscous-friction torque where B is the viscous-friction
coefficient.
5. The average air mass is determined from
6. The equation describing the mechanical components is

TU }=J"+Ba(l)+Tj
(a) Draw afunctional block diagram of the system with a(r) asthe input, 0)(/) asthe output, and Tjas
the disturbance input. Show the wansfer function of each block.
(b) Find the Iransfer function Q (i)/a (i) of the system.
(c) Find the characterislic equation and show that it is not rational with constant coefficients.
(d) Approximate ihe engine lime delay by

1+ tds/2
and repeat pans (b) and (c).

4-37. Vibration can also be exhibited in fluid systems. Fig. 4P-37 shows a u tube manometer.

_ iy

Figure 4P-37

Assume the length of fluid is L. the weight density is fi. and the cross-section area of die tube isA.
(a) Write the state equation of the system.

(b) Calculate the natural frequency of oscillation of the fluid.

4-38. A long pipeline connects a water reservoir to a hydmiJic generaior system as shou-n in Fig. 4P-38.
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Figure 4P-38

At the end of the pipeline, there is a valve conuwoUed by a speed controller. It may be closed quickly to
stop the water flow if the generator loses iu load. Determine the dynamic model for the level of the
surge tank. Consider the turbine-generator is an energy converter. Assign any required parameters.
4-39. A simplified oil well system is shown in Fig. 4P-39.

In this figure, the drive machinery is replaced by the input torque, Ti,{t). Assuming the pressure in
the surrounding rock is fixed at p and the walking beam moves through small angles, determine a
model for this system during the upstroke of the pumping rod.

Walking Beam
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4-40. A hydraulic servomotor usually is used for the speed conuol of engines. As shown in Fig.
4P-40, the reference speed is conuolled by the throttle lever. The flyweight is moved by engine, so
then ihe differential displacement of the spring determines the input to the hydraulic servomotor.
Determine the state space model of the system.

Figure 4P-40

4-41. Fig. 4P-41 shows a two-tank liquid-level system. Assume that Qi and Qi are the sieady-staie
inflow rates, and H/ and Fi2 are steady-state heads. If the other quantities shown in Fig. 4P-41 are
supposed to be small, derive ihe siate-space model of the system when hi and Aj are outputs of ihe
system and gn and @2 are the inputs.

Ci+9,1 G:+i2
v P4 p—
Hi+f
i  G— 'S i X - »Gi+i:+90
.7,
Figure 4P-41

PROBLEMS FOR SECTION 4-6
4-42.  An accelerometer is a transducer as shown in Fig. 4P-42.
(a) Find ihe dynamic equaiion of motion.

(b) Determine Ihe transfer function.
(c) Use MATLAB U) plot its impulse response.
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voltage

Figure 4P-42

4-43. Fig. 4P-43(a) shows the setup of the temperature control of an att-flow system. The hot-water
reservoir supplies the water that flows into the heat exchanger for heating the air. The temperature

sensor senses the atr temperature 2nd sends it to be compared with rie reference temperature Tr-

Heal Temperature
exchanger sensor I,

Figure 4P-43
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The temperature error Te is sent to the conwoller, which has the transfer fuDClion GA")- Tbe outputof
the controller. «(r), which is an electric signal, is converted to apneumaiic signal by a transducer. The
output of the actuator conwols the water-flow rate through the three-way vajve. Fig. 4P-43(b) shows
the block diagram of the system.

The following parameters and variables are defined: i/M». is the flow rate of the heating fluid =

Kmu\ Km = 0.054kg/sW; T*, the water temperature = Kr = 65°c/kg/s: and the
output air temperature. Heat-wansfer equation between water and air:
dro

at” =T,-Tao Tc= 10seconds

Temperature sensor equation:
=2 seconds

(a) Draw a functional block diagram that includes all the wansfer functions of the system.
(b) Derive the transfer function 740 (i)/7r(j) when Gc(5) = 1

4-44.  An open-loop motor conuol system is shown in Fig. 4P-44.

The potentiometer has a maximum range of 10 turns (20;rrad). Find the transfer functions Eo(s)!
Tmis)- The following parameters and variables are defined: &,,(i) is lhe motor displacement:

the load displacement; T,,U), the motor torque; J,,,, the motor inertia; the molor viscous-friction
coefficient; Bp, the potentiometer viscous-friction coefficient; toiO, the output voltage: and K. the
torsional spring constant.

4-45. The schematic diagram ofaconlrol syslem containing a motor coupled to atachometer and an
inertial load is shown in Fig. 4P-45. The following parameters and variables are defined: T,, is [he
motor torque; J,,. the motor inertia; the tachometer inertia; JI, the load inertia; K\ and Kj. ihe
spring constants of the shafts: tii, the tachometer displacement; 6,5 ihe molor velocity: OL the load
displacement; 0}, the tachometer velocity: O)L. ihe load velocity: and B,,,, the motor viscous-friction
coefficient.
(a) Write the state equations of the system using 6i., 9,. U, e,. andtOm as the state variables (in
the listed order). The motor torque T,,, is the input.
(b) Draw a signal flow diagram with T,, al ihe left and ending with 6i on the far right- The stale
diagram should have a total of 10 nodes. Leave out the initial states.

0,(5)
m T[s) TJs) T,{s)
(d)Find the characteristic equation of the sysiem.

(c) Find the following transfer functions:

Tachometer Motor

Figure 4P-45
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4-46. Phase-lockesd loops are conirol systems used for precision motor-speed control. The basic
elemenis of a phase-locked loop system incorporating a dc motor are shown in Fig. 4P-46(a). An
input pulse wain represents the reference frequency or desired output speed. The digital encoder
produces digital pulses that represent motor speed. The phase detector compares the motor speed and
the reference frequency and sends an euwor voltage to the filter (conuoller) that governs the dynamic
response of the system.

Phase detector gain = Kp, encoder gain = Key counter gain = \IN, and dc-motor torque constant =
Ki. Assume zero inductance and zero friction for the motor.

(a) Derive the wansier function £f(j)/£'(j) of the filter shown in Fig. 4P-46(b). Assume that the filter
sees infinite impedance at the output and zero impedance at the input.

(b) Draw a functional block diagram of the system with gains or transfer functions in the blocks.
(c) Derive the forward-path wansfer function dm{s)IE{s) when the feedback path is open.

(d) Find the closed-loop tfansfer function U.m{s)/Fr{s).

(e) Repeat parts (a), (c). and (d) for the filler shown in Fig. 4P-46(c).

(f) The digital encoder has an output of 36 pulses per revolution. The reference frequencyfr is fixed at
120 pulses/s. Find in pulses/rad. The idea of using the counter N is that. with/, fixed, various
desired output speeds can be attained by changing the value ofN. Find N if the desired output speed is
200 rpm. Find N if the desired output speed is 1800 rpm.

dc motor

(b) ©

Figure 4P-46

4-47. Describe how an incremental encoder can be used as a frequency divider.
PROBLEMS FOR SECTION 4-7
4-48. The voltage equation of a dc motor is written as

ra(f) = fioio(i) +Ln— Kny, {t)

where eo(t) is the applied voltage; 4(0, the armature current; /?,. the armature resistance; La. the
armature inductance; Kh, the back-emf constant; the motor velocity: and cu,,(t). the reference
input voltage. Taking the Laplace transform on both sides of the voltage equation, with zero initial
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conditions and solving for we get

Egjs) - [Rg + Los)lg{s)

Kb

which shows that the velocity information can be generated by feeding back the armamre voltage and
current. The block diagram in Fig. 4P-48 shows a dc-motor system, with voltage and cuTTCDt
feedbacks, for speed control.
(a) Let Ki be a very high gain amplifier. Show that when Hi{s)/He{s) = —(Ra + the motor
velocity U),,(r) is totally independent of the load-disturbance torque Tt-
(b) Find the transferfunction between  (5) and fir(.s){7i. = 0) when i/,<i) and//*(5) are selected as
in part (a).

Figure 4P-48

4-49. Fig. 4P-49 shows the schematic diagram of a dc-motor control system for the cOllU01 of the
printwheel of a word processor. The load in this case is the priniwheel, which is directly coupled
to the motor shaft. The following parameters and variables are defined: K, is tie error-delector
gain (V/rad); K,, the torque constant (oz-in./A); K, the amplifier gain (V/V); Kf,. the back-emf
constant (V/rad/sec): n, the gear-train ratio = 92/6m = T,n/T2\ B,,,, the motor viscous-friction
coefficient (oz-in.-sec); y,, the motor inertia (oz-in.-sec”); Kl, the torsional spring constant of
the motor shaft (0z-in./rad); and JL the load inenia (oz-in.-sec").

(a) Write the cause-and-effect equations of the system. Rearrange these equations into die form of
slate equations with Ji = €0, X2 —oja, Xi - 6m, X4 = wm, andjTs '/,

(b) Draw the signal flow diagram using the nodes shown in Fig. 4P-49(b).

(c) Derive the fonvard-pawi tfansfer function (with the outer feedback path open);
C(1) = 00(i)/0<.(j). Find Ihe closed-loop transfer function M{s) = 0(,(.T)/@r(i)-

(d) Repeat pan (c) when ihe motor shaft is rigid; i.e., KI = 00. Show that you can obiain the
solutions by taking the limit as KI approaches infinity in the results in part (c).

Figure 4P-49
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4-50. The schem 1 of a voice-coil motor (VCM), used as a linear actuator in a disk
memoiy-storage system, is shown in Fig. 4P-50{a). The VCM consists of a cylindrical permanent
magnet (PM) and a voice coil. When current is sent (rrough the coil, the magnetic field of the PM
interacts with the cunent-caiiying conductor, causing trie coil to move linearly. The voice coil of the
VCM in Fig. 4P-50(a) consists of a primary coil and ashorted-tum coil. The latter is installed for the
purpose of effectively reducing the elecoic constant of the device. Fig. 4P-50(b) shows the equivalent
circuit of the coils. The following parameters and variables are defined; Cfli/) is the applied coil
voltage; ia(0. the primary-coil current: the shorted-tum coil cuwent; the primary-coil
resistance; La, &ie primary-coil inductance: La., the mutual inductance between the primary and
shoned-tum coils; I<f). the velocity of the voice coil; y(t), the displacemenl of the voice coil;
I(i) = ir,v(/). the force of the voice coil; Ki, the force constant; Kh. the back-emf constant;
ety{t) = Kbv{t). Ihe back emf; Mr. the total mass of ie voice coil and load; and Br, the total
viscous-fticlion coefficient of the voice coil and load,

(a) Write the differentia] equations of trie system.

(b) Draw a block diagram of the system with £fl(j). la{s), /i(s), V(5). and Y{s) as variables.

(c) Derive the Uansfer function y(j)/£o(i).

Primary
Magnet turns
Spindle co co
motor
Magnetic Shorted
flux turns
Figure 4P-50

4-51. A dc-moior position-control system is shown in Fig. 4P-51(a). The following parameters and
variables are defined: e is ihe error voltage; Qr, the reference input; 6i. the load position; K”. ihe
amplifier gain; e”. the motor input voltage; €/,. e back emf;  the motor current; T,,, the motor
torque; J,,. uie motor inertia = 0.03 0z-in.-s’; Bm. ihe motor viscous-friction coefficient = 10 0z-in.-s":
Kt. the torsional spring constant = 50.000 oz-in./rad; J1. trie load inertia = 0.05 0z-in.-s’; K,, the motor
torque constant = 21 or-in./A; ATft. Urie back-emf constant = 15.5 /1000 rpm; K,, the ewor-dctector
gain = E/21t: E. the error-detector applied voltage = 2n V; Ra. trie motor resistance = 1.150; and
9e=Br-6I.

(a) Write the state equations of the system using the following state variables: xI = Oi,
X2 = dot/dt = <L-JTj = O3, andx4 - ddmldl -

(b) Draw a signal flow diagram using the nodes shown in Fig. 4P-51(b).
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(c) Derive the forward-path wansier function G(5) = 0i(5)/© i(j) when the outer feedback path
from 61 is opened. Find the poles of G(i).

(d) Derive the closed-loop transfer function M{s) = 0/.(i)/0e(i). Find the poles of Mis) when
Ka = \,2738, and 5476. Locate these poles in the j-plane, and comment on the significance of these
values of Ka.

Figure 4P-51

4-52. The following differentia] equations describe ihe motion of an electric rain in a tracdon syslem:
Mt)
@ =0
d\;’:)‘ =t (v)-gl + /()

where
.v(f) = linear displacement of train
v(f> = linear velocity of train
Ie(v) = resistance force on train [odd function of V, wilh the properties
Ie0) = 0 and dk(\')ldv = 0]
~(.t) = gravitational force for a nonlevel track or due to curvature of track
T1) = tractive force
The electric motor that provides the tractive force is described by the following equations:
e(l) = Kha{t)v{t) + RaUt)
m =KM)iA)
where e(/) is the applied voltage; the armature current; ;>(!). the field current; Rg. trie armature
resistance; y (). the magnetic flux from a separately excited field = KfifUy. and K,, the force consiant.
(a) Consider that the motor is a dc series motor with the armature and field windings connected in
series, so that /o(f) = if{t). g(x) = 0. k[v) = Bvii). and Ra = 0. Show that the system is described
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by the following nonlinear state equations:

Noo=v,

e"(<)

(b) Consider that, for the conditions stated in part (a), ia(l) is the input of the system [instead ofeU)].
Derive the state equations of (tie system.

(c) Consider the same conditions as in pan (a) but with 0(i) as the input. Derive the state equations.

4-53. The linearized model of a robot ann system driven by adc motor is shown in Fig. 4P-53. The
system parameters and variables are given as follows:

DC Motor Robot Arm
T,, —motor torque = K,ia Ji- inertia of arm
K, = torque constant Ti = disturbance torque on arm
io= armature cuwent of motor Q = ann displacement
J,, = motor inertia K = torsional spring constant
= motor viscous-friction coefficient = motor-shaft displacement

B = viscous-friction coefficient of shaft between
the motor and arm
5i.= viscouS'friction coefficient of the robot arm shaft

(a) Write the differential equations of the system with «,(/) and TiU) as input and 9m{t) and 61{t) as
outputs.

(b) Draw an SFG using Te{s), ©mW' andO0£{i) as node variables.
(c) Express the tfansfer-function relations as
Us)
= G(@
Qds) @ -Tifs)
Find G(5),
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PROBLEMS FOR SECTION 4-8
4-54. The transfer function of Ihe heat exchanger system is given by

A(s)  (ris+1)(r2i+ 1)
where Tj is ihe time delay.
(a) Plot the roots and zeros of the system.
(b) Use MATLAB to verify your answer in part (a).
4-55. Find the polar plot of rie following functions by using the approximation of delay function
described in Section 2.8.

g-sL
@ &)=, \T)
2 +2se~' +de~
G{s) = -
® &{9) + 30+ 2

4-56. Use MATLAB to solve Problem 4-55 and plot the step response of the systems.

PROBLEMS FOR SECTION 4.9

4-57. Fig. 4P-57 shows (he schematic diagram of a ball-suspension control system. The steel ball is
suspended in the air by the electromagnetic force generated by the elecwvomagnei. The objective of
the control is to keep (he metal ball suspended at (he nominal equiiibnum position by controlling the
currem in the magnet with the voltage eU). The practical application of Ihis system is the mapetic
levitation of trains or magnetic bearings in high-precision control systems. The resistance of ihe coil
is R, and the inductance is Hy) = L/y(t). where Z is a constant. The applied voltage eU) is a constant
with amplitude E.

(a) Let Eeq be a nominal value of E. Find ihe nominal values of _y(0 and dy(t)jdi al equilibrium.
(b) Define the state variables at X\ (i) = /(/). X2(i) = y{t), andjT3(/) = dy{t)Idi. Find the nonlinear

stale equations n the form of = f(x.e).

dt
(c) Linearize the state equations about the equilibrium point and express the linearized state
equations as
dax{t)
dt
The force generated by the elecwomagnet is KrU)ly(t), where a:is a proponionai constant, and [he
gravitational force on the steel ball is Mg.
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4-58. Fig. 4P-58(a) shows the schematic diagram of a ball-suspension system. The steel ball is
suspended in the air by the elecurc ic force by the The objective of
the control is to keep the metal ball suspended at the nommal position by controlling the cuwentin the
electromagnet. When the system is at the stable equilibrium point, any small perturbation of the ball
position from its floating equilibrium position will cause the control to return the ball lo the
equilibrium position. The free-body diagram of the system is shown in Fig. 4P-58(b), where

Mj = mass of electromagnet = 2.0

Al2 = mass of steel ball — 1.0

B = viscous-friction coefficient of air = 0.1

K = proportional constant of electromagnet = 1.0

g = gravitational acceleration = 32.2
Assume all units are consistent. Let the stabie equilibrium values of the variables, i(/), y\{t), and
~2(0 be/, yj, and ~2. respeclively. The state variables are defined as A:|(i) = yi(Oi ~2(0 = dyx(t)ldt.
xz{t)=yi(t), and X = dyiw/di-
(a) Given yl = 1, find / and Y2-
(b) Write the nonlinear state equations of the system in the form of dx{t)ldt = f(T, O-

(c) Find the state equations of Ihe linearized system about the equilibrium statei.Y\, and >2 in the form

A= AYIX()) + B-AIW

Free-body
diagram

Figure 4P-58

PROBLEMS FOR SECTION 4-10

4-59. Fig- 4P-59 shows a typical grain scale.

Assign any required parameters.

(a) Find the free-body diagram.

(b) Derive a model for the grain scale (rial determines the waiting time for the reading of the weight
of grain after placing on the scale plalform.

(c) Develop an analogous electrical circuit for lhis system.
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Figure 4P-59

4-60. Develop an analogous electrical circuit for the mechanical system shown in Figure 4P-60.

Figure 4P-60

4-61. Develop an analogous electrical circuit for the fluid hydraulic system shown in Fig. 4P-61.

Figure 4P-61

PROBLEMS FOR SECTION 4-11
4-62. The open-loop excitation model of the car suspension system with 1-DOF, illuswated in Fig.
4-84(c), is given in Example 4-11-3. Use MATLAB to find the impulse response of the system.

4-63. An active conuol designed for the car suspension system with 1-DOF is designed by using a
dc motor and rack. Use MATLAB and the transfer function of the system given in Example 4-11-3 to
plot the impulse response of the system. Compare your result wiih the result of Problem 4-62.



Time-Domain Analysis of
Control Systems

In this chapter, we depend on the background material discussed in Chapters 1-4 to
arrive atthe time response ofsimple control systems. In order to find the time response of
a control system, we first need to model the overall system dynamics and find its
equation of motion. The system could be composed of mechanical, electrical, or other
sub-systems. Each sub-system may have sensors and actuators to sense the environment
and to interact with it. Next, using Laplace transforms, we can find the transfer function
of all the sub-components and use the block diagram approach or signal flow diagrams to
find the interactions among the system components. Depending on our objectives, we
can manipulate the system final response by adding feedback or poles and zeros to the
system block diagram. Finally, we can find the overall transfer function of the system
and, using inverse Laplace transforms, obtain the time response of the system to a test
input—normally a step input.

Also in this chapter, we look at more details of the time response analysis, discuss
transient and steady state time response of a simple control system, and develop simple
design criteria for manipulating the time response. In the end, we look at the effects of
adding a simple gain or poles and zeros to the system transfer function and relate them to
the concept of control. We finally look at simple proportional, derivative, and integral
controller design concepts in time domain. Throughout the chapter, we utilize MATLAB in
simple toolboxes to help with our development.

» 5-1 TIME RESPONSE OF CONTINUUOUS-DATA SYSTEMS: INTRODUCTION

Because time is used as an independent variable in most control systems, it is usually of
interest to evaluate the state and output responses with respect to time or. simply, the time
response. In the analysis problem, a reference input signal is applied to a system, and
the performance of the system is evaluated by studying the system response in the time
domain. For instance, if the objective of the control system is to have the output variable
track the input signal, starting at some initial lime and initial condition, it is necessary to
compare the input and output responses as functions of lime. Therefore, in most control-
system problems, the final evaluation of the performance of the system is based on the time
responses.

The time response of a control system is usually divided into two parts: the transient
response and the steady-state response. Let y(0 denote the time response of a continuous-
data system; then, in general, it can be written as

v(0=>v(0+>m,(?} (5-1)
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where y {t) denotes the transient response and denotes the steady-slatd response.
In control systems, transient response is defined asthe partofthe time response that goes tfl
zero as time becomes very large. Thus, y, (0 has (rie property

img - (0=0 (5-2)

The steady-state response is simply the pari ofthe total response that remains after
the transient has died out. Thus, the steady-state response can still vary in a fixed pattern,
such as a sine wave, or a ramp function that increases with time.

All real, stable control systems exhibit transient phenomena to some extent before the
steady state is reached. Because inertia, mass, and inductance are unavoidable in physical
systems, the response ofatypical conuol system cannotfollow sudden changes in the input
instantaneously, and transients are usually observed. Therefore, the conwol of the transient
response is necessarily important, because it is a significant part ofthe dynamic behaviorof
the system, and the deviation between the output response and the input or the desired
response, before the steady state is reached, must be closely controlled.

The steady-state response of a control system is also very important because it
indicates where the system output ends up when time becomes large. For a position-conuol
system, the steady-state response when compared with the desired reference position gives
an indication of the final accuracy of the system. In general, if the steady-state response of
the output does not agree with the desired reference exactly, (rie system is said to have a
steady-state error.

The study ofacontrol system in the time domain essentially involves the evaluation of
the wansient and the steady-state responses of the system. In the design problem,
specifications are usually given in terms of the wansient and the steady-state perfonnances.
and controllers are designed so that the specifications are all met by the designed system.

» 5-2 TYPICAL TEST SIGNALS FOR THE TIME RESPONSE OF CONTROL SYSTEMS

Unlike elecwic networks and communication systems, the inputs to many practical control
systems are not exactly known ahead oftime. In many cases, the actual inputs of a control
system may vary in random fashion with respect to time. For instance, in a radar-tracking
system for antiaircraft missiles, the position and speed o f the targetto be tracked may vary in
an unpredictable manner, so that they cannot be predetermined. This poses a problem for the
designer, because it is difficult to design acontrol system so thatit will perform satisfactorily
to all possible forms ofinput signals. For the purpose of analysis and design, it is necessary to
assume some basic types oftest inputs so that the performance ofa system can be evaluated.
By selecting these basic test signals properly, notonly is the mathematical treatment of the
problem systematized, but the response due to these inputs allows the prediction of the
system’s performance to otrier more complex inputs. In ihe design problem, performance
criteria may be specified with respect to these test signals so that the system may be designed
to meetthe criteria. This approach is particularly useful for linear systems, since the response
to complex signals can be determined by superposing those due to simple test signals.

When the response of a linear time-invariant system is analyzed in the frequency
domain, a sinusoidal input with variable frequency is used. When the input frequency is
swept from zero to beyond the significant range of the system characteristics, curves in
terms of the amplitude ratio and phase between the input and the output are drawn as
functions of frequency. It is possible to predici the time-domain behavior of (tie system
from its frequency-domain characteristics.
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To facilitate the time-domain analysis, the following deterministic test signals are

used.

Step-Function Input: The step-function input represents an instantaneous change in (rie
reference input. Forexample, ifthe input is an angular position of amechanical shaft, astep
input represents the sudden rotation of the shaft. The mathematical representation of a step
function or magnitude R is

r{t)y =R t>0
(5-3)
=0 r<0
where /? is a real constant. Or
rit) = Rus{t) (5-4)

where Us(t) is the unit-step function. The step function as a function of time is shown in
Fig. 5-l(a). The step function is very useful as a test signal because its inilial instantaneous
jump in amplitude reveals a great deal about a system’s quickness in responding to inputs
with abrupt changes. Also, because the step function contains, in principle, a wide band of
frequencies in its spectrum, as a result of the jump discontinuity, it is equivalent to the
application of numerous sinusoidal signals with a wide range of frequencies.

Ramp-FunctioD Input: The ramp function is a signal that changes constantly with time.
Mathematically, a ramp function is represented by

r(1] = Rtu {t) (5-5)

where i? is a real constant. The ramp function is shown in Fig. 5-1 (b). If the input variable
represents the angular displacement of a shaft, the ramp input denotes the constant-speed

rjl)- Rt'um

Figure 51 Basic time-domain test signals for control systems, (a) Step function, (b) Ramp
function, (c) Parabolic function.
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rotation of the shaft. The ramp function has the ability to test how the system would
respond to a signal that changes linearly with time.

Parabolic-Function Input: The parabolic function represents a signal (iat is one order
faster than the ramp function. Mathematically, it is represented as

(5-6)

where /? is areal constant and the factor '/:is added for mathematical convenience because
the Laplace transform of rit) is simply R/s*. The graphical representation of the parabolic
function is shown in Fig. 5-I(c).

These signals all have the common feature that they are simple to describe mathe-
matically, From the step function to the parabolic function, the signals become progres-
sively faster with respect to time. In theory, we can define signals with still higher rales,
such as t*. which is called the jerk function, and so forth. However, in reality, we seldom
find it necessary or feasible 10 use a test signal faster than a parabolic function. This is
because, as we shall see later, in order to track a high-order input accurately, the system
must have high-order integrations in the loop, which usually leads to serious stability
problems.

» 5-3 THE UNIT-STEP RESPONSE AND TIME-OOMAIN SPECIFICATIONS

As defined earlier, the transient portion of the time response is the part that goes to zero as
time becomes large. Nevertheless, the transient response of a control system is necessarily
important, because both the amplitude and the time duration of the transient response must
be kept within tolerable or prescribed limits. For example, in the automobile idle-speed
control system described in Chapter 1, in addition to striving for a desirable idle speed in
the steady state, the transient drop in engine speed must not be excessive, and the recovery
in speed should be made as quickly as possible. For linear control systems, the characteri-
zation of the transient response is often done by use of the unit-step function M(0 as the
input. The response of a control system when the input is a unit-step function is called the
unit-step response. Fig. 5-2 illustrates a typical unit-step response of a linear control
system. With reference to the unit-step response, performance criteria commonly used for
the characterization of linear control systems in the time domain are defined as follows:

1. Maximum overshoot. Let yd) be the unit-step response. Let >max denote the
maximum value of )»(?); yjj, the steady-state value of y(t); and >max >yss- The
maximum overshoot of }»(?) is defined as

maximum overshoot = Jmax - yss (5-7)

The maximum overshoot is often represented as a percentage of the final value of
the step response; that is,
. maximum overshoot, .
percent maximum overshoot = -- e emeeeeenen- X 100% (5-8)
yss

The maximum overshoot is often used to measure the relative stability ofa conuol
system. A system with a large overshoot is usually undesirable. For design
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Figure 5-2 Typical unit-step response of aconuwol system illuslrating the time-domain specifications.

pugjoses. the maximum overshoot is often given as a time-domain specification.
The unit-step illustrated in Fig. 5-2 shows that the maximum overshoot occurs at
the first overshoot. For some systems, the maximum overshoot may occur at a
later peak. and. if the system transfer function has an odd number of zeros in the
right-half 5-plane, a negative undershoot may even occur [4, 5] (Problem 5-23).

2. Delay time. The delay time l,iis defined as the time required for the step response
to reach 50% of its final value. This is shown in Fig. 5-2.

3. Risetime. The rise time Iris defined as the time required for the step response to
rise from 10to 90% ofits final value, as shown in Fig. 5-2. An alternative measure
is to represent ihe rise time as the reciprocal ofthe slope of the step response at the
instant that the response is equal to 50% of its final value.

4. Settling time. The settling time fvis defined as the time required for the step
response to decrease and stay within a specified percentage of its final value. A
frequently used figure is 5%.

The four quantities just defined give a direct measure of the transient
characteristics of a control system in terms of the unit-step response. These
time-domain specifications are relatively easy to measure when the step response
is well defined, as shown in Fig. 5-2. Analytically, these quantities are difficult to
establish, except for simple systems lower than the third order.

5. Steady-state error. The steady-state error of a system response is defined as the
discrepancy between the output and the reference input when the steady stale
(i — oc) is reached.

It should be pointed oul that Ihe steady-state ewor may be defined for any test
signal such as a step-function, ramp-function. parabolic-function, or even a
sinusoidal input, although Fig. 5-2 only shows the euor for a step input.
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» 5-4 STEADY-STATE ERROR

One of the objectives of most control systems is that the system output response follows a
specific reference signal accurately in the steady state. The difference between the ougjut and
the reference in the steady state was defined earlier as the steady-state ewor. In the real world,
because of friction and other imperfections and the natural composition of the system, the
steady state of the output response seldom agrees exactly with the reference. Therefore,
steady-state ewors in control systems are almost unavoidable, in adesign problem, one o fthe
objectives is to keep the steady-stale errorto a minimum, or below acertain tolerable value,
and at the same time the transient response must satisfy a certain set of specifications.

The accuracy requirement on conttol systems depends to a great extent on the control
objectives of the system. For instance, the final position accuracy of an elevator would be
far less stringent than the pointing accuracy on the conuol of the Large space Telescope,
which is a telescope mounted onboard a space shuttle. The accuracy of position conwol of
such a system is often measured in microradians

5-4-1 Steady-State Error of Linear Continuous-Data Control Systems

Linear control systems are subject to steady-state errors for somewhat different causes than
nonlinear systems, although the reason is still that the system no longer “ sees” the euor,
and no corrective effort is exerted. In general, the steady-state errors of linear control
systems depend on the type of the reference signal and the type of the system.

Definition of the Steady-State Error with Respect to System Configuration

Before embarking on the steady-state ewor analysis, we must first clarify what is meant by
system error. In general, we can regard the error as a signal that should be quickly reduced
to zero, if possible. Let us refer to the closed-loop system shown in Fig. 5-3, where r(0 is
the input; u(t), the actuating signal: 6(/), the feedback signal; and y (0. the output. The error
of the system may be defined as

e{t) = reference signal - >>(/) (5-9)
where the reference signal is the signal that the oulputyU) is to track. When the system has
unity feedback, thatis. H{s) = 1.then the input/-(0 is the reference signal, and the eworis
simply

g() = r(r)-;v(r) (5-10)
The steady-state euor is defined as
eii=lim & (i) (5-11)

When H(s) is not unity, the actuating signal u(0 in Fig, 5-2 may or may not be the euor,
depending on the form and the purpose of His). Let us assume that the objective of the

Figure 5-3 Nonunity feedback control system.
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system in Fig. 5-3 is to have the output>-(/) track the input r(0 asclosely as possible, and the
system transfer functions are

1 5{s+1
H{s) = s+ D (5-12)
~sHs+\2) is + 5)

We can show that, if H{s) = 1, the characteristic equation is
P+ 12sM+ iM0 (5-13)

which has roots in +e nght-half 5-plane, and the closed-loop system is unstable. We can
show that the H{s) given in Eq. (5-12) stabilizes the system, and the characteristic equation
becomes

-175" + 605"+ 55+ 5= 0 (5-14)

In this case, the system euor may still be defined as in Eq. (5-10).

However, consideravelocity control system in which astep inputis used to control the
system output that contains a ramp in the steady state. The system transfer functions may
be of the forai

where H(s) is the transfer function of an electromechanical or elecuonic tachometer, and K,
is the tachometer constant. The system ewor should be defined as in Eq. (5-9), where the
reference signal is iht desired velocity and not r{t). In this case, because r(t) andji/) are not
of the same dimension, it would be meaningless to define the ewor as in Eq. (5-10). To
illustrate the system further, let Ki = 10 volts/rad/sec. This means that, for a unit-step input
of 1 volt, the desired velocity in the steady state is 1/10 or 0.1 rad/sec, because when this is
achieved, the output voltage of the tachometer would be 1 volt, and the steady-state ewor
would be zero. The closed-loop transfer function of the system is

GM
R{s) \+ G(s)H[s)

Toolbox 5-4-1
For the system in Eq. 5-15;

W = ?2(JTT2)

% use Kt=10

%Step input

Kt=10;

Gzpk= zpk([] [00-12]7 ,

[] t)
cloop= feedback(G H)
step(cloop)
xlahel(‘l'ime(sec) 7
ylabeK Amplitude ?);

b))
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G"s) GA:

123

Figure 5*4 System with disturbance input.

For a unit-step function input, R{s) = I/s. The output time response is

y(0 =0.1(-0.12-0.000796e-"" + 0.1208<!-“*"" />0 (5-17)

Because the exponential terms of >(/) in Eq. (5-17) all diminish as [ -» oc, the steady-state
part of yit) is 0.1i - 0.12. Thus, the steady-state error of the system is

e, = lim [0.1/-y (i)] = 0.12 (5-18)

More explanations on how to define the reference signal when H{s) ~ 1will be given
later when the general discussion on the steady-state ewor of nonunity feedback systems is
given.

Notall system errors are defined with respect to the response due to the input. Fig. 5-4
shows a system with a disturbance d{i), in addition to the input r(t). The output due to d(t)
acting alone may also be considered an euwor.

Because of these reasons, the definition of system error has not been unified in Gie
literature. To establish a systematic study of the steady-state error for linear systems, we
shall classify three types of systems and treat these separately.

1. Systems with unity feedback: H{s)= 1
2. Systems with nonunity feedback, but H(Q) = Kfi = constant.
3. Systems with nonunity feedback, and H{s) has zeros at i = 0 of order N.
The objective here is to establish a definition of the ewor with respect to one basic system

configuration so that some fundamental relationships can be determined between the
steady-state error and the system parameters.

Type of Control Systems: Unity Feedback Systems
Consider that a control system with unity feedback can te represented by or simplified to

the block diagram with H(s) = | in Fig. 5-3. The steady-state ewor of the system is written
ess = lim ~(0 — lim ifii)
1% ] + G (i)
Clearly, depends on the characteristics of G (i). More specifically, we can show @iat e,j

depends on the number of poles G (j) has ati = 0. This number is known as the type of Gie
control system or. simply, system type.
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We can show thatthe steady-state error  depends on the type ofthe control system. Let us
formalize the system type by refening to the form of the forward-path transfer function
G(5). In general. G (i) can be expressed for convenience as

AKE + 7-)(1 + 720 mm (L + J0,
iji + 7-,J)(i + v ) --(i+r,, i+ r,2i2) '

where K and all the T 's are real constants. The system type refers to the order ofthe pole of
G{s) ati = 0. Thus, the closed-loop system having the forward-path transfer function of
Eq. (5-20) is typej, wherey = 0, 1,2,. . . . The total numberofterms in the numerator and
the denominator and the values of the coefficients are not important to the system type, as
system type refers only to the number of poles G(5) has ati = 0. The following example
illustrates the system type with reference to the form of G{s).

a:(1+0.55)
c«=70T7)(nW T7T7)

Now let us investigate the effects of the types of inputs on the steady-state ewor. We shall
consider only the step. ramp, and parabolic inputs.

Steady-State Error of System with a Step-Function Input
When the input r(0 to the control system with H{s) = 1of Fig. 5-3 is a step function with
magnitude R, R{s) = R!s, the steady-state ewor is written from Eq. (5-19)

1+ G(5) s™ 1--G(5) 1+ lim G (i)

For convenience, we define

ATp = lim C (i) (5-24)

as the step-euwor constanl. Then Eq. (5-23) becomes

R

i+ K,

(5-25)

A typical e,, due to a step input when Kp is finite and nonzero is shown in Fig. 5-5. We see
from Eq. (5-25) that, for  to be zero, when the input is aslep function. Ay,must be infinite.
If G{s) is described by Eq. (5-20), we see that, for Kpto be infinite./ must be at least equal to
unity; that is, G(5) must have at least one pole at | = 0. Therefore, we can summarize the
steady-state error due to a step function input as follows:

Type 0 system:
\+Kp

Type | orhighersystem; =0
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Reference input
lit) = Ru/l)

Steady-State Error of System with a Ramp-Function Input
When the input to the control system [//(5) = 1] of Fig. 5-3 is a ramp function witr
magnitude R.

ril) =Rlu,(t) (5-26
where R %a real constant, the Laplace transform of rU) is
R (s)"i (5-27,
The steady-state error is written using Eq. (5-19).
Gs - lim - i5-28;
We define the ramp-ewor constant as
(5-29)
Then, Eq. i5-26) becomes

(5-30)

which is the steady-state eworwhen the input is aramp function. A typical e,s due to aramp
input when K, is finite and nonzero is illustrated in Fig. 5-6.

Figure 5-6 Typical steady-siate ewor due to a ramp-function input-
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Eq. (5-30) shows that, for  to be zero when the input is aramp function, K, must be
infinite. Using Egs. (5-20) and (5-29), we obtain

(5-31)

Thus, for Alvto be infinite,7 must be at least equal to 2, or the system must be of type 2 or

higher. The following conclusions may be stated with regard to the steady-state ewor of a
system with ramp input:

Type Osystem: €5 = 00
Type lsystem:* A = constant
Type 2 system: es= 0

Steady-State Error of System with a Parabolic-Function Input
When the input is described by the standard parabolic form

r{t)="Us(t) (5-32)

the Laplace transform of r(0 is

R{s)=i (5-33)

The steady-state ewor of the system in Fig. 5-3 with H(s)= 1is

R

lim s"G{s) (5-34)

A typical of a system with a nonzero and finite Ka due to a parabolic-function input is
shown in Fig. 5-7.
Defining the parabolic-ewor constant as

Ka = lim, (5-35)

the steady-state error becomes

(5-36)

Figure 5-7 Typical steady-state ewor due to a parabolic-funclion input.
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TABLE 51 Summary of the Steady-State Errors Due to Step-, Ramp*, and Parabolic-Function
Inputs for Unity-Feedback Systems

Steady-State Error

Type of System Error Constants Step Input Ramp Input Parabol
J K, K. 4 - e £
0 K 0 0 K oc 00
1 00 K 0 0 R 0
2 00 00 K 0 0 T
3 00 00 00 0 0 0

Following the pattern set with the step and ramp inputs, the steady-state error due to til
parabolic input is zero if the system is of type 3 or greater. The following conclusions ai
made with regard to the steady-state error of a system with parabolic input:

Type 0 system: 6ss = 00

Type 1system: Ass = oo
R

Type 2 system: ~ T ~

Type3orhighersystem: fjj = 0

We cannot emphasize often enough that, for these results to be valid. Uie closed-loo
system must be stable.

By using the method described, the steady-state errorof any linear closed-loop syster
subject to an input with order higher than the parabolic function can also be derived i
necessary. As a summary of the ewor analysis. Table 5-1 shows the relations among th
ewor constants, the types of systems with reference to Eq. (5-20), and the input types.

As a summary, the following points should be noted when applying the error-constai
analysis just presented.

1

The step-, ramp-, or parabolic-error constants are significant for the error analysi
only when the input signal is a step function, ramp function, or parabolic funciior
respectively.

Because the euor constants are defined with respect to the forward-path transfe
function C (i), the method is applicable to only the system configuration shown i
Fig. 5-3 with H{s) = 1 Because the error analysis relies on the use of the final
value theorem of the Laplace transform, it is important to check first to see if SE(i
has any poles on the ycw-axis or in the right-half j-plane.

The steady-state error properties summarized in Table 5-1 are for systems wii
unity feedback only.

The steady-state error of a system with an input that is a linear combination ofth

three basic types of inputs can be determined by superimposing the errors due t
each input component.

When the system configuration differs from that of Fig. 5-3 with//(5) = l.weca
either simplify the system to the form of Fig. 5-3 or establish the ewor signal an
apply the final-value theorem. The error constants defined here may or may n<
apply, depending on the individual situation.



5-4 Steady-State Error 265

When the steady-state error is infinite, that is. when the ewor increases continuously
with time, the ewor-constant method does not indicate how the euor varies with time. This
is one of the disadvantages of the ewor-constant method. The error-constant method also
does not apply to systems with inputs that are sinusoidal, since the final-value theorem
cannot be applied. The following examples illustrate the utility of the ewor constants and
their values in the determination of the steady-state errors of linear control systems with
unity feedback.

* EXAMPLE 5*4-2 Consider that the system shown in Fig. 5-3 with H{s) = I has the following transfer functions. The
error constants and steady-state errors are calculated for the three basic types of inputs using the error

constants.
A<~> = (.+ i.5)(. + 0.5) ' Type lsystem
Step input:
Ramp input: Ramp-evor constant = 4.2K ess = — =
PP P A TazK
Parabolic input; Parabolic-error constant a,, = 0 Cs =~ =00

These results are valid only if the value of K stays within the range that corresponds to a
stable closed-loop system, which is 0 < A'< 1.304.

"W ="' Type2system
The closed-loop system is unstable for all values of K, and error analysis is meaningless.

' Type2sysem
We can show thal the closed-loop system is stable. The steady-state errors are
calculated for lhe three basic types of inpuls.

Toolbox 5-4-2

For the system in Example 5-4-2:

@ G0 = g 15y + 05)

% Step input

K=1; %Use K=1
Gzpk=zpk([-3.15],[0 -1.5 -0.5],1)
G=tf(Gzpk);

H=I;
clooptf=feedback(G.H)
step(clooptf)
xlabeK Time(sec) ?;
ylabeic Amplitude 7);
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Time(sec) (sec)
Similarly you may obtain the ramp and parabolic responses

%Ramp input
t=0:0.1:50;
u
[y.x]=Isim(clooptf,u,t);

plot(t,y,t,u);

title( Tlosed-loop response for Ramp Input )
xlabeic TimeCsec) ?)

ylabeic Amplitude ?)

%Parabolic input

u=0.5%t.*t:

Ly.x]=Isim(clooptf,u,t);

plot(t,y,t,u):

titleC "Closed-loop response for Parabolic Input %)
xlabel (Time(sec?

ylabel( Amplitude ?)

Slep input: Step-error constant: Kp = 00
1+Kp

Ramp input: Rajnp-error constant: Kr = oc

Parabolic input:  Parabolic-ewor constant: Ko = 1/12

Relationship between Steady-State Error and Closed-Loop Transfer Function

In the last section, the steady-siate ewor ofaclosed-loop system was related to the fonvard-
path transfer function G(5) of the system, which is usually known. Often, the closed-loop
transfer function is derived in the analysis process, and it would be of interest to establish
the relationships between the steady-state error and the coefficients of the closed-loop
transfer function. As it turns out, the closed-loop transfer function can be used to find the
steady-state ewor of systems with unity as well as nonunity feedback. For the present
discussion, let us impose the following condition:

lim H{s) = H{0) = Kn = constant (5-37)
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which means that His) cannot have poles at i = 0. Because the signal that s fed back to be
compared with the input in the steady Slate is K,, times the steady-state output, when this
feedback signal equals the input, the steady-state error would be zero. Thus, we can define
the reference signal as r{t)/Kfi and the ewor signal as

Kn <5-38)

or. in the transform domain,
£(i) =~ R(s)- y(i) =" [1- in Al@)iTf) (5-39)

where M{s) is the closed-loop transfer function, r(j)/*(i). Notice that the above develop-
mentincludes tie unity-feedback case for which Kfi = \- Let us assume that M{s) does not
have any poles at 5= 0 and is of the form

r(j) + + mm+hs +ho

where n > m. We further require that all the poles of M{s) are in the left-half 5-plane, which
means that the system is stable. The steady-state error of the system is written

= limig () = Nm lql - KhM{s)]sR{s) (5-41)
Substituting Eq. (5-40) into the last equation and simplifying, we get

K}ii—0 i"+ ¥n\S r+-cm+ NS+ 0

We consider the three basic types of inputs for r(i).

1. Step-function input. R{s) =R/s.
For a step-function input, the steady-state euor in Eq. (5-42) becomes

Thus, the steady-state error due to a step input can be zero only if

ao - boKn =0 (5-44)

M{0) = - =~ (5-45)

This means that,/or a unity-feedback system Kh = /. the constant terms of the
numerator and the denominator of M(s) must be equal, that is, bo = ao, for the
stead\-state error to be zero.
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2. Ramp'function input. R{s) = Rjs".
For a ramp-function input, the steady-state ewor in Eq. (5-42) becomes

N +-+{a"~hK,,).+ {a*-b,K~ ~
Kns-"a + e + (701 + (0)

The following values of €ss are possible:

CGs=0 if ao- =0 and O - biKn"0 (5-47)
oj— /i = constant if ao-boKH=0 and 0]-biKH"O (5-48)
aokKn
ess=00 if ao-boKHJ"Q (5-49)
3. ParaboUc-function input. R{s) = R/s".
For a parabolic input, the steady-state ewor in Eqg. (5*42) becomes
1, s"+ mm+ijal2-b2KHIs"+ {ai - biKH)s+(ao-boKHI ,,
(Y .+ XV e mmt«, +
The following values of es are possible;
=0 if & - biKn=0 for - 0, 1Land2 {5-51)

=— =constant if aj-biKH=0 for /=0 and1l (5-52)

€ss = 00 if Qi-biKHT"O for i

0 and1 (5-53)

» EXAMPLE 5-4-3 The forward-path and closed-loop transfer functions of Ihe System shown in Fig. 5-3 are given next.

The system is assumed to have unity feedback, so H(s) = 1, and thus Kh = H(0) = I

<>z 2(4 1i)(245) "W =.A +n

liii'+5,+5 fro)

The poles of Mis) are all in ihe left-half y-plane. Thus, (he system is stable. The steady-slate
errors due to the three basic lypes of inpuls are evaluated as follows;

Step input; =0 sinceao = foo(= 5)
Ramp input: etv= 0  sinceao = /'o(= 5)andaj = h]{= 5)
Parabolic inpul: c, " ~

R=—R" 12R
ooKh 5

Because this is atype 2 system with unity feedback. Ihe same resulis are obtained wilh ihe cfTor-
constant method.

<
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Consider the system shown in Fig. 5-3, which has the following wansier functions:

Then, Kfi = H{t) = 1. The closed-loop transfer funciion is

7 i(7) " 1+ G(S)H(s) " y + 17P + 60s'+ 5i+ 5

Comparing the last equation with Eq. (5-40), we have o = 5, fl] = 5.t2 = 60. €0 = 5, 6| = 1, and
bi = 0. The steady-state errors of the system are calculated for the three basic types of inputs.

Unit-step input, r(r) = Uf(r): éjj = — | =0
(e4]
Unit-ramp input. r{t) - fUj(f): ess= — 7N = =08
aokn 5

Unit-parabolic input. r(r) = rwj(i)/2:  €s —'X, sinceoi - b\Kfi ¥=0

It would be illuminating to calculate the steady-state errors of the system from the difference between
the input and the output and compare them with the results just obtained.

Applying the unit-step. unit-ramp. and unii-parabolic inputs to the system described by
Eq. (5-56), and taking the inverse Laplace iransfonn of K(j), the outputs are

Unit-step input:
>(i) = 1- 0.00056f-'2 _ 0.0001381"~" @&
- 0.9993e-"™c0s0.2898i-0.130le" " °*°*'sin0.2898ii>0 ' *
Thus, the steady-state value of v{/) is unity, and the steady-stale error is zero.
Unihramp input:
y{t) = 1- 0.8+ 4,682 X + 2.826 X 1Q - f-"xrx"
+ 0.8«-"*" “ 'c0s0.28981 - 3.365f"" sin0.2898< f> 0

Thus. lhe steady-stale portion of v(i) is f - 0.8. and the steady-state error to a unit ramp is 0.8.
Unit-parabolic input:

iil) =0.5r-0.8S7- 11.2-3.8842 X 10'V '® '- 5.784 X

+ 11.2e-"“ “'c0s0.2898( + 3.9289f-“* “ 'sin0,2898/ (>0

The steady-state portion of yiO is 0,5f* - 0,8r - 11-2. Thus, the steady-stale ewor is 0.8? +11,2.
which becomes infinite as time goes to infinity.

Consider that the system shown in Fig. 5-3 has the following transfer functions:

Thus.
Kh = lim//(5) = 2 (5-61)

The closed-loop transfer function is

K(s) 1+G(s)H(s) T+ 17]j+60j=+ 10j + 10
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The steady-state euors of the system due to the three basic types of inputs are calculated as follm
Unii-step input r{t) = Us{t):

1 for-boKH\ ifio-5x2\ "

Solving for the output using the M(s) in Eq. (5-62), we get
_y(} = 0.5u,(f) + transienttenns (56

Thus, the steady-state value of y(t) is 0.5, and because Kh = 2, the steady-state error due 10 a uni
step input is zero.

Unit-ramp input r(t) = tUsu):

nN2.fe in ) =1 f 56
" Kh \ ao J 2\ 10 J
The unit-ramp response of the system is written
>(f) = [0.5/ - 0,4]uj(i) + transientterms (56<

Thus, using Eq. (5-38), the steady-state error is calculated as
e(t) = KJ rit) - y{t) = OAus{t) - transientterms (56:
h
Because the wansient terms will die out as ! approaches infinity, the steady-state ewor due to a uni
ramp inpul is 0.4, as calculated in Eq. (5-66).
Unit-parabolic input r{t) = Puf(t)/2:

ess= 00 since

The unit-parabolic input is
y(l) = [0.25/ - 0.4f - 2.6]Us(t) + wansienllenns (561
The ewor due to the unit-parabolic input is
eii) = % r(i)—v(r) = (0-4r —2.6)«j(i) —transientterms (St
h

Thus, the steady-state error is OAt + 2-6, which increases with time.

Steady*State Error of Nonunity Feedback: H(s) Has Mh-Order Zero ats=0
This case cowesponds to desired output being proponional to the Mh-order derivative (
the input in the steady state. In the real world, this corresponds to applying a tachometer (
rate feedback. Thus, for the steady-state error analysis, the reference signal can be define
as R{s)/K hs" and the error signal in the transform domain may be defined as

= 67(
where

ir, = linjin (5-7:
Weshallderiveonly theresultsfor/v = 1here.Inthiscase,thetransferfunctionofA/(i)inB
(5-40) will have apole ati = O,orao = 0.The sleady-state erroris written from Eq. (5-70)a

<4 (12~ D\KH)s+ jo] - oaKh
ess e (f2- )+ o] - oakh) piy (5T
Kh .'-0 "+ en-iint
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Toolbox 5-4-3
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For a step input of magnitude R, the last equation is written

mm +{02 -biKH)s + {a\ -boKn
ess:k"h\im { fH) ¢ ) (5-73)
s-

Q

Thus, the steady-state euor is

ess = Q if a2 ~b\KH =" and &¢]-00"// =0 (5-74)

Sss = ~ — = constant if a\-biKH =& but a2~b\Kfi*0 (5-75)
0]Kh

e,s = 00 if ai-boKn”0O (5-76)

We shall use the following example to illustrate these results.

Consider that the system shown in Fig. 5-3 has the following transfer functions:

10i

lim® =2 (5-78)
-0 s

The closed-loop wansier function is

"R(s)" ?TIWT602TIO0

The velocity control system is stable, although M(s) has a pole at J = 0. because the objective is to
control velocity with a step input. The coefficients are identified to be Go= 0-fli = 10-
02 = 60. bo = 5. and bi =\

For a unit-step input, the steady-state ewor, from Eq. (5-75), is

To verify this result, we find the unit-step response using the closed-loop wansfer funclion in
Eq. (5-79). The result is

Y{f) = (0.5f - 2.9)wj(i) + transient tenns (5-81)
From the discussion that leads to Eq. (5-70). the reference signal is considered to be tUs(t)/Kn =
0.5/«.,(f) in the steady state; thus, the steady-state error is 2.9. O f course. U should be pointed out thal
if H(s) were a constant for this type 2 system, the closed-loop system would be unstable. So, the
derivative control in (he feedback path also has a stabilizing effect.

The corresponding responsesfor Eq. 5-79 are obtained by the following sequence of MATLAB Junctions

t=0:0.1:50:
[15];

num =

den= [11760 10 0] ;
sys = tfCniam.den) ;

sys_c

feedback(sys,1);

[y,t]=step(sys_cl):
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u=ones(size(t)) ;

plot(t,y t,u, 9

xlabeK "Time(secs) ?)

ylabel (Amplitude ¥

titleC Anput-green, Output-red?)

InpLt-grsen, Output-red

5-4-2 Steady-State Error Caused by Nonlinear System Elements

In many instances, steady-state errors of control systems are attributed to some nonlineaj
system characteristics such as nonlinear friction or dead zone. For instance, if an amplifiei
used in a control system has the input-output characteristics shown in Fig. 5-8, then, when
the amplitude of the amplifier input signal falls within the dead zone, the output of the
amplifier would be zero, and the control would not be able to correct the ewor if any exists,
Dead-zone nonlinearity characteristics shown in Fig. 5-8 are not limited to amplifiers. The
flux-to-cuwrem relation of the magnetic field of an electric motor may exhibit a similai
characteristic. As the cuwent ofthe motor falls below the dead zone D. no magnetic flux,
and, thus, no torque will be produced by the motor to move the load.

The output signals of digital components used in control systems, such as a micro-
processor. can take on only discrete or quantized levels. This property is illustrated by the
quantization characteristics shown in Fig. 5-9. When the input to the quantizer is within
+0/2, the output is zero, and the system may generate an error in the output whose

Figure 5-8 Typical input-output
characteristics of an amplifier with dead
zone and saturation.
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ouipui'

5

Figure 5-9 Typical input-output characteristics of a quantizer.

magnitude is related to +a/2. This type of ewor is also known as the quantization ewor in
digital control systems.

When the control of physical objects is involved, friction is almost always present.
Coulomb friction is a common cause of steady-state position errors in control systems.
Fig. 5-10 shows a restoring-torque-versus-position curve of a control system. The torque
curve typically could be generated by a step motor or a switched-reluctance motor or from
aclosed-loop system with aposition encoder. Point 0 designates a stable equilibrium point
on the torque curve, as well as the other periodic intersecting points along the axis where
the slope on the torque curve is negative. The torque on either side of point O represents a
restoring torque that tends to return the output to the equilibrium point when some angular-
displacement disturbance takes place. When there is no friction, the position ewor should
be zero, because there is always arestoring torque so long as the position is not at the stable
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equilibrium point. If the rotor o fthe motor sees a Coulomb friction torque Tf- then the motffl
torque must first overcome this frictional torque before producing any motion. Thus, as the
motor torque falls below Tp as the rotor position approaches the stable equilibnum point, ii
may stop at any position inside the ewor band bounded by +6e, as shown in Fig. 5-10.

Alriough itis relatively simple to comprehend the effects of nonlinearities on errors and
to establish maximum upperboundson the error magnitudes, it is difficult to establish general
and closed-form solutions for nonlinear systems. Usually, exact and detailed analysis ol
errors in nonlmear control systems can be carried out only by computer simulations.

Therefore, we must realize that there are no ewor-iree control systems in the real
world, and, because all physical systems have nonlinear characteristics of one form or
another, steady-state errors can be reduced but never completely eliminated.

» 5-5 TIME RESPONSE OF A PROTOTYPE FIRST-ORDER SYSTEM

Consider the prototype first-order system of form

(5-82)

where r is known as the time constant of the system, which is a measure of how fast
the system responds to initial conditions of external excitations. Note that Gie input in
Eq. (5-82) is scaled by \ for cosmetic reasons.

For a unit-step input

10, r<O0, (5-83)
\1, f>0
1t y{0) = KO} = 0, C{us{t)) = - and £(>m(?)) = Y{s), then
(5-84)
55+ I/t

Applying the inverse Laplace transform to Eq. (5-84). we get the time response o f Eq. (5-82):
y(r) = 1- e-'>" (5-85)
where T is the time for v(0 to reach 63% of its final value of lim >i{r) = 1.

Fig. 5-11 shows lypica! unii-step responses ofy(?) for ageneral value of T. As the value
of time constant T decreases, the system response approaches faster to the final value.
The step response will not have any overshoot for any combination of system parameters.
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jw
s-pJane
Figure 5-12 Pole configuration of the
wansier function of a prototype first-
order system.
Fig. 5-12 shows the location of the pole at i = - - in the i-plane of the system wansfer
function. For positive T, the pole at 5= - | will always stay in the left-half5-plane, and the

system is always stable.

» 5-6 TRANSIENT RESPONSE OF A PROTOTYPE SECOND-ORDER SYSTEM

Although true second-order control systems are rare in practice, their analysis generally
helps to form a basis for the understanding of analysis and design of higher-order systems,
especially the ones that can be approximated by second-order systems.
Consider that a second-order control system with unity feedback is represented by the
block diagram shown in Fig. 5-13. The open-loop transfer function of the system is
y(E"

ca) = i(s + 2fiu) (5:86)

where | and oo, are real constants. The closed-loop transfer function of the system is

(0 (5-87)
R{s)
The system in Fig. 5-13 with the transfer functions given by Egs. (5-86) and (5-87) is
defined as the prototype second-order system.
The characteristic equation ofthe prototype second-order system is obtained by setting
the denominator of Eq. (5-87) to zero:

A(i) = + 2ijio,,5+ Uji =0 (5-8;

For a unit-step function input, R{s) = 1/s, the output response of the system is obtained by
taking the inverse Laplace transform of the output transform;

Y = -
) 5(s- + 2"WnS + (oi) (5:89)

et )
mi
Figure 5-13 Prototype second-order contro!
system.
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o)

Figure 5-14 Unit-step responses o f the proiotype second-order system with various damping rarios.

This can be done by referring to the Laplace transform table in Appendix C. The resultis

V() = 1- sinfoiny/l - + cos~' f>0 (5-90)

Fig. 5-14 shows the unit-step responses of Eq. (5-90) plotted as functions of the normalized
time W, I for various values of c. As seen, the response becomes more oscillatory with largei
overshoot as » decreases. When f > 1, the step response does not exhibit any overshoot:
thal is, v(/) never exceeds its final value during the transient. The responses also show thai
o, has a direct effect on the rise time, delay time, and settling time but does not affecl thi
overshoot. These will be .studied in more detail in the following sections.
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5-6-1 Damping Ratio and Damping Factor

The effects of the system parameters ; and iy, on the step response yU) of the prototype
second-order system can be studied by referring to the roots of the characteristic equation
in Eq. (5-88).

Toolbox 5-6-1

The corresponding time responses for Fig. 5-14 are obtained by the following sequence of MATLAB
functions

clear all

w=10;

forl=[0.2 0.4 0.6 0.811.21.41.61.82]

num ] I
den= [12*1*ww."2]; Ciosed-LooD siec
t=0:0.01:2;

steh(hum;dén,t) hold on;
end
xlabeic Time(secs) ?)

ylabeic Amplitude ?)
titleC "Closed-Loop Step ?)

The two roots can be expressed as

S|.J2 = -Ctu.. + joinV | - ¢

(5-91)
—0 % ju)

(5-92)

@\l - i (5-93)

The physical significance of cand a is now investigated. As seen from Egs. (5-90) and
(5-92). a appears as the constant thai is multiplied to ! in the exponential term of v(r).
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Therefore, a controls the rate of rise or decay of the unit-step response y{t). In otiia
words, a controls the “damping” of the system and is called the damping factor, or th{
damping constant. The inverse of or, 1/a, is proportional to the time constant of the
system.

When the two roots of the characteristic equation are real and equal, we called the
system critically damped. From Eq. (5-91), we see that critical damping occurs when
f = 1.Under tiiis condition, the damping factor is simply a = (Un-Thus, we can regard f as
the damping ratio; that is.

a actualdamping factor
c = dampingratio = — = Ao — = - (5-94)
(f),, damping factoratcritical damping

5-6-2 Natural Undamped Frequency

The parameter Q),,is defined as the natural undamped frequency. As seen from Eq. (5-91),
when < = 0, the damping is zero, the roots of the characteristic equation are imaginary, and
Eq. (5-90) shows that the unit-step response is purely sinusoidal. Therefore, a&,corresponds
to the frequency ofthe undamped sinusoidal response. Eq. (5-91) shows that, when0 < c< 1,
the imaginary parto fthe roots has the magnitude of (O.When f / 0, the response o fy{l) is not
a periodic function, and m defined in Eq. (5-93) is not a frequency. For the purpose of
reference, (0 is sometimes defined as the conditional frequency, or the damped frequency.

Fig. 5-15 illustrates the relationships among the location of the characteristic equation
roots and a, W,,, and <0. For the complex-conjugate roots shown,

« a), is the radial distance from the roots to the origin of the i-plane.
* a is the real part of the roots.
« (Ois the imaginary part of die roots.

« cis the cosine of the angle between the radial line to the roots and the negative axis
when the roots are in the left-half i-plane, or

f = cosé (5-95)
0=
X Figure 5-15 Relationships among the
Rooi characteristic-equation roots of ihe

prototype second-order system and a. f.
and U
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i)
5-plane
f=0
Positive A a4 Negative
damping 0" A damping
Positive 0 o
damping ! Negative
damping
~ i2>0l
J
i
Positive Negative
damping damping
Positive Negarive
damping damping
a2>ai>{
ar<ir
Figure 5-16 (a) Consiant-natural-t q loci, (b) Conslant-damping-ratio loci,
(c) Constant-damping-factor loci, (d) Constant-cor quency loci.

Fig. 5-16 shows in the i-plane (a) the constant-0), loci, (b) the consiant-f loci, (c) the
constant-a loci, and (d) the constani-o) loci. Regions in the .y-plane are identified with the
system damping as follows:

The left-halfi-plane corresponds to positive damping: that is. the damping factor or
damping ratio is positive. Positive damping causes the unit-step response to settle to
a constant final value in the steady state due to the negative exponent of
exp(-fEw,/). The system is stable.

The right-halfi-plane corresponds to negative damping. Negative damping gives a
response that grows in magnitude without bound, and the system is unstable,

The imaginary axis corresponds to zero damping (a = 0 or = 0), Zero damping
results in a sustained oscillation response, and the system is marginally stable or
marginally unstable.

Thus, we have demonstraled with the help of the simple prototype second-order
system that the location of the characteristic equation roots plays an important role in the
transienl response of the system.
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Figure 5-17 Locus of roots of the
characteristic equation of UK
prototype second-order system.

The effect of the characteristic equation roots on the damping of (rie second-order
system is further illustrated by Fig. 5-17 and Fig. 5-18. In Fig. 5-17, i0,,is held constant
while the damping ratio | is varied from -oc to + 00. The following classification of die
system dynamics with respect to the value of f is made:

0<i<l 5/e52= + jea,\/\ (-i0.,<0) underdamped
J, 02 = critically damped
?>1 o2 = + -1 overdamped
5), J2 = undamped
« 0 oTL A2 = + jern\/l - (-C0J,>0) negaiivefy damped

Fig. 5-18 illustrates typical unit-step responses that correspond to the various root locations
already shown.

In practical applications, only stable systems that cowespond to > 0 are of interest.
Fig. 5-14 gives the unit-step responses of Eq. (5-90) plotted as functions of (rie normalized
time 0),.1 for various values of the damping ratio = As seen, the response becomes more
oscillatory as c decreases in value. When f > 1, the step response does not exhibit any
overshoot; that is, yU) never exceeds its final value during the transient.

5-6'3 Maximum Overshoot

The exact relation between the damping ratio and the amount of overshoot can be obtained
by taking the derivative of Eq. (5-90) with respect to t and setting the result to zero. Thus.

+ - Chcos(6jf + €)]  f>0 (5-96)

where QJand 6 are defined in Egs. (5-93) and (5-95), respectively. We can show Uiat the
quantity inside the square bracket in Eq. (5-96) can be reduced to sin lot. Thus. Eq. (5-96) is
simplified to

dyit) ~

sm<o,y/i 1>0
dt Y
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Figure 5-18 Step-response comparison for various characieristic-equaiion-root locations
in the 5-plane.
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Setting dy{t)ldt to zero, we have the solutions: t — 00 and

(591
from which we get
(5-99)

The solution atr = 00 is the maximum ofyi/) only when f > 1. For the unit-slep responses
shown in Fig. 5-13, the first overshoot is the maximum overshoot. This cowesponds to
« = 1lin Eqg. (5-99). Thus, the time at which the maximum overshoot occurs is

(5-100)

With reference to Fig. 5-13, the overshoots occur at odd values of n, thatis, n = 1,3,
..and the undershoots occur at even values of n. Whether the exttemum is an
overshoot or an undershoot, the time at which it occurs is given by Eq. (5-99). It should be
noted that, although the unit-step responsefor c# 0 i notperiodic, the overshoots and the
undershoots of the response do occur at periodic intervals, as shown in Fig. 5-19.

The magnitudes of the overshoots and the undershoots can be determined by
substituting Eq. (5-99) into Eq. (5-90). The result is

5.

Sin(MT4-0) n= 1.2,... (5-101)

iU Lia= 1 (-1 =12, (5-102)

Figure 5-19 Unit-step response illustrating that the maxima and minima occur at periodic intervals.
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The maximum overshoot is obtained by letting n = 1in Eq. (5-102). Therefore.

maximumavershoot = Smax - 1= (5-103)

percentmaximum overshoot = 100e™ " Hetr (5-104)

Eqg, (5-103) shows that the maximum overshoot of the step response of the prototype

second-order system is a function of only the damping ratio  The relationship between

the percent maximum overshoot and the damping ratio given in Eq. (5-104) is plotted in
Fig. 5-20. The time imax in Eq. (5-100) is a function of both ~ and av,,

5-6-4 Delay Time and Rise Time

It is more difficult to determine the exact analytical expressions of the delay time rise
time and settling time /j, even for jusi the simple prototype second-order sysiem. For
instance, for the delay time, we would have to set>>(r) = 0.5 in Eq. (5-90) and solve for t.
An easier way would be to plot co,liversus c, as shown in Fig. 5-21, and then approximate
the curve by a straighl line or acurve over the range of0 < | < 1 From Fig. 5-21, the delay
time for the prototype second-order system is approximated as

0<c<10 (5-105)
We can obtain a better approximation by using a second-order equation for 1J.

11 +0.125c + 0.469f-
1d=- 0<c< 1.0

For the rise lime tr. which is the time for the step response to reach from 10 to 907« of its
final value, the exact value can be determined directly from the responses of Fig, 5-14. The
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Figure 5-21 Normalized delay time versus f for the prototype second-order system.

plot of Uj,tr versus ¢ is shown in Fig. 5-22. In this case, the relation can again be
approximated by a straight line over a limited range of

0<,<! (5-107)

A better approximation can be by using a d-order

R A
1-0.4167,+ 2.917C 0<«l (5-108)

0 0.2 0.4 0.6 0.8 l.o 12

Figure 5-22 Normalized rise time versus | for the prototype second-order system.
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From this discussion, the following conclusions can be made on the rise time and delay
time of the prototype second-order system:

« Irand tj are proportional to | and inversely proportional to Uj,,.
+ Increasing (decreasing) the natural undamped frequency (0,, will reduce (increase)
tr and tj.

5-6-5 Settling Time

From Fig. 5-14, we see that, when 0<<<0-69, the unit-step response has a maximum
overshoot greater than 5%, and the response can enter the band between 0.95 and 1.05 for
the last time from either the top or the bottom. When U'is greater than 0.69, the overshoot is
less than 5%, and die response can enter the band between 0.95 and 1.05 only from the
bottom. Fig. 5-23(a) and (b) show the two different situations. Thus, the settling time has a

) i->0.60
Figure 5-23 Settling time of the unil-step response
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Figure 5-23 [continued)

discontinuity at c = 0.69. The exact analytical description ofthe settling lime li is difficult
to obtain. We can obtain an approximation for /5for 0 < f < 0.69 by using the envelope of
the damped sinusoid of )»(r), as shown in Fig. 5*23(a) for a 5% requirement. In genera],
when the settling time cowesponds to an intersection with the upper envelope of >'(0. the
following relation is obtained:

' = upperbound of unit-step response (5-109)

When the settling time corresponds to an intersection with the bottom envelope of>»()), /,
must satisfy the following condition;

‘= lower bound of unit-step response (5-110)

For the 5% requirement on settling time, the right-hand side of Eq. (5-109) would be 1.05.
and that of Eq. (5-110) would be 0.95. It is easily verified that the same result for i, is
obtained using either Eq. (5-109) or Eq. (5-110).

Solving Eq. (5-109) for we have

(5-111)

where is the percentage set for the settling time. For example, if the Uireshold
is 5 percent, the ¢,s = 0.05. Thus, for a 5-percent settling time, the right-hand side of
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Eq. (5-111) varies between 3.0 and 3.32 as f varies from 0 to 0.69. We can approximate the
settling time for the prototype second-order system as

_ 0<c<0.69 (5-112)
10in
The approximation will be poor for small values of f(< 0.3).

When the damping ratio t, is greater than 0.69, the unit-step response w ill always enter
the band between 0.95 and 1.05 from below. We can show by observing the responses in
Fig. 5-14 that the value of is almost directly proportional to The following
approximation is used for for f > 0.69.

£>0,69 (5-113)
@in

Fig. 5-23(c) shows the actual values of versus f for the prototype second-order
system described by Eq. (5-87), along with the approximations using Egs. (5-112)
and (5-113) for their respective effective ranges. The numerical values are shown in
Table 5-2.

We can summarize the relationships between and the system parameters as
follows:

« Forf < 0.69, the settling time is inversely proportional to i and Iti,, A practical way
of reducing the settling time is to increase (D, while holding <constant. Although

TABLE 5-2 Comparison of Settling Times of
Prototype Second-Order System, w,fs

Actual 2 4.5¢
0.10 287 30.2
0.20 137 16.0
0.30 100 107
0.40 75 80
0.50 5.2 6.4
0.60 52 53
0.62 516 5.16
064 5.00 5.00
065 5.03 4.92
068 471 471
069 435 4.64
070 2.86 315
0.80 333 3.60
0.90 4.00 4.05
1.00 473 450
110 550 4,95
120 621 5.40

150 8.20 6.75
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the response will be more oscillatory, the maximum overshoot depends only on f
and can be controlled independently.

For f > 0.69, the settling time is proportional to ¢ and inversely proportional to 0),,
Again, ts can be reduced by increasing <u,

Toolbox 5*6-2

Tofind PO. rise time, and settling lime using MATLAB, point at a desired location on the graph and right-
click to display the X and y values. For example

clear all
=10;1=0.4:

[w."2];

den= [121 ®w." 2] ;
step(num,den, t)
xlabeic*Time(secs) ?)
ylabeicmmplitude
title( Tlosed-Loop step ?)

It should be commented that the settling time for ~ > 0.69 is truly a measure of how
fast the step response rises to its final value. It seems that, for this case, the rise and delay
times should be adequate to describe the response behavior. As the name implies, settling
time should be used to measure how fast the step response settles to its final value. It should
also be pointed out that the 5% threshold is by no means a number cast in stone. More
stringent design problems may require the system response to settle in any number less
than 5%.

Keep in mind that, while the definitions on imax’ Ir, and Is apply to a system of
any order, the damping ratio ~ and the natural undamped frequency 0o, strictly apply only to
a second-order system whose closed-loop transfer function is given in Eg. (5-87).
Naturally, the relationships among tjy Ir, and /V and f and 0),, are valid only for the
same second-order system model. However, these relationships can be used to measure the
performance of higher-order systems that can be approximated by second-order ones,
under the stipulation that some of the higher-order poles can be neglected.
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» 5-7 SPEED AND POSITION CONTROL OF A DC MOTOR

Servomechanisms are probably the most frequently encountered electromechanical control
systems. Applications include robots (each joint in a robot requires a position servo),
numerical control (NC) machines, and laser printers, to name but a few. The common
characteristic of all such systems is that the variable to be controlled (usually position or
velocity) is fed back to modify the command signal. The servomechanism that will be used
in the experiments in this chapter comprises a dc motor and amplifier that are fed back the
motor speed and position values.

One ofthe key challenges in the design and implementation of a successful controller
is obtaining an accurate model of the system components, particularly the actuator. In
Chapter 4, we discussed various issues associated with modeling of dc motors. We will
briefly revisit the modeling aspects in this section.

57-1 Speed Response and the Effects of Inductance and Disturbance-Open Loop Response

Consider the armature-controlled dc motor shown in Fig. 5-24, where the field cuwent is
held constant in this system. The system parameters include

Ra = armature resistance, ohm
La = armature inductance, henry
Vo = applied armature voltage, volt

W = backent. \at

9 = angular displacement of the motor shaft, radian

T = torque developed by the motor, N-m

Ji_ = momentofinertia of the load, kg-m

T1 = any external load torque considered as a disturbance, N-m

Jm = moment of inertia of the motor (motor shaft), kg-tn®

J = equivalent moment of inertia of the motor and load connected to the motor-

shaft, J = Ji!' » + "m-, kg-np- (refer to Chapter 4 for more details)
n = gear ratio

B = equivalent viscous-friction coefficient of the motor and load referred to the
motor shaft, N-m/rad/sec (in the presence of gear ratio. B must be scaled by n;
refer to Chapter 4 for more details)

K, = speed sensor (usually a tachometer) gain

Figure 5-24 An armature-controlled dc motor with a
-Sensor gear head and a load inertia J1-
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As shown in Fig. 5-25, the amiature-controlled dc motor is itself a feedback system,
where back-emf voltage is proportional to the speed of the motor. In Fig. 5-25. we have
included the effect of any possible external load (e.g.. the load applied to ajuice machine
by the operator pushing in the fruit) as a disturbance torque TI- The system may be
arranged in input-output form such that is the input and ii(5) is &ie output:

K.

(5-114)

—

K,,.Kb + Rgi
\Ra) RoJm

The ratio L,JR,, is called the motor eleciric-iime constant, which makes the system speed-
response transfer function second order and is denoted by Tp Also, it introduces a zero to
the disturbance-output transfer function. However, as discussed in Chapter 4. because Lu in
the armature circuit is very small. T, is neglected, resulting in the simplified transfer
functions and the block diagram of the system. TTius, the speed ofthe motor shaft may be
simplified to

Km 1

n(j)=- KIki, + R,B (5-115)

n(s) = - (5-116)

where Keff = K,,,/iRaB + K,,,Kh) is the motor gain constant, and T,,= R a J m +
KniKh) is the motor mechanical time constant. If the load inertia and the gear ratio are
incorporated into the system model, the inertia J,,, in Egs. (5-114) through i5-116) is
replaced with J ilotal inertia).
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Using superposition, we get

iy = + (5-117)

To find the response iou), we use superposition and find the response due to the individual
inputs. For T i= 0 (no disturbance and 5 = 0) and an applied voltage Va(i) = -4, such that
v'is)=Als,
Kb (5-118)
In this case, note that the motor mechanical time constant X,, is reflective of how fast
the motor is capable of overcoming its own inertia Jm to reach a steady state or constant
speed dictated by voltage Va. From Eq. (5-118), the speed final value is w{t) = A/K/,. As
increases, the approach to steady state takes longer.
If we apply a constant load torque of magnitude D to the system (i.e., Ti_= DIs), the
speed response from Eq. (5-118) will change to

RaD”

which clearly indicates that the disturbance affects the final speed of the motor. From
Eqg. (5-119), at steady stale, the speed of the motor is ojffv = ~{A - ~ ). Here the final
value of a>(t) is reduced by RaD/KmKh- A practical note is that the value 0iTi = D may
never exceed the motor stall torque, and hence for the motor to turn, from Eq. (5-119),
AKm/Ra > Dy which sets alim it on the magnitude of the torque Ti. For a given motor, the
value of the stall torque can be found in the manufacturer's catalog.

If the load inertia is incorporated into the system model, the final speed value becomes
cofv = AIKi,. Does the stall torque of the motor affect the response and the steady-state
response? In arealistic scenario, you must measure motor speed using a sensor. How would
the sensor affect the equations of the system (see Fig. 5-25)?

5-7-2 Speed Control of DC Motors; Closed-Loop Response

As seen previously, lhe output speed of the motoris highly dependant on the value of torque
Ti.. We can improve the speed performance ofthe motor by using a proportional feedback
controller. The controller is composed of a sensor (usually a tachometer for speed
applications) to sense the speed and an amplifier with gain K (proportional control)
in the configuration shown in Fig. 5-26. The block diagram of the system is also shown in
Fig. 5-27,

Figure 5-26 Feedback control of an
armature-controlled dc motor with
a load inertia.
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Note that the speed at the motor shaft is sensed by the tachometer with a gain K,. For
ease in comparison of input and output, the input to the control system is converted from

voltage Vj,,to speed n,, using the tachometer gain K,. Hence, assuming = 0. we have
K,KmK
K<J,,
Ki, + R,,B + K,KAK*
RaJ®
| (5-120)
K”Kj + R.B + K,K,, K\
««m/» J
For a step input fl,, = A/s and disturbance torque value Ti = D/s, the output becomes
(5-121)
where Tc = K fi K a is the system mechanical-time The steady-state
response in this case is
! AKK"K, R"D\
o= \K,,,Kb + R"B + KK,,,K K,,Kh+ R"B + K,K, k) ~m

where cofi."A & K —*00. So. speed control may reduce the effect of disturbance. As in
Section 5-7-1. the reader should investigate what happens if the inenia Jt is included in
this model. If the load inertia Ji is too large, will the motor be able to lum? Again, as
in Section 5-7-1. you will have to read the speed-sensor voltage to measure speed. How will
that affect your equations?

5-7-3 Position Control

The position response in the open-loop case may be obtained by integrating the speed
response. Then, considering Fig. 5-25. we have 0 (j) = n (i)/i. The open-loop transfer
function is therefore

e(") "
v,(s) 4L, JsM+ (LB + + R,.B+ K,Ki,)

(5-123)
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Figure 5-28 Block diagram of a position-control, armature-controlled dc motor.

where we have used the total inertia J. For small La, the time response in this case is

(5-124)

which implies thatthe motor shaft is turning without stop at a constant steady-state speed.
To control the position of the motor shaft, the simplest strategy is to use a proportional
controller with gain K. The block diagram of the closed-loop system is shown in Fig. 5-28.
The system is composed of an angular position sensor (usually an encoder or a potenti-
ometer for position applications). Note that, for simplicity, the input voltage can be scaled
to a position input 0i,(5) so that the input and output have the same units and scale.
Alternatively, the output can be converted into voltage using the sensor gain value. The
closed-loop wansier function in this case becomes

KK...K,
(5-125)
where is the sensor gain, and, as before, Te = {La/Ru) may be neglected for small La.
KK,,Ks
i
is) __ RgJ (5-126)

y (RB+K M ~ KK K,
RJ RaJ

Later, in Chapter 6, we set up numerical and experimental case studies to test and verify the
preceding concepts and leam more about other practical issues.

5-8 TIME-DOMAIN ANALYSIS OF A POSITION-CONTRUL SYSTEM

In this section, we shall analyze the performance of a system using the time-domain criteria
established in the preceding section. The purpose of the system considered here is to
control the positions of the fins of an airplane as discussed in Example 4-11-1.

Recall from Chapter 4 that

G()= K,KAK, KN
©,(3i) + (R, + LB, + K iK2J)s + + KiKiB, + K.Ki, + KKiK,Ki]
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The system is of the third order, since the highest-order term in G(s) is s". The electtical
time constant of the amplifier-motor system is

The mechanical time constant of the motor-load system is

Because the electrical time constant is much smaller than the mechanical time constant, on
account of the low inductance of the motor, we can perform an initial approximation by
neglecting the armature inductance La- The result is a second-order approximation of the
third-order system. Later we w ill show that this is not the best way of approximating a high-
order system by a low-order one. The forward-path transfer function is now

K.KAKAKN
s[{RoJ, + KiK2J,)s + RaB, + KiKTB, + KiKb + KK*KiK,]

KsK.K.KN (5.130)

RgJ, +KAK2J,
RraB, Frxkis, FK Kb + KKxKiK \

rlj, + KiK2J, )

Substituting the system parameters in the last equation, we get

Comparing Eq. (5-131) and (5-132) with the prototype second-order transfer function of
Eqg. (5-86), we have

natural Undamped frequency = +\ AsK]KiKN _ ~~/4500" rad/sec  (5-132)
VRa't +

damping ratio * = —-——— o2 (3-1ii)

SAKSKAKTKNGRY, + KXGD,) i

Thus, we see that ihe natural undamped frequency (Unis proportional to the square root of
the amplifier gain K, whereas the damping ratio <is inversely proportional to y/K.
The closed-loop transfer function of the unity-feedback control system is

(5-134,
0N {i) s2+ 361.2s+ 450QK

5-8-1 Unit-Step Transient Response

Fortime-domain analysis, it is informative to analyze the system performance by applying
Ilhe unit-step input with zero initial conditions. In this way. it is possible to characterize the
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system performance in terms of the maximum overshoot and some of the other measures,
such as rise time, delay time, and settling time, if necessary.

Let the reference input be a unit-step function dr{t) = Us{t) rad; then 0 (i) = i/s. The
output of the system, with zero initial conditions, is

4500K (5-135)
OV{=C~ 15 +361.25+ as00iT)

The inverse Laplace oansform o f the right-hand side of Uie last equation is carried out using

the Laplace transform table in Appendix D, or using Eq. (5-90) directly. The following
results are obtained for the three values of K indicated.

K = 7.248U"1.0):

(5-136)
K = 14.5U = 0.707):
6y(t)= (1 -i-*®*'c0sI80.6/-0.9997&" " ~'sinl80.6/)M () (5-137)
K=181J7{1 =0.2):
6i,(f) = (1 -i-'® “*cos884.7/ -0.2041i*®®~'sin884.7/)ur(0 (5-138)

The three responses are plotted as shown in Fig. 5-29. Table 5-3 gives the comparison of the
characteristics of the three unit-step responses for the three values of K used. When

0,00 0.01 0,02 0.03 0.04
Time (sec)
Figure 5-29 Unit-step responses of the attiiude-conwol system in Fig. 4-78; La = 0.
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TABLE 5-3
the Gain K

Gain a:

7.24808
14,50
181,17

K =

Comparison of the Performance of the Second-C
Values
%Max
(rad/sec) overshoot (sec)
1.000 180,62 0 0.00929
0.707 255.44 4,3 0.00560
0.200 903.00 52.2 0,00125

n-Control System with

tr n

(sec) (sec) (sec)
0.0186 0.0259 —
0,0084 0.0114 0.01735

0.00136 0.0150 0.00369

181.17, f = 0.2, the system is lightly damped, and the maximum overshootis 52.7%,

which is excessive. When the value of K is setat 7.248, f is very close to 1.0. and the system
is almost critically damped. The unit-step response does not have any overshoot or
oscillation. When K is set at 14.5, the damping ratio is 0.707, and the overshoot is
4.3%. It should be pointed out that, in practice, it would be time consuming, even with the
aid of a computer, to compute the time response for each change of a system parameter for
either analysis or design purposes. Indeed, one of the main objectives of studying conuol
systems theory, using either the conventional or modern approach, is to establish methods
so that the total reliance on computer simulation can be reduced. The motivation behind
this discussion is to show that the performance ofsome control systems can be predicted by
investigating the roots of the characteristic equation of the system. For the characteristic
equation of Eq. (5-135), the roots are

Toolbox 5-8-1

5, =-180.6+V32616-4500A"

52 =

-180.6- \/32616-4500A"

(5-139)

(5-140)

The Fig. 5-29 responses may be obtained by the following sequence of MATLAB functions.

%Equation 5.136

% Unit-Step Transient Response

fork=[7.248 14.5 181.2]
num = [6S007k];

den= [1361.24500%k] ;
stepCnum,den)

hold on;

end

xlab Time(secs) ?)
ylabeic Amplitude™)

titleC Tlosed-Loop Step *

)

For A" = 7.24808, 14.5. and 181.2. the roots of the characteristic equation are tabulated as

follows:

;= 7.24808: Ji =8=-1806
14.5: s\= -180.6 + ¥]80.6
= 1812 1=-180,6+ J884.7

PR
1

J2=-180.6-7i80.6
2= -180,6 + )884.7
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These roots are marked as shown in Fig. 5-30. The trajectories of the two characteristic
equation roots when K varies continuously from -0c to oc are also shown in Fig. 5-30.
These root irajectories are called the rool loci (see Chapter 4) of Eq. (5-135) and are used
extensively for the analysis and design of linear control systems.

From Egs. (5-140) and (5-141), we see that the two roots are real and negative for
values of K between 0 and 7.24808. This means that the system is overdamped, and the step
response will have no overshoot for this range of K. For values of K greater than 7.24808.
the natural undamped frequency will increase with /K. When K is negative, one of the
roots is positive, which corresponds to a time response that increases monotonically with
time, and the system is unstable. The dynamic characteristics of the transient step response
as determined from the root loci of Fig. 5-30 are summarized as follows:

Amplifier Gain Dynamics Characteristic Equation Roots System

0<iC< 7.24808 Two negative distinct real roots Overdamped (c > 1)

K = 7.24808 Two negative equal real roots Critically damped = 1)

7.24808 < A-< oc Two complex-conjugate roots Underdamped (f < 1)
with negative real parts

- oc< <0 Two distinct real roots, one Unstable system (C<Oj

positive and one negative
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5-8-2 The Steady-State Response

Because the forward-path ransfer function in Eq. (5-132) has a simple pole at J =0,
the system is of type 1. This means that the steady-state error of the system is zero for
all positive values of K when the input is a step function. Substituting Eq. (5-132) into
Eq. (5-24), the step-error constant is

dsnnjr
(5-141)

Thus, the steady-state error ofthe system due to a step input, as given by Eq. (5-25), is zero.
The unit-step responses in Fig. 5-29 verify this result. The zero-steady-state condition is
achieved because only viscous friction is considered in the simplified system model. In the
practical case, Coulomb friction is almost always present, so the steady-state positioning
accuracy of the system can never be perfect.

5-8-3 Time Response to a Unit-Ramp Input

The control of position may be affected by the control of the profile of the output, rather
thanjust by applying a step input. In other words, the system may be designed to follow a
reference profile that represents the desired trajectory. It may be necessary to investigate
the ability of the position-control system to follow a ramp-function input.
Foraunit-ramp input, 6r{t) = tUs{t). The output response of the system in Fig. 4-79 is

9y{t) = £ 4500/ (5-142)
Vi = 52(52 +36 1.27 + 45001:)

which can be solved by using the Laplace transform table in Appendix C. The resultis

(5-143)

where

9= cos-‘{2f2-1) {;<1) (5-144)

The values of ; and (J}, are given in Egs. (5-134) and (5-133). respectively. The ramp
responses of the system for the three values of K are presented in the following
equations.

K = 7.248;
9y{t) = {i~ 0.01107 - 0.8278i-'®-2 + 0.8389e-""®")«i(0 (5-145)

6,(f) = (t- 0.005536 + 0.005536"-
(5-146)
- 5.467 X\ -\- *sinl80.60«r(0
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Times (sec)
Figure 5-31 Unit-ramp responses of ihe attitude-control system in Fig. 4-78; La = 0.

iy(r) = (i-0.000443 + 0.000443i-"*°*'c0s884.7/
(5-147)
-0.00104e" sin884.7fuj(/)

These ramp responses are plotted as shown in Fig. 5-31. Notice thal the steady-state errorof
the ramp response is not zero. The last term in Eq. (5-144) is the transient response. The
steady-state portion of the unit-ramp response is

i ov(/) = i fi-— 5-148
figp 020 = tim 1 140

Thus, the steady-state ewor of the system due to a unit-ramp input is

2c  0.0803
(5-149)
on K

which is a constant.

A more direct method of determining the steady-state ewor due to aramp input is to
use the ramp-euor constant Ky. From Eq. (5-31).

Ky = ,irwI 5C(i) = !\mA At 17 12.46AT



300 » Chapter 5. Time-Domain Analysis of Conuol Systems

Thus, the steady-state error is

which agrees with the result in Eq. (5-149).

Toolbox 5.8-2
The Fig. 5-31 responses are obiained by the following sequence of MATLAB functions
for k=[7.248 14. 5181.2]

clniun = [4500*K] ;

clden= [1361.2 4500%k]
t=0:0.0001:0.3;

iX]=Isim(clnuin, clden.u, ©) ;
plot(t,y,t,u);
hold on;
end

title( "Unit-ramp responses )
xlabeic*Time(sec) ?)
ylabeic Amplitude~)

,5.151,

The resultin Eq. (5-151) shows that the steady-state error is inversely proportional 10
K. For K = 14.5. which corresponds to a damping ratio of 0.707, the steady-statd ewor is
0.0055 rad or. more appropriately. 0.55% of the ramp-input magnitude. Apparently, if we
attempt to improve the steady-state accuracy ofthe system due to ramp inputs by increasing
the value of K, the transient step response will become more oscillatory and have a higher
overshoot. This phenomenon is rather typical in all conwol systems. For higher-order
systems, if the loop gain ofthe system is too high, the system can become unsuble. Thus,
by using the controller in the system loop, the transient and the steady-state error can be
improved simultaneously.

5-8-4 Time Response of a Third-Order System

In the preceding section, we have shown that the prototype second-order system, obtained
by neglecting the armature inductance, is always stable for all positive values of K. It is not
difficult to prove that, in general, all second-order systems with positive coefficients in tie
characteristic equations are stable.

Let us investigate the performance of the position-conwol system with (rie annature
inductance La = 0.003 H. The forward-path transfer function of Eq. (5-128) becomes

15 X WAK 15 X 1044 A
s(j2 + 3408.35+ 1.204.000) ~ 5 is + 400.26)(j + 3008J i5-15 i

The closed-loop wansfer function is

1.5x10"a:

)
0,(s) *  + 3408.3s2" 1,204,000s + 1,5 X 10'/i (5-153)
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The system is now of the third order, and the characteristic equation is

+3408.35"+ 1.204.000J+ 1,5 X =0 (5-154)

Transient Response
The roots of the characteristic equation are tabulated for the three values of K used earlier
for the second-order system:

AT = 7.248; Ji= -156.21 82=-230.33 i3 = -3021.8
K= 145 s\ = -186.53 + yl92 J2 = -186.53 -y 192 53 = -3035.2
ir = 181.2: J| --57.49 + y906.6 [2--57.49 - ;906.6 --3293.3

Comparing these results with those of the approximating second-order system, we see that,
when K = 7.428. the second-order system is critically damped, whereas the third-order
system has three distinct real roots, and the system is slightly overdamped. The root at
-3021.8 couwesponds to atime constant of 0.33 millisecond, which is more than 13 times
faster than the next fastest time constant because of the pole at -230.33. Thus, the transient
response due to the pole at -3021.8 decays rapidly, and the pole can be neglected from the
transient standpoint. The output transient response is dominated by the two roots at —156.21
and -230.33. This analysis is verified by writing the transformed output response as

“ j(i + 156.21)(s + 230.33)(s + 3021.8)
Taking the inverse Laplace transform of the last equation, we get

«,(0 = (1 - 3.28e* ‘™ A"+ 2.28e-" """ - 0.0045¢c-" A *")i/ (0 (5-156)
The last term in Eq. (5-156), which is due to the root at -3021.8, decays to zero very
rapidly. Furthermore, the magnitude ofthe term atr = 0 is very small compared to the other
two transient terms. This simply demonstrates that, in general, the contribution ofroots that
lie relatively far to the left in the j-‘piane to the transient response will be small. The roots
that are closer to the imaginary axis will dominate the transient response, and these are
defined as the dominant roots of the characteristic equation or of the system.

When K = 14.5, the second-order system has a damping ratio of 0.707, because the
real and imaginary parts of the two characteristic equation roots are identical. For the third-
order system, recall that the damping ratio is strictly not defined. However, because the
effect on transient of the root at -3021.8 is negligible, the two roots that dominate the
transient response correspond to a damping ratio 0f0.697. Thus, for K = 14,5, the second-
order approximation by setting La to zero is not a bad one. It should be noted, however,
that the fact that the second-order approximation is justified for K =: 14,5 does not mean
that the approximation is valid for all values of K.

When K = 181.2, the two complex-conjugate roots of the third-order system again
dominate the transient response, and the equivalent damping ratio due to the two roots is
only 0.0633. which is much smaller than the value 0f 0.2 for the second-order system. Thus,
we see that the justification and accuracy of the second-order approximation diminish as
the value of K is increased. Fig. 5-32 illustrates the root loci of the ihird-order characteristic
equation of Eq. (5-154) as K varies.
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When K = 181.2. the real root at -3293.3 still contributes little to the transient
response, but the two complex-conjugate roots at —57.49 = /906.6 are much closer to the
;u>-axis than (riose of the second-order system for the same AT, which are at
-180.6 + ;884.75. This explains why the thitd-order system is a great deal less stable
than the second-order system when K = 181.2.

By using the Routh-Hurwitz criterion, the marginal value of ATfor stability is found to
be 273.57. With this critical value of K. the closed-loop transfer function becomes

ov(i) 1.0872 x 108
(5-157)
0r(5) “ (i + 3408.3)(i2+ 1.204 X 106)

The roots oflhe characteristic equation are at5 = -3408.3, - jl097.3,andyl097.3.These
points are shown on the root loci in Fig. 5-32.
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Time (sec)
Figure 5-33 Unit-step responses of the third-order anitude-control system.

The unit-step response o f the system when K = 273.57 is
9y{t) = [1- 0.094e-3%0 3 - 0.952sin(1097.3/+ 72.16°)]h,(0 (5-158)

The steady-state response is an undamped sinusoid with afrequency of 1097.3 rad/sec, and
the system is said to be marginally stable. When K is greater than 273.57, the two complex-
conjugate roots will have positive real parts, the sinusoidal component ofthe time response
will increase with time, and the system is unstable. Thus, we see that the third-order system
is capable of being unstable, whereas the second-order system obtained with =0is
stable for all finite positive values of K.

Fig. 5-33 shows the unit-step responses of the third-order system for the three values of
K used. The responses for K = 7.248 and K - 14.5 are very close to those of the second-
order system with the same values of K that are shown in Fig. 5-29. However, the two
responses for a: = 181.2 are quite different.

The root iocTiS plot in Fig. 5-32 is obtained by the following MATLAB commands

fork=[7.248 14.5 181.2 273.57]

t=0:0.001:0.05;

num= [1.5*(10"7)*k] :
den= [1 3408.3 1204000 1.5*(10"7)*k];

rlocus(nuin,den)

hold on:
end
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Steady-State Response

From Eqg. (5-152), we see that, when the inductance is restored, the third-order system is
still of type 1. The value of K, is still the same as that given in Eq. (5-150). Thus, the
inductance of the motor does not affect the steady-state performance of the system,
provided that the system is stable. This is expected, since La affects only (rie rate o f change
and not the final value ofthe motor cuwent. A good engineer should always try to interpret
lhe analytical results with the physical system.

» 5-9 BASIC CONTROL SYSTEMS AND EFFECTS QF ADDING POLES AND ZEROS
TO TRANSFER FUNCTIONS

The position-control system discussed in the preceding section reveals importani proper-
ties of the time responses of typical second- and third-order closed-lcx)p systems.
Specifically, the effects on the transient response relative to the location of the roots of
the characteristic equation are demonstrated.

In all previous examples of control systems we have discussed thus far. (rie conwoller
has been typically a simple amplifier with a constant gain K. This type of control action is
formally known as proportional control, because the control signal at the output of the
controller is simply related to the input of the controller by a proportional constant.

Iniuitiveiy, one should also be able to use the derivative or integral of the input signal,
in addition to the proportional operation. Therefore, we can consider a more general
continuous-data controller to be one that contains such components as adders or summers
(addition or subtraction), amplifiers, attenuators, differentiators, and integrators — see
Section 4-3-3 and Chapter 9 for more details. For example, one of the best-known
controllers used in practice is the PID controller, which stands for proportiooai. integrai.
and derivative. The integral and derivative components of the PID conuoller have
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individual performance implicauons, and their applications require an understanding o f the
basics of these elements.

All in all. what these controllers do is add additional poles and zeros to the open- or
closed-loop transfer function of the overall system. As aresult, it is important to appreciate
the effects of adding poles and zeros to a transfer function first. We show that— although
the roots ofthe characteristic equation of the system, which are the poles ofthe closed-loop
transfer function, affect the transient response of linear time-invariant control systems,
particularly the stability— the zeros of the transfer function are also important. Thus, the
addition of poles and zeros and/or cancellation of undesirable poles and zeros of the
transfer function often are necessary in achieving satisfactory time-domain performance of
control systems.

In this section, we show that the addition of poles and zeros to forward-path and
closed-loop transfer functions has varying effects on the wansient response of the closed-
loop system.

59-1 Addition of a Pole to the Forward-Path Transfer Function; Unity-Feedback Systems

For the position-control system described in Section 5-8, when the motor inductance is
neglected, the system is of the second order, and the forward-path transfer function is ofthe
prototype given in Eq. (5-131). When the motor inductance is restored, the system is of
the third order, and the forward-path transfer function is given in Eq. (5-149). Comparing
the two transfer functions of Egs. (5-131) and (5-149), we see that the effect of the motor
inductance is equivalent to adding a pole at 5= -3008 to the forward-path transfer
function of Eq. (5-131) while shifting the pole at -361.2 to -400.26, and the proportional
constant is also increased. The apparent effect of adding a pole to the forward-path transfer
function is that the third-order system can now become unstable if the value of the amplifier
gain K exceeds 273.57. As shown by the rool-loci diagrams of Fig. 5-32 and Fig. 5-34, the
new pole of G (i) atJ = -3008 essentially “pushes” and "bends” the complex-conjugate
portion of the root loci of the second-order system toward the right-halfi-plane. Actually,
because ofthe specific value of the inductance chosen, the additional pole ofthe Ihird-order
system is far to the left o fthe pole at —400.26, so its effect is small except when the value of
K is relatively large.

Figure 5-34 Unit-step responses of the system with the closed-loop transfer function in
Eq. (5-160): 1 @,= Land Tp = 0. 1.2. and 5.
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To study the general effect of the addition of a pole, and its relative location, to
a forward-path transfer function of a unity-feedback system, consider the wansfer
function

The pole ati = -1/iTp is considered to be added to the prototype second-order transfer
function. The closed-loop transfer function is written

cM™M LS
“ R{s) - 1+ G(s) - + (1 + 2(w.T,)sM+ 210>S+ ui

Fig. 5-34 illustrates the unit-step responses ofthe closed-loop system wheniUn = 1;f = 1,
and Tp=Q, 1,2, and 5. These responses again show that the addition ofa pole to the
forward-path transfer function generally has the effect of increasing the maximum
overshoot of the closed-loop system.

As the value of Tp increases, the pole at —\/Tp moves closer to (rie origin in the
i-plane, and the maximum overshoot increases. These responses also show that the added
pole increases the rise time of the step response. This is not surprising, because the
additional pole has the effect of reducing the bandwidth (see Chapter 8) o fthe system, thus
cutting out the high-frequency components of the signal transmitted through the system.

Toolbox 5-9-1
The corresponding responsesfor Fig. 5-34 are obtained by the following sequence of MATLAB functions
clear all

w=l: 1=1;
for Tp=[0 12 5];

t=0:0.001:20;
num = [w];
den = [Tp I+2*1*w*Tp 2*1*w wA2] :

stepCnum,den,t);

hold on;

end

xlabeic Time(secs) ?)

ylabeic apos;y(t) ?)

titleC Ynit-step responses of the system?)

The corresponding responses for Fig. 5-37 are obtained by the following sequence ofMATLAB functions
clear all

w= 0.25:

for Tp=[0 0.2 0.667 1] ;

t=0:0.001:20;

num = [w]:
den= [Tp 1+2*1*w*Tp 2*I»wwA2] ;
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hold on

end

xlabeic Time(secs) ™)

ylabeic *y(t) ?

titleC Unit-step responses of the system” )

step(num,den,t);

The same conclusion can be drawn from the unit-step responses of Fig. 5-35, which are
obtained with a), = 1 f = 0.25; and Tp = 0,0.2.0.667, and 1.0. In this case, when Tpis
greater lhan 0.667, the amplitude of the unit-step response increases with time, and the
system is unstable.

5-9-2 Addition of a Pole to the Closed-Loop Transfer Function

Because the poles of the closed-loop transfer function are roots of the characteristic
equation, they control the transient response of the system directly. Consider the closed-
loop transfer function

i (5-161)
(i2 + 21co,, s+ (0i){\ + Tps)

where the tenn (1 + Tps) is added to a prototype second-order transfer function. Fig. 5-36

illustrates the unit-step response of the system with i), = 1.0: | = 0.5; and
Tp = 0, 0.5, 1.0. 2.0. and 4.0. As the pole at i = -*iTp is moved toward the origin
Time (sec)

Figure 5-35 Unit-step responses of the syfvtem with the closed-loop transfer function i
Eq. (5-160): ? = 0,25; @, = 1; and Tp = 0.0.2.0.667. and 10,
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Tune (sec)
Figure 5-36 Unit-step responses of the system with the closed-loop wansfer function in
Eq. (5-161): f = 0.5: w,,=\\znaTp = 0,0.5,1.0,2.0, and 4.0.
in thei-plane, the rise time increases and the maximum overshootdecreases. Thus, asfaras
the overshoot is concerned, adding a pole to the closed-loop transfer function has just the
opposite effect to that of adding a pole to the fonvard-path transfer function.
Toolbox 5-9-2
The corresponding responsesfor Fig. 5-36 are obtained by thefollowing sequence of MATIAB Junctions
clear all
w=11=0.5;

forTp=[0 0.512]:

t=0:0.001:15;
num= [w"2];

den= conv([l 2*1*wwh2] L[Tp 1]) ;

stepCnum,den,t);

hold on;

end

xlabel ( Time(secs) ?)

ylabeiry(t)*

titleC Ynit-step responses of the system?)

5-9-3 Addition of a Zero to the Closed-Loop Transfer Function

Fig. 5-37 shows the unit-step responses of the closed-loop system with the transfer function

_y®m g;"(I+r1:5)
MO R G2+ 20), + oo 12
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Time (sec)

figure 5-37 Unit-siep responses of the syslem with ihe closed-loop transfer function in

Eq. (5-162): =0.1.2,3.6. and 10.

where 0), = 1;f = 0.5; and =0,1,2,3.6, and 10. In this case, we seethat adding a zero

to the closed-loop transfer function decreases the rise lime and increases the maximum
overshoot of the step response.
We can analyze the general case by writing Eq. (5-162) as

VAN

+2Cw + ai

For a unit-step input, let the output response that corresponds to the first term of the right

side of Eq. (5-163) be Then, the total unit-step response is
- dyiji
y{t)=y\ii) + Tz yiiD) (5-164)
Fig. 5-38 shows why the addition of the zero at | = - I/TT reduces the rise time and

increases the maximum overshoot, according to Eq. (5-164). In fact, as T: approaches
infinity, the maximum overshoot also approaches infinity, and yet the system is still stable
as long as the overshoot is finite and f is positive,

5-9-4 Addition of a Zero to the Forward-Path Transfer Function: Unity-Feedback Systems

Let us consider that a zero at -1/r. is added to the forward-path transfer function of a
third-order system, so

s _ 6(1 +T:S)
{s)= . (5-165)
i(i+ 1) (j+2)
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Figure 5-38 Unit-step responses showing ihe effect of adding a zero to the closed-loop
transfer function.

The closed-loop transfer function is

6(1 +7-,5)

M{s) = -
R{s) p + 32+ (2+6T,)s+6

(5-166)

The difference between this case and that of adding a zero to the closed-loop transfer
function is that, in the present case, not only the term {1 + T-s) appears in the numera-
tor of M(s), but the denominator of M(s) also contains T.. The term {1 + Tji) in the
numerator of Mis) increases the maximum overshoot, but T: appears in the coefficient 0
the s terni in the denominator, which has the effect of improving damping, or reducing the
maximum overshoot. Fig, 5-39 illustrates the unit-step responses when T- = 0, 0.2, 0.5,
2.0, 5.0, and 10.0. Notice that, when T- = 0. the closed-loop system is on the verge of
becoming unstable. When T~ = 0.2 and 0.5, the maximum overshoots are reduced, mainly

Time (sec)
Figure 5-39 Unil-step responses of the system with the closed-loop transfer function in
Eq. (5-166): T, = 0. 0.2, 0.5. 2.0. 5.0. and 10.0.
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because ofthe improved damping. As T_increases beyond 2.0, although the damping is still
further improved, the (1 + T7s) term in the numerator becomes more dominant, so the
maximum overshoot actually becomes greater as 7" is increased further.

An important finding from these discussions is that, although the characteristic
equation roots are generally used to study the relative damping and relative stability of
linear control systems, the zeros of the transfer function should not be overlooked in their
effects on the transient performance of the system.

Toolbox 5-9-3
The corresponding responsesfor Fig. 5-39 are obtained by the following sequence of MATLAB functions

clear all

w=1;1=0.5;
forXz=[00.20.535] ;
t=0:0.001:15;

num = [6*Tz 6] ;

den = [132+6*Tz 6]:

step(num,den,t);

hold on;

end

xlabeic Time(secs) ?)

ylabel (y(t) )

title( Unit-step responses of the system?)

» 5-10 DOMINANT POLES AND ZEROS OF TRANSFER FUNCTIONS

From the discussions given in the preceding sections, it becomes apparent that the location
of the poles and zeros of a transfer function in the i-plane greatly affects the transient
response of the system. For analysis and design purposes, it is important to sort out lhe
poles that have a dominant effect on the transient response and call these the dominant
poles.

Because most control systems in practice are of orders higher than two, it would be
useful to establish guidelines on the approximation of high’Order systems by lower-order
ones insofar as the transient response is concerned. In design, we can use the dominant
poles to control the dynamic performance ofthe system, whereas the insignificant poles are
used for the purpose of ensuring that the controller transfer function can be realized by
physical components.

For all practical purposes, we can divide the .Y-plane into regions in which the
dominant and insignificant poles can lie, as shown in Fig. 5-40. We intentionally do
not assign specific values to the coordinates, since these are all relative to a given system.

The poles that are dose to the imaginary axis in the left-half .i-plane give rise to
transient responses that will decay relatively slowly, whereas the poles that are far awa\
from the axis (relative to the dominant poles) correspond to fast-decaying time responses.
The distance D between the dominant region and the least significant region shown in Fig.
5-40 will be subject to discussion. The question is: How large a pole is considered to be
really large? It has been recognized in practice and in Ihe literature that if the magnitude of
the real part of a pole is at least 5 to 10 times that of adominant pole or a pair of complex
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Region of Region of
insignificant dominant
Mles poles Unstable
region
Unstable
region

Figure 5-40 Regions of dominant
and insignificaDt poles in the i-plaoe

dominant poles, then the pole may be regarded as insignificant insofar as the ransie
response is concerned. The zeros that are close to the imaginaiy axis in trie left-halfj-piaj
affect the transient responses more significantly, whereas the zeros wriat aitfar away fro
the axis (relative to the dominant poles) have a smaller effect on the time response.

We must point out that the regions shown in Fig. 5-40 are selected merely for tl
definitions of dominant and insignificant poles. For design purposes, such as in pol
placement design, the dominant poles and the insignificant poles should most likely 1
located in the tinted regions in Fig. 5-41. Again, we do not show any absolute coordinate
except that the desired region of the dominant poles is centered around the line th
couvespondsto f = 0.707. It should also be noted that, while designing, we cannot place d
insignificant poles arbitrarily far to the left in the i-plane or these may require unrealist
system parameter values when (tie pencil-and’'paper design is implemented by physic
components.

Figure 5-41 Regions of
dominant and insignificant
poles in the s-plane for desi
purposes.
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5-10-1 Summary of Effects of Poles and Zeros
Based on previous observations, we can summarize the following:

1. Complex-conjugate poles of the closed-loop transfer function lead to a step
response that is underdamped. If all system poles are real, the step response is
overdamped. However, zeros of the closed-loop transfer function may cause
overshoot even if the system is overdamped.

2. The response of a system is dominated by those poles closest to the origin in the
5-plane. Transients due to those poles, which are farther to the left, decay faster.

3. The fartherto the left in the i-plane the system’sdominant poles are, the faster the
system will respond and the greater its bandwidth will be

4. The farther to the left in the i-plane the system’'s dominant poles are, the more
expensive it will be and the larger its internal signals will be. W hile this can be
justified analytically, it is obvious that striking anail harder with a hammer drives
the nail in faster but requires more energy per strike. Similarly, a sports car can
accelerate faster, but it uses more fuel than an average car.

5. When apole and zero of a system wansier function nearly cancel each other, the
portion of the system response associated with the pole will have a small
magnitude.

5-10-2 The Relative Damping Ratio

When asystem is higherthan the second order, we can no longer strictly use the damping
ratio | and the natural undamped frequency iOn, which are defined for the prototype
second-order systems. However, if the system dynamics can be accurately represented
by a pairofcomplex-conjugate dominant poles, then we can still use f and 0J,, to indicate
the dynamics of the transientresponse, and the damping ratio in this case is refewed to as
the relative damping ratio of the system. For example, consider the closed-loop transfer
function

(s+ 10)(j2 + 2j + 2) ‘

The pole ati = —10is 10 times the real part of the complex conjugate poles, which are at
-1 + j\. We can refer to the relative damping ratio of the system as 0.707.

5-10-3 The Proper Way of Neglecting the Insignificant Poles
with Consideration of the Steady-State Response

Thus far, we have provided guidelines for neglecting insignificant poles of a transfer
function from the standpoint of the transient response. However, going through with the
mechanics, the steady-state performance must also be considered. Let us consider the
transfer function in Eq. (5-167); the pole at -10 can be neglected from the transient
standpoint. To do this, we should first express Eq. (5-167) as

20
M{s) =
10 (j10 + 1){j2 +2s + 2)
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Then we reason that 1i/10| < 1 when the absolute value of s is much smaller than I
because ofthe dominant nature ofthe complex poles. The ternii/ 10 can be neglected whe
compared with 1. Then, Eq. (5-168) is approximated by

20
(5-165
10(i2+ 2i + 2)

This way, the steady-state performance ofthe third-order system wiill not be affected by th
approximation. In other words, the third-order system described by Eq. (5-167) and Ih
second-order system approximated by Eq. (5-169) all have a final value of unity when
unit-step input is applied. On the other hand, if we simply throw away die tenn {s+ 10)ii
Eqg. (5-167), the approximating second-order system will have a steady-state value o f:
when a unit-step input is applied.

» 5-11 BASIC CONTROL SYSTEMS UTILIZING ADDITION OF POLES AND ZEROS

EXAMPLE 5-11-1

In practice we can control the response of & system by adding poles and zeros or a simpli
amplifier with a constant gain K to its transfer function. So far in this chapter, we havi
discussed the effect of adding a simple gain in the time response— i.e., proportiona
control. In this section, we look atcontrollers thatinclude derivative or integral of the inpu
signal in addition to the proportional operation.

Fig. 5-42 shows the block diagram of a feedback control system that arbitrarily has a second-orde
prototype process with the wansier function

Gp{s) = (5-170

s+ 2lw,)
The series controller in this case is a proportional-derivative (PD) type with the transfer function
G.(s)=Kp + Kds (5171

In this case, the fonvard-paih transfer funclion of the compensated system is

(5-172

Figure 5-42 Control system with PD controller.
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which shows that the PD control is equivalent to adding a simple zero at5 = -Kp|Ko to the forward-
palh transfer function. Consider the second-order model

(5-173,
Rewriting the wansfer function of the PD conooller as
Ge(s) = (Kp + Kds) (5-174)
the fonvard-path wansier function of the system becomes
The closed-loop wansier function is
Y{s, 2{Kp + Kps;
{s) {Kp + Kps) (5-176)

R(s) s"+ {2+ 2Kd)s + 2Kp
Eq. (5-176) shows that the effects of the PD controller are the following;

1. Adding a zero ati = -K p/Kd to the closed-loDp transfer function.

2. Increasing tie damping lerm, which is the coefficient of the T term in the denominator, from
202+ 2Kd.

We should quickly point out that Eq. (5-175) no longer represents a prototype second-order system,
since the transient response is also affected by the zero of the transfer function at5 = -Kp/Kd- It
wrsa ttetfatHsseordadarssam sstrevdLeofKd inoessss, trezarowill noevaydoe
to the origin and effectively cancel the pole of G (i) at J = 0. Thus, as Kp increases, the transfer
function in Eq. (5-175) approaches that of afirst-order system with the pole atJ = -2. and the closed-
loop system will not have any overshoot- In general, for higher-order systems, however, the zero at
s= —Kp/Ko may increase the overshoot when K[) becomes very large.
The characteristic equation is written as

p +(2+1Ko)s + IKp=1 (5-177)

Ignoring the zero of the oansfer function in equation (5-177) and comparing (5-177) to prototype
second-order system characteristic equation

+2la,s +0i =0 (5-178)
we get the damping ratio and natural frequency values of
s i+Kp
(5-179)
@, = y/2fTp

which clearly show the positive effect of Kd on damping. For Kp = 8, if we wish to have critical
damping, f = 1 Eq. (5-179)gives iTo = 3. Fig. 5-43 shows the unit-step responses of the closed-loop
system with Kp = %and Ko = 3. With the PD control, the maximum overshoot is 2%. In the present
case, although Kn is chosen for critical damping, the overshoot is due to the zero at }= -Kp/Ko of
the closed-loop transfer function. Upon selecting a smaller Kp = 1 for c = 1 Eq. (5-179) gives
Kd = 0.414. Fig. 5-43 shows a critically damped unit-step response in this case, which implies the
zero atJ = —KplKo of the closed-loop transfer function has a smaller impact on the response of the
system, and the overall response is similar to that of a prototype second-order system. However, in
either case, upon increasing Kp. the genera! conclusion is that the PD controller decreases the
maximum overshoot, the rise lime, and the settling lime.
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Unit-step responses of the system

Time(secs) (sec)
Figure 5-43 Unil-step response of Eq. (5-176) for Iwo sets of Kd and Kp values.

Toolbox 5-11-1
The corresponding responsesfor Fig. 5-43 are obtained by thefollowing sequence of MATLAB functions

clear all
t=0:0.001:5;

num= [2*3 16] :% KP=4 and KD=3
den= [12+2*3 16] ;
step(num,den,t) ;

num = [2* .414 2] ; %kp=1 andKD=0.414
den= [12+2*.414 2] ;
step(num,den,t);

xlabeK Time(secs) ?)
ylabelCy(t) ?)
titleC Onit-step responses of the system?)

» EXAMPLE 5-11-2 We saw in the previous example that the PD controller can improve ihe damping and rise lime o
a cornrol system. Because the PD controller does not change the system type, it may not fulfill tht
compensation objectives in many situations involving steady-state error. For this purpose, an Integra
controller may be used. The integral partofthe PID controller produces a signal that is proportional u
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Figure 5-44 Control system with Pl controller.

the time incegral of ihe input of the controller. Fig. 5-44 illustrates the block diagram of the
prototype second-order system with a series Pl controller. The transfer function of the PI
controller is

GAs) =Kp+'n (5-180)

Using the circuit elements given in Table 4-4 in Chapter 4, the forward-path transfer function of the
compensated system is

(5-181)

Clearly, the immediate effects of the PI controller are the following:

1. Adding azero ati = -K//Kp to the forward-path transfer function.

2. Adding apole at 5= 0 to the fonvard-pach transfer function. This means that the system
type is increased by one. Thus, the steady-state ewor of the original system is improved by
one order: that is. if the steady-state errorto a given input is constant, the PI control reduces
i to zero (provided that the compensated system remains stable).

Consider Ihe second-order model

S

The system in Fig. 5-44, with the forward-path transfer function in Eq. (5-182). will now have a zero
steady-state error when the reference inpul is a step function. However, because the system is now of
the third order, if may be lessstable than (he original second-order system or even become unstable if
the parameters Kp and K, are not properly chosen. In the case of atype 0 system with a PD control, the
magnilude of the steady-state error is inversely proponional to Kp. When atype 0 system is converted
to type 1using a Pl controller, the steady-state error due 10 astep inpul is always zero if the system is
stable. The problem is then to choose the proper combination of Kp and K, so that ihe transient
response is satisfactory.

The pole-zero configuration of the PI controller in Eq. (5-180) is shown in Fig. 5-45. At first
glance, it may seem that PI control will improve the steady-state error at the expense of stability.
However, we shall show that, if Ihe location of the zero of ¢, (5) is selected properly, both the damping
and the steady-state error can be improved. Because the Pl controller is essentially a low-pass filter,
the compensated system usually will have a slower rise time and longer settling time. A \iabk’mellioJ
of designing the PT control is to select the zero ar s = -K ilK p so lhai il is relaiively close to the
origin and away from the most significant poles of the process: ibe values of Kf. ami K, should he
relalively small.
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jm

j-plane

Kf.

Figure 5-45 Pole-zero configuration of a Pl conuoller.

Applying the PI controller of Eq. (5-180), the forward-path ttansfer funcuon of the syste
becomes
2Kf(s + KilKp)  IKp{, + KilKp)
= (T+1)(;+2) = i+37+2,

The steady-state error due to a step input u,(t) is zero. The closed-loop tfansfer function is

y(€) » IKp{s + K./Kp)
R{s) 53+372+2(1+/r/>)i+ 2AT

The characteristic equation of ihe closed-loop system is
+ 3ir + 2{1 + Kp)s + 2K ,=0 (518

Applying Routh’s test to Eq. (5-185) yields the result that the system is stable for 0 < A7IKp < 13,
This means that the zero of C(j) ati = -KilK p cannot be placed loo far to the left in the left-hi
s-plane, or the system will be unstable. Let us place the zero at -K ijK p relatively close 10 the origi
For the present case, the most significant pole of Gpu) is at - 1. Thus, K,!Kp should be chosen so il
the following condition is satisfied

(518
Rp « *
With the condition in Eq. (5-186) satisfied, Eq. (5-184) can be approximated by
(518
where the term Ki/Kp in the and Ki in the i arer . As adesigD criieric

we assume a desired percent maximum overshoot value of about 4.3 for a unit-step input, whi
utilizing expression (5-104) results in arelative damping ratio of 0,707. From the denominator ofH
(5-187) compared with a prototype second-order system, we get natural frequency value of <n
2.1213 rad/s and the required proportional gain of Kp = 1.25. This should also be uue for the thil
order system with the PI coniroller if the value of Ki/Kp satisfies Eq. (5-J86). Thus, to achieve til
we pick a small K/. If K/ is too small, however, the system time response is slow and the desii
steady-state error requirement is not mel fast enough. Upon increasing K/ to 1.125. tie desii
response is met, as shown in Fig. 5-46.
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Unit-step responses of the system

Time(secs) (sec)
Figure 5-46 Unit-step response of Eq. (5-185) for two sets of Ki and Kp values.

5-11-2
sponding responsesfor Fig. 5-46 are obtained by thefollowing sequence ofMATLAB functions

A1
101:10;

*1.25 1.12S]: %KP=1.25 and KI1=0.625
32+2*1.25 1.125];
m.den.t);

*1.25 2*1.125]; %KP=1.2S andKI=1.125
.32+2*1.25 2*1.125]:
wn,den,t) ;

Time(secs) ?)
myCt) ?)

Unit-step responses ofthe system’)

ATLAB TOOLS

In this chapter we provided MATLAB toolboxes for finding the time response of simple
control systems. We also introduced the concepts of root contours and root locus and
included MATLAB codes to draw them for simple control examples. In Chapters 6 and 9.
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» 5-13 SUMMARY

where we address more complex control-system modeling and analysis, we will intro
duce the Automatic Control Systems software (ACSYS) that utilizes MATLAB an(
SIMULINK m-files and GUIs (graphical user interface) for the analysis of more complc)
control engineering problems.

The reader is especially encouraged to explore the Control Lab software tooli
presenied in Chapter 6 that simulate dc motor speed and position conwol topics discussec
earlier in this chapter. These simulation tools provide the user with virtual experiments ac
design projects using systems involving dc motors, sensors, electronic components, ac
mechanical components.

This chapter was devoted to the time-domain analysis of linear coniinuous-data conuwol systems, Thi
time response ofconwol systemsis divided into the wansient and the steady-state responses. The steady-
state error is ameasure of the accuracy of the system as time approaches infinity- When the system ha;
unity feedback for the step, ramp, and parabolic inputs, the steady-state error is characterized by thi
error constants Kp, Ky. and Ka. respectively, as well as the sysiem type. When applying Uie sieady-stak
error analysis, the final-value theorem of vie Laplace wansform is the basis: it should be ascertained thai
the closed-ioop system is stable or the error analysis will be invalid. The error constants are not definec
for sysiems with nonunity feedback. For nonunity-feedback systems, a method of determining th{
steady-state error was introduced by using the closed-loop transfer function.

The transient response is characterized by such criteria as the maximum overshoot, rise time
delay time, and settling time, and such parameters as damping ratio, natural undamped
frequency, and time constant. The analytical expressions of these parameters can al] be related
to the system parameters simply if the transfer function is of the second-order prototype. For second-
order systems that are not of the prototype and for higher-order systems, the analytical relationshipi
between the transient parameters and the system constants are difficult to determine. Compute!
simulations are recommended for these systems.

Time-domain analysis of a position-control system was conducted. The wansienl and steady-
state analyses were carried out first by approximating the system as a second-order sysiem. The effeci
of varying the amplifier gain K on the transient and steady-state performance was demonstrated. The
concept of the root-locus technique was inuoduced. and the system was then analyzed as a third-ordei
system. It was shown that the second-order approximation was accurate only for low values of K

The effects of adding poles and zeros to the forward-path and closed-loop wansfer functions
were demonsurated. The dominant poles of transfer were also discussed. This
the significance of the location of the poles of the transfer function in the i-plane and under whai

conditions the insignificant poles (and zeros) could be neglected with regard to the transient response

Later in the chapter, simple controllers—namely the PD, Pl. and PID— were invoduced
Designs were carried out in the time-domain (and j-domain). The time-domain design may bi
characterized by specifications such as the relative damping ratio, maximum overshoot, rise time
delay lime, settling time, or simply the location of the characteristic-equation roots, keeping in mine
that (he zeros of lhe system transfer function also affeci the transient response. The performance it
generally measured by (he step response and the steady-stale error.

MATLAB toolboxes and the Automatic Control System software tool are good tools to study tht
lime response of control systems. Through the GUI approach provided by ACSYS. these program:
are intended to create a user-friendly environment to reduce the complexity of control systems design
See Chapters 6 and 9 for more detail.

REVIEW QUESTIONS

1. Give the definitions of the ewor constani;. Kp. Ky. and K,,.

2. Specify the type of input lo which the error constant Kp is dedicated.



Review Questions

3. Specify the type of input to which the error constant K, is dedicated.

4. Specify Wie type of input to which the ewor constant is dedicated.

5. Define an error constant if the input to a unity-feedback control system is
described by r(i) = trus{t)/6.

6. Give the definition of the system type of a linear time-invariant system.

7. 1f a unity-feedback conuwol system type is 2, then it is certain that the steady-state

error of the system to a step input or arampinput will  be zero. (T)
8. Linear and nonlinear frictions will g degrade the steady-state ewor
of a control system. (T)

9. The maximum overshoot of a unit-step response of the second-order prototype
system will never exceed 100% when the damping ratio f and the natural undamped
frequency tu,, are all positive. (T)

10. For the second-order prototype system, when Uie undamped natural frequency w,,
ases, the of th the same. (T)

11. The maximum overshoot of the following system will never exceed 100% when
cu,, and r are all positive.

YE) "~ + ()
R{s) + 2Ico,,s + <

12. Increasing the undamped natural frequency will generally reduce the rise time

of the step res”nse. (T

13. Increasing the undamped natural frequency will generally reduce the settling time

of the step response. (T)

14. Adding a zero to trie forward-path wansier function will generally improve the
system damping and thus will always reduce the maximum overshoot of
the system. (T)

15. Given the following characteristic equation of a linear control system,
increasing the value of K win increase the frequency of oscillation of the system.
s +3sM+ 5t A= 0 W)

16. For the characteristic equation given in question 15, increasing the coefficient
of the  term will generally improve the dampingof thesystem. (T)

17. The location of the roots of the characteristic equation in the j-plane will give
a definite indication on the maximum overshoot of the transient response of

the system. (T)
18. The following transfer function G(j) can be approximated by Gi(s) because
the pole at —20 is much larger than the dominant pole at5= —1

+ ()

19. What is a PD conuoller? Write its input-output transfer function.

20. A PD controller has the constants Kq and Kp. Give the effects of these constants on
the steady-state error of the system. Does ihe PD control change ihe lype of a
system?

21. Give the effects of the PD control on rise time and settling time of a control system.
22. How does the PD controller affect the bandwidth of a control system?

23. Once the value of Ko of a PD controller is fixed, increasing the value of Kp will
increase the phase margin monotonically. (T)

F)

F)

F)

F)

F)

F)

F)

F)

(F)

F)

(F)

F)

F)
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» PROBLEMS

24. If aPD controller is i so thal the characteristic-equation roots have better
damping than Wie original system, then the maximum overshoot of the system

is always reduced. m {
25. What does it mean when a control system is described as being robust?

26. A system compensated with a PD conuoller is usually more robust ian the system
compensated with a Pl controller. (T) F
27. What is a Pl conuwoUer? Write its input-output transfer function.

28. A PI controller has the constants Kp and Kj. Give the effects of the PI conuoller

on the steady-state error of the system. Does the PI conwol change the system type?

29.

Give the effects of the Pl conuol ontherise time and settling time of aconuwol system.

Answers to these review questionscan befound on thisbook’s companion Website
www.wiley.com/conege/golnaraghi.
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in addition to using the conventional approaches, u TMATLAB to solve the problems in this

chapter.
5-1. A pair of complex-conjugate poles in the 5-plane is required to meet the various specifications
thai follow. For each specification, sketch the region in the 5-piane in which the poles should be
located.
(a) f>0.707 cy,>2rad/sec (positive damping)
(b) 0< i <0707 < 2rad/sec (positive damping)
() << 05 1< < 5rad/sec (positive damping)
(d) 0.5 < C< 0.707 On < 5rad/sec (positive and negative damping)
5-2. Delermine the type of the following unity-feedback systems for which the forward-patij
transfer functions are given.
oi™

a) G{s) = b) G(s) =
@ 69 (1+5)(1 + 10i ){1 + 20j) ®) 66) @ +i)(l 4+ 10j){1 +20j)

10(5+ 1) 100(5- 1)
() G(s) = (d) Gfs) = 6D

5+ 5)(i + 6) 2(s + 5)(s + 6)-
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® Cs2+ IV A3)(j+ 1)

5-3. Detennine the step, ramp, and parabolic error constants of the following unity-feedback
control systems. The forward-path transfer functions are given.

" (1+0.1s)(1 + 10i) wre s(j2+ 10s+ 100)
“i(i+ 0.ij) (i + 0.5s) “IVTTO7TTOO)
1000 a(i+2s)(l+4i)
(&) GGs) - n @Gl - n

5-4. For the unity-feedback control systems described in Problem 5-2, determine ihe steady-state
euwor for a unit-step input, a unit-ramp input, and a parabolic input. [t*/I)us{t). Check the stability of
the system before applying the final-value theorem.

5-5. The following wansier functions are given for a single-loop nonunity-feedback control system
Find the steady-state errors due to a unit-step input, a unit-ramp input, and a parabolic input,

(>V2)»,(1).

H(s) = 5

(d) G{s) = m =51+ 2)

5-6. Find the sleady-state errors of the following single-loop control systems for a unit-step input, a
unit-ramp input, and a parabolic input. (r*/2)uj(f). For systems that include a parameter K, find its
value so that the answers are valid.

CoNw 16 +4812+41+ 4

"> = o+ 3A 4+ y42)» 437 =

5-7. The output of the system shown in Fig. 5P-8 has a transfer function Y/X. Find the poles and
zeros of the closed loop system and the system type.
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5-8. Find the position, velocity, and acceleration error constants for lhe system given in Fig. 5P-

f+ 1 5
1+3 s(i+2)

Figure 5P-8

5-9. Find the steady-siate error for Problem 5*8 for (a) a unit-siep input, (b) a unit-ramp input, an
(c) a unit-parabolic inpul.

5-10. Repeat Problem 5-8 for the system given in Fig. 5P-10.

i+1 4
‘w77i s-

Figure 5P-10

5-11. Find the steady-state ewor of the system given in Problem 5-10 when theinput is

5-12. Find the rise ime of ihe following first-order system:
G(i) = wilh |i| < 1

5*13. The block diagram of a control system is shown in Fig, 5P-13. Findthestep-, ramp-, am
parabolic-error constants. The error signal is defined to be e{i). Find the steady-state errors in terms 0
K and K, when the following inputs are applied. Assume that the system is stable.

(air(f) = «(i)

(b) rit) = Ms(0

(€) r(0 = {rr12)uAt)

Figure 5P-13

5-14. Repeal Problem 5-13 when ihe iransfer funciion of the process is. instead.

G Q
" (1 +0.1j)(1+0.5i)

Whal constraints must be made, if any. on ihe values of K and K, so that the answers are valid'
Determine the minimum steady-slate error that can be achieved with a unit-ramp input by varyin]
the values of K and K,.
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5-15. For the position-control system shown in Fig. 3P-7. determine the following.

(a) Find the steady-state value of the error signal e”il) in terms of the system parameters when the
input is a unit-siep function.

(b) Repeat pan (a) when the input is a unit-ramp function. Assume that the system is stable,
5-16. The block diagram of a feedback control system is shown in Fig. 5P-16. The error signal is
defined to be e(t).

(a) Find the steady-state error of the system in terms of K and K, when the input is a unit-ramp
function. Give the constraints on the values of K and K, so that the answer is valid. Let n(t) = 0 for
this part.

(b) Find the steady-state value ofyU) when nu) is a unit-step function. Let r(r) = 0. Assume that the
system is stable.

Figure 5P-16

5-17. The block diagram of a linear conuol system is shown in Fig. 5P-17, where r(0 is the
reference input and n{/) is the disturbance.

(a) Find the steady-state value of e{t) when n[t) = 0 and r(f) = fKj(f). Find the conditions on the
values of a and K so that the solution is valid.

(b) Find the steady-state value of >(/) when r(0 = 0 and nit) = Us{t).

N(S)

R(S) £(0

Figure SP-17

5-18. The unit-step response of a linear control system is shown in Fig. 5P-18. Find the transfer
function of a second-order prototype system to model the system.
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5-19. For the control system shown in Fig. 5P-13, find the values of ATand K, so tiiat tile maximuit
overshoot of the output is approximately 4.3% and the rise time T, is approximately 0.2 sec. Use Eq
(5-98) for the rise-time relationship. Simulate the system with any time-response simulation progran
to check the accuracy of your solutions.

5-20.Repeat Problem 5-19 with a maximum overshoot of 10% and a rise time of 0.1 sec.
5-21.Repeat Problem 5-19 with a maximum overshoot of 20% and a rise time of 0.05 sec.
5-22. For the control system shown in Fig. 5P-13, find the values of ATand AT, so that the maximum
overshoot of the output is approximately 4.3% and the delay time Id is approximately 0.1 sec. Use
Eq. (5-96) for the delay-time relationship. Simulate the system with a computer program to check
the accuracy of your solutions.

5-23.Repeat Problem 5-22 with a maximum overshoot of 10% and a delay time of 0.05 sec.
5-24.Repeat Problem 5-22 with a maximum overshoot of 20% and a delay time of 0.01 sec.
5-25. For the control system shown in Fig. 5P-13. find the values of K and K, so that the damping
ratio ofthe system is 0.6 and the settling time of the unit-step response is 0,1 sec. Use Eq. (5*102) for
the settling time relationship. Simulate the system with acomputer program to check the accuracy of
your results.

5-26. (a) Repeat Problem 5-25 with a maximum overshoot of 10% and a settling time of 0.05 sec.
(b) Repeal Problem 5-25 with a maximum overshoot of 20% and a settling time of 0.01 sec.
5-27. Repeal Problem 5-25 with a damping ratio of 0.707 and a settling time of 0.1 sec. Use
Eq. (5-103) for the settling time relationship.

5-28. The fonvard-path transfer function of a conirol system with unity feedback is

"+ (j +30)

where @and Kare real constants.

(a) Find the values of a and K so that the relative damping ratio of the complex roots of tiie
characteristic equation is 0.5 and the rise time of the unit-step response is approximately 1 sec. Use
Eq. (5-98) asan approximation ofthe rise time. With the values ofa and K found, determine the actual
rise time using computer simulation.

(b) With the values of a and K found in pan (a), find the steady-state errors of the system when the
reference input is (i) a unil-step function and (ii) a unit-ramp function.

5-29. The block diagram of a linear control system is shown in Fig. 5P-29.

(a) By meansoftrial and evor, find the value of K so that the characteristic equation has two equal

real roots and the system is stable. You may use any root-finding computer program to solve this
problem.

(b) Find the unit'Step response of ihe system when K has the value found in pan (a). Use any
computer simulation program for this. Set all lhe initial conditions to zero.

(c) Repeatpart(b)w hen= -1.Whai aboutthe steprespor mall f, and whatmay
have caused it?

£() K(s-i) KQ)

s(s+)(i+2)

Figure 5P-29
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5-30. A controlled process is represented by the following dynamic equations;

, W+ 5«w

L),
dt

@jSt) =—-6x,{/)+«(r)

at

o= 0
The control is obtained through state feedback with

u(i) = -Ai(i} - kax2{1) + r(f)

where K] and k2 are real constants, and r{t) is the reference input.
(a) Find ihe locus in the /ti-versus-A:2 plane (Ati = vertical axis) on which the overallsystem has a
natural undamped frequency of 10 rad/sec.
(b) Find the locus in the A:|-versus-A:2 plane on which the overall system has adamping ratio 0f0.707.
(c) Find the values of ATl and *2 such that | = 0.707 and (U,= IOrad/sec.
(d) Letthe euorsignal be defined asef{t) = r{i) - y{t). Find the steady-state error when r(i) =u,(i)
and k, and *2 are at the values found in part (c).
(e) Find Gie locus in the A:|-versus-Ar2 plane on which the steady-state error due lo a unit-step input is
zero.
5-31. The block diagram of a linear control system is shown in Fig. 5P-31. Construct a parameter
plane of Kp versus Kj (Kp is the vertical axis), and show the following trajectories or regions in the
plane.

(a]

Unstable and stable regions
(b) Trajectories on which the damping is critical {c = 1)
(c) Region in which the system is overdamped (f> 1)

(d) Region in which the system is underdamped (c< 1)

(e) Trajectory on which the parabolic-error constant KaislOOOsec"*
(f) Trajectory on which the natural undamped frequencytu,, is 50 rad/sec
(g) Trajectory on which the system is either uncontrollable or unobservable (hint: look for pole-zero

cancellation)

A Ef9) KpiKps 100 ns)
1

Figure SP-31

5-32. The block diagram of a linear control system is shown in Fig. 5P-32. The fixed parameters of
the system are given as 7= 0.1,J = 0.01, and Ki = 10.

(a) When r(i) = tUs(t) and Tdit) = 0, determine how ihe values of K and K, affect the steady-state
value of e(l). Find the reslriciions on K and K, so that the system is stable.

(b) Letr{t) = 0. Determine how the values of K and K, affect the sleady-state value of>-(/) when the
disturbance input Td{t) = u,{t).

(c) LetK, = 0-01and r(f) = 0. Find the minimum steady-state value of>'(/) that can be obtained by
varying K, when TdU) is a unit-step function. Find the value of this K. From the transienl standpoint,
would you operate the system at this value of Explain.

(d) Assume that it is desired to operate ihe system with ihe value of Kas selected in part (c). Find the
value of K, so that the complex roots of the characteristic equation will have areal part of -2.5. Find
all three roots of the characteristic equation.



328 Chapter 5. Time-Domain Analysis of Control Systems

Figure 5P-32

5-33. Consider a second-order unity feedback system with f = 0.6 and 0J, = 5rad/sec. Calculati
the rise time, peak lime, maximum overshoot, and settling time when a unit-step input is applied I(
the system.

5-34. Fig. 5P-34 shows the block diagram of a servomotor. Assume J = 1kg-in“ and B = 1N-m
rad/sec. If the maximum overshool of the unit-step input and the peak time are 0.2 and 0.1 sec.
respectively,

(a) Find its damping ratio and natural frequency.

(b) Find the gain K and velocity feedback Kf. Also, calculate uie rise time and settling lime.

Figure 5P-34

5*35. Find the unit-siep response of the following systems assuming zero initial conditions:

-1 -1
65 0
10 Xm
0 1 @, * 1o 61 [1'
0 1
-1 -1

y, =1 0)
0 1 0 gy ‘0
1 -1 0 X 4+ |
10 0 3 0
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5-36. Use MATLAB to solve Problem 5-35.

5-37. Find the impulse response of the given systems in Problem 5-3:
5-38. Use MATLAB to solve Problem 5-37.

5-39. Fig. 5P-39 shows a mechanical system.

(a) Find the differential equation of the system.

(b) Use MATLAB to find the unit-step input response of the system.

5-40. The dc-motor conwol system for conirolling a printwheel described in Problem 4-49 has the
forward-path transfer function

0.(3i) A)
where a(s) = | [z.A [t/ + A
+ (rTKd.jL + + KiKiJi + R,B,,J1)s~

+ U RMLFTRMm +BAKIQ s+ R.BAKU + KiKAKI]

where Ki =90z-in./A,A:i=0.636 v/rad/sec,«a = 5&,i/fl= LmH, N, = L virad,n= 1/10,y, = =
0.001 >in.-sec\ and Bm —0. The characteristic equalion of the ciosed-loop system is

afs) + nKsKiKiK = 0
(a) Let KI = 10,000 oz-in./rad. Write the forward-path transfer function G (j) and find the poles of
o(i). Find the critical value of K for the closed-loop system to be stable. Find the roots of the
characteristic equalion of the closed-loop system when K is al marginal stability.
(b) Repeat part (a) when K1 = 1000 oz-in./rad.
(c) Repeat part (a) when K1 = oo; that is, lhe motor shaft is rigid.
(d) Compare the results of parts (a), (b), and (c), and conunent on the effects of ihe values of Kt on
the poles of G(:8) and the roots of the characteristic equation.
5-41. The block diagram of the guided-missile attitude-conuwol system described in Problem 4-20 is
shown in Fig. 5P-41. The command input is r(/), and d{l) represents disturbance input. The objective

ofthis problem is to study the effect of the controller Gc(s) on the steady-state and wansient responses
of the system.
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(a) Let Gf(i) =
Set dir) = 0.

(b) Let Gf(j) = (5+ Qr)/i. Find the steady-state ewor when KO is a unit-step function.

(c) Obtain the unit-step response of the system for 0 < r < 0.5 sec with Cf(s) as given in part (b) and
a = 5. 50, and 500. Assume zero initial conditions. Record the maximum overshoot of></) for each
case. Use any available computer simulation program. Comment on the effect of varying die value of
a of the controller on the transient response.

(d) Setr(l) = 0 and Gc(s) = 1 Find the steady-state value of y(/) when d(t) = Mij(r).

(e) Let Ge(i) = (j + a)/s. Find the steady-state value of yd) when dil) = Us{t).

(f) Obtain the output response for 0 < r < 0.5 sec, with G”(j) as given in part (e) when r(/) = O and
d{t) = 0 = 5. 50, and 500. Use zero initial conditions.

(g) Commenton the effect of varying the value ofa of the controller on the wansieni response ofyil)
and d(l).

Find the steady-state error of the system when r{t) is a unit-step funciion.

D(s)

R{s) E{s) i) 10QUJ+ 2)
’ /-

Figure 5P-41

5-42. The block diagram shown in Fig- 5P-42 represents a liquid-level control system. The liquid
level is represented by /j(0. and N denotes the number of inlets,

(a) Because one of the poles of the open-loop transfer function is relatively far to the left on the
real axis of the 5-plane atJ = -10. it is suggested that this pole can be neglected. Approximate the
syslem by a second-order system by neglecting the pole of C(j) at J= -10. The approximation
should be valid for both the transient and the sieady-staie responses. Apply the formulas for the
maximum overshoot and the peak lime to the second-order model for V= 1and N = 10.

(b) Obtain the unit'Step response (with zero initial conditions) of the original third-order system witi
N =1 and then with A/= 10. Compare the responses of the original system with those of the second-
order approximating system. Comment on the accuracy of the approximation as a function of N.

Figure 5P-42
S-43.  The forward-path transfer function of a unity-feedback control system is

i(T+ir

Compule and plot the unit-step responses of the closed-loop system for T- = 0. 0.5. 1.0. 10.0, and
50.0.Assume zero initial conditions. Use any computer simulation program that is available
Commenl on the effects of the various values of T. on the step response.
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5-44. The forward-path transfer function of a unity-feedback conwol system is
1
G{s) =
s{s+ DML+ v)

Compute and plot Ihe unil-step responses o f the closed-loop system for Tp = 0,0.5. and 0.707. Assume
zero initial conditions. Use any computer simulation program. Find the critical value of Tp so that the
closed-loop system is marginally stable. Comment on the effects of the pole atJ = -\/Tp in G(s).
5-45. Compare and ploi the unii-step responses of the unily-feedback closed-loop systems with the
forward-path wansier functions given. Assume zero initial conditions.

\+T.j
(a) Gfs) = For r.=0.15 20
i(j + 0.55){5+ 1.5)

l+r.j
I For Ti=0.15 20

_ For Tp=0, 0.5. 10
aExe (= 425+ 2)(147-,3)

10
d GG) =

- K R For Tp=0.05, 10
wi{5+ 5)(i + r;,i)

Ai(s+ 1.25)(s2+ 2.5i+ 10)

() Forir=5
(iiy FotK=\0

(iii) For AT= 30

m AN+ 25)

i1 +1.25)(s2+ 2.5j +10)
(
(i) For A-= 10
(iu) For/: = 30

) Fora:=5

S-46. Fig. 5P-46 shows ihe block diagram of a servomotor with tachometer feedback.

(a) Find the euor signal E{s) in the presence of the reference input X(5) and disturbance inpin D(s).
(b) Calculate the steady-state error of the system when X(s) is a unit ramp and D(s) is a unil step.
(c) Use MATLAB to plot ihe response of the system for part (b).

(d) Use MATLAB to plot the response of Ihe system when X (i) is a unit-step inpul and D{s) is a unit
impulse inpu(.

Figure 5P-46
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5-47. The feedforward transferfunction of a stable unity feedback system is G(s). | f the closed-loo|
transfer function can be rewritten as

G(s) (A,s+1)(A2S +1)...(A A +1)
X(s) 1+C(s) (Bis+1)(B2S+1)...(B,s+ 1)

(a) Find the steady Slate ewor to a unit-step input.

5-48. 1f the maximum overshoot and 1% settling time of the unit-step response of ihe closed-loo|
system shown in Fig. 5P-48 are no more than 25% and 0.1 sec, find the gain ATand pole location Pol
the compensator. Also, use MATLAB to plot the unit-step input response of wie system and verifj
your controller design.

10
5+25

Figure 5P-48

5-49. If agiven second-order system is required to have a peak time less than . find the region in tie
5-ptane corresponding to (he poles that meet this specification.

5-50. A unity feedback control system shown in Fig. 5P-50(a) is designed so that its closed-loop
poles lie within the region shown in Fig. 5P-50(b).

®)
Figure 5P-50
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(a) Find the values for (i), and |.

(b) 1f Kp= 2 and p = 2, then find the values for K and K,.

(c) Show that regardless of values Kp and p, the controller can be designed to place the poles
anywhere in e left side of the s-plane.

5-51. The equation of a dc motor is given by

R) R
Assuming = 0.02 kg-mA. B = 0.002 N-m-sec, iCi = 0.04 N-m/A, K2 = 0.04 V-sec, andR = 20TI.
(a) Find the wansier function between the applied voltage and the motor speed.
(b) Calculate the steady-state speed of the motor after applying a voltage of 10 V.
(c) Determine the ransier function between the applied voltage and the shaft angle
(d) Including a closed-loop feedback to part (c) such that VA K [dp- 9,,), where ATis the feedback
gain, obtain the transfer function between 9p and Q,.
(e) If the maximum overshoot is less than 25%, determine K.
(f) If the rise time is less than 3 sec, determine K.
(g) Use MATLAB to plot the step response of the position servo system for K = 0.5,1.0, and 2.0.
Find ihe rise time and overshoot.
5-52. In the unity feedback closed-loop system in a configuration similar to that in Fig. 5P-48. the

plant wansfer function is

and the conuoller transfer function is

Design trie conwoller parameters so that the closed-loop system has a 10% overshoot for a unit step
input and a \% settling time of I.S.sec.

5-53. An autopilot is designed to maintain the pitch attitude a of an airplane. The wansfer function
between pitch angle a and elevator angle & are given by

(i) — 60("+1)(5 + 2)
Ms) A+ 65+ 40)(*i + 0.04s + 0.07)

The autopilot pitch controller uses the pitch ewor e to adjust Uie elevator as

m +3)

E(s) S+I10
Use a unity feedback configuration, and utilize MATLAB to find K with an overshoot of less than
10% and arise time faster than 0.5 sec for a unii-step input. Explain controller design difficulties for
complex systems.
5-54. The block diagram of aconurol system with a series controller is shown in Fig. 5P-54. Find the
transfer function of the cornroller G, (i) so thal the following specificalions are satisfied:
(a) The ramp-euor constant Ky is 5.
(b) The closed-loop transfer function is of the form

R(s)”  +20s+ 200)(s + 0)

where K and a are real constants. Use MATLAB to find the values of K and a and confirm the resulls-
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The design strategy is to place the closed-loop poles at -10 + Yio and -10 - yio, and thft
adjust the values of K and a to satisfy the steady-state requirement. The value of a is large so iha
it will not affect the transient response appreciably. Find the maximum overshoot of ihe designe
system.

Figure 5P-54

5-55. Repeat Problem 5-54 if the ramp-error constant is 10 be 9. What is the maximum value of K
that can be realized? Comment on the difficulties that may arise in attempting to realize a ver
large k [

5-56. A control system with a PD controller is shown in Fig. 5P-56. Use MATLAB 10

(a) Find the values of Kp and Kp so that the ramp-error constant K. is 1000 and the damping rati(

is 0.5.
(b) Find the values of Kp and K d so that the ramp-ewor constant Ky is 1000 and the damping raiic
is 0.707.
(c) Find the values of Kp and K d so that the ramp-error constant K is 1000 and the damping rati(
is 1.0.

U Q iiigqg
Figure 5P-56

5-57. For the control system shown in Figure 5P-56, set the value of Kp so that the ramp-erro
constant is 1000. Use MATLAB to
(a) Vary the value of A"Dirom 0.2 to 1.0in increments 0f0.2 and determine the values of rise lime ax
maximum overshoot of the system.
(b) Vary the value of Ko from 0.2 to 1.0 in increments of 0.2 and find the value of Kp so that thi
maximum overshoot is minimum.
5-58. Consider Che second-order model of the aircraft attitude control system shown in Fig. 529
The transfer function of the process is Cp{s) = Use MATLAB lo design a series Pl
controller with the transfer function Gf(j) = Kp + Kps so that the following performance specifi
cations are satisfied;

Steady-state error due to aunit-ramp input < 0,001

Maximum overshoot < 5V¢

Risetime fr < 0.003 sec

Settling timer, < 0.005 sec
5-59. Fig. 5P-59 showb the block diagram of the liquid-level control system described in Probler
5-42. The number of inlets is denoled by N. SetN = 20. Use MATLAB to design the PD conuoller s
that with a unil-btep input the lank h filled 10 within 5% of the reference level in less than 3 se
without overshoot



ION
Kp+ IG5 i(j+ 1) (j+ 10)

Figure 5P-59

5-60. For the liquid-level control system described in Problem 5-59. set Kp so that the ramp-error
constant is I. Use MATLAB to vary Kg from 0 to 0.5 and determine the values of rise time and
maximum overshoot of the system.

5%61. A control system with atype O process Gp{s) and a PI controller is shown in Fig. 5P-61. Use
MATLAB to

(a) Find the value of K, so that the ramp-error constant Ky is 10.

(b) Find the value of Kp so thai the magnitude of the imaginary parts of the complex roots of the
characteristic equation of the system is 15 radysec. Find the roots of the characteristic equation.
(c) Sketch the root contours of the characteristic equation with the value of K, as determined in pan
(a) and for 0 < Afl>< oc.

Eis)

1
J ~ sK i6 r+ 100

()

Figure 5P-61

5-62. For the control system described in Problem 5-61. set K/ so that the ramp-error constant is 10.
Use MATLAB to vary Kp and determine the values of rise time and maximum overshoot of the
system.

5-63. For the control system shown in Fig. 5P-61, use MATLAB to perform the following:

(a) Find the value of K/ so that the ramp-error constant Ky is 100.

(b) With the value of K/ found in part (a), find the critical value of Kp so that the system is stable.
Sketch the root contours of the characteristic equation for 0 < Kp < rx.

(c) Show that the maximum overshoot is high for both large and small values of Kp. Use the value of
K/ found in pari (a). Find the value of Kp when the maximum overshoot is a minimum. What is the
value of this maximum overshoot?
5-64. Repeal Problem 5-63 for K. = 10.
5-65. A controJ system with a type O process and a PID conuoller is shown in Fig. 5P-65. Use
MATLAB to design the coniroller parameters so that ihe following specifications are satisfied:
Ramp-errorconstaniA®>. = 100
Risetime ir< 0.01 sec.
Maximum overshoot < 28

Plot the unit-slep response of the designed system.

K5
Kp+KaS+ " 161+ 100

Figure 5P-65
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5-66. Consider the quarter-car model of vehicle suspension systems in Example 4-11-3.
The Laplace transform between the base acceleradon and displacement is given by

2js) _ 1

+ 210),,s + a>

(a) li is desired to design a proportional conuoller. Use MATLAB to design trie controllef
parameters where the rise time is no more than 0.05 sec and the overshoot is no more than 3%
Plot the unit-step response of the designed system.

(b) It is desired to design a PD controller. Use MATLAB to design the conwoller parameters where
the rise time is no more than 0.05 sec and the overshoot is no more Grian 3%. Plot the unil-step
response of the designed system.

(c) 1l is desired to design a PI controller. Use MATLAB to design the controller parameiers where
the rise time is no more than 0.05 sec and the overshoot is no more lhan 3%. Plot the unit-step
response of the designed system.

(d) Itis desired to design a PID controller. Use MATLAB to design the controller parameters where
the rise time is no more than 0.05 sec and the overshoot is no more than 3%. Plot the unit-step
response of the designed system.

5-67. Consider the spring-mass system shown in Fig. 5P-67.

Its transfer function is given by = MS'+§—I-KI

Repeal Problem 5-66 where A/ = 1kg, B = 10 N.s/m, K = 20 N/m.

B
Figure 5P-67

5-68. Consider the vehicle suspension system hitting a bump described in Problem 4-3. Use
MATLAB to design a proponional controller where the 1% settling time is less than 0.1 sec and the
overshoot is no more than 2%. Assume m = 25kg./ = 5kg-m'.A: = IOON/m, and r = 0.35 m. Plot
ihe impulse response of the system.

5-69. Consider the train system described in Problem 4-6. Use MATLAB to design a proportional
conuoller where the peak time is less than 0.05 sec and the overshoot is no more than 4%. Assume
Al'= 1kg.m=05kg. = 1N/m, n =0.002 sec/m, and g = 9.8 m/s".

5-70. Consider the inverted pendulum described in Problem 4-9. where M = 0.5 kg. m = 0.2 kg.
M = 0.1 N/m/sec (friction of the can). | = 0.006 kg-m~ g = 9.8 m/s", and 1= 0.3 m.

Use MATLAB to design a PD controller where Ihe rise lime is less than 0.2 sec and the overshoot is
no more than 10%.
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The Control Lab

INTRODUCTION

The majority of undergraduate courses in control have labs dealing with time response
and control of dc motors. The focus of this chapter is therefore on these lab problems—
namely, speed response, speed control, position response, and position control of dc
motors. In this chapter, using MATLAB and Simulink, we have created a series o fvirtual
lab experiments that are designed to help students understand the concepts discussed
in Chapters 4 and 5. This chapter also contains two controller design experiments.
There are three classes of simulation experiments designed for this chapter: SIMLab,
Virtual Lab, and Quarter Car Sim. There experiments are intended to supple-
ment the experimental exposure of the students in a traditional undergraduate control
course.

It is a demanding task to develop software that provides the reader with practical
appreciation and understanding of dc motors including modeling uncertainties, non-
linear effects, system identification, and controller design amid these practical chal-
lenges. However, through the use of MATLAB and Simulink, we created a virtual dc
motorin Virtual Lab, which exhibits many of the same non-idealized behaviors observed
in an actual system. A |l the experiments presented here were compared with real systems
in the lab environment, and their accuracy has been verified. These virtual labs include
experiments on speed and position control of dc motors followed by two controller
design projects, the first involving control of a simple robotic system and the last one
investigating the response of an active suspension system. In this chapter, the focus on dc
motors in these experiments is intentional, because of their relative simplicity and wide
usage in numerous industrial applications.

The main objectives of this chapter are:

1. Toprovide an in-depth description of dc motor speed response, speed control, and
position conwol concepts.
2. To provide preliminary instruction on how to identify the parameters of a system.

3. To show how different parameters and nonlinear effects such as friction and
saturation affect the response of the motor.

4. To give a better feel for controller design through realistic examples.
5. To get started using the SIMLab and Virtual Lab.
6. To gain practical knowledge of the Quarter Car Sim software.

Before starting the lab, you must have completed the relevant background preparation
in Chapters 4 and 5.
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» 6-2 DESCRIPTION OF THE VIRTUAL EXPERIMENTAL SYSTEM

The experiments that you will perform are intended to give you hands-on (virtually!
experience in analyzing the system components and experimenting with various feedbacl
control schemes. To study the speed and position response of a dc motor, a typica
experimental test bed is shown in Fig. 6-1.

The setup components are as follows:

* A dc motor with a position sensor (usually an encoder with incremenia] roiatiol
measurement) or a speed sensor (normally atachometeror adifferencing operaliot
performed on encoder readings)

A power supply and amplifier to power the motor

Interface cards to monitor the sensor and provide a command voltage to the
amplifier input and a PC running MATLAB and Simulink to control the system and
to record the response (alternatively, the controller may be composed of an analog
circuit system)

A simple speed control system is composed of a sensor to measure motor shaft speed
and an amplifier with gain K (proportional control) in the configuration shown in Fig. 6-1.
The block diagram of the system is also shown in Fig. 6-2.

To control the position of the motor shaft, the simplest strategy is to use a
proportional controller with gain K. The block diagram of the closed-loop system is
shown in Fig. 6-3. The system is composed of an angular position sensor (usually an
encoder or a potentiometer for position applications). Note that for simplicity the input
voltage can be scaled to a position input Ti,,(s) so that the input and output have the same
units and scale.

The components are described in the next seclions.

Feedback n Sensor

Figure 6-1 Feedback conirol of an armature-controlled dc motor with load inenia.
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ns) 1
Js+B

Figure 6-3 Block diagram of a position-control, armature-conuolled dc motor.
6-2-1 Motor

Recall from Chapter 5 that for the armature-controlled dc motor shown in Fig. 5-24. the
system parameters include
= armature resistance, ohm
Lu = armature inductance, henry
Va = applied armature voltage, volt
V* = back emf, volt
9 = angular displacement of the motor shaft, radian
T = torque developed by the motor, N-m
= moment of inertia of the load, kg-m”*
any external load torque considered as a disturbance, N-m
J,, = moment of inertia of the motor (motor shaft), kg-m*

J = equivalentmomentofinertia of the motor and load connected to the motor-shaft,
J =Ji/n" + Jn< kg-m” (refer to Chapters 4 and 5 for more details)

n = gear ratio

B =equivalent viscous-friction coefficient of the motor and load refewedto the
motor shaft, N-m/rad/sec (in the presence of gear ratio. B must be scaled by n;
refer to Chapter 4 for more details)

K, = speed sensor (usually a tachometer) gain

The motor used in this experiment is a permanent magnet dc motor with the following
parameters (as given by the manufacturer)

= Motor (torque) constant 0.10 Nm/A

Speed Constant 0.10 v/rad/sec

/20 = Armature resistance 1.35 ohm

La = Armature inductance 0.56 mH

J,,, = Armature moment of inertia 0.0019 kg-m*

T, = Motor mechanical time constant 2.3172 E-005 sec

A reduction gear head may be attached to the output disk of the motor shaft. If the motor
shaft's angular rotation is considered the output, the gear head will scale the inertia of the
load by 1/rt® in the system model, where H is the gear ratio.

6-2-2 Position Sensor or speed Sensor

For position-control applications, an incremental encoder or a potentiometer may be
attached directly to the motor shaft to measure the rotation of the armature. In speed
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6-2-3 Power Amplifier

6-2-4 Interface

6-3 DESCRIPTION

control, it is customary to connect atachometer to the motor shaft. Sensor-shaft inertiaand
damping are normally too small to be included in the system model. The output from each
sensor is proportional to the variable it is measuring. We w ill assume a proportionality gain
of 1; thatis, Kt = 1 (speed control), and Ks = 1 (position control).

The purpose of the amplifier is to increase the cuwent capacity of the voltage signal from
the analog output interface card. The output cuwent from the interface should normally be
limited, whereas the motor can draw many times this cuwent. The details o f the amplifier
design are somewhat complex and will not be discussed here. But we should note iwo
important points regarding the amplifier:

1. The maximum voltage that can be output by the amplifier is effectively limited to
20V.

2. The maximum cuuentthat the amplifier can provide to the motor is limited to 8 A.
Therefore,
Amp gain 2 WfW
Amplifier input saturation limits +10 V
Current saturation limits +4 A

In areal-world scenario, interfacing is an imponant issue. You would be required to attach
all the experimental components and to connect the motor sensor and the amplifier to a
computer equipped with MATLAB and Simulink (or some other real-time interface
software). Simulink would then provide a voltage output function that would be passed
on to the amplifier via a digital-to-analog (D/A) interface card. The sensor output would
also have to go through an analog-to-digital (A/D) card to reach the computer. Alterna-
tively. you could avoid using acomputerand an A/D or D/A card by using an analog circuit
for control.

OF SIMLAB AND VIRTUAL LAB SOFTWARE

As shown in Fig. 6-4, SIMLab and Virtual Lab are series of MATLAB and Simulink files
within Ihe Automatic Control Systems (ACSYS) applet that makes up an educational tool
for students learning about dc moiors and control systems. SIMLab was created to allow
students to understand the basic simulation model of a dc motor. The parameters of lhe
motor can be adjusted to see how they affect the system. The Virtual Lab was designed to
exhibit some of the key behaviors ofreal dc motor systems. Real motors have issues such as
gear backlash and saturation, which may cause the motor response to deviate from
expected behavior. Users should be able to cope with these problems. The motor
parameters cannot be modified in the Virtual Lab because, in a realistic scenario, a motor
may not be modified but must be replaced by a new one!

In both the SIMLab and the Virtual Lab. there are five experiments. In the first two
experiments, feedback speed control and position control are explored. Open-loop step
response of the motor appears in the third experiment. In the fourth experiment, the
frequency response of the open-loop system can be examined by applying a sinusoidal
input. A controller design projeci is the last experiment.
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Uc Control SYStems (ACSYS)® B J p Ix Il

Controller Design 1001
Sim Lab
Virtual Lab

Quarter Car Sim

Close and Exit

Figure 6-4 The Automatic Control Systems (ACSYS) applet.

To launch the ACSYS applet, navigate to the appropriate directory in the MATLAB
command window, and type Acsys at the command prompt. The SIMLab or Virtual Lab
experiment windows can be called from the ACSYS applet by clicking on the appropriate
button. Alternatively, you may directly call SIMLab or Virtual Lab from the MATLAB
command window by navigating to the VirtualLab subdirectory and typing iim/aé or
viriuaiiab. respectively.

When SIMLab or Viwual Lab is opened, the experiment control window will be
displayed. The Experiment menu can be used to switch between different control experi-
ments, as in Fig. 6-5. The grey control panel on the left contains the control buttons for the
experiment. Every experimenl has a button to enter mode! parameiers, a field to enter
simulation time, and additional experiment-specific plot controls. The plots or animations
that the experiment supports appear in the display pane] on the right. Fig. 6-6 shows a
typical experiment control window in SIMLab. The time-response plot is displayed, and
plot control buttons appear below the axes. Zoom control buttons allow you to view the
response at greater detail, and the data cursor gives precise point values for graphed data.
SIMLab allows you to display the motor transfer functions in various formats and to access
other custom tools from the SIMLab Tools dropdown menu. For step-by-step instructions
on using the experiment window, click on the Help Me button in the menu bar. The standard
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Figure 6-6 Typical SIMLab experiment control window.
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Microsoft Windows calculator and a unit conversion tool can be accessed from the lop
menu.

The model parameters must be set first in any experiment. By selecting the Enter
Model Parameters button, a Simulink (.mdl) window containing the model for the
experiment will be launched. The model, shown in Fig. 6-7, contains a simple closed-
loop system using PID speed control, with a reference step input and multiple outputs.

All the simulation parameters for the Simulink model are pre-set. Selecting Simulation
from the Simulink menu and next choosing Configuration Parameters allows access to
these settings, shown in Fig. 6-8. The Start Time and Stop Time settings in the Solver
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Figure 6-9 Adjustable parameters for the SIMLab motor blocks-

options are most important as far as SIMLab and Virtual Lab examples are concerned, and
they can be manipulated in Configuration Parameters, or on the left panel in the SIMLab/
Virtual Lab interface. They allow you to modify the simulation running time. Other options
in Configuration Parameters should not be modified, as they may cause errors in the
SIMLab and Virtual Lab software.

When the Simulink model is opened, double-click on the appropriate model block to
modify mode] parameters such as the PID values. For SIMLab. double-clicking on
the motor block brings up a window containing a list of adjustable motor parameters
(see Fig. 6-9). All motor parameters, such as the resistance, back-emfconstant, load inertia,
and damping coefficient, may be modified. Right-clicking on a SIMLab motor blcK:k and
selecting Look under Mask makes the dc motor model available. However, the Virtual Lab
motor blocks are completely opaque to the user since they model actual dc motors. One
other feature that SIMLab has. which Virtual Lab does not, is a torque-disturbance input
into the motor. This can be used to investigate the stall torque and the effect of an integral
controller.

To run the simulation, close the Simulink model and click the button labeled Run
Simulation. For more detail, click the zoom button and select the area of the time-response
plot lo view it closer. The data cursor button allows the graphed values to be displayed as
the cursor dot is moved around on the graph using the mouse or arrow keys. The Print to
Figure button allows the current response plot to be sent to a separate MATLAB figure.
Selecting the Reuse Axes checkbox prints all plots to the same set of axes in an external
figure, which is useful for comparing the system response after changing a parameter in the
Simulink model. This figure can also be saved as a -fig or image file for future reference and
analysis. Again, in the Virtual Lab. you cannot change the system parameters, but pro
values are available for modification.

Some of the experiments have additional features, such as animation and calculation
tools. These are discussed in the following sections. Selecting Close Experiment in the
control window exits the program.
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MULATION AND VIRTUAL EXPERIMENTS

It is desired to design and testa coniroller offline by evaluating the system performance in the

safety ofthe simulation environment. The simulation model can be based on available system

parameters, orthey may be identified experimentally. Because mostof (trie system parameters

are available (see motor specifications in Section 6-2-1), it will be useful to build amodel using

these values and to simulate the dynamic response for a step input. The response o f the actual
system (in this case, the virtual system) to the sametestinput will then verify the validity o fthe
model. Should (vie actual response to the testinputbe significantly differentfrom the predicted

response, certain model parameter values would have to be revised or the model structure

refined to reflect more closely the observed system behavior. Once satisfactory model

performance has been achieved, various control schemes can be implemented.

In this chapter, SIMLab represents the simulation model with adjustable parameters,
and Virtual Lab represents the actual (virtual) system. Once the model of the Virtual Lab
system is identified and confirmed, the controller that was originally designed using
SIMLab should be tested on the Virtual Lab model.

en-Loop Speed

The first step is to model the motor. Using the parameter values in Section 6-2-1 for the

model of the motor in Fig. 5-24, simulate the open-loop velocity response of the motorto a
step voltage applied to the armature. Start up SIMLab, select 3: open Loop Speed from the
Experiment menu, and perform the following tests:

1

Apply step inputs of +5 V, +15 V, and -10 V. Note that the steady-state speed
should be approximately the applied armature voltage divided by Kf, as in Eq.
(5-118)" {try dc motor alone with no gear head or load applied in this case).

Study the effect of viscous friction on the steady-state motor speed. First set5 = 0
in the Simulink motor parameter window. Then gradually increase its value and
check the speed response.

Repeat Step 2 and connect the gear head with a gearratio of5.2:1, using additional
load inertia at the output shaft of the gear head of 0.05 kg-m (requires
modification of J in the Simulink motor parameters). Try using the gear head
calculator in the SIMLab Tools dropdown menu.

Deiermine the viscous friction required at output shaft to reduce the motor speed
by 50% from the speed it would rotate at if there were no viscous friction.
Derive and calculate the disturbance torque steady-state gain. Introduce an
appropriate step-disturbance input Ti and study its effect on the system in
Step 3.

Assuming that you do not know the overall inertia J for the system in Step 3, can
you use the speed-response plot to estimate its value? If so. confirm the values of
motor and load inertia. How about the viscous-damping coefficient? Can you use
the time response to find other system parameters?

In this experiment, we use the open-loop model represented in Experiment 3; Open Loop

Speed. The Simulink system model is shown in Fig. 6-10. representing a simple open-loop
model with a motor speed output.
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Figure 6-11 DC motor model including voltage and currenl saturalion.

In arealistic scenario, the motor is connected to an amplifier that can output a voltage
only in acertain range. Outside of this range, the voltage saturates. The current within the
motor may also be saturated. To create these effects in software, right-click the dc motor
block and select Look under Mask to obtain the molor model shown in Fig. 6-11. Double-
click both the voltage and current blocks and adjust their values (default values of +10
volts and +4 amps have already been set). If you do not wish to include saturation, you can
set the limits very large (or delete these blocks altogether). Run the above experiments
again and compare the results.

Assuming a small electric-time constant, we may model the dc moior as a first-order
system. As aresult, the motor inertia and the viscous-damping friction could be calculated
with of the mechanical-iime constant using different input magnitudes. For
a unit-step input, the open-loop speed response is shown in Fig. 6-12. After measuring the
mechanical-time constant of the system r,, you can find the inertia J, assuming all other
parameters are known. Recall that, for a first-order system, the Gme constant is rie lime to
reachd-e ") xIOO, or 63.2% of the final value for a step inpui [verify using Eq. (5-118) or
(5-119)]. A typical open-loop speed response is shown in Fig. 6-12. The sieady-state
velocity and the time constant r,, can be found from the time-response plot by using the
cursor.

In SIMLab. the disturbance torque default value is set to zero. To change an input
value, simply change its final value.
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Now that you have gained insight into the motor speed response, it is time to apply
your knowledge to test the virtual experiment. Here you have no access to the system
parameter values. Use the Virtual Lab to test the following;

7. Apply step inputs of +5 V, +15 V. and -10 V. How different are the results from
Step 1?7

8. From the transient and steady-state responses, identify the system model as
closely as possible.

Recall that the motor and amplifier have built-in nonlinear effects due to noise, friction, and
saturation. So, in Step 8.yourmodel may vary for differentinputvalues. Distorted values may
be obtained if the input to the motor is excessive and saturates. Caution must be taken to
ensure thatthe motorinputis low enough such that this does not happen. Use the mechanical
time constant and final value ofthe response in this case to confirm the system parameters
defined in Section 6-2-1. These parameters are needed to conduct the speed- and position-
control tasks. Fig. 6-13 shows the Virtual Lab motor speed response to a small step input. The
friction effect is observed when the motor starts. The noise at steady state may also be
observed. For higher input magnitudes, the response w ill saturate.

Input

The objective of using open-loop sine input is to investigate the frequency response of the
motor using both SIMLab and Virtual Lab.

9. Forboth SIMLab and Virtual Lab, apply a sine wave with afrequency of 1rad/sec
and amplitude of | V to the amplifier input, and record both the motor velocity and
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Figure 6-13 Speed response of the open-loop system (Virtual Lab).

sine wave input signals. Repeat this experiment for frequencies of 0.2, 0.5, 2.0,
5.0, 10.0, and 50.0 rad/sec (keeping the sine wave amplitude at 1 V).

10. Change the input magnitude to 20 V and repeat Step 9.

Open Experiment 4: Open Loop Sine Input from the SIMLab or Virtual Lab Experiment
menu. The input and disturbance blocks and the motor parameters are adjustable in the
SIMLab model. Forthe Vinual Lab version, the amplitude should be low to avoid amplifieror
armature current saruration. The Simulink model is shown in Fig. 6-14. Double-click on the
Sine Wave block to modify the properties ofthe input wave. Amplitude of 1is alow enough
value to avoid saturation in this example. In the SIMLab version, the saturation values are
adjustable to allow you practice with their effect. The SIMLab response for sine input with

Figure 6-14 Experiment 4: Simulink model.
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Figure 6-15 SIMLab time response and gain and phase calculation for input = sin(0-

magnitude and frequency of 1is shown in Fig. 6-15. You may also try adding dead zone and
backlash to your motorblock to testtheir effects (these functions are available in the Simulink
Library Browser, briefly discussed at the end of Section 6-5). For a sine input o f magnitude
20 V, the Virtual Lab system exhibits saturation as shown in Fig. 6-16.

Figure 6-16 Vinual Lab time response and gain and phase calculation for input = 20 sinin
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6-4-3 Speed Control

The frequency of the sine wave wiill dictate the gain and phase of the respoQse curve.
There is a Gain and Phase Calculator in the Experiment 4 control window. To measure
the magnitude and phase of the steady-state response, enter a frequency of 1 rad/sec
in the edit block. Entering the input frequency and clicking on Calculate displays the
gain and phase of the system (see Fig. 6-15). Using the Gain and Phase Calculator, you
can record the gain and phase of the response. Repeat with other input frequencies, and
discuss any trends.

Having simulated the open-loop motor characteristics in previous sections, we can
now extend the model to include velocity feedback from the motor and use a pro-
portional controller. Assume that the motor velocity is measured using a sensor
that provides 1 v/rad/sec. The block diagram that you should be modeling is shown
in Fig, 6-2. For proportional gains of 1, 10, and 100, perform the following tests using
SIMLab:

11. Apply step inputs of +5 V, -|-15V, and -10 V (try dc motor alone; no gear head or
load applied in this case).

12. Repeat Step 11 using additional load inertia at the output shaft of the gear head
(gear ratio 5.2:1) of 0.05 kg-m” (requires adjustment of the J vaJue in SIMLab
motor parameter block).

13. Apply the same viscous friction to the output shaft as obtained in Step 4 in Section
6-4-1, and observe the effect of the closed-loop control. By how much does the
speed change?

14. Repeat Step 5 in Section 6-4-1, and compare the results.

Open Experiment 1: Speed Control from the SIMLab menu window. A screen similar to
Fig. 6-5 will be displayed. Next, select the Enter Model Parameters button to get the
system Simulink model, as shown in Fig. 6-17. This figure is a simple PID sf>eed-conffol
model. Doubie-clicking on the PID block displays the editable PID values. The values of

-jt "aliaH'feiSn

sur

w*; tem— - -

Figure 6-17 Experiment 1; Simulink model.
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the step-input and the disturbance-torque blocks may also be adjusted. The disturbance-
torque default value is setto zero. To change an input value, simply change the number in
the final value field.

Increasing the proportional gain in the PID block will decrease the rise time. For an
unsaturated model, the SIMLab version ofthis experiment could exhibitextremely fast rise
times at very high proportional gains, because the dc motor can utilize unlimited voltage
and current levels. To create Wiis effect in software, right-click the dc motor block, and
select Look under Mask to obtain the motor model similar to Fig. 6-11. Double-click both
the voltage and current blocks and adjust Iheir values to very large (or delete their blocks)
Recall from Section 6-4-1 that the default saturation limits are +10 V and +4 A,
respectively. Fig. 6-18 displays a typical speed response from the SIMLab.

For a given input to change the proportional gain values, enter the following sets of
PID values and print all three plots on the same figure (use the Print to Figure button and the
Reuse Axes checkbox in the experiment control panel).

p=1 =0 D=0
p= 10 | D=0
p= 100 t=0 D=0

The input units used in these simulations are specified in volts, while the feedback units
at the motor are in radians per second. This was done intentionally to illustrate the scaling
(or conversion) thai is performed by the sensor. Had the velocity been specified in volts
per radians per second, a different response would have been obtained. To check the effect
of the velocity feedback, scaling, repeat the preceding experiments using a proportional
gain of 10. but assume that the velocity feedback signal is a voltage generated by a sensor



352 » Chapter 6. The Control Lab

6'4-4 Position Control

with a conversion factor of0.2 v/rad/sec. (Note: in commonly used indusuy standards, Ihe
tachometer gain is in volts per RPM.)
Next, for the Virtual Lab, test the following:

15. Apply step inputs of +5 V, +15 V, and -10 V. How different are wie results from
the SIMLab?

You may again confirm the system parameters obtained in Section 6-4-1.

Next, investigate the closed-loop position response; choose Experiment 2: Position Control
from the Experiment menu. For proportional gains of 1,10, and 100 (requires modification
of PID block parameters), perform the following tests using SIMLab:

16. For the motor alone, apply a 160° step input. How large is the error when the
system reaches steady state?

17. Apply a step disturbance torque (-0.1) and repeat Step 16. Estimate the distur-
bance-torque gain based on your observations.

18. Eliminate the disturbance torque and repeat Step 16, using additional load inertia
at the output shaft of 0.05 kg-m' and the gear ratio 5.2; 1 (requires modification of
J,,, and B in the motor parameters). What can be said about the effect of the
increased load on the system perfonnance?

19. Using the disturbance torque in Step 17, examine the effect of integral control by
modifying the Simulink PID block. Choose several different integral gain values,
and compare the time response for a constant proportional gain. Select the Reuse
Axes checkbox, and plot the different simulation results in an external figure for
comparison.

20. How does an increase in J affect the system with a Pl controller? Compare the
transient and steady-siate response.

21. Examine the effect of voltage and cuwent saturation blocks (requires modification
of the saturation blocks in the motor model).

22. Design a Pl controller that will give a 30% overshoot and a rise time of 0.1
seconds. What is the maximum step input amplitude that will meet these
calculated requirements (i.e., not cause the amplifier to saturate), given the default
current and voltage saturation limits of #4 A and +10 V. respectively.

23. In all previous cases, comment on the validity of Eq. (5-126)."

Open Experiment 2: Position Control from the SIMLab Experiment menu. A screen
similar to Fig. 6-5 will be displayed. Next, select Enter Model Parameters to get the
system Simulink model, as shown in Fig. 6-19. This model represents a simple PID
posidon-control system. Double-clicking on the PID block allows you lo edit the PID
gain values. The Deg to Rad and Rad to Deg gain blocks convert the input and the output

2.0[™)
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Figure 6-19 Experiment 2: Position Conuwol Simulink model.

such that the user enters inputs and receives outputs in degrees only. The values of the
step-input and the disturbance-torque blocks are also adjustable. The disturbance-torque
default value is setto zero. To change an input value, double-click on the relevantblock
and change the number in the final value field. Fig. 6-20 displays a typical position
response from the SIMLab.

Figure 6-20 Position response in the Experiment 2 control window.
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The position time response is also animated when the simulation is run. This is a usefu
tool that gives the user a physical sense of how areal motor turns. The lime, input-angle
and output-angle values are displayed on the animation field, as shown in Fig. 6-20.

The nonlinearities due to voltage and current limits cause the time response to saturate
at a high enough proportional gain. The maximum speed and acceleration o f the dc motoi
are dictated by the voltage and current saturation limits.

24. For proportional gains of 1, 10, and 100 (requires modification of PID block
parameters), repeat Steps 16 and 19 using Virtual Lab.

» 6-5 DESIGN PROJECT 1— ROBOTIC ARM

The primary goal of this section is to help you gain experience in applying your conuwol
knowledge to a practical problem. You are encouraged to apply the methods that you have
learned throughout this book, particularly in Chapter 5 and lateron in Chapter 9, to design a
controller for your syslem. The animation tools provided make this experience more
realistic. The project may be more exciting if it is conducted by teams on a competitive
basis. The SIMLab and Virtual Lab software are designed to provide enough flexibility to
test various scenarios. The SIMLab, in particular, allows introduction of a disturbance
function or changes of the system parameters if necessary.

Description of the Project: Consider the system in Fig. 6-21. The system is composed of
the dc motor used throughout this chapter. We connect a rigid beam to the motor shaft to
create a simple robotic system conducting a pick-and-place operation. A solid disk is
attached to the end of the beam through a magnetic device (e.g., a solenoid). |f the magnet
is on, the disk will stick to the beam, and when the magnet s turned off. the disk is released.
Objective: The objective is to drop the disk into ahole as fast as possible. The hole is 1in.
(25.4 mm) below the disk (see Fig. 6-22).

Design Criteria: The arm is required to move in only one direction from the initial
position. The hole location may be anywhere within an angular range of 20™ to 180° from
the initial position. The arm may not overshoot the desired position by more than 5&
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Elecoomagnet
IMeta] puck

Figure 6-22 Side view of the robot arm.

A tolerance of + 2~ is acceptable (settling time). These criteria may easily be altered to
create a new scenario.

The objective may be met by looking at the settling time as a key design criterion.
However, you may make the design challenge more interesting by introducing other design
constraints such as the percent overshoot and rise time. In SIMLab. you can also introduce
adisturbance torque to alter the final value properties ofvie system. The Virtual Lab system
contains nonlinear effects (riat make rie conuwoller design more challenging. You may vy to
confirm the system model parameters first, from earlier experiments. It is highly recom-
mended Uiat you do Wrie design project only after fully appreciating die earlier experiments
in this chapter and after understanding Chapter 5, Have fun!

This experiment is similar to the position-conwol experiment in some respects. The
idea of this experiment is to get a metal object attached to arobot arm by an elecuomagnet
from position 0™ to a specified angular position with a specified overshoot and minimum
overall time.

Select Experiment 5: Control System Design from the SIMLab Experiment menu. A
screen similar to Fig. 6-5 will be displayed. Next, select Enter Model Parameters to get the
system Simulink model, as shown in Fig. 6-23. As in Section 6-4-1. this figure represents a

Figure 6-23 Experiment 5: Simulink model.
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Figure 6-24 Parameter window for the electromagnei conuol.

simple PID position-control model with the same functionalities. The added feature in this
model is the electromagnetic control. By double-clicking the Electromagnet Control block,
a parameter window pops up, as in Fig. 6-24, which allows the userto adjust the drop-off
payload location and the time delay (in seconds) to turn the magnet o ff after reaching the
target. This feature is particularly useful if the response overshoots and passes through
the target more than once. So, in Fig. 6-24, the “Drop position angle” is the angle where the
electromagnet turns off, dropping the payload. “ Stan to wait for drop position at time”
refers to the time where the position trigger starts to wait for the position specified by
“Drop position angle.”

An important note to remember is that in the Virtual Lab the electromagnet will never
drop the object exactly where it is specified. Because any electromagnet has residua]
magnetism even after the current stops flowing, the magnet holds on for a short time after
the trigger is tripped. A time response of the system for proportional gain and derivative
gain of 3 and 0.05, respectively, is shown in Fig. 6-25.

Figure 6-25 Position response for Experiment 5.
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The model response is also animated. This feature makes the problem more realistic.
The puck has overshot the hole in this case. The drop angle and drop time are displayed on
the time-response plot. Note that, in this case, the magnet drop-offtakes place prematurely.
As aresult the payload has been released earlier and is not on target! In SIMLab, it is
possible to change the dimensions of the experiment setup. Choose Modify Puck Drop
Setup from the SIMLab Tools menu to adjust the height of the drop and the length of the
arm, and change your controller design accordingly.

6-6 DESIGN PROJECT 2— QUARTER-CAR MODEL

-1

introduction to the Quarter-Car Model

After studying position and velocity control of the dc motor in the preceding sections of
this chapter, you are now well acquainted with the use of the ACSYS tools and Simulink
and their applications in the study of controls.

In this section a simple one degree offreedom quarter-car model, as shown in Fig. 6-26
(c) is presented for studying base excitation response (i.e., road transmitted effects). The
objective here is to control the resulting displacement or acceleration of the mass of
the system— which is reflective of the chassis of the car. This study follows the modeling
exercise that was discussed in Example 4'11-3.

As discussed in Chapter 4, there are various representations of a quarter-car system,
as illustrated in Fig. 6-26, where atwo degree of freedom (2-DoF) system in Fig. 6-26(b)
takes into account the damping and elastic properties of the tire, shown in Fig. 6-26(a).
However, for simplicity, itiscustomary to ignore tire dynamics and assume a 1-DoF model
as shown in Fig. 6-26(c). Hence, for the duration of this design project, we will assume a
rigid wheel.

We further assume hereafter the following parameter values for the system illuswated
in Fig. 6-26(c):

in Effective 1/4 car mass 10 kg

k Effective stiffness 2J135 N/m
c Effective damping 0.9135 N-m/s"
x(/) Absolute displacement of the mass m m
>0 Absolute displacement of the base m
z(t) Relative displacement (A'i/HyiO) m
a(t) Base acceleration y(f) mish

Recall from Eq. (4-324) that the open Ioop response of the system to a base acceleration
aU) has a transfer function:

where the base acceleration /4(.9) is the input and relative displacement. Z{s), is the output.

Let us next consider the active control suspension system and use the same dc motor
described in Section 6-2 used in conjunction with arack as shown in Fig. 6-27. In this case,
T is the torque produced by the motor with shaft position 0. and r is the radius of the motor
drive gear.



358 » Chapter 6. The Control Lab

Figure 6-26 Quaner-car model

t realization, (aj Quarter car. (b) Two
~  degrees of freedom, (c) One degree of
freedom.

Figure 6-27 Active control of ihe 1-DOF mode! via adc moior and rack.

Recall from Example 4-11-3 that the block diagram in Fig. 6-28 represents ihe open
loop system with no base excitation, where J = mr* + Jm, B = cr* --B,,. and K = k.
Using superposition, this system is rearranged to the following form;

Z(s) =
+Bs + K) +

(6-2)

Figure 6-28 Block diagram of an armalure-controlled dc motor.
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Figure 6-29 Block diagram of a position-conuwol. annature-controlled dc motor.

Again, as in previous sections, we assume the motor electric-time constant is insignificant
relative to the mechanical-time constant. Eq. 6-2 and is reduced to

RgJ
BRM + K, Kt K BRa + K, Kt
" RoJ * |/

Z(s)=- X A{s) (6-3)

For simplicity, Eq. (6-3) is written as Z{s) = Geai())Ko(5)- Ge2is)A{s). The position control
block diagram in Fig. 6-29 illustrates the feedback of relative position, Z(s), where ATj is the
sensor gain, with units v/m. In this application, the sensor is a linear variable differential
transformer (LVDT), which transforms the displacement z(f) between the base >>(/) and
mass x (i) to voltage. The goal of position control in this scenario is not to create offset asin
the previous lab, where arobot arm is given the command signal to displace a metal puck,
but rather to reject the so-called disturbance input. Hence the command voltage, or set
point, Vi,,(s) = 0 V.

Setting E(s) = 0-K, Z(J), the block diagram represented in Fig. 6-29 can be reduced to
an input-output relation of y(j) and Z(s), where the simplified closed-loop system is
represented in Fig, 6-30:

Z(5)
-A(5) ~ /2, + K,.Kb _ K  K,nKampk
A RaJ Ra)

©-4)

6-6-2 Closed-Loop Acceleration Control

Relative position control is afamiliar way to introduce the control of the quarter-car model;
however, the vehicle operator cannot really sense displacement except perhaps by
comparing their height to fixed objects. If you have ever driven a car too quickly over

mrt

RJ J

mrRg

Figure 6-30 Simplified block diagram of the quarter-car dc motor position control.
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Figure 6-31 Simpliiied block
diagram of the quaner-car relative
acceleration conuol.

a sharp rise and fall of the road, you can feel the effect of acceleration in your stomach
Thus, it is more desirable to control the acceleration because the ultimate goal 0
the suspension system is to improve ride and driving performance. The bltx:k diagran
in Fig. 6-30 can be modified to control the relative acceleration of the system.

The second derivative of the fonvard-path transfer function yields the acceleratioi
control system in Fig. 6-31. The input-output relation is as follows:

mrn
Z(») ©5
-A(s) " 2 BRa+K,Kb K K*Kamp
RJ Ral

As described above, the position control system used an LVDT to provide the feedback
Just as the LVDT measures relative displ t, two accelerometers can be used t(
measure both x{t) and y{/), where <:{/)= A(f)-~(O- Thus, to control the relative
acceleration of the mass, two accelerometers with gain Ks are fixed to the mass anc
base to provide the relative acceleration feedback.

Itis also ofinterest to control the absolute acceleration of the mass m. The closed-loof
system is determined by reconfiguring Fig. 6-29 to yield absolute acceleration from thi
relation A{i) = z{s) where Z{s) and X (i) are the Laplace transforms of z{t) arc
x{t), respectively.

The block diagram in Fig. 6-32(a) is simplified to the closed-loop form in Fig. 6-32(b,
to obtain the input-output relation

m I VA RJ n
A(s) ; ~“BRa+ K,Ki, "K 7
Ha) J KaJ

©6

Note that, in the case ofthe systems represented by Eq. (6-5) and Eq. (6-6), implementing i
compensator will lead to a higher-order transfer function. In this case, designing in ihe tim<
domain may require that the systems be approximated by lower-order systems, &
demonstrated in Chapter 5. Also see Chapter 9, where the conuoller design topics a»
studied in more detail.

6-6-3 Description of Quarter Car Modeling Tool

The Quarter Car Modeling Tool allows the students to implement the familiar dc motor an(
amplifier described in Section 6-2-1 and conduct experiments to observe its effect on a new
slightly more complex system. Designing a controller for a vehicle suspension systen
requires studying its perfomiance under the influence of different inputs, such as drivin]
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Figufe 6-32 Block diagram of the absolute acceleration control system.

over a curb or speed bump. This tool also incorporates nonlinear effects, such as backlash
and saturation in the Virtual Lab component. All of these features are available in one
simple window, which automatically controls the Simulink model.

To start the program, click on Quarter Car Sim on the ACSYS applet. This launches
both a Simulink model file (Fig. 6-33) and MATLAB graphical user interface, to be used as

Figure 6-33 Quarter Car Modeling Tool lop-level Simulink model.
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Figure 6-34 Quaner Car Modeling Toot control window,

the control panel (Fig. 6-34). There is very little need to access the Simulink model, othe
than to reference the model or to modify the simulation parameters.

From the control window, clicking on Model Parameters brings up awindow (Fig. 6-35
from which you can modify the parameters of the dc motor, amplifier, sensor gains, and 0
course the quarter-car model. Parameters from the workspace or a.mat file may be selected ii
the left IMPORT frame and then assigned to the selected model parameters in the righ
MODEL frame. Model settings may be saved to, or loaded from, .mat files. Clicking 01
Defaults assigns the default values to the parameters. Click Apply toimplementyour change:
or Close to cancel.

Selecting Control Parameters calls a window (Fig. 6-36) used to configure
compensator command signal in the left frame and the compensator in the right pane
There are anumberofinputs to select from: step, impulse, sin, rounded pulse, rounded step
and random. The compensator frame allows the user to select the sensor output to be usei

Figure 6-35 Model Parameters window.
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as feedback. Also. PID gains are specified in array format, and any existing wansier
function object may be selected from the workspace for use as a controller via the
dropdown menu. The MATLAB SISO Design Tool may be activated, with the appropriate
system transfer functions automatically loaded, using lrie SISOTool button. Click Apply to
implement your changes or Close to cancel.

The closed-loop transfer functions of the system are displayed in the top right comer.
The various wansier functions of the form displayed in Fig. 6-37 can be selected from the
popup menu.

Once the mode] and controller parameters are specified, the system is ready for
simulation. Click on Simulate Response to begin the simulation. This will start the
animation and plot the data on the upper and lower graphs. At the top right comer of
both the upper and lower axes, pressing the Setup Axes button will display a small control
menu that is used to select which data are to be displayed on the graph. Note that the control
menus may be dragged off the axes by clicking and dragging the top bar or closed by
clicking the X in the top right comer. Click on Stop Simulation to stop the animation and
simulation. Below the progress bar is a popup menu, which allows the user to toggle to
different experiniem modes. The active suspension system is ihe dc motor-conuolled
system from Fig. 6-27. The passive suspension system operates as a spring and damper,
without the added control of the dc motor.

To store the inpuwoutput plots on anew figure, click Print to Figure. The zoom control
and cursor buttons appear ai ihe bonom right comer ofthe display panel, as seen in Fig. 6-38.

Cc h— r~57>-

Figure 6-37 Closed-loop transfer functions.
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6-6-4 Passive Suspension

The following experiments explore the response of the open-loop quarter-car mode
Studying the response of ihe passive system is essential to understanding Gie effect (
various inputs on the quality of the vehicle's ride and is necessary for appreciating v
effect of adding compensators to actively control the suspension system. Run ie followir
tests in order:

1

Set the simulation mode to Passive Suspension and set up the top axes to displs

To accomplish this, click on Setup Axes, choose Acceleration from
dropdown menu, and click the checkbox labeled “y.” Using the same methcx
configure the bottom axes to display c(/). Click on Control Parameters, and sele
astep input with amplitude 0.01 m/s" and step time 0 seconds. There is no need 1
configure the compensator since ii is not used in a passive system. Click Simula
Response. When finished, the result will appear similar to the window displayed i
Fig. 6-39. Note the shape ofthe road profile y(i) aswell asz(/) and.x(f). This da
can be accessed in the Setup Axes menu for either axis. Repeat this procedure ft
0.1 and 1 m/s” input.

Experiment with the stiffness and damping of the system by clicking Mod
Parameters and changing the stiffness, A, from the default 2.17 N/m to 10 N/r
With astep input 0f 0.01 m/s , and the lower axes configured to display r(?)- wh
is the frequency of the oscillatory response? This is the damped frequency of
system using default parameters (o>u). How does the period ofoscillation compa
to the value that was observed in Step 1? open the Setup Axes menu for the low
axes and click the Print to Figure button. This will plot the data on rie axes to i
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external fisure. Repeat the simulation several more times, gradually reducing the
dampina (variable ¢ in the Model Parameters control window). The frequency of
the oscillation when c is reduced to 0 is the natural frequency of the system {co,,).
Select the checkbox labeled Reuse Axes, and click Print to Figure to plot data
from anew simulation in the same externa] figure. This is useful for comparison.

Set (tie system parameters to the default settinas (click Model Paramecers. then
E>efaults. then Apply). Study the effect of a sinusoidal input (washboard bumps)
on the response of the system. Select an amplitude of 0.01 m/s and vary the
frequency from 5 rad/s to 0.1 rad/s. What happens to the amplitude of relative
displacement at the damped natural frequency. WSii. measured in Step 2?

Now u>' usina the rounded step input with amplitude 0.1 m and duration 0.01
seconds. This input funciion simulates driving the quaner-car model over a curb.
Calculate values of ¢ such that the system is underdamf>ed (f = 0.1). critically
damped = 1). and overdamped (C= 1.5). and obser\e the response for each case.
Repeat Step 4 usins the unidirectional rounded pulse (URP) input (amplitude
0.1 m. duration 0.01 seconds). This emulates drivins over a potiole if given
amplitude less than zero, or a speed bump if the amplitude is positive.

6-6-5 Closed-Loop Relative Position Control

Now set the simulation mode to active suspension by selecting Active Suspension from the
control panel dropdown menu or from the Experiment menu. This activates the feedback
control system as defined in the Control Parameters window. Re]ati\e position control
is the control of r(/) = xU i-yu): thus, set the Feedback popup menu to z. The set point is
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Figure 6-40 Relative Position Time Response piot.

vhin(0 = 0 V, where feedback gain is K, = 1v/m. In this section, both a PD and phase-Ii
controller will be implemented.

6.

Click on Control Parameters and select a step disturbance 1 m/s” and steptime 0 sa
onds; feedback z, PID = [100]. Simulate the response. What is the steady-state erroi
mrt
5 —
ALS) g BROF KLKi =Ko=Kk,
RJ RJ
Do Uie values correspond? Validate the observed overshoot and rise time using (t
time-domain analysis techniques introduced in Chapter 5.

Apply the final value theorem to

What value of Kp (PID = [Kp 0 0]) will yield a steady-state error less than 5 mir
This will require a gain much higher than 1. To reduce the need for trial and ewo
click SISOTool in the Control Parameters window and increase the gain whil
observing the LTI Viewer step response. What happens to the system overshoot;
this gain? Does this match your calculations?

Increase the derivative gain in steps from 0 to 22, keeping the proportional gai
that was found in Step 7, and observe the effect of adding derivative gain. Agaii
validate these results using time-domain lysis techniques. Plot ive tria
to an external figure for comparison, as in Fig. 6-40.

Design four phase-lead compensators with sufficient gain Kp to meet the stead'
state error requiremeni as specified in Step 7 and with phase margins §,,. of 10,31
40, and 60°. Compare the optimized response with the PD response.

Test your controller’'s response to the inputs applied in Steps 3, 4. and 5.

6-6-6 Closed-Loop Acceleration Control

As mentioned previously, it is preferable to control the acceleration o fthe mass m, becaui
it is the acceleration of the vehicle that affects the comfort of the ride. Set the simulatii

mode to Active Suspension, and sel the

k to z in Control Parameters. This causi
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Figure 6-41 The Conuoller Parameters window.

the relative acceleration, 2(f), with gain K, = 1v/m/s” to be compared with the set point
v,n(i) = OK

11. In the Control Parameters window, change the PID gains to PID = [5 0 0], and
click SISOTool 10 apply the changes and launch the SISO Design Tool. Use the
LTI Viewer to monitor the step response while tweaking the gain. What gain
achieves the smallest rise time? Test this gain on ihe actual controller, clicking on
Print to Figure in the Setup Axes menu to save the results for comparison.

12. Design a phase-lag compensator, with gain K = 5 and iu' = 0.1 rad/s. Once the
compensator is designed, implement it by using the following MATLAB script:

K - 5 a-0.1442, T = 231.1996
PhaseLag = tf([a*T 1]. [T 1])

This creates a transfer function object in the workspace. Now click on Control Parameters
and select Phaselag as the compensator in the Compensator TF dropdown and enter K as
the proportional gain (Fig. 6-41). Any transfer function object created in the MATLAB
workspace is accessible in this menu and can be used in place of the PID controller G(.(i).
Compare the step response to the response in Step 11. Try designing various phase-lag
controllers as per Section 9-6-2 and compare the results.

13. Repeat Steps 11 and 12 using absolute acceleration as the feedback (Feedback =
X). For the phase-lag compensator, try A”= 5 and Lo'g=0.i rad/s.

14. Test the controllers designed in the last few steps with various inputs such as
sinusoidal, rounded step, and rounded pulse.

In this chapter, we described the SIMLab and Vinual Lab software lo improve your understanding of
control and to provide a better practical appreciation of the subject. We discussed that, in a realistic
system including an actuator (e.g.. a dc motor) and mechanical (gears) and electrical components
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REFERENCE

PROBLEMS

(amplifiers), issues such as saturation ofthe amplifier, friction in the motor, or backJash in gear? wi
seriously affect the contfoller design. This chapter focused on problems involving dc motoi
including modeling, system identification, and controller design. We presented expenments 0
speed and position control of dc motors, followed by two controller design projects involving conm
of a simple robotic system and conuwol of asingle degree of freedom quarter-car mcxiel. The focus 0
dc motors in these experiments was intentional, because of their simplicity and wide use in industrii
applications. Note that, in the design projects, aside from the speed and position conool topics. Olh{
controllers such as PID and lead/lag were also discussed. You may wish lo visit Chapter 9 to becom
more acquainted with these topics.

F. Golnaraghi, * ENSC 383 Laboratory Experiment.” Simon Fraser University. Mechatronic Systems
Engineering Program. British Columbia. Canada. Lab Manual. 2008

6-1. Create a model of the motor shown in Fig. 5-25. Use the following parameter values: J,, -
0.0004 kg-m-; B = 0.001 Nm/rad/sec. /?,= 2n. = 0.008 H. K,,,= 0.1 Nm/A. and A" = 0.1 v/rad
sec. Assume that the load torque T1 is zero. Apply a 5-V step input to the motor, and record the moto
speed and the current drawn by the motor (requires modification of SIMLab blocks by making currer
the output) for 10 sec following the step input.

(a) What is the steady-state speed?

(b) How long doesit take the motor to reach 63% of its steady-state speed?

(c) Howlong does it take the motor to reach 75% of its steady-state speed?

(d) What is the maximum current drawn by the motor?

6-2. Set the viscous friction B to zero in Problem 6-1, Apply a 5-V step input to the motor, ai
record the motor speed and current for 10 sec following the step input. What is the steady-state speed
(a) How long doesit take the motor to reach 63% of its steady-state speed?

(b) How long doesit take the motor to reach 75% of its steady-state speed?

(c) What is the maximum current drawn by the motor?

(d) Whal is the steady-state speed when the applied voltage is 10 V?

6-3.  Set lhe armature inductance Lato zero in Problem 6-2. Apply a5-V step input to the motor, ani
record the motor speed and current drawn by the motor for 10 sec following the step input.

(a) What is the steady-state speed?

(b) How long doesit take the motor to reach 63% of its steady-stale speed?

(c) How long doesit take the motor to reach 75% of its steady-state speed?

(d) What is the maximum current drawn by the motor?

(e) IfJ,,is increased by a factor of 2. how long does it take the motor to reach 63% of its steady-siat
speed following a 5-V step voltage input?

(f) 1fJ,,is increased by a factor of 2, how long does it take the motor to reach 75% of its steady-siat
speed following a5-V step voltage input?

6-4. Repeat Problems 6-1 through 6-3. and assume the load torque r,. = -0.1 N-m (don't forgetth
minus sign) staning after 0.5 sec (requires change of the disturbance block parameters in SIMLab
(a) How does the steady-state speed change once T/, is added?

(b) How long doesit lake the motor to reach 63% of its new steady-state speed?
(c) How long doesit take ihe motor to reach 759( of its new steady-state speed?
(d) Whal ib the maximum current drawn by the motor?

(e) Increase T1 and funher discuss its effect on the speed response.
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6-5. Repeat Problems 6-1 through 6-3, and assume ihe load torque Ti = -0.2 N-m (don’t forget the
minus sign) starting after 1 sec (requires change of the disturbance block parameters in SIMLab).
(a) How does the steady-state speed change once Ti is added?

(b) Howlongdoes it lake the motor to reach 63% of its new steady-state speed?

(c) Howlongdoes it take the motor to reach 75% of its new steady-state speed?

(d) What is the maximum cuwem drawn by the motor?

(e) Increase TI and further discuss its effect on the speed response.

6-6. Forthe system in Fig. 6-1. use the parameters for Problem 6-1 (but setLa = 0) and an amplifier
gain of 2 to drive the motor (ignore the amplifier voltage and cuwent limitations for the time being).
What is the steady-state speed when the amplifier input voltage is 5 V?

6-7. Modify the model in Problem 6-6 by adding a proportional controller with a gain of Kp = 0.1,
apply a 10 rad/sec step input, and record the motor speed and cuuent for 2 sec following the step
input.

(a) What is the steady-state speed?

(b) Howlongdoes it take (tie motor to reach 63% of its steady-state speed?

(c) Howlongdoes it take the motor to reach 75% of its steady-state speed?

(d) Whai is the maximum cuwem drawn by the motor?

6>8. Change Kpto 1.0in Problem 6-7, apply a 10rad/sec step input, and record the motor speed and
current for 2 sec following the step input.

(a) What is the steady-state speed?

(b) How long does it take for the motor to reach 63% of its steady-state speed?

(c) How long does it take for the motor 10 reach 75% of its steady-state speed?

(d) What is the maximum current drawn by the motor?

(e) How does increasing Kp affect the response (with and without saturation effect in ihe SIMLab
model)?

6-9. Repeat Problem 6-7. and assume the load torque Ti =
change of the disturbance block parameters in SIMLab).
(a) How does the steady-state speed change once TI is added?

Q.\ N-m starting after 0.5 sec (requires

ib) How long doesit take the motor to reach 63% of its new steady-state speed?

(c) How long does it take the motor to reach 75% of ils new steady-state speed?

6-10. Repeat Problem 6-7. and assume the load torque Tt = -0-2 N-m starting after | sec (requires
change of the disturbance block parameters in SIMLab).

(a) How does the steady-state speed change once Ti is added?

(b) How long does it take the motor to reach 63% of its new steady-state speed?

(c) How long does it take the motor 10 reach 75% of its new steady-state speed?

6-11. Insen a velocity sensor transfer function K, in the feedback loop, where K, = 0,2 v/rad/sec
(requires adjustment of the SIMLab model). Apply a2 rad/sec step input, and record the motor speed
and current for 0.5 sec following the step input. Find the value of Kp that gives the same result as in
Problem 6-7.

6-12. For the system in Fig. 6-3. select Kp = 1.0. apply a 1 rad step input, and record the motor
position for 1 sec. Use the same moior parameterb as in Problem 6-1.

(a) What is the steady-state position?

(b) What is Ihe maximum rotation?

(c) At whatlime after the step does the maximum occur?
6-13. Change K,, to 2,0 in Problem 6-12, apply a ¥ad step inpul, and record the motor position for
1 sec.

(a) At what time after the step doesthemaximum occur?
(b) What is the maximum rotation?
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6-14. using the SIMLab, investigate the closed-loop position response using a proponiol
controller. For a position-control case, use proportional conuwolier gains of 0.1, 0.2. 0.5, 1.0, a
2.0; record the step response for a 1 rad change at Uie output shaft; and estimate what you consider
be the best value for the proportional gain. Use the same motor parameters as in Problem 6-1,

6-1S. Using the SIMLab, investigate the closed-loop position response using a PD control!
Modify the controller used in Problem 6-14 by adding derivative action to the proportional controll
Using the best value you obtained for Kp, Iry various values for Kiy. and record the step response
each case.

6-16. Repeat Problem 6-15 and assume a disturbance torque Td = -0.1 N-m in addition 10the &
input of 1rad (requires change of the disturbance block parameters in SIMLab).

6-17. Repeal Problem 6-15 and assume a disturbance torque Td = -0.2 N-m in addition to the si
input of t rad (requires change of the disturbance block parameters in SIMLab).

6-18. Use the SIMLab and parameter values of Problem 6-1 to design a PID conuoller th
eliminates the effect of the disturbance torque, with a percent overshool of 4.3.

6-19. Use the SIMLab and parameter values of Problem 6-1 to design a PID controller ih
eliminates the effect of the disturbance torque, with a percent overshoot of 2.8.

6-20. Investigate the frequency response of the motor using the Virtual Lab Tool. Apply asine wa'
with afrequency of0.1 Hz (don’t forget; 1Hz = 2iT rad/sec) and amplitude of 1V the amplifier inpi
and record both the motor velocity and sine wave input signals. Repeat this experiment f(
frequencies of 0.2, 0.5, 1.0. 2.0, 5.0, 10.0, and 50.0 Hz (keeping the sine wave amplitude a( 1V

6-21. Using the Vinual Lab Tool, investigate the closed-loop motor speed response using
propouional controller. Record the closed-loop response of the motor velocity lo a step input (
2 rad/sec for proportional gains 0f0.1,0.2,0.4, and 0.8. Whai is the effect of the gain on the stead;
state velocity?

6-22. Using the Virtual Lab Tool, invesligate the closcd-loop position response using a proportion,
conuollcr. For a position-control case, use proponional controller gains 0f0.1.0.2.0.5, 1.0. and 21
record ihe step response for a 1rad change at the output shafi; and estimate what you considerto |
the best value for the proportional gain.

6-23. Using the Virtual Lab Tool, investigate the closed-loop position response using a p.
controller. Modify the controller used in Problem 6-15 by adding derivative action to the proportion;
controller. Using the best value you oblained for Kp, try various values for Ko. and record the K
response in each case.

6-24. In Design Project 2 in Section 6-7, use the CarSim lool to investigate the effects ofconuollir
acceleration X on relative moiion {or bounce) z and vice versa.

(a) Use a PD controller in your investigation.

(b) Use a PI controller in your investigation.

(c) Use a PID controller in your investigation.

6-25. Using ihe Quarter Car Modeling Tool controlling.

(a) Setthe simulation mode to “ Passive Suspension” and set up the top axes to display v(/). Seleel
step input with amplitude 0.02 m/s" and step time 0 seconds. Plot the response. Repeat this procedui
for 0.2 and 0.5 m/s" inputs. Compare the results.

(b) Change the stiffness. A,to 15 N/m. With a step input 0f0.02 m/s" and the lower axes configured (
display f(i). what is the frequency of the oscillatory response? This is the damped frequency of tti
system using default parameters {0}j). How does the period of oscillation compare to Ihe value thi
was observed in pan (a)? Repeat the simulation several more limes, gradually reducing the dampin
(variable i*in ihe Model Parameters control window) to find the natural frequency of the system {&3,
(c) Obtain ihe effecl of washboard bumps with an amplitude of 0,02 m/s" on the response of &
system. Vary the frequency from 10 rad/s 10 0.1 rad/s. What happens lo the amplitude of reiath
displacement at the damped natural frequency. Wf. measured in pan (b)?
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(d) Simulate driving the quarter-car model over a curb by using the rounded step input with
amplitude 0.2 m and duration 0,02 seconds. Calculate values of ¢ such that the system is under-
damped (f = 0.25), critically damped (f = 1). and overdamped (f = 2.5) and observe the response for
each case.

(e) Repeat part (d) using the unidirectional rounded pulse (URP) input (amplitude 0.2 m, duration
0.02 seconds).

(f) Adda step disturbance of 2 m/s” and step time of 0 seconds: feedback 2. PID = [100]. Simulate
the response. Find the steady-state error by simulation and by applying the final-value theorem.
Compare the results. Validate the observed overshooi and rise time using the time domain analysis.
(9) Whatvalue 0iKp (PID = [A:;pOOD will yield a steady-state error less than 4 mm? What happens to
the system overshoot at this gain? Does this match your calculations?

(h) Increase the derivative gain in steps from 0 to 50, keeping the proponional gain that was found in
part (g), and observe the effect of adding derivative gain. Again, validate these results using time
domain analysis technigues. Plot successive trials to an external figure for comparison.

(i) Design four phase-lead compensators with sufficient gain Kp to meet the steady-state error
requirement as specified in pan (g) and with phase margins, §,,,. of 15, 20. 25, and 50°. Compare the
optimized response witri the PD response.

(j) Test your controller's response to the inputs applied in pans (c). (d). and (e).

(k) Change the PID gains to PID = [510] and click SISO Tool to apply Ihe changes and launch the
SISO Design Tool. Explain what happens,

(1) What value of K/ (PID = [5 K[ 0]) will yield asteady-state error less than 4 mm? What happens to
the system overshoot and rise time at this gain? Does this match your calculations?

(m) Test the controllers designed in the last few parts with sinusoidal, rounded-step, and rounded-
pulse input.
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INTRODUCTION

In the preceding chapters, we have demonstrated the importance of the poles and zerc
of the closed-loop transfer function of a linear control system on the dynarai
performance of the system. The roots of the characteristic equation, which are th
poles of the closed-loop transfer function, determine the absolute and the relativ
stability of linear SISO systems. Keep in mind that the transient properties o f the systei
also depend on the zeros of the closed-loop transfer function.

An important study in linear control systems is the investigation of the trajectories ¢
the roots of the characteristic equation— or. simply, the root loci— when a certain syster
parameter varies. In Chapter 5, several examples already illustrated the usefulness of th
root loci of the characteristic equation in the study of linear control systems. The basi
properties and the systematic construction ofthe root loci are first due tow, R, Evans [1,3
In general, root loci may be sketched by following some simple rules and properties.

For plotting the root loci accurately, the MATLAB root-locus tool in the Conuc
Systems Toolbox component of ACSYS can be used. See Chapter 9 for examples. As
design engineer, it may be sufficient for us to leam how to use these computer tools t
generaie the root toci for design purposes. However, it is important to leam the basics ofth
root loci and their properties, aswell as how to interpret the data provided by the root loci fc
analysis and design purposes. The material in this text is prepared with these objectives i
mind; details on the properties and construction of the root loci are presented in Appendix [

The root-locus technique is not confined only to the study of control systems. |
general, the method can be applied to study the behavior ofroots of any algebraic equado
with one or more variable parameters. The general root-locus problem can be formuiaie
by referring to the following algebraic equation of the complex variable, say, s:

F{s) = P{s) + KQ{s) - 0 (71
where P(s) is an mh-order polynomial of v
P{s) = 5" + fl,_[i""* + -+ 4-1J]i + a0 (7~
and Q(s) is an /?nh-order polynomial of 5; n and m are positive integers.
Q{s) -s"' + + mm o+ oglY + 0 0-:

For the present, we do not place any limitaiions on the relative magnitudes bem’een n ar
m. A'is a real constant that can vary from -oc to + 0C.
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The coefficients &) 02 On, b\. bi.......bm are considered to be real and fixed.
Root loci of multiple variable parameters can be treated by varying one parameter
atatime. The resultant loci are called the root contours, and the subject is treated in Section
7-5. By replacing s with  z inEq. (7-1) through (7-3), the root loci o f the characteristic equa-
tion of a linear discrete-datasystem can be constructed in a similar fashion (Appendix E).
For the purpose of identification in this text, we define the following categories of root

loci based on the values of K\

1. Rootloci (RL). Refers to the entire root loci for -0 ¢ <K<CC.

2. Root contours (RC). Contour of roots when more than one parameter varies.
In general, for most conwol-system applications, the values of K are positive. Under unusual
conditions, when a system has positive feedback or trie loop gain is negative, then we have the

situation that K is negative. Although we should be aware of this possibility, we need to place
the emphasis only on positive values of K in developing the root-locus techniques.

» 7-2 BASIC PROPERTIES OF THE ROOT LOCI (RL)

Because our main interest is control systems, let us consider the closed'loop transfer
function of a single-loop control system;

(7-4)
R{s) \+G(s)H{s)
keeping in mind that the transfer function of multiple-loop SISO systems can also be
expressed in a similar form. The characteristic equation of the closed-loop system is
obtained by setting the denominator polynomial of Yis)/Ris) to zero. Thus, the roots of the
characteristic equation must satisfy

1+ G{s)H{s) =0 (7-5)

Suppose that G(s)H(s) contains a real variable parameter K as a multiplying factor, such
that the rational function can be written as

(7-6)

where P(s) and Q(s) are polynomials as defined in Eq. (7-2) and (7-3), respectively.
Eq. (7-5) is written

P(s) Pis)

The numerator polynomial of Eq. (7-7) is identical to Eq. (7-1). Thus, by considering thai
the loop transfer function G(s)H(s) can be written in the form of Eq. (7-6). we have
identified the RL of a control system with the general root-locus problem.

When the variable parameter K does not appear as a multiplying factor of Gis]H{s). we
can always condition the functions in the form of Eq. (7-1). As an illustrative example,
consider thal the characteristic equation of a control system is

5(j+ 1)(5+ 2)+ ,r+ (3+ 2A)i+5=0 (7-8)
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To express the last equation in the form of Eq. (7-7), we divide both sides o f rie equation t
the terms that do not contain K, and we get

2Ks
(I ) () 2)+ 02 + 31+ 5

Comparing the lasi equation with Eq. (7-7), we get

ew
F{s) i3+4i2 + 55+ 5

Now K is isolated as a multiplying factor to the function Q{s)/P(s).

We shall show that the RL of Eq. (7-5) can be constructed based on the properties ¢
Q(.8)/P(s). In the casewhere G{s)H{s) = KQ{s)/P{s), theroot-locusproblem is anothe
example in which thecharacteristics of the closed-loop system, in this caserepresented b;
the roots of the characteristic equation, are determined from the knowledge of the loo]
transfer function G[s)His).

Now we are ready to investigate the conditions under which Eq. (7-5) or Eq. (7-7) i
satisfied.

Let us express G(s)H{s) as

G(s)H(s) = KGi{s)Hi{s) (711

where C] {s)H] (j) does not contain the variable parameter K. Then. Eq. (7-5) is wriltet
G.(DHIG) = - i (712

To satisfy Eq. (7-12), the following conditions must be satisfied simultaneously;
Condition on magnitude

[Gitnml = -00<K<o00 {7-13;

Condition on angles

IGi{s)Hi{s) = {2i + i)t K>0
~ (7-14;
= odd multiples of ITradians or 180°

IGi(i)Hi(i) = 2it K <0
(7-15)
= even multiples of 7Tradians or 180°

where f= 0, + 1, +2,... (any integer).
In practice, ihe conditions stated in Eq. (7-13) through (7-15) play different roles in ihe
construction of the root loci.

The conditions on angles in Eq. (7-14) or Eq. (7-15) are used to determine the
trajectories of the root loci in tie i-plane.

Once the root loci are drawn, the values of K on the loci are determined by using the
condition on magnitude in Eq. (7-13).
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The construction of the root loci is basically a graphical problem, although some ofthe
properties are derived analytically. The graphical construction of the RL is based on the
knowledge of the poles and zeros o f the function G{s)His). In other words, G(s)H{s) must
first be written as

where (rie zeros and poles of G{s)H(s) are real or in complex-conjugate pairs.
Applying the conditions in Egs. (7-13), (7-14). and (7-15) to Eq. (7-16), we have

Tir (7-17)
For Q < K <oo0:
GT(S)HI{s)"Y ,-{s +Zk)-Y .47+ pj)={2i+ 1) x 180° (7-18)
k=\ =\
¥ot -oc<K <0:
Gi{s)H,{s] " "i{s + Zk)-ir-u+ Pj) = 2'X 180° (7-19)

=1 j=i
where 1= 0.+ 1.+2
The graphical interpretation of Eq. (7-18) is that any point S] on the RL that
corresponds to a positive value of K must satisfy the following condition:
The difference between the sums of the angles ofthe vectors drawn from the zeros
and those from the poles of G(s)H(s) to Si is an odd multiple of 180 degrees.
For negative values of K. any point 5i on the RL must satisfy the following condition:
The difference between the sums of the angles of the vectors drawn from the zeros
and those from the poles of G(s)H(s) to S] is an even multiple of 180 degrees,
including zero degrees.
Once the root loci are constmcted. the values of K along the loci can be determined by
writing Eq. (7-17) as

K\ —_— (7-20)

The value of K at any poiin S\ on the RL is obtained from Eq. (7-20) by substituting the value
ofs\into the equation. Graphically, ihe numerator of Eq. (7-20) represents ihe product of the
lengths of die vectors drawn from the poles of G(s)H{s) to JI. and ihe denominator
represents the product of lenaths of the vectors drawn from the zeros of G{s)H{s) to M.
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Figure 7-1 Pole-zero configuration of
G(s)H{s) = AT+ )I[i{5 + P2)x
(s+ Pi)].

To illustrate the use of Egs. (7-18) to (7-20) for the construction of the root loci, let|
consider the function

K{s + Zi)
(7-21

s{s + P2)is + Pi)
The location of the poles and zero of G(s)H{s) are arbitrarily assigned, as shown in Fig. 7-
Let us select an arbitrary trial point ] in the j-plane and draw vectors directing from th
poles and zeros of G{s)H{s) to the point. If Si is indeed a point on the RL for positive K,
must satisfy Eq. (7-18); that is, the angles of the vectors shown in Fig. 7-1 must satisf

z(5i +2]) - Isi - z@ tP2) - z(ii + Pi)
(7-2i
= 01 - 9pi- 9p2 - 9pT- (2/+ 1) X 180"

where / = 0,+1,+2, .... As shown in Fig. 7-1, the angles of the vectors are measure
with the positive real axis as reference. Similarly, if is a point on the RL for negativ
values of K, it must satisfy Eq. (7-19); that is,

471 +Z1) - AL - I(il + pi) - ZQ1 + P3)
i (723
= &1- Opx - 9j,2 - Bpi = li x 180°

where /= 0.+ |,£2... .

If s\ is found to satisfy either Eq. (7-22) or Eq. (7-23), Eq. (7-20) is used to find ih
magnitude of K atthe point. As shown in Fig. 7-1, the lengths of the vectors are representei
by A. B, C, and D. The magnitude of K is

(7-24

The sign of K depends on whether si satisfies Eq. (7-22) {K > 0}or Eq. 0-23){K < 0). Thu-
given the function G{s)H(s) with A'as amultiplying factor and the poles and zeros are knowr
the construction of the RL of the zeros of | + G(s)H(s) involves the following two step!

1. A search for all thei'i points in the .§-plane that satisfy Eq. (7-18) for positive /T.1
the RL for negative values of K are desired, then Eq. (7-19) must be satisfied.

2. Use Eg. (7-20) to find the magnitude of K on the RL.
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We have established the basic conditions on the construction of the root-locus
diagram. However, if we were to use the trial-and-ewor method just described, the
search for all the root-locus points in the 5-plane that satisfy Eq. (7-18) or Eq. (7-19) and
Eq. (7-20) would be avery tedious task. Years ago, when Evans [1, 2] first invented the
root-locus technique, digital computer technology was still at its infancy; he had to
devise a special tool, called the spinile. which can be used to assist in adding and
subtracting angles of vectors quickly, according to Eq. (7-18) or Eq. (7-19). Even with
the Spirule, for the device to be effective, the user still has to first know the general
proximity of the roots in the i-plane.

W ith the availability of digital computers and efficient root-finding subroutines, the
spiruie and the trial-and-error method have long become obsolete. Nevertheless, even with
ahigh-speed computer and an effective root-locus program, the analyst should still have an
understanding o fthe properties of the root loci to be able to manually sketch the rootlociof
simple and moderately complex systems, if necessary, and interpret the computer results
correctly, when applying the root loci for analysis and design of conwol systems.

OF THE ROOT LOCI

The following properties of the root loci are useful for the purpose ofconstructing the root
loci manually and for the understanding of the root loci. The properties are developed
based on the relation between the poles and zeros of Gis)His) and the zeros of
1+ G{s)H(s), which are the roots of the characteristic equation. We shall limit the
discussion only to the properties but leave the details of the proofs and the applications of
the properties to the construction of the root loci in Appendix E.

7-31 /r=0 and/r==hoo Points

» EXAVPLE 7-3-1

The ilf=0 points on the root loci are at the poles of G{s)His).

The K=+o00 points on ihe root loci are at the zeros of G(s)H(s).
The poles and zeros reiewved to here include those at infinity, if any. The reason for these
properties are seen from the condition of the root loci given by Eq. (7-12), which is

G {s)il,(s) = - i (7-25)

As the magnitude of K approaches zero, GI(s)HI(i) approaches infinity, sos must approach
the poles of G]is)H orofG{s)H{s). Similarly, as the magnitude of ATapproaches infinity,
s must approach the zeros of G{s)H{s).

Consider the equation

s{s+2){s+3)+K{s+\) =0 (7-26)
When A= 0. ihe three roots of the equation are at £= 0,-2. and -3. When the magnitude of K is
infinite, the three roots ofthe equation are ati = —1. 0o, and oc. It is useful to consider (hat infinity in

the j-plane is a point concept. We can visualize that the finite i-plane is only a small portion of a
sphere with an infinite radius. Then, infinity in the 5-plane is a point on the opposite side of (he sphere
that we face.

Dividing both sides of Eq. (7-26) by the terms that do not contain K. we get
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i-plane

Figure 7-2  Points a( which A'= 0 and
K = +oc on the RL of i(i 2)(j + 3)+
a(s+ 1) =0

which gives
K(s+\)

(7-21
i+ 2)(5+ 3)

iR |

Thus, the three roois of Eq. (7-26) when A'= 0 are the same as the poles of the functiol
C(s)H(s). The ihree roots of Eq. (7-26) when K = +oc are at the three zeros of C(s)H{s]

including those ai infinity. In this case, one finite zero is ai | = -1. but there are two zeros a
infinity. The three points on the root loci at which # = 0 and those at which K = +oc are showi
in Fig, 7-2.

7-3-2 Number of Branches on the Root Loci

A branch of the RL is the locus of one root when K varies between -oc and oc. Th(
following property ofthe RL results, since the number of branches ofthe RL must equal th(
number of rools of the equation.

The number of branches ofthe RL ofEq. (7-1) or Eq. (7-5) isequal to the orderd

the polynomial.

For example, the number of branches of the root loci of Eq. (7-26) when K varies from
-oc to 5Cis three, since the equation has three roots.

Keeping track of the individual branches and the total number of branches of the
root-locus diagram is important in making certain that the plot is done correctly. This
is particularly true when the root-locus plot is done by a computer, because unless
each root locus branch is coded by a different color, it is up to the user to make the
distinctions.

7-3-3 Symmetrv of the RL

The RL are symmetrical with respectto the real axis ofthei-plane. In general, the
RL are symmetrical with respect to the axes of symmetry of the pole-zero
configuration of G(s)H(s).
The reason behind this propeny is because for real coefficient. K. in Eq. (7-1). the roots
must be real or in complex-conjugate pairs.

7-3-4 Angles of Asymptotes of the RL: Behavior of the RL at |s|l = o0

When n. the order of Pis), is noi equal to m. the order of Q(s). some of ihe loci will
approach infinity in the j-plane. The properties of ihe RL near infinity in ihe j-plane
are described by the asymptotes ofthe loci when |i| — DC.In general when /I m. there
wiill be 2|/1 - /h| asymptotes that describe the behaviorof the RL at |f] = X . The angles
of the asymptotes and lheir intersect with the real axis of the i-plane are described as
follows.
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For large values of s, the RL for A> 0 are asymptotic to asymptotes with angles
given by

2/+ 1
( )><130° n~m a-29)

where/=0,1,2,.. [n—m| - 1; nand m are the number offinite poles and zeros
of GU)H(s), respectively.

The asymptotes of the root loci for AT>0 are simply the extensions of the
asymptotes for A> 0.

7-3-5 Intersect of the Asymptotes (Centroid)

The intersect of the 2|/ - m\ asymptotes of the RL lies on the real axis of the i-plane, at

A finit lesof G (i)//(i) - 51 finit f
inite poles of G (i)//(i) inite zeroso (7-30)

where n is the number of finite poles and m is the number of finite zeros of G(s)H(s),
respectively. The intersect of the asymptotes O] represents the center of gravity of the root
loci and is always a real number, or

V realparts ofpolesofG (i)/i(i) - V real parts of zeros ofo (5)//(5
ol = P P (0)/i(i) P (5)/1(5) (7-31)
n-m

The root loci and their asymptotes for Eq. (7-26) for -oc < A’ < oc are shown in Fig. 7-3.
More examples on root-loci asymptotes and constructions are found in Appendix E.

1 s-plane

1
' 1 Asymptote

K<n K=0 . Ja-=07<0 K=ta K>0  ai=0 k<m .

-2 1 0

Figure 7-3 Rool loci and asymptotes of 59+ 2)(5 + 3) - + 1) = 0for-oc < K < ya.
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7-3-6 Root Loci on the Real Axis

The entire real axis ofthe 5-plane is occupied by the RL for all values AT. On a given sectiol
of the real axis. RL for AT> 0 are found in the section only if the total number o f poles an(
zeros of G(s)H{s) to the right of the section is odd. Note that the remaining sections of thi
real axis are occupied by the RL for A~ < 0. Complex poles and zeros of G (s)H (j) do no
affect the type of RL found on the real axis.

7-3-7 Angles of Departure and Angles of Arrival of the RL

The angle of departure or airival of aroot locus at a pole or zero, respectively, of G{5)H(s
denotes the angle of the tangent to the locus near the point.

7-3-8 Intersection of the RL with the Imaginary Axis

The points where the RL intersect the imaginary axis of the j-plane and the corresponding
values of K may be determined by means of the Routh-Hurwitz criterion. For complw
situations, when the RL have multiple numbers ofintersections on the imaginary axis, the
intersects and tiie critical values of K can be determined with the help of the root-locui
computer program. The Bode diagram method in Chapters 2 and 8, associated with thi
frequency response, can also be used for this purpose.

7-3-9 Breakaway Points (Saddle Points) on the RL

Breakaway points on the RL of an equation cowespond to multiple-order roots of the
equation.
The breakaway points on the RL of I + KG\{s)Hi{s) = 0 must satisfy

i (7-32)

It is important to point out that the condition for the breakaway point given ir
Eq. (7-32) is necessary but nol sufficient. In other words, all breakaway points on the rool
loci mustsatisfy Eq. (7-32), but not all solutions of Eq. (7-32) are breakaway points. To bea
breakaway point, the solution of Eq. (7-32) must also satisfy Eq. (7-5), thatis. must also be
a point on the root loci for some real K.

Toolbox 7-3-1
MATLAB statementsfor Fig. 7-3

(11l

conv([l0]. [1 2]):

den=conv(den, [13]);

mysys=tf(num ,den);

rlocus(mysys):

title( Root loci for equation 7.27 7);

axis([-3 0-8 8])

[k,poles] =rlocfind(mysys) %rlocfind command in MATLAB can choose the
desired poles onthe locus




7-3 Properties of the Root Loci 381

If we take the derivatives on boui sides of Eq. (7-12) with respect to 5. we get

CLK _dGiis)Hi {s)/ds (7-33)
s

Thus, the condition in Eq. (7-32) is equivalent to
A =0 (7-34)

In summary, except for extremely complex cases, the properties on the root locijust
presented should be adequate for making areasonably accurate sketch of the root-locus
diagram short of plotting it point by point. The computer program can be used to solve
for the exact root locations, the breakaway points, and some of the other specific details
of the root loci, including the plotting of the final loci. However, one cannot rely on lhe
computer solution completely, since the user still has to decide on the range and
resolution of K so that the rool-locus plot has a reasonable appearance. For quick
reference, the important properties described are summarized in Table 7-1, and the
details are given in Appendix E.

TABLE 7-1 Properties of the Root Loci of 1+ KGi (s) W =0

1. K = 0 points The K = 0 points are at Ihe poles of G(.y)W(i), including those
alJ= 00.

2.K = £00 points The K = 00 points are at the zeros of G(,s)H{s). including
those at5 = oo.

3. Number of separate root loci The total number of root loci is equal to the order of ihe
equation | + KGiis)Htis) = 0.

4. Symmetry of root loci The root loci arc symmetrical about the axes of symmetry ihe
of poie-zero configuralion of G(j)W(s).

5. Asymptotes of root loci as For large values of 5. the RL (K > 0) are asymptotic to

asymptotes with angles given by
e, = |2itijx 1SO"
For ~<0, the RL are asymptotic to
In-m|

wherei = 0.1,2, ..

n = number of finite poles of C(.?)//(j). and

m = number of Hnite zeros of G{s)H{s).

6. Intersection of the asymptotes (a) The intersection of the asymptotes lies only on the real axis

in the j-plane.
(b) The point of inlcrsection of the asymptotes is given by

_ ArealpansofpolcsofG ()W (.>1- real pan“of zeroso(ais)HUi

7. Root loci on the real axis. RL for A'> 0 are found in a section of the real axis only if (he
total number of real poles and zeros of C(V)M.V) to the right
ofthe section is odd. If the tola] number of real poles and
zeros to the right of a given section is even, RL for A" < 0 are
found.

{Conliiiued)
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TABLE 7-1  (Continued)

8. Angles of departure The angle of departure or arrival of (vie RL from a pole ora
zero of G(s)H(s) can be determined by assuming a point
is very close to the pole, or zero, and appl>'ing the equation

'C@,)H@) = ~(s, - a) Pi)
I
=2(/+ 11800 K>0
= 2/x180° A-<0
where; = 0.+ 1,+2,
9. Intersection of the root loci wilh  The crossing points of the root loci on the imaginary axis an(
the imaginary a the corresponding values o f K may be found by use of the
Routh-Hurwitz criterion.

10. Breakaway points The breakaway points on the root loci are detennined by
finding the roots of (iKids = 0. or dG{s)H(s)/ds = 0, These
are necessary conditions only.

11. Calculation of the values of K The absolute value of K at any point J| on the root loci is on
the root loci determined from the equation

1

\K\-

7-3-10 The Root Sensitivity

The condition on the breakaway points on rie RL in Eq. (7-34) leads to the root sensitivil
[17. 18. 19] of the characteristic equation. The sensitivity of the roots of (rie characteristi
equation when K varies is defined as the root sensitivity and is given by
ds/s K ds
~dK/K ~ s dK
Thus. Eq. (7-34) shows that ibe root sens

(7-3i

y al the breakawaypoints is infiniie. From th
root-sensitivily standpoint, we should avoid selecting the value of K to operate at th
breakaway points, which correspond to multiple-order roots of the characteristic equatiol
In the design of conwol systems, not only it is important to arrive at a system that has th
desired characteristics, but. just as imponant. the system should be insensitive to parameti
variations. For instance, a system may perform satisfactorily at acertain K. but if it is ver
sensitive to the variation of K. it may get into the undesirable performance region or becom
unstable if K varies by only a small amouni. In formal control-system terminology, a systei
that is insensitive to parameter variations is called a robust system. Thus, the root-loci
study of control systems must involve not only rie shape of ihe root loci with respectto th
variable parameier K but also how the roots along the loci vary with the variation of K

EXAMPLE 7-3-2 Fig. 7-4 shows the root locus diagram of

i+1)+ A=0 [
with K incremented uniformly over 100 values from -20 to 20. The RL are computed and plotu
digitally. Each dot onthe roof-locus plot represents one root for adistinct valueof A'.  Thus, we seeth
the root sensitivity is low when the maanitude of K is large. As themasnitude of K decreases,
movemenis of the roots become larger for the same incremental change in K. At the breakaway poir
s - -0.5. the root sensitivity is infinite.
Fig. 7-5 shows the RL of

n-+Ar(i+ 2) =0 (7-3"
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K<o0 a:i--
-5.0 -4.0 -3.0 -2.0 -1-0 + 00 1.0 20 3.0 4.0
=-10
i-2.0
-3.0
~.0
Figure 7-4 RL of
i(j+ 1) + # = 0 showing
the root sensitivity with
respect 10 K.
K>0
- K=_» A<O" =
-3.0 v -20 -1.0 A=0 00 /"=0 Lo 20 3.0
k>0
-10

Figure 7-5 R Lofs”ii+
i)-+/r(i+2;=0
showing the root
sensiiivity with respect
10K
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Toolbox 7-3-2

num I=[l]
denl=con

with K incremented uniformly over 200 values from -40 to 50. Again, the loci show that the roc
sensitivity increases as the roots approach Oie breakaway points atJ = 0. -0.543. -1.0. and -2.45")
We can investigate the root sensitivity further by using the expression in Eq. (7-34). For trie second
order equation in Eq. (7-36),

mysysl=tf(numl,denl);

sijbplot(2,

rlocus(mysysl) ;

desired poles onthe locus .

num2= [I

subplot(2,1,2)

2];

onv ([l

mysys2=tfCnum2,den2);
rlocus(mysys2) ;

axisCi-3

0

[k,poles] =rlocfind(mysys2)

-38
ds @
MATLAB siaiemenis for Egs. 7-36 and 7-37
v([l o], [t 11);
[ DI
title (‘Rootlocifor equation 7.36");
[k,poles] =rlocfind(m ysysl) % rlocfind command inMATLAB can choose the
0 0].[1 1]):
onv(den2,[1 1]);
title (‘Rootloci for equation 7-37") ;
-8 8])
From Eq. (7-36), K = -j(i+ 1); the root sensitivity becomes
7-39,
dK's  2i+ 1 (7-39)
where | = O+ jco, and s must take on the values of the roots of Eq. (7-39). For the roots on
the real axis, oi = 0. Thus, Eq. (7-39) leads to
|S»rU.o = (770)

When the two roots are complex, [ = -0.5 for all values of co\ Eq. (7-39) gives

From Eq. (7-4]), it is apparent that the sensitivities of the pair of complex-conjugate roots
are the same, since O) appears only as (x> in the equation. Eq. (7-40) indicates that the
sensitivities of the two real roots are different for a given value of K. Table 7-2 gives the
magnitudes ofthe sensitivities of the two roots of Eq. (7-36) for several values o f K. where
|S/M1 denotes the root sensitivity of the first root, and |5~ 2| denotes that o f the second root.
These values indicate that, although the two real roots reach @ = —0.5 for the same value ol
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TABLE 7-2  Root Sensitivity

K ROOT 1 I~ ROOT 2

0 0 1.000 - 1.000 0
0.04 -0.042 1.045 -0.958 0.454
0.16 - 0.200 1.333 -0.800 0.333
0.24 -0.400 3.000 -0.600 2.000
0.25 -0.500 00 -0.500 0o
0.28 -0.5 +/1.173 1.527 -0.5-/).173 1527
0.40 -0.5 +y0,387 0.817 -0.5-}0.387 0.817
1.20 -0.5 +7.975 0.562 -0.5 -}0.975 0.562
4.00 -0.5 +}1.937 0.516 -0.5-}1.937 0.516
00 -0.5 +joo 0,500 -0.5-J00 0.500
K = 0.25,andeachroot travels the same distance from O'= Oandi = -1, respectively, the

sensitivities of the two real roots are not the same.

» 7-4 DESIGN ASPECTS OF THE ROOT LOCI

One of the important aspects of the root-locus technique is that, for most control systems
with moderate complexity, the analyst or designer can obtain vital information on the
performance of the system by making a quick sketch of the RL using some or all of the
properties of the root loci. It is of importance to understand all the properties of the RL
even when the diagram is to be plotted with the help of a digital computer program.
From (rie design standpoint, it is usefu! to leam the effects on the RL when poles and zeros
of G{s)H{s) are added or moved around in the j-plane. Some ofthese properties are helpful
in the conswuction of the root-locus diagram. The design of the PI, PID, phase-lead, phase-
lag, and the lead-lag controllers discussed in Chapter 9 all have implications of adding
poles and zeros to the loop transfer function in the i-plane.

7-4-1 Effects of Adding Poles and Zeros to @ (s) H{s)

The general problem of controller design in control systems may be treated as an
investigation of the effects to the root loci when poles and zeros are added to the loop
transier function Gis)H(s).

Addition of Poles to G{s)H{s)

Adding a pole lo G{s)H{s) has the effect of pushing the root loci toward the right-
half i-plane. The effect of adding a zero to G{s)H(s) can be illustrated with several

examples.

» EXAMPLE 7-4-1 Consider the function
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K”"o

Figure 7*s Rool-locus diagrams lhat show ihe effects of adding poles 10 Gis)H(s).

The RL of 1+ G(s)H(s) = 0 are shown in Fig. 7-6(a). These RL are constructed based on the poles of
G{s)H{s\ which are at Y= 0 and-a. Now let us introduce apole at V= -b. with b> a. The function
G{S)H{S) now becomes

G(s)H(s) = (7-i3)

i(s +a)(s + h)

Fig. 7-6{b) shows Ihai [he pole at Y= —b causes the complex pan of the root loci to bend toward the
right-half-v-plane. The angles of the asympiotes for the complex roots are changed from +90° to
+607. The intersect of the asymptotes is also moved from -a/2 10 -(« + h)/2 on the real axis.
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Toolbox 7*4-1
MATLAB statements for Fig. 7-3

The results for Fig. 7-6 can be obtained by the following Matlab statements:

o oo
o wn

num 4=[I];

dend4=conv([1 0] ,[1 a]);
subplot(2,2,1)
mysys4=tf(num4,den4);
rlocus(mysys4);
axis([-3 0 -8 8])

niim 3=7I] :

den3=conv ([l 0] ,conv([la],[1a/2])):
subplot(2.2,2)
mysys3=tf(num3,densS);
rlocus(mysys3);

axis([-3 0-8 8])

niim2=[1] ;

den2=conv([10], conv([la],[Ib])):
subplot(2,2,3)

mysys2= tf(nujn2 ,den2) ;
rlocusCmysys2) ;

axis([-3 0-8 8])

num I=[I];

denl=conv( [l 0] ,conv(([la],[Ib])):
denl=conv(denl, [lc]);
mysysl=tf(nuinl,denl) ;
subplot(2,2,4);

rlocusCmysysl);

If G(s)H(.) represents the loop transfer function of a control system, the system with the root loci in
Fig. 7-6(b) may become unstable if the value of K exceeds the critical value for stability, whereas the
system represented by the root loci in Fig. 7-6(a) is always stable for a: > 0. Fig. 7-6(c) shows the root
loci when anolher pole ibadded to Gis)H(s) atJ= -c. o h . The system is now of the fourth order,
and the two complex root loci are bem farther to the righl. The angles of asymptotes of these two
complex loci are now +45°. The stability condition of the founh-order system is even more acute
than that of the lhird-order system. Fig. 7-6(d) illustrates that !he addition of a pair of complex-
conjugaie poles to the transfer function of Eq. (7-42) will result in a similar effect. Therefore, we may
draw ageneral conclusion that the addilion of poles to G{s)H(s) has the effect of moving the dominant
portion of the root loci toward the right-half 5-plane.

Addition of Zeros to Gis)H{s)
Adding left-half plane zeros to the function G{s)His) generally has the effect of
moving and bending the root loci toward the left-half s-plane.
The following example illustrates the effect of adding a zero and zeros to G{s)H(s) on
the RL.
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» EXAMPLE 7-4-2 Fig. 7-7(a) shows the RL of the G(s)His) in Eq. (7-42) with a zero added at J = -b(b >a). Tht
complex-conjugate part of the RL of the onginal system is bent toward the left and fonns a drcle,
Thus, if G(s)H{s) is the loop transfer function of acontrol system, the relative stability o f tvie systemii
improved by the addition of the zero. Fig. 7-7(b) shows that a similar effect wiU result if a pat ol
complex-conjugate zeros is added to the function ofEq. (7-42). Fig. 7-7(c) shows the RL when azCTo
atJ= -c is added to the transfer function of Eq. (7-43).

iplane

Figure 7-7 Root-locus diagrams thal show the effects of adding zeros to Cis)H(s).
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Toolbox 7-4-2

MATLAB statements for Fig. 7-7

a=2;
b=3;

num4=[ld];
dend=conv([1 0],[1 a]);
subplot(2,2,1)
mysys4=tf(num4,den4);
rlocus(mysys4);

num3=[lc];
den3=conv([1 0],[1 a]);
subplot(2,2,2)
raysys3=tf(num3,den3);
rlocus(mysys3);
axisC[-6 0 -8 8])

num2= [I d] ;
den2=conv([10],conv([l a],[l1b]));
subplot(2,2, 3)
mysys2=tf(num 2 ,den2) ;
rlocus(mysys2) ;
axis([-6 0 -8 8])

» EXAMPLE 7-4-3 Consider the equation
sMs+a)+ X(i+1;)=0 (7-44)

Dividing both sides of Eq. (7-44) by the terms that do not contain K. we have the loop transfer function

It can be shown that the nonzero breakaway points depend on the value of a and are

s= 00+ 9 (7-46)
4 4

Fig. 7-8 shows the RL of Eq. (7-44) with O = | and several values of a. The results are summarized as
follows
Fig. 7-8(aj: a= 10. Breakaway points: s = -2.5 and - 4.0.
Fig. 7-8(b): @ =9. The two breakaway points given by Eq.(7-46) convergeto one point ai
s = -3. Note the change in the RL when the pole ai -a is moved from -10to - 9.
For values of a less than 9, the values of s as given by Eq, (7-46) no longer satisfy Eq. (7-44).
which means that there are no finite, nonzero, breakaway points.

Fig. 7-8(c): a = 8. No breakaway point on RL.

As the pole ati = -a is moved fanher to the righl along the real axis, the complex ponion of the
RL is pushed fanher toward the right-half plane.
Fig, 7-8(d): ¢ = 3.
Fig.7-8(e);a = h= ]. The pole at 5= -a and the zero at -h cancel each other out, and the RL
degenerate into a second-order case and lie entirely on the yio-axis.



390 Chapter 7. Root Locus Analysis

(b)»=9 (c)a»8

Figure 7-8 Root-ItKus diagrams that show the effects of moving apole ofG (i)W (5).G (j)//(i) = AT(j + 1)/ [j2(j + d)
(Continued).



f-plane

(d)a«3
Figure 7-8 {Continued)

Toolbox 7-4-3
MATLAB statements for Fig. 7-8

al=10;a2=9;a3=8;a4=3;b=1:
niunl* [Ib i:
denl=conv([100],[1lal]):
subplot(2,2,1)
mysysl=tf(numl,denl);
rlocus(mysysl);

num2=[I b];
den2=conv([l00],[1 a2]);
subplot(2.2.2)
mysys2=tf(num2,den2) ;
rlocus(mysys2) ;

nxim3=[Ib] ;
den3=conv([l00].[1 a3]):
subplot(2,2.3)
mysys3=tf(num3,den3);
rlocus(mysys3):

num4=[1lb ];

dend=conv([10 0] ,[1 a4]);
subplot(2,2.4)
mysys4=tf(num4,dend):
rlocus(mysys4);

7-4 Design Aspects of the Root Loci ~ 391
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» EXAMPLE 7-4-4 Consider the equacion

s{5" +2s+a)+K{s +2)=0 (747)

which leads 10 the equivalent G(S)H(s) as

(748)

The objective is to study the RL for various values ofa{ > 0). The breakaway point equation ofthe RL
is determined as

s +4r+4s+a=0 (749)

Fig. 7-9 shows the RL of Eq. (7-47) under the following conditions.

Fig. 7-9(a): a = 1 Breakaway points: s = -0.38. —1.0. and - 2-618, with the last point being
on the RL for K>0.As Chevalue ofa is increased from unity, the two double poles of Gis)His)
atJ= -1 will move vertically up and down with the real parts equal to—1 The breakaway
points at 5 = -0.38andi = -2.618 will move to the left, whereas the breakaway point a
J= -1 will move to the right.

Fig. 7-9(b): a - 1.12. Breakaway points: S = -0.493. -0.857. and-2-65. Because the real
parts of the poles and zeros of G{s)H{s) are noi affected by the value of a. the intersect of the
asymptotes is always al .T= 0

Fig. 7-9(c): a = 1-185. Breakaway points: s = -0.667. -0.667, and - 2.667. The two break-
away points of lhe RL thal lie between 5= Oand - 1 converge to a point.

Fig. 7-9(d): ¢ = 3. Breakaway point: 5= -3- When a is greater than 1.185. Eq. i7-49) yields
only one solution for the breakaway point.

The reader may investigate the difference between the RL in Figs. 7-9(c) and 7-9(d) and

fill in the evolution of the loci when Ihe value of a is gradually changed from 1.185 to 3 and beyond.

Figure 7-9 Rooi-locus diagrams Ihat show the effects of moving a pole of
C(5)/I(i) = K[s + 2)/[Li(T- + 2i + «)] {Continued).



7-5 Root Contours (RC): Multiple-Parameter Variation * 393

Figure 7-9 (Coniinued)

» 7-5 ROOT CONTOURS (RC): MULTIPLE-PARAMETER VARIATION

The root-locus technique discussed thus faris limited to only one variable parameterin K. In
many control-systems problems, the effects of varying several parameters should be
investigated. For example, when designing a controller that is represented by a transfer
function with poles and zeros, it would be useful to investigate the effects on the characteristic
equation roots when these poles and zeros take on various values. In Section 7-4, the root loci
ofequations with two variable parameters are studied by fixing one parameter and assigning
different values to the other. In this section, the multiparameter problem is investigated
through a more syst tic method of bedding. When more than one parameter varies
continuously from -oc to 5C. the root loci are referred to as the root contours (RC). It will be
shown that the root contours still possess ihe same properties as the single-parameter rool
loci, so that the methods of construction discussed thus far are all applicable.
The principle of root contour can be described by considering the equation

Pis)+KiQi{s) + K2Q2is)*0 (7-50)

where Ki and Ki are the variable parameters and P(s). 0|<S). and Q2IS) are polynomials
ofs. The first step involves setting the vaiue of one of the parameters to zero. Lei us set K2
to zero. Then. Eq. (7-50) becomes

P{s) + K*"Q"{s]=0 (7-51)
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» EXAMPLE 7-5-1

which now has only one variable parameter in ATi. The root loci of Eq. (7-51) may be
determined by dividing both sides of the equation by P(s). Thus.

Eq. (7-52) is of the forrn of 1+ ATiGi(s)Hi(s) = 0, so we can construct the RL of the
equation based on the pole-zero configuration of Gi (s)//] (s). Next, we restore the value of
while considering the value of AT] fixed, and divide both sides of Eq. (7-50) by the
terms that do not contain /{2- We have
! ~2Q2(N__" Q
P(s) +A1Q1(s)

which is of the form of 1+ fC2G2(s)N2(s) = 0. The root contours of Eq. (7-50) when Al
varies (while is fixed) are constructed based on the pole-zero configuration of

It is important to note that the poles of G2(s)ff2(s) are identical to the roots of Eq. (7-51).
Thus, the root contours of Eq. (7-50) when K2 varies must all start (A2 = 0) at the points
that lie on the root loci of Eq.(7-51). This is Ihe reason why one root-contour problem is
considered to be embedded in another. The same procedure may be extended to more than
two variable parameters. The following examples illuswate the construction of RCs when
multiparameter-variation situations exist.

Consider theequation
I+ a2i2 + aij+ ai=0 (7-55)
where and K2 are the variable parameters, which vary from 0 to 00.
As Ihe first step, we let Kj = 0, and Eq. (7-55) becomes

+Kis +Ki=0 (7-56)
Dividing both sidesof the last equation by which is theterm that does not contain K\. we have
(7-57)
The root contours of Eq. (7-56) are drawn based on the pole-zero configuration of
CIHI(S) (7-58)

as shown in Fig. 7-10(a). Next, we let K2 vary between 0 and 00 while holding K\ at a conslani
nonzero value. Dividing both sides of Eq. (7-55) by the terms that do not contain K2. we have

sh aj + ai

Thus, the root contours of Eq. (7-55) when K- varies may be drawn from the pole-zero configuration
of

G2{s)H2{s) = (7-60)

A A
s' + Kis + Ki
The zeros ofG 2(i)//2(i) are ati = 0.0. butihe poles are ai the zerosof | + iTiG|(s)//j(5). which are
found on the RL of Fig. 7-10(a). Thus, for fixed the RC when K2 varies must all emanate from the
root contours of Eq. 7-10(a). Figure 7-10(b) shows the root contours of Eq. (7-55) when Ki varies
from 0 to co, for Ki 0.0184, 0.25. and 2.56.
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Figure 7-10 Root contours of + 71 = 0. (a) i@=o (b) /12 varies and

is a constant.
» EXAVPLE 7-5-2 consider the loop wansier function

AWCW = ;0T 7i)(?2T2iT2)

395

(7-61)

of aclosed'loopcontrolsystem. It is desired to construct the root contours o fthecharacteristic

equation with K andT as variable The ct i iation of th

i(1+1s)(sh + 25+ 2)+A: = 0
Firsl. we set the vaJue of T to zero. The characteristic equation becomes

+2j+2)+a=0

Toolbox 7-5-1
MATLAB siaiemenisfor Fig. 7-10

for kl=[0.0184 0.25 2.S6];
nuin=[1 0 0]:

den=[I 0 kI kI];
mysys=tf(nuni.den) ;
rlocus(mysys);

hold on:

end;

is
(7-62)

(7-63)
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Figure 7-11 (a) RL for i(5" + 2i+ 2) + AT= 0. (b) Pole-zero configuration of
G2{s)H2[s) = TsA[sh + 2s + 2)/[j(j2 + 2i+ 2) + K]

The root contours of this equalion when K vanes are drawn based on the pole-zero configuration ol
(7-64)

as shown in Fig. 7-11(a). Next, we let K be fixed and consider that T is the variable parameter.
Dividing both sides of Eq. (7-62) by the terms that do not contain T, we get

I+ TGMH {s) = | + =0 (7-65)

The root contours when T varies are constructed based on lhe pole-zero configuration of
G2{s)H2{s). When 7' = 0, the points on the root contours are at the poles o fC 2(j)//2(5)."'hichare
on the root contours of Eq. (7-63). When T = 00, the roots of Eq. (7-62) are at the zeros of
G2(i)W2W . which are ati = 0, 0. -1 +/, and —1 -j. Figure 7-11(b) shows the pole-zero
configuration of G2{s)H2(s) for K = 10, Notice that C21s)ii2{s) has three finite poles and four
finite zeros. The root contours for Eq. (7-62) when T varies are shown in Figs. 7-12. 7-13, and
7-14 for three different values of K.
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Figure 7-t3 Root contours for
s{\ +Ts)[s" + 25 +2) + K = 0.
AT= 0.5.

Figure 7-14 Root contours for
{1+ 7j)(j2 + 2j+ 2)+ & = 0. a:<0.5.

The root contours in Fig. 7-13 show that when K = 0.5 and T —0.5. the characteristic equation in
Eq. (7-62) has a quadruple root at J = -1.

Toolbox 7-5-2
MATLAB statementsfor Example 7-5-2

%T=0

num=[ll;den=conv([l 0],conv ([0 1],[1 2 2]));
raysys=tf(num,den):

subplot(2,2,1) ;riocus(mysys);

%k>4

fork=4:10:

nuin=conv([l 0 0],[1 2 2]);den=conv([l O],[1 2 2]):
den=den+k:

mysys=tf(num ,den);

subplot(2,2,2);rlocus(mysys);

end;

k=0.5;

num=conv([l 0 0],[1 2 2]):den=convC[l 0],[1 2 2]):
den=den+k;

raysys=tf(num ,den):
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subplot(2.2.3)
rlocus(mysys);

9€ék<0.5

for k*-100:0.5;

num=conv([l
den=den+k;

0

0],[t 2 2]);den=convC[l O0].[1 2 2]);

mysys=tf(num ,den);
subplot(2,2,4)jrlocusCmysys):

end;

' EXAMPLE 7-5-3 As an example to illustrate the effect of the variation of a zero of G{s)H(s), consider the functior

ii(i + 7§
G{S)H(S):i(j+(l)(ii)2) (e
The characteristic equation is
s{s+ 1)(j+2)+ K(i+7)= 0 (7-67)
Let us first set T to zero and consider the effect of varying K. Eq. (7-67) becomes
i +1)(i+2)+i:=0 (7-68)
This leads to
Gi{s)Hi (i) = (7-69)

wi(i+ 1)(5+2)

The root contours of Eq. (7-68) are drawn based on the pole-zero configuration of Eq. (7-69), and are
shown in Fig. 7-15.

When the K is fixed and nonzero, we divide both sides of Eq. (7-67) by the lernis that do noi
contain T, and we get

e (7-70)

The points that correspond to r = 0 on the root contours are at the poles of 02{s)H2(s) or the zeros
of f(i + 1)(f + 2) + K, whose root contours are sketched as shown in Fig. 7-15 when K varies.
If we choose K = 20just as an illustration, the pole-zero configuration of G2(i)//2(i) is shown in
Fig. 7-16.TherootcontoursofEq.(7-67)forO <T < oo are shown in Fig. 7-17 for three different
values of K.

Figure 7-15 Root loci for
i(i+i)(j+2)+ /=0
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Toolbox 7-5-3

MATLAB statements for Fig. 7-77

Same results as Fig. 7*17 can be obtained by using the following MATLAB statements:

fork=[3 6 20];
num=[k 0];

den=conv([l OJ],conv([l 1],[1 2])):

den=den+k;

mysys=tf(num ,den):

rlocus(mysys):
axis([-4 4 -10
hold on

end;

10]);

Because G2{s)H2[s) has three poles and one zero, the angles of the asymptotes of the root contours
when T varies are at 90" and -90’ . We can show that the intersection of the asymptotes is always at
J= 15. This is because the sum of the poles of G2{s)H2{s). which is given by Uie negative of the
coefficient of the  term in the denominator polynomial of Eq. (7-70), is 3: the sum of the zeros of
G2(s)H2{s) is 0; and n-m in Eq. (7-30) is 2.

The root contours in Fig. 7-17 show that adding a zero to ihe loop ffansfer function generally
improves the relative stability of the closed-loop system by moving the characteristic equation roots
toward the left in the s-plane. As shown in Fig. 7-17. for K = 20, the system is stabilized for all values
of T greater than 0.2333. However, the largest relative damping ratio that the system can have by
i T is only approxil 30 percent.

» 7-6 MATLAB TOOLS AND CASE STUDIES

» 7-7 SUMMARY

Apart from the MATLAB toolboxes appearing in this chapter, this chapter does noi
contain any software because of its focus on lheoretical development. In Chapier 9,
when we address more complex control system modeling and analysis, we will
introduce the Automatic Control Systems MATLAB tools. The Automatic Control
Systems software (ACSYS) consists of a number of m-files and GUIs (graphical user
interface) for the analysis of simple control engineering transfer functions. It can be
invoked from the MATLAB command line by simply typing Acid'S and then by clicking
on the appropriate pushbutton. A specific MATLAB tool has been developed for most
chapters of this textbook. Throughout this chapter, we have identified subjects that
may be solved using ACSYS, with a box in the left margin of the lext titled
*MATLAB TOOL."

In this chapters, we introduced the rooi-locus technique for linear continuous data control systems.
The technique represents a graphical method of investigating the roots of the characteristic
equation of a linear time-invariant system when one or more parameters vary. In Chapter 9 ihe
root-locus method will be used heavily for the design of control systems. However, keep in mind
that, although ihe characteristic equation roots give exact indications on the absolute stability of
linear SISO systems, they give only qualitalive information on the relative stability, since the zeros
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of the closed-loop transfer function, if any, play an important role in the dynamic performance of
the system.

The root-locus technique can also be applied to discrete-data systems with the characteristic
equation expressed in the r-transform. As will be shown in Appendix H. the propenies and
construction of the root loci in the z-plane are essentially the same as those of the continuous-
data systems in the s-plane, except that Wie interpretation of the root location to system per-
formance must be made wilh respect to the unit circle 14 = 1 and the significance of the regions in
the 2-plane.

The majority of the maierial in this chapter is designed to provide the basics of constfucting
the root loci. Computer programs, such as the MATLAB Toolboxes used throughout this chapter,
can be used to plot the root loci and provide details of the plot. The final section of Chapter 9 deals
with the root-locus tools of MATLAB. However, the authors believe that acomputer program can be
used only as a tool, and the intelligent investigator should have a thorough understanding of the
fundamentals of the subject.

The root-locus technique can also be applied to linear systems vviui pure time delay in the system
loop. The subject is not weated here, since systems with pure time delays are more easily weated with
the frequency-domain methods discussed in Chapter 8.

» REVIEW QUESTIONS
The following questions and tme-and-false problems all refer to the equation P{s) + KQ(s) =0,
where P (j) and Q(s] are polynomials of s with constant coefficients.
1. Give the condition from which the root loci are constructed,
2. Determine the points on the complete root loci al which K = 0, with reference to the poles and
zeros of Q{s)/P(s).
3. Determine the points on the rootloci atwhich K = too, with reference to the poles and zeros of
Q(s)/P{s).
4. Give the significance of the breakaway points with respect to the roots of P{s) + KQ(s) = 0.
5. Give the equation of intersect of the asymptotes.

6. The asymptotes of the root loci refer to the angles of the root loci

when K - +00. m @
7. There is only one iniersect of the asymptotes of the complete root loci. M F
8. The intersect of the asymptotes must always be on the real axis. T ¢
9. The breakaway points of the root loci must always be on the real axis. m ¢

10. Given Gie equation 1+ KG[(s)H[(s) = 0. where G]{s)H] (i) is a rational function
of s and does not contain K. the roots of dG\{s)H[{s)/d5 are all breakaway points

on the rootloci (- 0C < A"< 00). UG
11. At the breakaway points on the root loci, the root sensitivity is infinite. M )
12. Without modification. al] the rules and properties for the construction of root loci in the i-plane
can be applied to the construction of root loci of discrete-dala systems in the r-plane. (T) (F)
13. The determination of the intersections of the root loci in the i-plane with the joHaxis can be
made by solving the auxiliary equation of Routh's tabulation of the equation. M )
14. Adding a pole to Q(s]/P(s) has the general effect of pushing the root loci to the right, whereas
adding a zero pushes the loci to the left. M )

Answers to these tnie-and-false questions can be found on this book’s companion Web site;
www.wiley.com/college/golnaraghi.
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» PROBLEMS

7-1. Find the angles of the asymptotes and the intersect of the asymptotes of the root loci of the
following equations when K varies from -oc to DC.

()] +4j" + 4s-+ (A-+ 8)1+ i1 = 0 (b) +5iN (S 1)l +ii=0

(©) +Ku +32+2i+8) =0 (d)  +2i=+ 35+ K{sh- )(s. 3)=0
<€) s + O+ 3 + K{s-+ 35+ 5) =0 (0 s*+ 2i=+ 10+ K(s+5) =0
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7-2. Use MATLAB to solve Problem 7-1-

7-3. Show that the asymptotes angles are

@D sy oo
\n(?g \ " 180" K<ii
7-4. Prove that the asymptotes center is
~initepolesofG (j)//(j) - finitezerosofG (jjw (j)

~

-5.  Plot the asymptotes for /1 > 0 and < 0O for

J(i+2)(j2+ 25+ 2)

7-6. Forthe loop transfer functions that follow, find the angle of departure or arrival of the root loci
at the designated pole or zero.

Angle of arrival {K <0) and angle of departure (A'> 0) at i

Angle of anivai (K <0) and angle of departure (AT> 0) at | = j.

Angle of departure (/*>0) ats= -1 +y.

Angle of departure (/r > 0) at = -1 +].

Angle of arrival (/f>0) atJ= - 1+7.

7-7. Prove that:

(a) the departure angle of the root locus from acomplex pole is OD = 180" - &igCH' where argGW'
is the phase angle of CH at the complex pole, ignoring the effect of thal pole.

(b) the arrival angle of ihe root locus at the complex zero is 0D =180' -argG H’Wwhere
argGH” is the phase angle of CH at the complex zero, ignoring thecontributionof that
particular zero.

7-8. Find the angles of departure and arrival for all complex poles and zeros of the open-loop
transfer function of

7-9. Mark the A'= 0 and K = *cc points and the RL and complementory root loci (CRL) on the
real axis for the pole-rero configurations shown in Fig. 7P-9. Add arrows on the root loci on the real
axis in the direction of increasing K.
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i-plane
i3 2 - e T o
@
5-plane
0 o -3 -2 -0
h-A5 o

Figure 7P-9

7-10. Prove that a breakaway a satisfies rie following:

7-11. Find all trie breakaway polnls of tie root loci of Gie systems described by the pole-zcrc
configurations shown in Fig. 7P-9.

7-12. Consuuctthe root'locus diagram for each of (t)e following contro] systems for which usepolci
and zeros of G (i)//(i) aregiven. The characteristic equation is obtained by equating the numeraiorol
1+ G(s)H(s) to zero.

(a) Poles al 0. -5, -6: zero at -8

(b) Poles at 0. -1. -3. -4; no finite zeros

(c) Poles a( 0. 0. -2, -2; zero at -4

(d) Poles at0. -1 +J.-1 - j: zero at -2

(€) Poles at 0. -t +j. -1 - f. zero at -5

(D Poles at 0. -1 +j. -1 - j\ no finite zeros

(g) Poles at 0. 0.-8.S: zeros at -4. -4

(h) Poles at 0. 0. -8. - 8; no finite zeros

(i) Poles at 0. 0. -8. -8; zeros at -4 +y2. -4 - J2

(j) Poles at -2. 2; zeros at 0. 0

(k) Poles a(j. -j.jl. -jI\ zeros at-2. 2

(1) Poles atj. -j.fl. -j2: zeros at-1. 1

(m) Poles ai 0. 0. 0. 1: zeros at -1. -2. -3

(d) Poles ac 0. 0. 0. -100. -200; zeros a( -5. -40

(0) Poles at 0. -1. -2; zero ai 1

7-13. Use MATLAB to solve Problem 7-12.

7-14. Tlie characteristic equations of linear conuol systems are given as follows, Consouci Ih€ root
loci for K>0.

@ r +7r + (K+2s+5K=0

(b)r+ r+ (K*2)s+1K =0
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(c) r>+5*:s" + 10= 0
(d) S*+ {K + 3)s’ + (*1+ Dj2 + (2A:+5) + 10= 0

(e) s>+2s"+2s+ K {IT-i}{s+2) =0
(f)in-2j+ A+ 4)(j+1) = 0
(@) S'+ 61 +9s2 + ir(j2+4s + 5)=0

(h) + Zs2+ 2s+ir(i2 - 2)(s+4) =0
iy i(i2-1)+if(s + 2)(s+ 0.5)=0
® s*+ 25" + 25" + 2Ks + 5li

(k) sh+2s° + 35" +2s"+s+K =0

7-15. Use MATLAB to solve Problem 7-14.

405

7-16. The forward-padi transfer functions ofa unity-feedback control system are given in the following:

= s(s2+4s + 4Ki+ 5)(s + 6) “ 5(j+ 2)(i+ 4)(s+10)

»» = 1S « 18 » » = 17 171 2 1+
“i2(j+ 2){i2'+2s+ 2) ® “(s+1){/+4i+5)

. + K(j+2)(s+ 3)

® “ i+ D(j2+ 61+ 10) A s(s+ 1)

M G6) =i(j2 +45 + 5

Construct the root loci for Al > 0. Find ihe value of K that makes the relative damping ratio of the
closed-loop system (measured by ihe dominant complex characteristic equation roots) equal to

0.707, if such a solution exists.

7-17. Use MATLAB to verify your answer to Problem 7-16.

7-18. A unity-feedback conuwol system has the fonvard-pati transfer functions given in the
following. Construct the root locus diagram for K>0. Find the values of K at all the breakaway

points.
= .(.+ 10K, + 20) =»(.+ ).+ 3)(. + 5]
(s-D2 "t (s+ 0.5)(i-1.5)
h
© ofs) = - 5(52 + 65+ 25)

7-19. Use MATLAB to verify your answer to Problem 7-18.

7-20. The fonvard-path transfer function of a unity-feedback conuwol system is

Constnict the root loci of the characteristic equation of the closed-loop system for K>o0z, with

(@ Nn=1(M)n=2(c)n=3,(dn= 4 and (€) n =5
7-21. Use MATLAB to solve Problem 7-20.

7-22. The characterislic equation of the conwol system shown in Fig. 5P-16 when K = 100 is

s+ 255" + (100Il, + 2)s+ 100= 0
Construct the root loci of the equation for Kr > 0.
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7-23. Use MATLAB to verify your answer to Problem 7-22.

7-24. The block diagram of a conuwol system with tachometer feedback is shown in Fig. 7P-24.
<a) Construct the root loci of the characteristic equation for A:> 0 when K, = 0.
(b) Set K = 10. Construct the root loci of ihe characteristic equation for Ki > 0.

Figure 7P-24

7-25. UseMATLAB 10 solve Problem 7-24.

7-26. Thecharacterisiicequation of the dc-motor conwol systemdescribed in  Problems 4-49 and
5-40 can be approximaied as

2.05J1s™ + {1 + 10.25J1)s- + 116.84,9+ 1843 = 0

when Kt = oc and the load inertia Ji is considered as a variableparameier. Construct ue rool loci
of the characterisUc equation [OTJ1>0.

7*27. UseMATLAB to verify your answer to Problem 7-26.
7-28.  Theforward-palh transfer function of the conuol systemshowninFig.

K(s +a)(s + 1)

(a) Construct the rool loci for >0 with a = 5.
(b) Consuuct the root loci for a > 0 with K = 10.
7-29. Use MATLAB 10 solve Problem 7-28.

7-30. The fonvard-path transfer function of a control system is

K{s +0.4)

(a) Construct the rool loci for A'>0.
(b) Use MATLAB 10 verify your answer to part (a).
7-31. The characteristic equation of the liquid-level control system described in F~oblem 5-42 is
writlen
0.06s(5 + 12.5)(-45 + K0) + 250A/ = 0
(a) ForA = Ko = 50. construct the root loci of the characteristic equation as N varies from 010 X.
(b) For = 10 and Ko = 50. construct the rool loci of Ihe characteristic equation for .4 >0.
(c) For = 50 and V= 20, construct the rool loci for K,, > 0.
7-32. Use MATLAB to solve Problem 7-31.
7-33. Repeat Problem 7-31 for the following cases.
(@ A=K,= 100 (b) N = 20 and Kn = 50 () = 100 and A/ = 20
7-34. Use MATLAB to verify your answer to Problem 7-33.

7P-24is
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7-35. The fonvard-path tfansfer function of a unity-feedback system is
K(s+1f
(5=U)(s + 5"
(a) Construct the root loci for K = 25.
(b) Find the range of K value for which the system is stable.
(c) Use MATLAB to verify your answer to part (a),

7-36. The transfer i of a singl loop control system are
G{s) =

(a) Construct the loci of the zeros of 1+ G(s) for K>0.

(b) Repeal part (a) when H(s) = 1+ 5i.

7-37. Use MATLAB to solve Problem 7-36.

7-38. The forward-path tfansfer function of a unity-feedback system i:

C(s} =

(} I+ 1

(a) Consuuct the root loci forr = 1secand > 0.

(b) Find the values of K where the system is stable.

(c) Use MATLAB to verify your answer to part (a).

7-39. The transfer functions of a single-feedback-loop control system are

(a) Construct the root loci of the characteristic equation for Tj>0.
(b) Use MATLAB to verify your answer to part (a).
7-40. For die dc-motor control system described in Problems 4-49 and 5-40, itis of interest to study
the effects of the motor-shaft compliance KI on the system performance.
(a) Let K = \. with the other system parameters as given in Problems 4-49 and 5-40. Find an
equivalent G{s)H{s) with Ki as the gain factor. Construct the root loci of the characteristic equation
for KI > 0. The system can be approximated as a founh-order system by canceling the large negative
pole and zero of G{s)H{s) that are very close to each other.
(b) Repeat part (a) with K = 1000.
7-41. Use MATLAB to verify your answer to Problem 7-40.
7-42. The characteristic equation of the dc-motor control system described in Problems 4-49 and
5-40 is given in the following when the molor shaft is considered to be rigid (Ki = oc). Let /i = 1
J, = OXlolLa = 0.00\.H = 0.1R,= 5.Ki= 9,Ki,= 0.0636.B,, = 0. d0od Ks = 1.

LaUm + + {RaJm +irRJi + B,,La)s- + (RaB,,, + K,Kh)s + nKsKiK =0

(a) Construe! the root loci for > 0 10 show the effects of variation of the load inertia on system
performance.

(b) Use MATLAB to verify your answer to pan (a).

7-43. Given the equation M + as~ + Ks + K = 0. il is desired to investigate the root loci of this
equalion for —X. <K < oc and for various values of a.

(a) Construct the root loci for -oc <K <oc when » = 12.

(b) Repeat pan (a) when a = 4.

(c) Detennine the value of a so that there is only one nonzero breakaway point on the entire root loci
for -oc <K < X. Construct the root loci.
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7-44. Use MATLAB to solve Problem 7-43.

7-45. The fonvard-path transfer function of a unity-feedback conuol system is

A< > =5 (7T 3) e
Detennine the values of a so that tiie root loci (-o0<AT<co) will have zero, one, and tw
breakaway points, respectively, not including the one at s = 0. Construct the root loci ft
-00 < AT< 00 for all three cases.

7-46. Fig. 7P-46 shows the block diagram of a unity-feedback control system.
Design a proper controller H(s) for the system.

«)

Figure 7P-46

7-47. The pole-zero configuration of G{s)H{s) of a single-feedback-loop conwol system is showi
in Fig. 7P-47(a). Without actually plotting, apply the angle-of-departure (and -arrival) property of i(
root loci to determine which root-locus diagram shown is the correct one.

-pl.ne i-plane
K=
:>10 K=0) > K=Q
K=0 oo a K=0
0 o 0 o 0 0
->10 a=0) 1 Ir=0
ci-jl2 a=<mc” ) AT=«
(a) Pole-zero configuration
Splane  m'"t -p..e
N ) A=«
K=0 k=Q) J a0
’
K=0 K=0 a=0
0 a 0 a 0
K=0 P K=o
C. V) K=o0

Figure 7P-47
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Frequency-Domain Analysis

INTRODUCTION

The basic concepts and background material for this subjectappearin Chapter 2. In practice, the
perfonnance of a control system is more realistically measored by its time-domain character-
istics. The reason is that the f)erfonnance o f most control systems isjudged based on the time
responses due to certam test signals. This is in conlrast to the analysis and design of
communication systems for which the frequency response is of more importance, smce
most o f the signals to be processed are either sinusoida] or composed o f sinusoidal components.
We learned in Chapter 5 that tiie time response of a control system is usually more difficult to
detennme analytically, especially for high-order systems. In design problems, there are no
unified metriods of arriving at a designed system that meets the time-domain performance
specifications, such as maximum overshoot, rise time, delay time, settling time, and so on. On
the other hand, in trie frequency domain, triere is a wealth o fgraphical methods available that are
not limited to low-order systems. It is important to realize that there are correlating relations

the frequency-d in and the til domain performances in a linear system, so the
time-domain properties of the system can be predicted based on Wie frequency-domain
characteristics. The frequency domain is also more convenient for measurements of system
y to noise and p variations. Witfi these concepts in mind, we consider the
primary motivation for conducting control systems analysis and design in trie frequency domain
to be convenience and the availability of the existing analytical tools. Anotrier reason is that it
presents an alternative point of view to control-system problems, which often provides valuable
or crucial information in the complex analysis and design of control systems. Therefore, to
conduct a frequency-domain analysis of a linear conirol system does not imply that the system
will only be subjectto a sinusoidal input. It may never be. Ratiier, from the frequency-response
studies, we will be able to project rie time-domain performance of the system.
The starting point for frequency-domain analysis of a linear system is its transfer
function. It is well known from linear system theory that when the input to alinear time-
invariant system is sinusoidal with amplitude R and frequency i0Q

r{t) = RsintDQt (8-1)

the steady-state output of the system. y{l), will be a sinusoid with the same frequency 0>0
but possibly with different amplitude and phase; that is,

y(i) - Fsin(0Jo/ -f ) (8-2)

where Y is theamplitude of the output sine wave and <pisthe phase shift indegrees or
radians. Letthe transferfunction of a linear SISO systembe M(s)\then the Laplace
transforms of the input and the output are related through

¥{s) = M{S)R(s) ()
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For sinusoidal steady-state analysis, we replace s by j(u, and the last equation beconii
Y{i(0) = MU (0)R{j(0) (8-
By writing the function Y{jco) as
Y{jw)M\Y{jo>)\IY{j<o) (8

with similar definitions for M{ju)) and /?(yii>), Eq. (8-4) leads to the magnitude relatii
between the input and the output:

\Y(jo,)\ = \Mijco)\R{ja>)\ (8-
and the phase relation;
1Y(joj) = IM{M) + (8-

Thus, for the input and output signals described by Egs. (8-1) and (8-2), respectively,
amplitude of the output sinusoid is

<

= R\M{jojo)\ ®1

and the phase of the output is

@

- IMgj(Oa) @

Thus, by knowing the transfer function A/(i) of alinear system, the magnitude characte
istic, |A/(jo>)|, and the phase characteristic, IM{j(0), completely describe the sieady-sta
performance when the inputis asinusoid. The crux offrequency-domain analysis is thatw
amplitude and phase characteristics of a closed-loop system can be used to predict boi
time-domain transient and steady-state system performances.

Frequency Response of Closed-Loop Systems

For the single-loop control-system configuration studied in the preceding chapters, &
closed-loop transfer function is

Under the sinusoidal steady state, s = joj, Eq. (8-10) becomes

' R{j(0) 1+G{ja>)H{jcu)

The sinusoidal steady-state transfer function Ai(Jco) may be expressed in terms of i
magnitude and phase; that is,

Mijo)) = WM{ja)\IM{j(v) (8-i:
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mua) Figure 81 Gain-phase characteristics of
(deg) i i y
an ideal low-pass filter.

Or Ai(Jo>) can be expressed in terms of its real and imaginary parts;

= Rs[M{ja>)] + jim[M(jo))] (8-13)
The magnitude of M{jco) is
16 (1 (8-14)
and the phase of M(jm) is
/MUo) = Gni M = "G{joj) - z11 + G{joj)H{joi)] (8-15)

If M{s) represents the input-outpul transfer function of an electric filter, then the
magnitude and phase of M (j() indicate the filtering characteristics on the input signal.
Fig. 8-1 shows the gain and phase characteristics of an ideal low-pass filter that has a
sharp cutoff frequency at Q- Ii is well known that an ideal filter characteristic is
physically unrealizable. In many ways, the design of control systems is quite similar to
filter design, and the control system is regarded as a signal processor. In fact, if the ideal
low-pass-filter characteristics shown in Fig. 8-1 were physically realizable, they would
be highly desirable for a control system, since all signals would be passed without
distortion below the frequency and completely eliminated at frequencies above
where noise may lie.

If cyfis increased indefinitely, the output Y(Joj) would be identica! to the input R{joj)
for all frequencies. Such a system would follow a step-funciion input in the time domain
exactly. From Eq. (8-14), we see that, for \M(juj)\ to be unity at all frequencies, the
magnitude of G(ja>) must be infinite. An infinite magnitude of G(joj) is, of course,
impossible lo achieve in practice, nor would it be desirable, since most control systems may
become unstable when their loop gains become very high. Furthermore, all control systems
are subject to noise during operation. Thus, in addition to responding to the input signal, the
system should be able to reject and suppress noise and unwanted signals. For control
systems with high-frequency noise, such as air-frame vibration of an aircraft, the frequency
response should have a finite cutoff frequency 0>-

The phase characteristics of the frequency response of a control system are also of
importance, as we shall see that they affect the stability of the system.
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Figure 8-2 Typical gain-phase
characteristics of a feedback
control system.

Fig. 8-2 illustrates typical gain and phase characteristics of a control system. A
shown by Egs. (8-14) and (8-15), the gain and phase of a closed-loop system can b
determined from the forward-path and loop transfer functions. In practice, the frequenc
responses of G (i) and H{s) can often be determined by applying sine-wave inputs to th
system and sweeping the frequency from 0 to avalue beyond the frequency range ofth
system.

8-1-2 Frequency-Domain Specifications

+ Mr indicates Ihe relative
stability of a stable closed-
loop syscem.

* BW gives an indication of

the transient response
propenies of a control

* BW gives an indication of
the noise-filtering
characteristics and
robustness of the system.

In the design of linear control systems using the frequency-domain methods, it is necessar
to define a set of specifications so that the performance of the system can be identified
Specifications such as the maximum overshoot, damping ratio, and the like used in the tiDi
domain can no longer be used directly in the frequency domain. The following frequency
domain specifications are often used in practice.

Resonant Peak Mr

The resonant peak Mr is the maximum value of \M{j<a)\.

In general, the magnitude of Mr gives indication on the relative stability of a stabli
closed-loop system. Normally, alarge Mr cowesponds to alarge maximum overshoot ofthi
step response. For most control systems, it is generally accepted in practice that ih(
desirable value of Mr should be between 1.1 and 1.5.

Resonant Frequency <r
resonantfrequency ais thefreq'uencx at which the Eeak resonance Mr occun

Bandwidth BW
bandwidth B\y is the frequency at which \M {ja) \drops to 70.7% of, or 3dI
down from, its zero-frequency value.
In general, the bandwidth of a control system gives indication on the transient
response properties in the time domain, A large bandwidth cowesponds to afasterrise time
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since higher-frequency signals are more easily passed through the system. Conversely, if
the bandwidth is small, only signals ofrelatively low frequencies are passed, and the time
response will be slow and sluggish. Bandwidth also indicates the noise-filtering character-
istics and the robustness of the system. The robustness represents a measure of the
sensitivity of a system to parameter variations. A robust system is one that is insensitive to
parameter variations.

Cutoff Rate
Often, bandwidth alone is inadequate to indicate the ability of a system in distinguishing
signals from noise. Sometimes it may be necessary to look atthe slope of \M{j(0)\, which is
called the cutoff rate of the frequency response, at high frequencies. Apparently, two
systems can have the same bandwidth, but the cutoff rates may be different.

The performance criteria for the frequency-domain defined above are illustrated in
Fig. 8-2. Other important criteria for the frequency domain wiill be defined in later sections
of this chapter.

» 8-2 M,, (Or. AND BANDWIDTH OF THE PROTOTYPE SECOND-ORDER SYSTEM
8-2-1 Resonant Peak and Resonant Frequency

For the prototype second-order system defined in Section 5-6. the resonant peak Mr, the
resonant frequency (J),, and the bandwidth BW are all uniquely related to the damping ratio
f and the natural undamped frequency o, of the system.

Consider the closed-loop transfer function of the prototype second-order system

MG)= 44 =T <8-16)

At sinusoidal steady state, 5 = Ja> Eq. (8-16) becomes

(8-17)
| +j2(a>/ci>,,)i-(a>/a),,)

We can simplify Eq. (8-17) by letting u = (Jj/lojn- Then. Eq. (8-17) becomes

The magnitude and phase of M ju) are

WM u)\ =
(1 -u 2)r+(2iri)A]
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« For the prototype second-
order system. M/iis a
function of conly.

« For the prototype second-
order system. M, = lando),.
= 0 when ¢ > 0.707.

Toolbox 8-2-1

respectively. The resonant frequency is determined by setting the derivative of \M(ju
with respect to u to zero. Thus,

[(L- “"YH2Tuy] - 4n =0 (8-2:
from which we get
4™ - 4u+ = 4h(uh- 1+ =0 (8-2:
In normalized frequency, the roots of Eq. (8-22) are Mr = 0 and
U= Vi - 2f2 (8-23
The solution of Ur = 0 merely indicates that the slope ofthe \M {ju) |-versus-C(j curve is zer

at &= 0: it is not a true maximum if c is less than 0.707. Eq. (8-23) gives the resonar
frequency

0Jdr=o),ui -2f2 (8-24
Because frequency is a real quantity, Eq. (8-24) is meaningful only for <10
; < 0.707. This means simply that, for all values of greater than 0.707, the resonan

frequency is = 0 and Mr = I.
Substituting Eq. (8-23) into Eqg. (8-20) for u and simplifying, we get

M, = / ., 1<o7o07 (8-25

It is important to note that, for the prototype second-order system, Mr is a function of th<
damping ratio | only, and turis a function of both ~ and o),. Furthermore, altiiough takini
the derivative of \M[ ju) | with respect to u is avalid method of determining Mr and (Cf. fo
higher-order systems, this analytical method is quite tedious and is not recommended
Graphical methods to be discussed and computer methods are much more efficient fo
high-order systems.

MATLAB statements for Fig. 8-3

i=1:

zeta= [00.10.20

foru=0:0.001:3
z=1;

abs(I/(l+(j*2*zeta(z)*u)-(u"2))) ;
abs(l/(1+ (j*2*zeta(z)*u)-(ur2)));

.40.60.70711.52.0]

z+1:
z+1:

M(z,i)= abs(l/(I+(j*2*zetaCz)*u)-(ur2))):z=z+1:

abs(l/(1+(j*2*zeta(z)*u)-(ur2)));
abs(l/a+(j*2*zeta(z)*u)-(unr2))) ;z=z+1:

z+1:

M U .i)=absCl/la+(r2*'zeta(z)*u)-(unr2)));z=z+1;
M (z,i)= abs (I/(1+ (j*2' zeta(z)*u)-(ur2)i)) ;z=z+I:
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MU .i)=absCl/(l+(j*2*zetaC z)*u)-(ur2)));z»z+1:
M (z,i)=abs(l/a+ (j*2*zeta(z)*u)-Cur2)));z=z+1:
=i+l

u»0:0.001:3;

fori =1:length(zeta)
plotCu.MCi,:));
hold on:

end

xlabeic‘\mu =\omega/lomega_n");

ylabeic*|M (j\omega)r);

axis([0 306]):

grid

Fig. 8-3 illusoates the plots of \M{ju)\ofEq. (8-19) versus u for various values of
Notice that, if the frequency scale were unnormalized, the value of ojr = Ur(o,, would
increase when f decreases, as indicated by Eq. (8-24). When f = 0, it5- = i(,,. Figs. 8-4 and
8-5 illustrate the relationship between Mr and  and Mr(= Qr/ir},,) and f, respectively.

Figure 8-3 Magnification versus normalized
system.

q y of the pi yp d-order control
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0 05 0.707 10 15 2.0
Damping ratio f

Figure 8-4 Mr versus damping ratio for the prototype second-order system.

8-2-2 Bandwidth

In accordance with the definition of bandwidth, we set the value of \M{ju)\ I
1/V2=¢0.707.

e

Thus,

[(1-» 2)'+ (2C «f]'"""=v /2 (8-27

Figure 8-5 Normalized resonant frequency versus
damping raiio for the prototype second-order
Damping ratio | system. Ur = v/1 = 2c".



* BW/w, decreases
monotonically as the

damping ratio f decreases.

Toolbox 8-2-2
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which leads to

A= (1-202)\4r 402 + 2 (8-28)

MATLAB statements for Fig. 8-6

clear all
i=1I: _
for zetai

0:sqrtC1/2)/100:1.2

M (i) =sqgrt((l-2*zetai."2)+sqrt(4*zetai."4-4%zetai."2+2));

zeta(i)=zetai

i=i+l;
end

TMP_COLOR =1
plot(zeta.M):

xlabel(‘\zeta’);

ylabel(mBW/\omega_n');

axisCCO 1.2 0 2]):

grid

« BW is directly
proportional to w,.

* When a system is
unstable. M, no longer has
any meaning.

The plus sign should be chosen in the last equation, since u must be a positive real quantity
for any Therefore, the bandwidth of the prototype second-order system is determined
from Eq. (8-28) as

172
i=a,,[(1-2¢h) + V4r-4f2 + 2] (8-29)

Fig. 8-6 shows a plot of BW /0j, as a function of c. Notice that, as c increases. BW /w,,
decreases monotonically. Even more important. Eq. (8-29) shows that BW is directly
proportional to

We have established some simple relationships between the time-domain response and
the frequency-domain characteristics of the prototype second-order system. The summary
of these relationships is as follows.

1. The resonant peak M,. of the closed-loop frequency response depends on  only
[Eq. (8-25)]. When c is zero, M- is infinite. When c is negative, the system is
unstable, and the value of Mr ceases to have any meaning. As f increases, M,.
decreases.

For ~> 0.707. Mr = 1 (see Fig. 8-4), and Wr = 0 (see Fig. 8-5), In comparison
with the unit-step time response, the maximum overshoot in Eq. (5-103) also
depends only on G However, the maximum overshoot is zero when f > 1

3 Bandwidth is directly proportional to U3, |Eq. (8-29)]; that is, BW increases and

decreases linearly with c0,, BW also decreases with an increase in sfor afixed <,
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Damping ratio f

Figure 8-6 Bandwidth/o), versus damping ratio for the prototype second-order system.

+ Bandwidth and rise time (see Fig. 8-6). For the unit-step response, rise time increases as decreases,i
are inversely proportional to demonstrated in Eq. (5-108) and Fig. 5-21. Therefore, BW and rise time ai
each other. inversely proportional to each other,

4. Bandwidth and Mr are proportional to each other for 0 < ~ < 0.707.

The correlations among pole locations, unit-step response, and the magnitude of ih
frequency response for the prototype second-order system are summarized in Fig. 8-7.

» 8-3 EFFECTS OF ADDING A ZERO TO THE FORWARD-PATH TRANSFER FUNCTION

The relationships between the time-domain and the frequency-domain responses arrived i
in the preceding section apply only to the prototype second-order system described by Ec
(8-16). When other second-order or higher-order systems are involved, the relationship
are different and may be more complex. It is of interest to consider the effects on th
frequency-domain response when poles and zeros are added to the prototype second-ordi
transfer function, n is simpler to study the effects of adding poles and zeros to the closed
loop transfer function: however, it is more realistic from a design standpoint to modify th
forward-path transfer function.

The closed-loop transfer function of Eq. (8-16) may be considered as that of a unit)
feedback control system with the prototype second-order forward-path transfer functio

G (i) :83C

h s{s +
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Prototype
second-order system

A

As 0),gets larger. Insets smallo- and (be system

lespoods fasier. As iil,gets larger. BW gete lager.

As " gets larger, tfgfiiB larger and the sy ~m
responds slower. A« laieer, BW ge~waller.

Bandwidth and rise time are inversely proportional.
Therefore, Ihe larger the bandwidth is, the faster the system will respond.
Increasing @, increases BW and decreases

Increasing * decreases BW and increases

Figure 87 Coirelation among pole locations, unit-step response, and the magnitude
of frequency response of the prototype second-order system.

Let us add a zero at5 = - |/r to the transfer function so that Eq. (8-30) becomes
oiia + Ts)
G(s) = . . (8-31)
i(s + 2fai,,)

The closed-loop transfer function is

M (5) 011 + Ts) (8-32)
+ (2C0),, + Ta>;)s +
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« The general effect of In principle, Mr, iOr, and BW of the system can all be derived using the same steps usi
adding azero to the forward- in the previous section. However, because there are now three parameters in |, (0,,, and!
path transfer function is to the exact expression for Mr, (Or, and BW are difficult to obtain analytically even though til

increase the BW of thesystem is still second order. After alengti derivation, the bandwidth of the system is foun
closed-loop system. Jjg

(8-3-

7= + AlioiT - 2ui - O}T~ (8-34

While it is difficult to see how each of the parameters in Eq. (8-33) affects th
bandwidth, Fig. 8-8 shows the relationship between BW and r for ¢ = 0.707 and 0,,= ]
Notice that the general effect ofadding a zero to theforward-path transferfunction r t
increase the bandwidth of the closed-loop system.

However, as shown in Fig. 8-8. over a range of small values of T. the bandwidt
is actually decreased. Figs. 8-9(a) and 8-9(b) give the plots of \M(j<o)\ of the closed
loop system that has the G{s) of Eq, (8-31) as its forward-path transfer function
i0,,= 1; ~ = 0.707 and 0.2. respectively: and T takes on various values. These curve
verify thatthe bandwidth generally increases with the increase ofrby the addition of
zero to G (j). except for a range of small values of T, for which BW is actuall;
decreased.

Figure 8-8 Baniiwidth of a second-order system with open-loop transfer function
G(s) = (1 + Ts)/\s[s+ 1.414)],
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0 {radisec)
(@)

Figure 8-9 Magnification curves for the second-order system with the forward-palh transfer
function G(s) in Eq. (8-32). (a) co,- 1,f = 0.707 (b) @, = L c= 0.2
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Toolbox 8-3-1
MATLAB statements for Fig. 8-9{a)

clear all
i=1;T=[5 1.414 10.1 0] ;zeta=0.707;
for w=0:0.01:4

: irw
bs(CI+CT(t)*s))/(sr2+(2*2eta+TCt))*s+1)) t=t+]
abs((I+(TO)*s))/(s"2+(2%zeta+T (1))*s+1)) t=t+]
abs(a+0a)*s))/(s "2+ (2%zeta+T (1))*s+ D) t=t+]l
—abs(a+CTa)*s))/ir2+(2%zeta+T(1))*s+1)) t=t+]
MU .i) =abs(a+a(t)*s))/(sr2+a*zeta+TCt))*s+1)) t=t+]

i=i+l;

end

w=0;0.01:4;

fori=1Ilength(T)
plot(w M (i,:));
hold on;

end

xlabeK ‘\omega (rad/sec) ');ylabel( ' |M(j\omega)r );
axis([0 401.2]) ;
grid

MATLAB statementsfor Fig. 8-9{b)

clear all

i=1:

T=[00.2 5210.5];
zeta=0.2;
forw=0;0.001:4

t .

s=j*w;

M (t,i)=abs((I+(T(t)*s))/(s"2+ (2" zeta+T(t))*s+I
MU .i)=absca+aa)*s))/ur2+0an zeta+T(t))*s+]|
M a.i) =abs(U+(TU)*s))/(s”r2+0" zeta+T(t))*s+]
M (t.i) =absca+oa)*s))/Ur2+U0U" zeta+T(1))*s+]|

=abs(a+(TCt)*s))/G "2+ (2" zeta+T(t))*s+1
MCt.i) =abs(a+at)*s))/un~2+u~ zeta+T(t))*s+]|
i=i+l:
end
w=0:0.001:4: TMP COLOR=1:
fori =1:length(T)
plot(w M (i,:));
hold on;
end
xlabeK ‘\omega (rad/sec) ') |
ylabeic |[M(jl\omega) |
axis([0 402.8]);
grid

Figs. 8-10 and 8-11 show the corresponding unit-step responses of the closet
loop system. These curves show that a high bandwidth corresponds to a faster ris
time. However, as T become very large, the zero of the closed-loop transfer funcuol
which is ati = -1/7". moves very close to the origin, causing the system to have a lari
time constant. Thus, Fig. 8-10 illustrates the situation that the rise time is fast, but trie lar|
time constant ofthe zero near the origin ofthe j-plane causes the time response to drag 0
in reaching the final steady state (i.e., the settling time will be longer).
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Figure 8-10 Unit-step responses of a second-order system with a forward-path transfer
function C(i')-

Figure 8-11  Unit-step responses of a second-order system with a forward-paih transfer
function G(.s).
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Toolbox 8-3-2
MATLAB statemenis for Fig. 8-10 - use clear ait. dose all, and clc if necessary

T=[51.414 0.1 0.010];
t=0:0.01:9;
zeta = 0.707;
fori=l:length(T)
num=[T() 1];
den = [12*zeta+T(i) 1] ;
M (i,:)=step(num ,den,t);
end

TMP_COLOR = 1;

fori =1:length(T)
plot(t,M Ci,:));
hold on;

end

xlabeic'Time');

ylabeic'y(t)');

grid

Toolbox 8-3-3

MATLAB statements for Fig. 8-11 - use clear all, close all. and clc if necessary
T=[50.2];

t=0:0.01:9;

zeta L2

fori= l:length(T)

niun=[T(i) 1];

den= [1 2*zeta+T(i) 1] ;

M (i,:)=step(num ,den,t):
end

fori =1;length(T)
plotct M (i, O) ;
hold on:

end

xlabelC'Time'):

ylabeiry (t)'):

grid

8-4 EFFECTS OF ADDING A POLE TO THE FORWARD-PATH TRANSFER FUNCTION

Adding a pole at 5= -1 /r to ihe forward-path transfer function of Eq. (8-30) leads |

« AJJiiig Il pele [0 [he = JIs + Ifa),) 1 + 7i)
rorwaid-path transfer
ruiiciinn makes ilie closciJ- The derivation of the bandwidth of the closed-loop system with G(.7) given in B

liH'p s\sicm less siahic anti (8-35) is quite iedious. We can obtain a qualitative indication on the bandwidth propertii
(Ici.RMM-s the bandwidih. by referring to Fig. 8-12. which shows the plots of \M{jco)\ versus forWn = 1.f = 0.70'



Figure 8-12 Magnification
curves for a third-order
system witri a forward-path
transfer function G(j).

Figure 8-13 Unit-step
responses of a third-order
system with a forward-path
transfer function C(5).
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tu(rad/sec)

and various values of T. Because the system is now of the third order, it can be unstable fora
certain set of system parameters. It can be shown that, for U),, = 1 and | = 0.707, the
system is stable for all positive values of r. The |A/(ytu)|-versus-(W curves of Fig. 8-12 show
that, for small values of T, the bandwidth of the system is slightly increased by the addition
ofthe pole, but Mr is also increased. When 7'becomes large, the pole added to G(5) has the
effect of decreasing the bandwidth but increasing Mr- Thus, we can conclude that, in
general, the effect ofadding a pole to the forward-path transferfunction is to make the
closed-loop system less stable while decreasing the bandwidtk.

Theunit-stepresponsesofFig.8-13showthat,forlargervaluesofr,r = landr = 5,
the following relations are observed:

1. The rise time increases with the decrease of the bandwidth.

2. The larger values of Mr also correspond to a larger maximum overshoot in the
unit-step responses.
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+« When M, = oc, the
closed-loop system is

The correlation between Mr and the maximum overshoot of the step response i
meaningful only when the system is stable. When G(yiu) = -1, \M{joi)\ is infinite, an

marginally stable. When the the closed-loop system is marginally stable. On the other hand, when the syster

system IS unstable. no
longer has any meaning.

Toolbox 8-4-1

jg unstable, the value of \Wi(O\ is analytically finite, but it no longer has an

MATLAB statements for Fig. 8-12 - use clear all close all, and CIC if necessary

wn=l;
zeta=0.707;

for T=[0 0.515];
num=[wnA2];

de

onv([10],[12*zeta*wn]);

den=conv(den, [T 1]) ;
[nc,dc]=feedback(num ,den,l ,1.-1);
t=linspace (0 ,4,1001) ; %time vector

y=step(nc ,dc ,t) ;

plotCt.y);
hold on
end

% step response for basic system

xlabel( ‘w(rad/s) ") :
ylabeic'Amplitude);
title C ‘Step Response ') ;

The objective of these last two sections is to demonstrate the simple relationshipi
between BW, Mr, and the time-domain response. Typical effects on BW of adding a pole
and a zero to the forward-path transfer function are investigated. No attempt is made tc
include all general cases.

»8-5 NYQUIST STABILITY CRITERION: FUNDAMENTALS

« TheNyquistploi of Lfico) Thus far we have presented two methods of deterniining the stability of linear SISO

is done inpolar coordinates
as @vanes from 0 to DC.

« The Nyquist criterion also
gives indication on relative

n

systems: the Routh-Hurwitz criterion and the root-locus method o fdetermining stability b)
locating ihe roots of the characteristic equation in the i-plane. O f course, if Gie coefficients
of the characteristic equation are all known, we can solve for the roots of the equation b>
use of MATLAB.
Nyquist criterion is a semigraphical method that determines the stability of a closed-
Jjy investigating the properties ofthe frequency-domain ploL the Nyquist plot,ol
the loop wansfer function G(s)His). or Us). Specifically, the Nyquist plot of Us) is a plot of L.
ij(0) in the polar coordinates of Im[L(j(0)] versus Re[Z.(j(i})] as it) varies from 0 to oc. This is
anotherexample of using the properties o fthe loop transfer function to find the performance ol
the closed-loop system. The Nyquist criterion has the following features that make it ar
alternative method that is atwactive for the analysis and design of control systems.

1. In addition to providing the absolute stability, like the Routh-Hurwitz criterion,
the Nyquist criterion also gives information on the relative stability of a stabli
system and the degree of instability of an unstable system. It also gives ar
indication of how the system stability may be improved, if needed.
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2. The Nyquist plot of G(s)H(s) or ofUs) is very easy to obtain, especially with the
aid of a computer.

3. The Nyquist plot of G(s)H(s) gives information on the frequency-domain char-
acteristics such as Mr, cor, BW. and others with ease.

4. The Nyquist plot is useful for systems with pure time delay that cannot be treated
with the Routh-Hurwitz criterion and are difficult to analyze with the root-locus
method.

This subject is also treated in Appendix F for the general case where the loop transfer

function is of nonminimum-phase type.

8-5-1 Stability Problem
The Nyquist criterion represents a method ofdetermining the location of the characteristic
equation roots with respect to the left half and the right halfofthe j-plane. Unlike the root-
locus method, the Nyquist criterion does not give the exactlocationof thecharacteristic
equation roots.
Let us consider that the closed-loop transfer function of a SISO system is

where G(s)His) can assume the following form:

where the T's are real or complex-conjugate coefficients, and Tj is a real time delay.
Because the characteristic equation is obtained by setting the denominator polynomial
ofM (j) to zero, the roots of the characteristic equation are also the zeros of 1+ G{s)H{s).
Or. the characteristic equation roots must satisfy
ais) = 1+G{s)H{s) =0 (8-38)
In general, for a system with multiple number of loops, the denominator of Mis) can be
written as
A(5) - 1+i.(5) -0 (8-39)
where L(s) is the loop transfer function and is of the form of Eq. (8-37).
Before embarking on the details of the Nyquisl criterion, it is useful to sammarize the
pole-zero relationships of the various system transfer functions.

Identification of Poles and Zeros
Loop transfer function zeros: zeros of Us)
Loop transfer function poles: poles of Us)

Closed-loop transfer function poles: zeros of 1+ Z-(5) = roots of the characteristic
equation poles of 1+ L{s) = poles of Us).

Stability Conditions
We define two lypes of stability with respect to the system configuration.

+ Open-Loop Stability: A system is said to be open-loop stable if the poles of
the loop transfer function Us) are all in the left-half .T-plane. For a single-loop
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system, this is equivalent to the system being stable when the loop is opened
any point.

Closed-Loop Stability: A system is said to be closed-loop stable, or simp
stable, if the poles of the closed-loop tfansfer function or the zerosof 1+ t(j) a
all in the left-half j-plane. Exceptions to the above definitions are systems wi
poles or zeros intentionally placed at | = 0.

8-5-2  Definition of Encircled and Enclosed

Because the Nyquist criterion is a graphical method, we need to establish the concepts (
encircled and enclosed, which are used for the interpretation of the Nyquist plots f(
stability.

Encircled

Apointor region ina complexfunction plane is said to be encircled by a closedpm

ifitisfound inside the path.

Forexample, pointA in Fig. 8-14 is encircled by trie closed path r, because/4 is insU
the closed path. Point B is not encircled by the closed path r, because it is outside the patl
Furthermore, when the closed path r has a direction assigned to it, the encirclement,
made, can be in the clockwise (CW) or the counterclockwise (CCW) direction. As shott
in Fig. 8-14, point A is encircled by r in the ccw direction. We can say that the regie
inside the path is enctrcled in the prescribed direction, and the region outside the path is <
encircled.

Enclosed

Apointor region is said to be enclosed by a closedpath ifir is encircled in ihe cc\

direction or the pointor region lies to the left o fthe path when the path is traverse

in the prescribed direction.

The concept of enclosure is particularly useful if only a portion of the closed path
shown. For example, the shaded regions in Figs. 8-15(a) and (b) are considered to t
enclosed hy the closed path I'. In other words, point/l in Fig. 8-15(a) is enclosed by I, bi
point A in Fig. 8-15(b) is not. However, point B and all the points in the shaded regie
outside r in Fig. 8-15(b) are enclosed.

Figure 8-14 Definition of encirclement.
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Figure 8*15 Definition of
enclosed points and regions, (a)
PointA is enclosed by T. (D) Point
A is not enclosed, but B is
enclosed by the locus I.

8-5-3 Number of Encirclements and Enclosures

When apointis encircled by a closed path I', anumber N can be assigned to the number of
times it is encircled. The magnitude of N can be determined by drawing an arrow from the
point to any arbitrary pointi| on the closed path r and then Idling i I follow the path in the
prescribed direction until it returns to the starting poinl. The total nei numberofrevolutions
traversed by this arrow is N, or the net angle is 2tIN radians. For example, point A in Fig.
8-16(a) is encircled once or In radians by I, and point B is encircled twice or 47Tradians, all
in the cw direction. In Fig. 8-16(b), point/4 is enclosed once, and point B is enclosed twice
by r. By definition, N is positive forccwencirclement and negative forcwencirclement.

8-5-4 Principles of the Argument

The Nyquist criterion was originated as an engineering application of the well-known
“principle of the argument” conceptin complex-variable theory. The principle is stated in
the following in a heuristic manner.

Let A(.9 be a single-valued function of the form of the right-hand side of Eq. (8-37),
which has a finite number of poles in the 5-plane. Single valued means that, for each point
in the j-plane, there is one and only one cowesponding point, including infinity, in the
complex A(i)-plane. As defined in Chapter 7, infinity in the complex plane is interpreted as
a point.

Suppose that a continuous closed path Ts is arbitrarily chosen in the 9plane, as shown
in Fig. 8-17(a). If Tj does not go through any poles of A(i), then the trajectory r* mapped
by A (i) into the A(i)-plane is also a closed one. as shown in Fig. 8-17(b). Starting from a
point the IVlocus is traversed in the arbitrarily chosen direction (CW in the illustrated

Figure 8-16 Definition of the number of encirclements and enclosures.
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« Do not attempt to relate
a(i) with Us). They are nr
the same.

Figure 8-17 (a) Arbitrarily chosen closed path in the j-plane. (b) Cowesponding locus Tj in the
A(5)-plane.

case), through the points S2 and i3, and then returning to  after going through all the point!
on the locus, as shown in Fig. 8-17(a). The corresponding locus will start from thi
point A (ii) and go through points A (i2) and A (i3), corresponding to Ji, i2' and ST
respectively, and finally return to the starting point. A(5i). The direction of waverse ofr”
can be eithercw orccw . thatis, in the same direction or the opposite direction as thatol
r~, depending on the function A(i). In Fig. 8-17(b), the direction of is arbitraril>
assigned, for illustration purposes, to be ccw .

Although the mapping from the s-plane to the A(i)-plane is single-valued, the reverSE
process is not a single-valued mapping. For example, consider the function

Al = 5(5+1)(5 + 2) (@40

which has poles 5= 0. -1, and -2 in the i-plane. For each point in the 5-plane, there is
only one corresponding point in the A(5)-plane. However, for each pointin &rie A(j)-plane.
the function maps into three cowesponding points in the 5-plane. The simplest way to
illustrate this is to write Eq, (8-40) as

(8-41)

If A(i) is areal constant, which represents a point on the real axis in the A(i)-plane, the
third-order equation in Eq. (8-41) gives three roots in the i-plane. The reader should
recognize the parallel of this situation to the root-locus diagram that essentially represents
the mapping of A(i) = -1 + 7Oonto the loci ofrootsofthecharacteristic equationin thej-
plane, for a given value of K. Thus, the root loci of Eq. (8-40) have three individual
branches in the 5-plane.

The principle of the argument can be Slated:

U t A(i) be a single-valuedfunction that has afinite number ofpoles in the s-plane.

Suppose that an arbitrary closed path Fj is chosen in the s-plane so thai the path does

notgo through any one ofthepoles orzeroso fA (i); the corresponding I'i locus mappeu

in the Ms)‘plane will encircle the origin as many times as the difference between the

number ofzeros and poles of A(i) that are encircled by the s-pUine locus
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In equation form, the principle of the argument is stated as

N=z-P (8-42)
N = number of encirclements of the origin made by the A(j)-plane locus r”.
z = number of zeros of M s) encircled by the i-plane locus r, in the5-plane.
p = number of poles of A (i) encircled by the 5-plane locus in the5-plane.

In general, N can be positive (Z > P), zero (z = P), or negative (Z < P). These three
situations are described in more detail as follows.

1. N> 0(Z> P). If the 5-plane locus encircles more zeros than poles of A(j) in a
certain prescribed direction (CWor CCW), Alis a positive integer. In this case, the
A(i)-plane locus Fa will encircle the origin of the A(i)-plane N times in the same
direction as that of Fj.

2. N = O(Z = P). If the 5-plane locus encircles as many poles as zeros, or no poles and
zeros, of A(i), the A(i)-plane locus r A will not encircle the origin ofthe A(i)-plane.

3. N< 0(Z < P). If the i-plane locus encircles more poles than zeros of A(i) in a
certain direction, N is a negative integer. In this case, the A(")-plane locus will
encircle the origin N times in the opposite direction as that of r*.

A convenientway ofdetermining N with respect to the origin (or any point) of the A(j)-
plane is to draw a line from the point in any direction to a pointas far as necessary; the number
of netintersections of this line with the Ms) locus gives the magnitude ofN. Fig. 8-18 gives
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« z and p refer to only
ihe zeros and poles,
respeciively. of A(v) Ihai
are encircled by I,.

several examples o fthis method ofdetermining N. In ttiese illustrated cases, it is assumed thi
the r., locus has a CCW sense.

Critical Point
For convenience, we shall designate the origin of the A(i)-plane as the critical point froT
which the value of N is determined. Later, we shall designate other points in the complex
function plane as critical points, dependent on the way the Nyquist criterion is applitii
A rigorous proof of the principle of the argument is not given here. The followin,
illustrative example may be considered a heuristic explanation of the principle.
Let us consider the function A(j) is of the form

; Kijs + Zi)
A(i) = (8-43
{s+ Pi){s+P2)

where ATis a positive real number. The poles and zeros of A (i) are assumed to be as show]
in Fig. 8-19(a). The function Ms) can be written as

4(s) = |AW |/A(s)
(8-44
[(s+ 21)- I(i+ P1)- + P2
Is+ Pilli+ P21
Fig. 8-19(a) shows an arbitrarily chosen trajectory I, in the j-plane, with the arbiwar
point .9, on the path, and Fs does not pass through any of the poles and the zeros of A(i)
The function A{s) evaluated ati = 5] is

A

g(*+ 2| . (8-45
(il + P){s+ Pi)

The term (ii + Zi) can be represented graphically by the vector drawn from -Z\ to Si

Similar vectors can be drawn for (i| + P\) and (5 + P2). Thus, A (i|) is represented b’

Figure 8-19 (a) Pole-zero configuration of A(.i) in Eq, (8-44) and the ~-plane trajecton r,-
¥
(h) A(.v)-plane locus I'i. which corresponds to the I', locus of (a) through the mapping of Eq. (8-W
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TABLE 8-1 Summary of All Possible Outcomes of the Principle of the Argument

A(j)-Plane Locus

Direction of

N=2z-P Sense of the Number of Encirclemenls Direction

Encirclement j-plane Locus of the Origin of Encirclement
cw N cw
ccw N ccw
cw N ccw
ccw N cw
cw 0 No encirclement
ccw 0 No enctrclement

the vectors drawn from the finite poles and zeros of A(j) to the point si, as shown in
Fig. 8-19(a). Now, if the point i1 is moved along the locus r, in the prescribed ccw
direction until it returns to the starting point, the angles generated by the vectors drawn
from the two poles that are not encircled by Fi when J| completes one roundtrip are zero,
whereas the vector (si +Zi) drawn from the zero at -Zi, which is encircled by Fj,
generates apositive angle (CCW) of 27Tradians, which means that the corresponding A(5)
plot must go around the origin 2jt radians, or one revolution, in the CCW direction, as
shown in Fig. 8-19(b). This is why only the poles and zeros of A (i) that are inside the Fj
trajectory in thei-plane will contribute to the value of Afof Eq. (8-42). Because the poles
of A(j) contribute to a negative phase, and zeros contribute to a positive phase, the value
ofN depends only on the difference between Zand p. For the case illustrated in Fig. 8-19
@,z2=landa p=0Q

Thus,
NAZ-P =\ (8-46)

which means that the A(j)-plane locus should encircle the origin once in the same
direction asthat of the j-plane locus Ff. It should be kept in mind that Z and p referonly to
the zeros and poles, respectively, of A (j) that are encircled by Fi and notthe total numberof
zeros and poles of a{s).

In general, the net angle traversed by the A(.s)-plane locus, as the 5-plane locus is
traversed once in any direction, is equal to

In[Z - P) = 2nN radians (8-47)

This equation implies that if there are N more zeros than poles of A (i), which are encircled
by the i-plane locus I,, in a prescribed direction, the A(5)-plane locus will encircle the
origin N times in the same direction asthatofr,. Conversely, if N more poles than zeros are
encircled by Fs in a given direction, N in Eq. (8-47) will be negative, and the A(5)-plane
locus must encircle the origin N times in the opposite direction to that of r~.

A summary of all the possible outcomes of the principle of the argument is given in
Table 8.1.

Years ago when Nyquist was faced with solving the stability problem, which involves
determining if the function A(i) = 1+ L (i) has zeros in the right-half 5-plane, he
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« The Nyquist path is
defined to encircle the entire
right-half ,?-plane.

Figure 8*20 Nyquist path.

apparently discovered that the principle of the argument could be applied to solve th'
stability problem if the j-plane locus Fi is taken to be one that encircles the entire righ
half of the 5-plane, Of course, as an alternative, Fj can be chosen to encircle the emir
left-half 5-plane, as the solution is a relative one. Fig. 8-20 illustrates a Fi locus with,
CCW sense that encircles the entire right halfofthe j-plane. This path is chosen to be thi
5-plane trajectory Il for the Nyquist criterion, since in mathematics, CCW is tradition
ally defined to be the positive sense. The path Ys shown in Fig. 8-20 is defined to be thi
Nyquist path- Because the Nyquist path must not pass through any poles and zeros 0
A(.5). Ihe small semicircles shown along theycu-axis in Fig. 8-20 are used to indicate tha
the path should go around these poles and zeros if they fall on thej(j}-axis. It is apparen
that, if any pole or zero of A(5) lies inside the right-half 5-plane, it will be encircled b;
the Nyquist path Fj.

8-5-6 Nyquist Criterion and the L{S) or the G{S)H{$) Plot

The Nyquist criterion is a direct application of the principle of the argument when ih'
i-plane locus is the Nyquist path of Fig. 8-20. In principle, once the Nyquist path is specifiec
the stability of aclosed-loop system can be determined by plotting the A (i) = 1-r L{s) locu
when s takes on values along the Nyqaist palri and investigating the behavior ofthe A(i) pic
with respect to the critical point, which in Giis case is the origin of ihe A(5)-plane.

Because the function L{s) is generally known.

u would be simpler to constructthe L(s) plot that corresponds to the Nyquirtpath, andth

same concluswn on the stability o fthe dosed-loop system can be obtained by obsertii

the belmvior of the L(s) plot with respect to the (-/,yO) point in the Lishplane.
This isbecause the origin ofihe A (i) = 1+ L (i) plane covespondstothe (-1, ;0)pointi
the L(i')-plane. Thus ihe (-1. jO) pointin the i,(5)-plane becomes the critical point for ih
determination of closed-loop stability.

For single-loop systems. L{s] = G(s)H(s). the previous development leads to th
determination of the closed-loop stability by investigating the behavior of the G{s)H(s) pic
with respect to the (-1. y0) point of the C(y)/i(i)-plane. Thus, the Nyquist siabilit
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criterion is another example of using the loop transfer function properties to find the
behavior of closed-loop systems.

Thus, given acontrol system that has the characteristic equation given by equating
the numerator polynomial of 1 + L (i) to zero, where L (i) is the loop transfer function,
the application of the Nyquist criterion to the stability problem involves the following
steps.

[

The Nyquist path Fi is defined in the i-plane, as shown in Fig. 8-20.

2. The L{s) plot corresponding to the Nyquist path is constructed in the L(5)-plane.
3. Thevalue ofN, the numberofencirclementofthe (—1, jO) point made by the L(s)
plot, is observed.

4. The Nyquist criterion follows from Eq. (8-42),
N=z-P (8-48)

where

N == number of encirclements of the (—1. jO) point made by the L(s) plot,

Z = numberofzeros of 1+ L{s) that are inside the Nyquist path, that is, the right-
half i-plane.

p = number ofpoles of 1+ L{s) that areinside theNyquistpath, that is, the
right-halfj-plane. Notice that the poles ofl+ L{s) arethe same as that of
L(s).

The stability requirements for the two types of stability defined earlier are interpreted
in terms of z and p.

For closed-loop stability, z must equal zero.

For open-loop stability, p must equal zero.
Thus, the condition of stability according to the Nyquist criterion is stated as

N=-p (8-49)

That is,

for a closed-loop system to be stable, the L{s)plot must encircle the (-1,jO ) pointas
many times as the number ofpoles o fL{s) thatare in the right-halfs-piane, and the
encirclement, ifany, must be made in the clockwise direction (if Fj is defined in the
cCCw sense).

"QUIST CRITERION FOR SYSTEMS WITH MINtMUM-PHASE TRANSFER FUNCTIONS

We shall first apply the Nyquist criterion to systems with L(s) that are minimum-phase
transfer functions. The properties of the minimum-phase transfer functions are described
in Chapter 2 and are summarized as follows:
1. A minimum-phase transfer function does not have poles or zeros in the right-half
5-plane or on the jco-alis, excluding the origin.
2. For aminimum-phase transfer function Us) with m zeros and n poles, excluding
the poles at | = 0. when s = j(o and as 0) varies from oc to 0, the total phase
variation of Lijco) is (« - m)n/2 radians.
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* A minimum-phas.c
Iransfer function does noi
have poles or zeroil in the
righl-half j-plane or on Ihe
_Iw-axis. except at X=o.

For L{s) that is minimum-
phase type. Nyquisi
criterion can be checked
by plouing thejegment of
Hju}) from Q- oc lo O-

3. Thevalue ofa minimum-phase ttansfer function cannot become zero or infinity |
any finite nonzero frequency.

4. A nonminimum-phase transfer function will always have a more positive phas
shift as U varies from cc to 0. Or, equally true, it will always have a more negativi
phase shift as <o varies from 0 to oo.

Because a majoriiy ofthe loop transfer ftinctions encountered in rie real world satisfj
condition 1 and are of the minimum-phase type, it would be prudent to investigate Gu
application of Che Nyquist criterion to this class of systems. As if turas out, this is quiu
simple.

Because a minimum-phase US) does not have any poles or zeros in the right-half s-
plane or on theyci)-axis (exceptats = 0)P = 0, and the poles of A(j) = 1+ L{s) also have
the same properties. Thus, the Nyquist criterion for a system with Z-(j) being a minimum-
phase wansfer function is simplified to

N=0 (8-50)

Thus, the Nyquist criterion can be stated:

Fora closed'loop system wuUh loop transferfunction L{s) that & o fminimum-phase

type, the system is closed-loop stable if the plot of L{s) that corresponds to the

Nyquist path does not encircle the critical point (—, jO) in the LisYplane.

Furthermore, if the system is unstable, Z” 0; N in Eq. (8-50) would be a positive
integer, which means that the critical point ( - 1, ;0) is enclosed N times (correspond-
ing to the direction of the Nyquist path defined here). Thus, the Nyquist criterion of
stability for systems with minimum-phase loop transfer functions can be further
simplified:

For a closed-loop system wUh loop transferfunction L(s) that is o f minimum-phase

type, the system is closed'loop stable ifthe L(s)plotthat corresponds to the Syquist

path does not enclose the (-1, jO) point. If the (-1, jO) point is enclosed by the

Nyquist plot, the system is unstable.
Because the region that is enclosed by atrajectory is defined as the region that lies to the left
when the trajectory is traversed in the prescribed direction, the Nvquist criterion can be
checked simply by plotting the segment of L{j(0) from O = 00 /0 ©, or, points on the
positive jio-axis. This simplifies the procedure considerably, since the plot can he made
easily on a computer. The only drawback to this method is that the Nyquist plot lhai
corresponds to theyiw-axis tells only whether the critical point is enclosed or not and, if it is.
not how many times. Thus, if the system is found to be unstable, the enclosure property
does not give information on how many roots o f the characteristic equation are in the right-
half.v-plane. However, in practice, this information is not vital. From this point on. we shall
define the L(ja>) plot that corresponds to the positiveyiw-axis of the j-plane as the Nyquisi
plot of L(s).

8-6-1 Application of the Nyquist Criterion to | I-Phase Tranfer Functions
That Are Not Strictly Proper

Jusl as in the case of the root locus, it is often necessary in design to create an
equivalent loop transfer function L"As) so that a variable parameter K will appear asa
multiplying factor in that is, L{s) = KLeq(s). Because the equivalent loop
transfer function does not correspond to any physical enlity, it may not have more
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poles than zeros, and the transfer function is not strictly proper, as defined in
Chapter 2. In principle, there is no difficulty in constructing the Nyquist plot of a
transfer function that is not strictly proper, and the Nyquist criterion can be applied for
stability studies without any complications. However, some computer programs may
not be prepared for handling improper transfer functions, and it may be necessary to
reformulate the equation for com patibility with the computer program. To examine
this case, consider that the characteristic equation of a system with a variable
parameter K is conditioned to

\-rkLeAs) = @& (8-51)

1f LgAs) does not have more polesthan zeros, we canrewrite Eq.(8-51) as

by dividing both sides of the equation by KLgAs). Nowwecanplot theNyquist plot of
\ILeq{s), and the critical point is still (—1. jit) for A'>0. The variable parameter on
the Nyquist plot is now \/K. Thus, with this minor adjustment, the Nyquist criterion can
still be applied,

The Nyquist criterion presented here is cumbersome when the loop transfer function is
ofthe nonminimum-phase type, for example, when L{s) has poles or/and zeros in the right-
half 5-plane. A generalized Nyquist criterion that w ill take care of transfer functions of all
types is presented in Appendix F.

.ATION BETWEEN THE ROOT LOCI AND THE NYQUIST PLOT

Because both the root locus analysis and the Nyquist criterion deal with the location of the
roots of the characteristic equation of a linear SISO system, the two analyses are closely
related. Exploring the relationship between the two methods will enhance the under-
standing of both methods. Given the characteristic equation

1+ L(i) =\+KGx {s)H\is) = 0 (8-53)

the Nyquist plot of L(s) in the L(j)-plane is the mapping of the Nyquist path in the j-plane.
Because the root loci of Eq. (8-53) must satisfy the conditions

IKGMs)H™{s) = {2} » \)n K>a (8-54)
IKG\(5)//] (5) = 2jiT K< (8-55)
forj = 0. £1, +2, ..., the rootloci simply represent a mapping of the real axis of the

L(i)-plane or the G(i)//(5)-plane onto the 5-plane. In fact, for the RL a: > 0, the mapping
points are on the negative real axis of the L(j)-plane, and, for the RL A" < 0. the mapping
points are on the positive real axis of the L(5)-plane. It was pointed out earlier that the
mapping from the j-plane to the function plane for a rational function is single valued, but
the reverse process is multivalued. As a simple illustration, theNyquistplot of atype-1
third-order transfer function G(s)H{s) that cowesponds to points onthejcu-axis of the
i-plane is shown in Fig. 8-21. The root loci for the same system are shown in Fig. 8-22 as a
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Figure 821 Polar plot of G{s)H{s) = A'/fsis + 0)(5 + b)] interpreted as a mapping of the
yco-axis of the 5-plane onto the G ()W (j)-plane.

Figure 8-22 Root-locus diagram of C{s)H{s) = ~/[5(5 + o)(s + &)| interpreted as a mapping
of the real axis of the C(.?)//(j)-plane onto the i-plane.

mapping of the real axis of the G(.¥)//(i)-plane onto the i-plane. Note that, in this case, eacl
point ofthe G(s)His)-p\ane corresponds to three points in the 9plane. The (-1. yO) point0
the G (i)//(i)-plane corresponds to the two points where the root loci intersect the jco-a\i
and a point on the real axis.

The Nyquist plot and the root loci each represent the mapping of only a very limite(
portion ofone domain to the other. In general, it would be useful to consider the mapping 0
points other than those on the /cu-axis of the i-plane and on the real axis of the G{s)H(s)
plane. For instance, we may use lhe mapping of the constant-damping-ratio lines in thi
.y-plane onto lhe G(.v)//(.v)-plane for the purpose of determining relative stability of Gi
closed-loop system. Fig. 8-23 illustrates the G(s)H(s) plots that correspond to differen
constant-damping-ratio lines in the 9plane. As shown by curve (3) in Fig. 8-23. when th
G(s)H{s) curve passes through the ( - 1. jO) point, it means that Eq. (8-52) is satisfied, ani
ihe corresponding trajectory in the i-plane passes through the root of the characterise
equation. Similarly, we can construct the root loci that correspond to the swaight line
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Figure 8-23 G(s)His) plots that correspond to constant-damping-ratio lines in the j-plane.

rotated at various angles from the real axis in the G(i)H(j)-plane, as shown in Fig. 8-24.
Notice that these root loci now satisfy the condition of

IKGi{s)Hi{s) = {2j+ N7T~0 K=>0 (8-56)
Or the root loci of Fig. 8-24 must satisfy the equation
1+ G(s)H()e-" = 0 (8-57)

for the various values of 9 indicated.

Figure 8-24 Root loci lhat correspond to different phase-angle loci in ihe G(5)W(j)-plai
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» 8-8 ILLUSTRATIVE EXAMPLES: NYQUIST CRITERION FOR MINIMUM-PHASE
TRANSFER FUNCTIONS

» EXAMPLE 8-8-1

The following examples serve to illustrate the application of the Nyquist criterion i
systems with minimum-phase loop ttansfer functions. All examples in this chapter ma
also be solved using the ACSYS (see Chapter 9) or MATLAB Toolboxes incorporated i
this chapter.

Consider that a single-loop feedback control system has the loop tfansfer function

Us) = C{s]H(s) = (8-5

A
i(i+2)(j+ 10)
which is of mininum-phase type. The stability of the closed-loop system can be conducted b
investigating whether the Nyquisi plot of L[ju))/K for 0) = 00 to 0 encloses the (—1. jO) point, Th
Nyquist plot oiL{jcu)/K may be plotted using freqtool. Fig. 8-25 shows the Nyquist plot ofL{jai}/i
for O = DCto 0. However, because we are interested only in whether the critical point is enclosed, i
general, it is not necessary to produce an accurace Nyquist plot. Because the area that is enclosed b
the Nyquistploi is to the left of the curve, traversed in the direction that corresponds to itr = DCtoOo:
the Nyquist path, all that is necessary to determine stability is lo find the point or points at which th
Nyquist plot crosses the real axis in the Lijct})/K-plans. In many cases, information on ti
intersection on the real axis and the properties of L(jco)/K ai oi = oo and H= 0 would allov
the sketching of the Nyquist plot without actual plotting. We can use the following steps to obtain.
sketch of the Nyquisi plot of L{j(0)/K.

1. Substitute J = in L(s).
Setting i = juj in Eq, (8-58). we get

Wicoyk = ... )
jto{juj + 2){ja>+ 10)

2. Substituting w = 0 in the last equation, we get the zero-frequency property of Ujai),

L{j0)/K = x:-90° (860

Figure 8-25 Nyquist plot of

LEK el

to= X lOwW= 0.
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Toolbox 8-8-1
MATLAB statements for Fig. 8-25

w:U.l:O.l:lOOO;

num = [1];

den=conv(conv([l 10],[1,2]),[10]);
[re,im,w] =nyguistCnum .den.w);
plotCre,im);

axis([-0.1 0.01 -0.6 0.01])

grid

3. Substituting Q= oc in Eq. (8-59), the property of the Nyquist plot at infinite frequency is
established.

Z.(joc)/A- = 0/-270" (8-61)
Apparently, these results are verified by the plot shown in Fig. 8-25.

4. Tofind the iniersect(s) of the Nyquist plot with the real axis, if any, we rationalize L{)q)/K
by multiplying the numerator and the denominator of the equation by the complex
conjugate of the denominator. Thus, Eq. (8-59) becomes

eI [ -1 - yoy(20- cy)]
+>(20 - - M 20 - 02)]
(8-62)
[-]120j-j(20-0j")]
w(l44w2-i-(20-w2)]

5. Tofind the possible intersects on the real axis, we set the imaginary part of L {juj)/K to zero.
The result is

The solutions of the Lastequation are Gi= oc, which is known to be a solution at L{jto}/K = 0.
and

0J=%V10 radisec (8-64)

Because W is positive, the correct answer is if = y/w rad/sec. Substituting this frequency inio
Eq. (8-62), we have the intersect on the real axis of the i(_/tu)-plane at

L(jV20 )/ = ‘A= -0.004167 8-65)
\) } 80 ( )

The last five steps should lead to an adequate sketch of the Nyquist plot of L(joj}/K short of
plotting it. Thus, we sec that, if K is less than 240. the intersect of the L(joj) locus on the real axis
would be to the right of the critical point [-1. jOy. the lalter is not enclosed, and ihc system is
stable. If = 240. the Nyquist plot of u joj) would intersect the real axis at the - 1point, and the
system would be marginally stable. In ihifase, the characteristic equation would have two roots
on the yai-axis inthe i-plane at5= £y\/20- If the gain is increased toa valuebeyond 240, the
inlerseclwould be to theleft of the -1 point on the real axis, and the systemwouldbe unstable.

When a: is negative, we can use the (+ 1, ;0) point intheZ.!>j)-plane as the critical point. Fig. 8-25
shows that, under this condition, the +1 point on ihe real axis would be enclosed for all negative
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F 8-26 R LofL =
‘oure oft( j(j + 2)(i+ 10)

values of K. and the system would always be unstable. Thus, the Nyquist criterion leads to the
conclusion that the system is stable in the range 0f0 < AT< 240. Note that application of Ihe Routh-
Hurwitz stability cnterion leads to this same result.

Fig. 8-26 shows the root loci of the characteristic equation of the system described by the loop
ransier function in Eq. (8-58). The correlation between the Nyquist criterion and Gte root ioci is
easily observed.

Toolbox 8-8-2
MATLAB statements for Fig. 8-26

den=conv([l20],[110]);
mysys=tf(.0001,den);
rlocus(mysys);

title C 'Rootlociofthe system’) :

EXAMPLE 8-8-2 Consider the characteristic equation

+ (2041 )s-+ (2a1+ 5)j+1 =0
Dividing both sides of the last equation by the terms that do not contain K. we have

Ks(sh +25 + 2)
| =
= '+ -2T17TT

| ly +is+ 2)
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which is an improper function. We can obtain the information to manually sketch the Nyquistplot of
LeAs) to determine the stabilily of the system. Setting s = jio in Eq. (8-68), we get

(8-69)
K {\-a?)+5ja>

From the lasi equation, we obtain the two end points of the Nyquist plot
=0290° and L%,(joo) = 00Z90® (8-70)

Raiionalizing Eq. (8'69) by multiplying its numerator and denom inator by the complex conjugate of
the denominator, we get

[8-71)
it fl-afy+25ap-

To find the possible intersects of the Lgq{jco)/K plot on the real axis, we set kie imaginary part of
Eq. (8-71) to zero. We gel cu= 0 and

0.4+ 7o+ 2= 0 (8-72)

MATLAB statements for Fig. 8-27

w=0.1:0.1:1000;
num=[l220];
den= [15 1];

[re,im,w] =nyquist(num ,den,w);

plot(re,im )l
axisa-2 1-151]);
grid

We can show that all the four roots of Eq. (8-72) are imaginary, which indicates that the
Leq{joj)IK locus intersects the real axis only at) = 0. Using the information given by Eq.
(8-70) and the fact that there are no other intersections on the real axis than atit) = 0, the
Nyquist plot of Leq{joj)IK is sketched as shown in Fig. 8-27. Notice that this plot is
sketched without any detailed data computed on Leq{}(r)IK and, in fact, could be grossly
inaccurate. However, the sketch is adequate to determine the stability of the system.

Figure 8-27 Nyquist plot of
5(> + 25+ 2)

100 = 0.
5+ 5j+ 1
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Figure 8-28 Nyquist plot of K/Letiijw)

| Lgs) s(r+2j+2) '

for forw = 00to
K + 1

w = 0.

Figure 8-29 RL of
Ks{sh+2s+ 2)

j2+55+1 m

Because the Nyquistplotin Fig. 8-27 does not enclose the (-1, jO) point as Qvaries from
00 to 0, the system is stable for all finite positive values of K.

Fig. 8-28 shows the Nyquist plotof Eq. (8-66), based on the poles and zeros of LeAs)/
K in Eq. (8-68). Notice thatthe RL stays in the left-half5-plane for all positive values ofK,
and the results confirm the Nyquist criterion results on system stability.

K - + Sjiu
(8-73)

foriv = ooto0.The plotagain does notenclose the (-1, ;0) point, and the system is again
stable for all positive values of K by interpreting the Nyquist plot of K/Lfq[j(0).

Fig. 8-29 shows the RL of Eq. (8-67) for a: > 0, using the pole-zero configuration of
Leq(s) of Eq. (8-68). Because the RL stays in the left-halfj-plane for all positive values of
K, the system is stable for 0 < A’< 00, which agrees with the conclusion obtained with the

Nyquist criterion.

8-9 EFFECTS OF ADDING POLES AND ZEROS TO L(S) ON THE SHAPE
OF THE NYQUIST PLOT

Because the performance of a control system is often affected by adding and moving poles
and zeros of the loop transfer function, itis importantto investigate how the Nyquist plot is

affected when poles and zeros are added to Us).
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Lf;iO)-ptaiie
PA=0.Z =0, <31* 0" for stability.
{Refer to Appendix F.)

Ret
Critical point Critical point
«> a>0 0>A->-1
(not enclosed) (notenclosed)  £igqyre 830 Nyquist plot of
Closed-loop stable Closed-loop stable
Let us begin with a first-order transfer function
K
Lfs) = (8-74)

1+Ti5

where I, is a positive real constant. The Nyquist plot of UJ(0) for 0 < O)< oc is a
semicircle, as shown in Fig. 8-30. The figure also shows the interpretation of the closed-
loop stability with respect to the critical point for all values of K between -00 and 00

Addition of Poles at s = 0
Consider that a pole at | = 0 is added to the transfer function of Eq. (8-74); then

L{s) = K (8-75)

Because adding a pole at 5 = Ois equivalent to dividing Us) by jew, the phase of Uj(0) is
reduced by 90° atboth zero and infinite frequencies. In addition, the magnitude of H joi) at
tr = 0 becomes infinite. Fig. 8-31 illustrates the Nyquistplot 0TU j(0) in Eq, (8-75) and the
closed-loop stability interpretations with respect to the critical points for —oc < < 00. In

jim L
z.(y<u)-plane

1,/>= 0. i1=-90° for stability
{Refer 10 Appendix F.)

1 <»=- 1 .
0 1 ReL
Critical point / Critical point
~ > A0 / <0
(notenclosed) | (enclosed)
Closed-loop stable Closed-loop unstable
Enclosed
. area Figure 8-31  Nyquist plot of

© )@+ 5y
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EXAMPLE 8-9-1

+ Addino polesat V= 0 to a
loop u-ansfer function will
reduce stability of the

closed-loop system.

Chapter 8. Frequency-Oomain Analysis

general, adding a pole of multiplicity />atJ = 0 to the tfansfer function of Eq. (8-74) wiu
give the following properties to the Nyquist piot of L{j(0):

lim IL{jco) = - (p + 1)90° (8-76)
lim iLijco) = - p X 90° (8-77)
a—0
lim |LGit>)] = 0 (8-78)
0-"00
lim \L(jco) 1— 0o (8-79)
w—0

The following example illustrates the effects of adding multiple-order poles to Us).

Fig. 8-32 shows the Nyquist plot of
(8-80)
and the critical points, with stability interpretations. Fig. 8-33 illusirates the same for

K
. (8-81)
53(1+r,i)
conclusion from these illustrations is that the addition of poles atJ = 0 to a loop transfer
function win affect the stability of the closed-loop system adversely. A system that has a loop

transfer function with more than one pole at i = 0 (type 2 or higher) is likely to be unstable or
difficult to stabilize

jim L
z,(ji«>-planc
PA=2,P=0

#1,=-)80* for stability

(Referto AppendUF.)
\

®= | s
-1 0 1 ReZ,
Enclosed Critical point Critical point
«>K >0 a:<0
A (enclose) (enclosed)

Closed-loop unstable

Closed-Inop unsuble

Figure 8-32 Nyquist plot of L{s)

Addition of Finite Nonzero Poles

When a pole atJ = -1/T2(7'2 >0) is added to the function Z-(i) of Eq. {8-74), we have

L{s) = (8-82)



+ Adding nonzero poles to
the loop transfer function
also reduces stubilily of the

closed-loop system.
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jim L
L(yiU)-plane
PA=3,P=Q
>, =-270° for subility
\ (Referto Appendir F.)
Critical point Critical point . .
— s a0 <0 Figure 8-33 Nyquist plot of
(enclosed) (enclosed)
Closed-loop unstable Closed-loop unstable

The Nyquist plot of LUU)) at )= 0 is not affected by the addition of tiie pole, since

lim L(j(v) = K (8-83)
The value of L(jci}) at 0)= 00 is
lim L(ju)) — lim A+ - = 0r-180° 8-84
) J--0C T] Ticir ( )
Thus, the effectofadding apole atd = -1 /72 to the transfer function of Eq. (8-75) is

to shift the phase ofthe Nyquist plotby —90° at (U= 00, as shown in Fig. 8-34. The figure
also shows the Nyquist plot of

i )i+ V) (i r3)

where two nonzero poles have been added to the transfer function of Eq. (8-74)
{T\, Ti, Tz, > 0). In this case, the Nyquist plot at Q= oo is rotated clockwise by another
90° from that of Eq. (8-82). These examples show the adverse effects on closed-loop
stability whenpoles are added to ihe loop transferfunction. The closed-loop systems with
the loop transfer functions of Eqs. (8-74) and (8-82) are all stable as long as K is positive
The system represented by Eq. (8-85) is unstable if the intersect ofthe Nyquist plot on the
negative real axis is to the left of the (-1, yO) point when K is positive.

Figure 8-34 Nyquist plots. Curve (1):

t (1 +7-2j)(H-7-3i).
1+ Tii) @ i D
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Toolbox 8-9-1

MATLAB statementsfor Fig. 8-34

Ww«0:0.01:100;
num = [1];

den=conv ([l 1],[11])
[re,im ,w]=nyquist(num ,den,w);

plot(re,im ,'b');

den=conv(conv([l 1] .[1 1]) .[1 1])
[re,im ,w]=nyquistCnum.den,w):

plot(re,im ,'r");

axis([-12-11])
grid

* EXAMPLE 8-9-2

« Adding zeros to the loop
transrer function has the
effect O1' stabilizing the
closed-loop system.

Addition of Zeros

It was demonstrated in Chapter 5 that adding zeros to the loop transfer function has the effeci of
reducing the overshoot and trie general effect o f stabilization. In terms of the Nyquist criterion,
this stabilization effect is easily demonstrated, since lhe multiplication o f the term (1 + Tjs) to
rie loop transfer function increases the phase ofUs) by 90° atw = oo. The following example
illuswates the effect on stability of adding a zero at -1/T d to a loop tansfer function

Consider thai the loop transfer function of a closed-loop conwol system is

ABY = : o\ .
DT i) )
It can be shown that the closed-loop system is stable for

0<i:<‘771+72

(8-87)
Suppose that a zero at J = - TdOd >0) is added 10 the transfer function of Eqg. (8-86); then.

L) = o (8-88)

s{i+Tis){i + T2s)
The Nyquist plots of the two transfer functions of Egs. (8-86) and (8-88) are shown in Fig. 8-35. The
effect ofthe zero in Eqg. (8-88) is to add 90° to the phase of the LO'tw) in Eq.(8-86)at£t; = DC while not

jim L

Figure 8-35 Nyquist plots. Curve (1);
L{s) = Curv'e (2):
)= 50w Tis)it + T2y SO @
Kil+Tds)
(1 + Tis){i + Tzsy
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affecting the value at @= 0. The intersecton the negative real axis of the ZXgw)-plane is moved from
SKTiT210\ +T2)lo-K{TiT2-TdT\ -TdTz)/{Ti + Ti). Thus, the system with the ioopuansfer
function in Eq. (8-88) is stable for

0<K< (8-89)
TT-T {Ti+T2i

which, for positive Tdand K, has a higher upper bound than that of Eq. (8-87).

» 8-10 RELATIVE STABILITY: GAIN MARGIN AND PHASE MARGIN

. Relative stability IS used
to indicate how stable a
system IS.

Toolbox 8-10-1

We have demonstrated in Sections 8-2 rwrough 8-4 the general relationship between the
resonance peak Mp of the frequency response and the maximum overshoot of the time
response. Comparisons and correlations between frequency-domain and time-domain
parameters such as these are useful in the prediction of the performance of control
systems. In general, we are interested notonly in the absolute stability ofa system butalso
how stable it is. The latter is often called relative stability. in the time domain, relative
stability is measured by parameters such asthe maximum overshootand the dam ping ratio,

frequency domain, the resonance peak Mp can be used to indicate relative stability.
Another way of measuring relative stability in the frequency domain is by how close the
Nyquist plot of L{j(ti) is to the (—1, jQ) point.

MATLAB statementsfor Fig. 8-35

w=0:0.01:100;
num = [1];

den=conv(conv([l 1] ,[11]).[10])
[re.,im ,w]=nyquist(num .den,w);

plot(re,im ,'b");
hold on

num=[11];

den = convCconvC [1 13.[11]).[10])
[re ,in,w ]=nyquistCnum.den,w);

plot(re,im ,'r’);

axisCC-2 2-111])
grid
hold on

den = convCconvC [11],[11]),[11])
[re,im ,w]=nyquist(num .den,w):

plot(re,im  'r):

axisC[-12-111)
grid

To demonstrate the concept of relative stability in the frequency domain, the Nyquisi

plots and the couesponding step r. and freq yr ofatypical third-order
system are shown in Fig. 8-36 for four different values o floop gain K. It is assumed that the
function Ujw) is of minimum-phase type, so that (he enclosure of the (-1. ji) point is
sufficient for stability analysis. The four cases are evaluated as follows.
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;imi
L{jctr)-plane m -
1 X— 7 it-00
0 ReL

/ .

e((w)
-270"

(b) Stable but oscillatory system

Figure 8-36 Correlation

among Nyquist plots, step
responses, and frequency

responses.

1. Fig. 8-36(a); the hop gain K is low: The Nyquist ploi of L{j(0) intersects the
negative real axis at a point that is quite far to the right of the (-1. ;0) point
The couesponding step response is quite well damped, and the value of Mrof
the frequency response is low



« Mr ceases to have any
meaning when theclosed-
loop system is unstable.

8-10-1 Gain Margin (GM)
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Fig. 8-36(b); K Ir increased: The intersectis moved closerto the (-1. ;0) point;
the system is still stable, because the critical point is not enclosed, but the step
response has a larger maximum overshoot, and Mr is also larger.

Fig. 8-36(c); K is increasedfurther: The Nyquisl plot now passes through the
(-1, yo) point, and the system is marginally stable. The step response becomes
oscillatory with constant amplitude, and Mr becomes infinite.

Fig. 8-36(d); K is relatively very large: The Nyquist plot now encloses the
(—1, yo) point, and the system is unstable. The step response becomes unbounded,
The magnitude curve o f \M{j(i>) |-versus-cu ceases to have any significance. In fact, for
the unstable system, the value of Mr is still finite! In all the above analysis, the phase
curve é{joj) ofthe closed-loop frequency response also gives qualitative information
about stability. Notice iriat (rie negative slope of the phase curve becomes steeper as
the relative stability decreases. When the system is unstable, rie slope beyond the
resonant frequency becomes positive. In practice, the phase characteristics of the
closed-loop system are seldom used for analysis and design purposes.

Gain Margin (GM) is one of the most frequently used criteria for measuring relative

stability of control systems. In the frequency domain, gain margin is used to indicate the

closeness ofthe intersection ofthe negative real axis made by the Nyquistplotofu joj) to

the (-1, yO) point. Before giving the definition of gain margin, let us firstdefine the phase

crossover on the Nyquist plot and the phase-crossover frequency.

« The definition of gain
margin given here is for
minimum-phase loop
transfer functions.

’ measured

Phase Crossover: A phase-crossover on the L{j(o) plotis a point at which the plot
intersects the negative real axis
Phase-Crossover Frequency: The phase-crossoverfrequency ojp is the frequency

at the phase crossover, or where

IL{jo.p) = 180" (8-90)

Nyquist plot of & loop transfer function L{joj) thatis of minimurri'fphase type is

shown in Fig. 8-37. The phase-crossover frequency is denoted as ojp, and the magnitude of

Figure 8-37 Defi
the polar coordinates.

n of the gain margin in
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Ujio) a\ <0 = (p is designated as \L{jo)p)\. Then, ie gain margin of the closed-loc
system that has Us) as its loop transfer function is defined as

gainmargi, = GM = 2010g,,~" " 8-91
= -201og]l.l/.(ya.p)I<iB

On the basis of iriis definition, we can draw the following conclusions Ax>ut the gai
margin ofthe system shown in Fig. 8-37, depending on the properties o f the Nyquist plo(

1. The IXjco) plot does not intersect the negative real axis (no finite nonzero phas
crossover).

|t(iiup)1=0 GM = oodB (8-92

2. The L{j() plot intersects the negative real axis between (phase crossover lie;
between) 0 and the -1 point.

0<|L()<Up)|<I GM>0dB (8-93
3. The L(jct) plot passes through {phase crossover is at) the (-1, yO) point.
\L(jaip) = \ GM = 0dB (8-94;
4. The z,(iv) plot encloses (phase crossover is to the left 00 the (-1, jO) poinl

\L{jiOp)i>T GM<OdB (8-95]

+ Gain margin is the amount Based on the foregoing discussions, the physical significance of gain margin can be

of gain in dB (hat can he  summarized as

added 10 the loop before Ihe Qai,, margin is the amount ofgain in decibels (dB) that can he (uUed to the hop
cicised-loop system becomes chsed-loop system becomes unstable.

unsiable.

When the Nyquist plot does not intersect the negative real axis at any finite
nonzero frequency, the gain margin is infinite in dB; this means that, theoreti-
cally, the value of the loop gain can be increased to infinity before instability

occurs.

When the Nyquist ploi ofU jd)) passes through the (-1, jii) point, the gain margin
is0 dB, which implies thatthe loop gain can no longer be increased, as the system is
at the margin of instability.

When the phase-crossover is to the left ofthe (-1, ;0) point, the phase margin is
negative in dB, and the loop gain must be reduced by the gain margin to achieve
stability.

Gain Margin of Noiuninimum-Phase Systems

Care musi be taken when attempting to extend gain margin as a measure of relative
stability to systems with nonminimum-phase loop transfer functions. For such
systems, a system may be stable even when the phase-crossover point is to the left
of (-1, _/0), and thus a negative gain margin may still correspond to a stable system
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Nevertheless, the closeness of the phase-crossover to the (-1, yO) point still gives an

indication of relative stability.

ase Margin (PM)

ion of phase

I here is for a

aminimum-

jnsfer function

The gain margin is only a one-dimensional representation of the relative stability of a
closed-loop system. As the name implies, gain margin indicates system stability with
respect to (rie variation in loop gain only. In principle, one would believe a system with a
large gain margin should always be relatively more stable than one with a smaller gain
margin. Unfortunately, gain margin alone is inadequate to indicate relative stability when
system parameters other than the loop gain are subject to variation. For instance, the two
systems represented by the 1Xjo)) plots in Fig. 8-38 apparently have the same gain margin.
However, locus A actually corresponds to a more stable system than locus B, because with
any change in the system parameters that affect the phase of 1ij(0), locus B may easily be
altered to enclose the (—1, jO) point. Furthermore, we can show that the system B actually
has a larger Mr than system A.

Toinclude the effectof phase shift on stability, we invoduce the phase margin, which
requires that we first make the following definitions:

Gain Crossover: The gain crossover is a point on tie L{ju}) plot at which the

magnitude of Ujoj) is equal to 1

Gain-Crossover Frequency: The gain-crossover frequency, (Og, is the frequency of

L{j(4) ai the gain crossover. Or where

(8-96)

The definition of phase margin is stated as:
Phase margin (PM) isdefined as the angle in degrees through which the L(j(o)plot
musthbe rotated about the origin so thatthe gain crossoverpasses through the (-1,
jO) point.

Fig. 8-39 shows the Nyquistplotofatypical minimum-phase IXjio) plot, and the phase
margin is shown as the angle between the line that passes through the gain crossover and
the origin. In contrast to the gain margin, which is determined by loop gain, phase margin
indicates the effect on system stability due to changes in system parameter, which

Figure 8-38 Nyquist plots showing systems with
the same gain margin but different degrees of
relative stability.
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« Phase margin is measured
at the gain crossover.

« Phase margin is the

amount of pure phase delay
that can be added beforihe

system becomes unstable,

EXAMPLE 8-10-1

Figure 8-39 Phase margin
defined in the Uj(u)-p\aiK.

theoretically alter the phase of L(jco) by an equal amountatall frequencies. Phase margin is
the amountofpure phase delay thatcan be added to the loop before the closed-loop system
becomes unstable

W hen the system is of ¢ie minimum-phase type, the analytical expression of the phase
margin, as seen from Fig. 8-39, can be expressed as

phase margin (PM) = IL{jwg) - 180° i8-97)

where ()g is the gain-crossover frequency

Care should be taken when interpreting the phase margin from the Nyquist plot ofa
nonminimum-phase transfer function. When the loop transfer function is of the non-
nanimum-phase type, the gain crossover can occur in any quadrant of the L (7a>)-plane. and
the definition of phase margin given in Eq. (8-97) is no longer valid.

As an illustrative example on gain and phase margins, consider thai the loop vansier function of a
convol system is

»e> — 510+30)
The Nyquist plotof U joj) is shown in Fig. 8-40. The following results are obtained from the Nyquist
plot;

Gain crossoveraig =6.22rad/sec

Phasecrossoveroip = 15,88 rad/sec

The gain margin is measured at the phase crossover- The magnitude of LUclpl is 0.182. Thus, tie gain
margin is obtained from Eq. (8-91)

8-99

182 (99
The phase margin is measured at the gain crossover. The phase of L(Ju)g) is 211.72". Thus, the phase
margin is obtained from Eq. (8-97)

PM = .L(jajg) - 180' =211.72"- 180= = 31.72° (8-100)
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Before embarking on iie Bode plot technique of stability study, itwould be beneficial to summarize
advantages and disadvantages of the Nyquist plot.

Advantages of the Nyquist Plot
The Nyquist plot can be used for the study of stability of systems with noiuninimum-phase
transfer functions.
2. The stability analysis of a closed-loop system can be easily investigated by examining the

Nyquistplotofthe loop transfer function with reference to the (-1, ;0) point once the plot
is made.

Disadvantage of the Nyquist Plot

1. It’s not so easy to carry out lrie design of Grie conroUer by referring to the Nyquist plot.

TABILITY ANALYSIS WITH THE BODE PLOT

The Bode plot ofauansfer function described in Chapter 2 is a very useful graphical tool
for the analysis and design of linear control systems in the frequency domain. Before the
inception of computers, Bode plots were often called the * asymptotic plots,” because the
magnitude and phase curves can be sketched from their asymptotic properties without
detailed plotting. Modem applications of the Bode plot for control systems should be
identified with the following advantages and disadvantages:

Advantages of the Bode Plot
1. In the absence ofa computer, a Bode diagram can be sketched by approximating
the magnitude and phase with straightline segments.
2. Gain crossover, phase crossover, gain margin, and phase margin are more easily
determined on the Bode plot than from the Nyquist plot.

3. For design purposes, the effects of adding controllers and their parameters are
more easily visualized on the Bode plot than on the Nyquist plot.
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40 Unst~le region for
intersect on magnitude
curve at phase crossover,

20 negative gain margin
m
0
Gain margin  w (rad/sec)
f
5 20 Stable region for

intersect on magnitude
curve at phase crossover;

-40 poiiiive gain margin
-60
Stable region for
intersect on phase curve
at phase crossover;
positive phase margin
270 Unstable region for <Oppb:

intersect on phase curve
at phase crossover;
_360 negative phase margin

Figure 8-41 Determination of gain margin and phase margin on the Bode plot.

Disadvantage of the Bode Plot
1. Absolute and relative stability ofonly minimum-phase systems can be determined
from the Bode plot. For instance, there is no way of telling what the stability
criterion is on the Bode plot.

W ith reference to the definitions of gain margin and phase margin given in Figs. 8-37
and 8-39, respectively, the interpretation of these parameters from the Bode diagram is
iluswated in Fig. 8-41 for a typical minimum-phase loop transfer function. The follow-
ing observations can be made on system stability with respect to the properties of the
Bode plot:

The gain margin is positive and the system is stable if the magnitude of Uja>) al
(rie phase crossover is negative in dB. That is, the gain margin is measured below
the 0-dB-axis. If the gain margin is measured above the 0-dB-axis. the gain margin

« Bode plots ;ue useful onlv is negative, and the system is unstable.

Cor stabilily studies of

systems vvnh niinimiim-

phase loop transfer
functions.

The phase margin is positive and the system is stable if the phase of Uja>) is
greater than -180° at the gain crossover. That is, the phase margin is measured
above the -1 80°-axis. If the phase margin is measured below the —180°-axis. the
phase margin is negative, and the system is unstable.

EXANVPLE 8-11-1 consider the loop transfer function given in Eq. (8-98): the Bode plot of the function is drawn as
shown in Fig. 8-42. The following results are observed easily from ihe magnitude and phase plois-

The gain crossover is the point where the magnitude curve intersects the 0-dB axis. The gain-

crossover frequency Uigis 6.22 rad/sec. The phase margin is measured at the gain crossover- The phase
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ase marginj
31720 11

-240
-270
622 10 1588
m (rad/sec)
2500

Figure 8-42 Bode plot of L(s) =
9 P ® 5( + 5)(j + 50)"

margin is measured from the -180°-axis and is 31.72°. Because the phase margin is measured above
the -180°-axis, the phase margin is positive, and the system is stable.

The phase crossover is tiie point where the phase curve intersects the -180®-axis. The phase-
crossover frequency is Wp= 15.88 rad/sec. The gain margin is measured atthe phase crossover and is
14.8 dB. Because the gain margin is measured below the O-dB-axis, the gain margin is positive, and
the system is stable.

xS -IM
9 statements for Fig. 8-42

([1.10 -1 -1],2500)
(G)

The reader should compare the Nyquist plot of Fig. 8-40 with the Bode plot of
Fig. 8-42, and ihe interpretation of (g, Wp, GM, and PM on these plots.
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8-11-1 Bode Plots of Systems with Pure Time Delays

The stability analysis of a closed-loop system with a pure time delay in the loop can be
conducted easily with the Bode plot. Example 8-11-2 iUusoates (ie standard procedure.

» EXAMPLE 8-11-2 Consider that ihe loop tfansfer function of a closed-loop system i;

Vp-Tis
Lis) = (8-101)
s(s+){s + 2)
Fig. 8-43 shows the Bode plot of Ujo)) with AT= 1and 74 = 0. The following results are obtained:
Gain-crossover frequency = 0.446 rad/sec
Phase margin = 53.4°
Phase-crossover frequency = 1.416 rad/sec
Gain margin = 15.57 dB

Thus, the system with the present parameters is stable

0.446 10
jin(raclsec)

Figure 8-43 Bode plot of z,(i)=- 24 1) (i + 2)°
? i
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The effect of the pure time delay is to add a phase of-IrfW radians to the phase curve while not
affecting the magnitude curve. The adverse effect of the time delay on stability is apparent, because
the negative phase shift caused by the time delay increases rapidly with the increase in f0. To find the
critical value of the time delay for stability, we set

=53.4"-04 = 0.932 radians (8-102)

Solving for Td from the last equation, we get the critical value of Td to be 2.09 seconds.

Continuing with the example, we set Tjarbivarily at 1second and find the critical value of K for
stability. Fig. 8-43 shows the Bode plot of L(J0)) with this new time delay. W ith K still equal to 1, the
magnitude curve is unchanged. The phase curve droops with the increase in ). and the following
results are obtained

Phase-crossover frequency = 0-66 rad/sec

Gain margin = 4.5 dB

Thus, using the definition of gain margin of Eq. (8-91), the critical value of K for stability is
10° >/20 = 1,68, M

ILATIVE STABILITY RELATED TO THE SLOPE OF THE MAGNITUDE CURVE

ODE PLOT

In additionto GM, PM, and Mp as relative stability measures, the slope o f the magnitude curve
of the Bode plot of the loop ffansfer function at the gain crossover also gives a qualitative
indication on the relative stability of a closed-loop system. For example, in Fig. 8-42, if the
loop gain of the system is decreased from the nominal value, the magnitude curve is shifted
downward, while the phase curve is unchanged. This causes the gain-crossover frequency to
be lower, and the slope of iie magnitude curve at this frequency is less negative; Gie
corresponding phase margin is increased. On the other hand, if the loop gain is increased, the
gain-crossover frequency is increased, and the slope of the magnitude curve is more negative.
This corresponds to a smaller phase margin, and the system is less stable. The reason behind
these stability evaluations is quite simple. Foraminimum-phase wansier function, the relation
between itsmagnitude and phase is unique. Because the negative slope of the magnitude curve
isaresultofhaving more poles than zeros in the transfer function, tie covesponding phase is
also negative. In general, the steeper the slope of ie magnitude curve, the more negative the
phase. Thus, if die gain crossoveris ata pointwhere the slope ofthe magnitude curve is steep,
it is likely that the phase margin will be small or negative.

iditionally Stable System

MPLE 8-12-1

The illustrative examples given thus far are uncomplicated in the sense that the slopes of
the magnitude and phase curves are monotonically decreasing as it) increases. The
following example illustrates a conditionally stable system that is capable of going
through stable/unstable conditions as the loop gain varies

Consider that the loop transfer function of a closed-loop system is
10QAI(* + 5)(5 + 40
ey - ¢+ 5)(5 + 40)
j3(s+100){5+200)
The Bode plot of Ujoj) is shown in Fig. 8-44 for K = 1. The following results on the system stability
are obtained
Gain-crossover frequency = lrad/sec

Phase margin — —78°
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Gain crossover | | ||

dB/decade -
-i0 dB/decade
-20 dB/decade
A dBldecade
5 10 258 40 100 200
Ui (rad/sec)
I -180
-0
10 258 40
< (radisec)

100g(. + 5)(* + 40
Figure 8-44 Bode plot of z,(5) = 9( X )
i3(i +100)(j + 200)"

There are two phase crossovers: one at 25.8 rad/sec and the other at 77.7 rad/sec. The phasi
characteristics between these two frequencies indicate that, if the gain crossover lies in this range, il
system would be stable. From the magnitude curve, the range of ATfor stable operation is found tob
between 69 and 85.5 dB. For values of K above and below this range, the phase of IX jtf) is less iha
-180°, and the system is unstable. This example serves as a good example of the relation betweei
relative stability and ihe slope of the magnitude curve at the gain crossover. As observed from Fig
8-44. atboth very low and very high frequencies, the slope ofthe magnitude curve is -6 0 dB/decade
if the gain crossover falls in either one of these two regions, the phase margin is negative, and thi
system is unstable. In the two sections of the magnitude curve that have a slope of -4 0 dB/decade, thi
system is stable only if the gain crossover falls in about half of these regions, but even then the phaa
margin is small. Ifthe gain crossover falls in the region in which the magnitude curve has a slope 0
-20 dB/decade, the system is stable.

Fig. 8-45 shows the Nyquist plot of L{jio). It is of interest to compare the results on siabil
derived from the Bode plot and the Nyquist plot. The rooi-locus diagram of the system is shown ii
Fig. 8-46, The root loci give a clear picture on the stability condition of ihe system with respectto A
The number of crossings of the root loci on they~axis of the 5-plane equals the number of crossing
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Figure 8-45 Nyquist plot of
. 100A:(5 + 5)(5 + 40)
$'(s+100)(s + 200)"

100/:(5 + 5)(i + 40)

Figure 8-46 Root loci of G(i) =
s (s+ 100)(s + 200)"
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of the phase curve of L{j(j}) of the -180° axis of ihe Bode plot and the number of crossings of u
Nyquistplot 0TU jcir) with the negative real axis. The reader should check the gain margins obtain*
from the Bode plotand the coordinates ofthe crossover points on ihe negative real axis of the Nyqui
plot with the values of K at the yoj-axis crossings on the root loci.

8-13 STABILITY ANALYSIS WITH THE MAGNITUDE-PHASE PLOT

The magnitude-phase plot described in Chapter 2 is another form of the frequenc)
domain plot that has certain advantages for analysis and design in the frequenc
domain. The magnitude-phase plotofatransfer function Ujoj) is done in |L(iw)|(dB
versus LL{io)) (degrees). The magnitude-phase plot of the transfer function i
Eq. (8-98) is constructedin Fig. 8-47 by use of the data from the Bode plot 0
Fig. 8-42. The gain and phase crossovers and the gain and phase margins are clear)
indicated on the magnitude-phase plot of L{jio)

+ The critical point is the intersect of the 0-dB-axis and the -180 °-axis.
« The phase crossover is where the locus intersects the —180°-axis.
-225 -180 -135

Phase (deg)

10
Figure 8-47 Gain-phase plot of i,(s) =
o ’ ’ © j(1 +0.20)(1 +0.025)"
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The gain crossover is where the locus intersects the 0-dB-axis.

The gain margin is the vertical distance in dB measured from the phase crossover to

the critical point.

The phase margin is the horizontal distance measured in degrees from the gain

crossover to the critical point.

The regions in which the gain and phase crossovers should be located for stability are
also indicated. Because the vertical axis for \L{ja>)\ is in dB. when the loop gain ofLijo})
changes, the locus is simply shifted up and down along the vertical axis. Similarly, when a
constant phase is added to Ujai), the locus is shifted horizontally withoutdistortion to the
curve. If IXjco) contains apure time delay Td, the effectof the time delay is to add a phase
equal to -coTd X 180°/tt along the curve

Another advantage of using the magnitude-phase plot is that, for unity-feedback
systems, closed-loop system parameters such as Mr, @, and BW can all be determined
from the plot witii the help of the constant-M loci. These closed-loop performance
parameters are not represented on the Bode plot of the forward-path transfer function

of a unity-feedback system.

ONSTANT-/W LOCI IN THE MAGNITUDE-PHASE PLANE: THE NICHOLS CHART

It was pointed out earlier that, analytically, the resonant peak Mr and bandwidth BW are
difficult to obtain for high-order systems, and the Bode plot provides information on the
closed-loop system only in the fonn of gain margin and phase margin. It is necessary to
develop a graphical method for the determination of Mr, (Or, and BW using the forward-
path transfer function Gijco). As we shall see in the following development, the method is
directly applicable only to unity-feedback systems, although with some m odification it can
also be applied to nonunity-feedback systems.

Consider iat G(s) is the forward-path transfer function of a unity-feedback system.

The closed-loop ttansfer function is
MW = A ,8-104,
For sinusoidal steady state, we replace s with jco\ G(s) becomes

G{yt6) = ReGf{jo}) + jIm G{j(o)

=X+ jy

where, for simplicity, X denotes ReG(_/(u) and y denotes imGijo)). The magnitude of the
closed-loop transfer function is written

(8-106)

For simplicity of notation, let M denote \M{j(jj)\: then Eq. (8-106) leads 10
MA{1 +xf+yn = (8-107)
Squaring both sides of Eq. (8-107) gives

MAT(\+xY +§izrtyn (8-108)
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(8-108) yields
(8-109;

Rearranging Eq
-2M\ =

@- +(1-

This equation is conditioned by dividing through by (I —M*) and adding the term

[AIN(L - on both sides. We have
2 2m2 I oanz y \
(8-110)

which is finally sim plified to

For a given value of M, Eq. (8-111) represents a circle with the center at
(8-112)

x= KGlicd) = y=0

The radius of the circle is
(8-113)

When M takes on different values, Eq. (8-111) describes in the C(ya:)-plane afamily of
circles thatare called the constant-M loci, orthe constant-M circles. Fig. 8-48 illusuates a

typical set of constant-ivf circles in the G(J(y)-plane. These circles are symmetrical with

Figure 8-48 Constanl-M circles in polar coordinates.



8-14 Constant-MLoci in the Magnitude-Phase Plane; The Nichols Chart ' 465

respect to the iW = 1 line and the real axis. The circles to the left of the w = 1 locus
couespond to values ofM greaterthan 1, and those to the rightofthe M = 1line are for M
less than 1. Eqs. (8-111) and (8-112) show that, when M becomes infinite, the circle
degenerates to apointat (-1.yO ). Graphically, the intersection of the curve and the
constant-Aicircle gives the value of M atthe corresponding frequency on the G (jio) curve.
If we warn to keep the value of Mr less than a certain value, the G{jct¥) curve must not
intersect the coresponding M circle atany point and atthe same time must notenclose the
(-1,/0) point. The constant-M circle with the smallestradius that is tangent to the G{j<o)
curve gives the value ofM, and the resonantfrequency O)ris read o ff atthe tangentpointon
the G(ju)) curve

Fig. 8-49(a) illustrates the Nyquisl plot of G(ju}) for a unity-feedback control system
together with several constant-M loci. Fora given loop gainAT= ATi, the intersects between
the G(jo)) curve and the constant-M loci give the points on the |A/(ya»)|-versus-ii> curve
The resonant peak Mr is found by locating the smallest circle that is tangent to the G{joj)

Figure 8-49 (a) Polar plots of C(5) and iant-M loci, (b) Corr ing magnification curves.
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« When the system is
unstable, the constant-W
loci and Mr no longer have
any meaning-

« BW s the frequency
where the G(/a>) curve
intersects the Al = -3 dB
locus of the Nichols chart.

curve. The resonant frequency is found atthe point oftangency and is designated as 0),
the loop gain is increased to K2, and if the system is still stable, a constant-W circle wi
smaller radius thatcorresponds to a larger M is found tangent to the G{J(0) curve, and t
the re&onantpeak will be larger. The resonantfrequency is shown to be Uyrzyw hich is clc
to the phase-crossover frequency cOpthan (Orl. W hen K is increased to Kj, so thatthe a
curve now passes through the (—1,yO) point, the system is marginally stable, and M
infinite; (Opiis now the same as the resonant frequency (Or

W hen enough points of intersection between the Gijo)) curve and the constant-A/ loci
obtained, the magnification curves o f [M(_/'a;)|-versus-cu are plotted, as shown in Fig. 8-49i

The bandwidth ofthe closed-loop system is found at the intersect o f the G{j(0) cu
and the M = 0.707 locus. For values of K beyond Ki, the system is unstable, and
constant-A/ loci and Mr no longer have any meaning

A majordisadvantage in working in the polar coordinates ofthe NyquistplotofG(
is that the curve no longer retains its original shape when a simple modification such as
change of the loop gain is made to the system. Frequently, in design situations, not O
must the loop gain be altered, but a series controller may have to be added to the syste
This requires the complete reconstruction of the Nyquist plot of the modified Gija}). ]
design work involving Mrand BW as specifications, itis more convenientto work with
magnitude-phase plot of G ijo)\ because when the loop gain is altered, trie entire G(j
curve is shifted up or down vertically without distortion. When the phase properties
G{jw) are changed independently, without affecting the gain, the magnitude-phase plo
affected only in the horizontal direction.

Forthatreason, the constant-Ai loci in the polar coordinates are plotted in magnitu<
phase coordinates, and the resulting loci are called the Nichols chart. A typical Nich
chartofselected constant-Ailoci is shown in Fig. 8-50. Once the G{j(i)) curve o f the systi
is constructed in the Nichols chart, the intersects between the constant-Ailoci and the

(jco) trajectory give the value o fM atthe covesponding frequencies o f G{j(0). The reson;

Figure 8-50 Nichols chan
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peak Mris found by locating the smallesto fthe constant-A/locus (M > 1)thatis tangentto
the Gijoi) curve from above. The resonantfrequency is the frequency of G {jw) atthe point
oftangency. The bandwidth ofthe closed-loop system is thefrequency at which the G (jiu)
curve intersects the M = 0.707 or M = -3 dB locus.

The following example illustrates the relationship among the analysis methods using

the Bode plot and the Nichols chart

Consider the position-conool system of the control surfaces of the airship analyzed in Section 5-8.
The forward-path transfer function of the unity-feedback system is given by Eq. (5-153). and is
repeated here:
15 X 100
W = ,(»+ m26)(!, + 3008)

The Bode plots for G(;<o) are shown in Fig. 8-51 for AT= 7.248,14.5, 181.2, and 271.51. The gain
and phase margins of the closed-loop system for these values of K are determined and shown on

-120 -—-PM = 64.25°

-150

S PM =778
i -180 "
PM

N

-210

-240

-270
10 100
(> (rad/sec)

Figure 851 Bode diagrams of the system in Example 8-14-1.
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Phase (deg)

Figure 8-52 Gain-phase plots and Nichols chan of the sysiem in Example 8-14-1.

Ihe Bode plols. The magniiude-phase plob of C(joj) corresponding to the Bode plots are shown
in Fig. 8-52. These magnitude-phase plots, logelher with the Nichols chart, give information on
the resonant peak M. resonant frequency (Uf. and ihe bandwidth BW. The gain and phase margins
are also clearly marked on the magnitude-phase plots. Fig. 8-53 shows ihe closed-ioop
frequency responses. Table 8-2 summarizes the results of the frequency-domain analysis for
the four different values of K together with the time-domain maximum overshoots determined in
Section 5-8.
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10 100 1000
(1>(rad/sec)
Figure 8-53 Closed-loop frequency response of the system in Example 8-14-1.

TABLE 8-2 Summary of Frequency-Domain Analysis

Maximum Gain Phase
K OvershooK %) Al (rad/sec) Margin (dB) Margin (deg)
7.25 0 1.0 1.0 31.57 75.9
145 4.3 1.0 43.33 5.55 64.25
181.2 15.2 7.6 900.00 361 7.78
273.57 1000 oc 1000.00 0 0

ICHOLS CHART APPLIED TO NONUNITY-FEEDBACK SYSTEMS

BW
(rad/sec)
119.0
2705
1402.0
1661.5

The constant-W loci and trie Nichols chart presented in the preceding sections are limited to

closed-loop systems with unity feedback whose tfansfer function is given by Eq. (8-104). When

a system has nonunity feedback, the closed-loop transfer function of the system is expressed as

G (i)

M) = LG s)H(s)

(8-115)

where H(s) 4 I. The constant-A/ loci and the Nichols chart cannot be applied directly lo

obtain the closed-loop frequency response by plotting G{jo))H{jirj). since the numerator of

M{s) does not contain Hijoj).

By proper modification, the constant-M loci and Nichols chart can still be applied to a

nonunity-feedback system. Let us consider the function

Gs)H{s)
1+ G{s)H{s)

P[5: W{s)M(.) =

(8-116)
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Apparently, Eq. (8-116) is of the same form as Eq. (8-104). The frequency response 0
P{ju>) can be determined by plotting the function G{j(0)H{jw) in the amplitude-phaa
coordinates along with the Nichols chart. Once this is done, the frequency-responsi
information for is obtained as follows.

(8-117

or, in terms of dB,
\M{jco)\{dB) = \P{jo>)\[dB) - \H{jio)\{dB) {8-118;
S - Nija)) (8-119;

8-16 SENSITIVITY STUDIES IN THE FREQUENCY DOMAIN

« Sensitivity Mudy is easily The advantage of using the frequency domain in linear control systems is that higher-ordei
curried out in ihc Ircqucncy systems can be handled more easily (ian in the time domain. Fulthennore, the sensitivity ol
the system with respectto parameter variations can be easily interpreted using frequency-
domain plots. We shall show how the Nyquistplot and the Nichols chartcan be udlized foi

the analysis and design of control systems based on sensitivity considerations
Considera linear control system with unity feedback described by the transfer function

(8-120,

The sensitivity of M(s) with respect to the loop gain K, which is a multiplying factor in
G (i). is defined as

dM{s)

on _ M{s) dM{s) G{s) 6121

)= 46ls) *deis) M{s) (8-121)
G{s)

Taking the derivative of M{s) with respect to G{s) and substituting the result into
Eq. (8-121) and simplifying, we have
1 /G M

= (8-122)
1+6G{i) 1+ 1/G(i)

Figure 8-54 \M{jco)\ 030 1"coa» i\

and|sA(>0) versuswfor

. 2500 1
5(j + 5)(s + 2500)'
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Clearly, the sensitivity function 54(s) is a function of the complex variable s. Fig. 8-54
shows the magnitude plot ofS~(s) when G (i) is the vansfer function given in Eq. (8-98).
It is interesting to note that the sensitivity of the closed-loop system is inferior at
frequencies greater than 4.8 rad/sec to the open-loop system whose sensitivity to the
variation of~ is always unity. In general, it is desirable to formulate a design criterion on

sensitivity in the following manner

(8-123)

where A is a positive real number. This sensitivity criterion is in addition to the regular
performance criteria on the steady-state error and the relative stability.

Eq. (8-123) is analogous to the magnitude of the closed-loop transfer function,
\M{j(i))\, given in Eq. (8-106), with G(yiv) replaced by i/Gijoj). Thus, the sensitivity
function of Eq. (8-123) can be determined by plotting 1IGUtl) in (ie magnitude-phase
coordinates with the Nichols chart. Fig. 8-55 shows the magnitude-phase plots of G{jco)
and 1iG (joi) ofEq. (8-98). Notice that G{j(0) is tangent to the M = 1.8 locus from below,

0
t
!
!
11
* Gfja»
1 \ / 1 !
i > !
\ P
!
XI/W = 18
\ !
0 iy
A= 1.0— 71
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which means that MrOTthe closed-loop system is 1.8. The \/G {j(0) curve is tangentto th
M = 2.2 curve from above and, according to Fig. 8-54, is the maximum value of

Eq. (8-123) shows that, for low sensitivity, the loop gain o f G{ji}) mustbe high, buti
is known that, in general, high gain could cause instability. Thus, the designer is agaii
challenged by the task o f designing a system with both a high degree of stability and lo\
sensitivity.

The design of robust control systems (low sensitivity) with the frequency-domaii

methods is discussed in Chapter 9.

8-17 MATLAB TOOLS AND CASE STUDIES

8-18 SUMMARY

Apart from the MATLAB toolboxes in this chapter, this chapter does not contain an]
software. In Chapter9 we will introduce the Automatic Conuol Systems MATLAB tcxils
The Automatic Control Systems software (ACSYS) consists of a number of m-files an(
GUIs (graphical user interface) for the analysis of simple control engineering @ansie:
functions. All the frequency response topics may also be solved utilizing ACSYS.

The chapter began by describing typical relationships between the open-loop and closed-loo]
frequency responses of linear systems. Performance specifications such as the resonance peak M,
resonant frequency  and bandwidth BW were defined in the frequency domain. The relationship!
among these parameters of a second-order prototype system were derived analytically. The effects 0t
adding simple poles and zeros to the loop transfer function on M, and BW were discussed.

The Nyquist criterion for stability analysis of linear control systems was developed- The stabilit)
ofasingle-loop conuol system can be investigated by studying the behavior ofthe Nyquist plot of I(
loop transfer function G(s)H(s) forw = 0tow = 00 with respect lo the critical point, U G{s)H(s) isi
minimum-phase transfer function, the condition of stability is simplified so that the Nyquist plot wil
not enclose the critical point.

The relationship between the root loci and the Nyquist plot was described in Section 8-7. The
discussion should add more perspective to the understanding of both subjects

Relative stability was defined in terms of gain margin and phase margin. These quantities wen
defined in the polar coordinates as well as on the Bode diagram. The gain-phase plot allows thi
Nichols chan to be constructed for closed-loop analysis. The values of Mr and BW can be easil)
found by plotting the G(jco) locus on the Nichols chart.

The stability of systems with pure lime delay is analyzed by use of ihe Bode plot.

Sensitivity function Sq(ici) was defined as a measure of the variation of  Jiu)due to variation:
in G(ja>). Il was shown Ihal the frequency-response plots of G{ju}) and 1/C (joj) can be readily usee
for sensitivity studies.

Finally, using Ihe MATLAB toolboxes developed in this chapter or the ACSYS software
described in detail in Chapter 9. the reader may practice all the concepts discussed here.

REVIEW QUESTIONS

1. Explain why it is important to conduct frequency-domain analyses of linear conuol systems
2. Define resonance peak Mr of a closed-loop control system.

3. Define bandwidth BW of a closed-loop system.

4. List the advantages and disadvantages of studying stability with the Nyquist plot.

5. Listihe advantages and disadvantages of carrying out frequency-dom ain analysis with the Bod<
plot.
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6. List the advantages and disadvantages of canying out frequency-domain analysis with the
magnitude-phase plot.

7. The following quantities are defined:
z = number of zeros of L(s) that are in Ihe right-half i-plane
p = number of poles of L(j) that are in the right-half 5-plane
Pa, = number of poles of Us) that are on the Jio-axis

Give the conditions on these parameters for the system to be (a) open-loop stable and (b) closed-
loop stable

8. Whatcondition mustbe satisfied by the function Ujo}) so that the Nyquist criterion is sim plified
to investigating whether the (-1, jO) poinl is enclosed by the Nyquist plot?

9. Give all the properties of a minimum-phase tfansfer function.
10. Give the definitions of gain margin and phase margin.

11. By applying a sinusoidal signal of frequency QIOto a linear system, the steady-state

output of the system will also be of the same frequency. m ®
12. Fora prototype second-order system, the value of Mr depends solely on Uie

damping ratio 1. m "
13. Adding a zero to Gie loop transfer function will always increase the bandwidth

of the closed-loop system. m @
14.  The general effect of adding a pole to the loop vansfer functionis
closed-loop system less stable while decreasing Grie bandwidth M ®

15. Fora minimum-phase loop transfer function Ujto), if Ihe phase margin is

negative, then the closed-loop system is always unstable. m ®
16. Phase-crossover frequency is the frequency at which the phase of L(ju}) is 0°. m )
17. Gain-crossover frequency is the frequency at which the gain of Hjoj) is 0 dB. M ¢
18. Gain margin is measured at the phase-crossover frequency. m "
19. Phase margin is measured at the gain-crossover frequency. [ONG]
2«. A closed-loop system with a pure time delay in the loop is usually

than one without a time delay. m "
21. The slope of the magnitude curve of the Bode plol of Ujoj) at the gain crossover

usually gives indication on the relative stability of the closed-loop system. m
22. Nichols chart can be used to find BW and Mr information of a closed-loop M

23. Bode plot can be used for stability analysis for minimum- as well as

nonminimum-phase ransier functions [OG]
Answers to these review questions can be found on this book’s companion Web site:
www.wiley.com/college/goinaraghi.
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Sensiiivitv Function

PROBLEMS

6. A. Gelb,"Graphical of the Function Using rie Nichols Chart.” IRE Trans. Automau

Conlrol. Vol. AC-7, pp. 57-58. July 1962

8-1. The forward-path transfer funclion of a unity-feedback convol system is

7(7+614)
Analytically, find the resonance peak Mr, resonant frequency &), and bandwidth BW of the closed
loop system for the following values of K:

(@) K =5
(b) it = 21.39
(c) 100

Use the formulas for the second-order prototype system given in the text.
8-2. Use MATLAB to verify your answer to Problem |

8-3. The transfer function of a system is

G{s) = -

Determine when the system is a lead-network and lag-network

8-4. Use MATLAB to solve the following problems. Do not anempt to obtain the solution;
analytically. The forward-path transfer functions of unity-feedback control systems are given in thi
following equations. Find the resonance peak Mr. resonant frequency o>, and bandwidth BW of thi
closed-loop systems, (Reminder: Make certain that the system is stable.)

10
@ Cis) = i(1 +0.55)(1 +0.1i) ) & = (1 +0.,55)(1 +0.1j)
500 00+ 1)
G() =
@0 Gy 12+ 46+ 10} @E® i+ 2)(is 10
©ow=--_°° n o= 0%
T sG2+ 5+ 1) 0 66GY= §524 10+ 50)
10(5+ 5)
R (Gl =
i(s2+i05+100) (2 + 5+ 5)

8-5. The specifications on a second-order unity-feedback control system with the closed-loof

transfer funclion

figi)

+ 2led,s + coi

are that Ihe maximum overshoot musi not exceed 10% and the rise time must be less than 0.1 sec
Find the corresponding limiting values of Mr and BW analytically.

8-6. Repeat Problem 8-5 for maximum overshoot < 20% and tr < 0.2 sec.

8-7. Repeat Problem 8-5 for maximum overshoot < 30% and Ir < 0.2 sec.

8-8. Consider the forward-path transfer function of a unity-feedback conuol system given by

0.5K

1(0,25j2+ 0.3751 + 1)

(a) Analytically find K such that the closed-ioop bandwidth is about 1.5 rad/s (0.24 Hz).

(b) Use MATLAB to verify your answer to pan (a).
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8-9. Repeal Problem 8-8 with a resonance peak of 2.2.
8-10. The closed-loop frequency response |A/(;0j)|-versus-frequency of a second-order prototype

system is shown in Fig 8P-10. Sketch the couesponding unit-step response of the system; indicate the
values of the maximum overshoot, peak time, and the steady-state error due to a unit-step input.

Figure 8P-10

8-11. The forward-path transfer function of a system with an integral control H{s) = — is

. ‘W =107”
(a) Find K when the closed-loop resonance peak is 1.4
(b) Determine the frequency at resonance, overshoot for step input, phase margin, and closed-loop
BW according to the result of part (a).

8+12. The forward-pach transfer function of a unity-feedback conuol system is

1+ Ti

Use MATLAB to find the values of Bw and Mr of the closed-loop system for T = 0.05. 1, 2, 3,
4, and 5.

8-13. The forward-path transfer function of a unity-feedback control system is

2i(sh + i+ 1)(1+ 79

Use MATLAB to find the values of BW and Mr of the closed-loop system for T —0, 0.5, 1,2, 3, 4,
and 5. Use MATLAB to find the solutions.

8-14. If a loop transfer function of a system is given by

0.5A-

G(s)H{s) =
0.25s" + 0315s"-+s + Q.5k
(a) Use the second-order approximation to find the BW and the damping ratio,
(b) If BW = 15rad/s, find K and the damping ratio.
(c) Use MATLAB to verify your answer 10 part (b).
8-15. The loop transfer functions L{s) of single-feedback-loop systems are given below. Sketch the
Nyquist plot of L(jco) forcy = 0to &= DC. Determine the stability of the closed-loop system. If the
system is unstable, find the number of poles of the closed-loop transfer function that are in the right-
half .v-plane. Solve for the intersect of U icu) on the negative real axis of the u y'w)-plane analytically.
You may construct the Nyquist plot of Lijai) using MATLAB.
@ 1) = 50 L 0.n)(l +0.50) DL = 5 voutiy(r +0.50)
100(1+5)

@ US) = o1e)i +0.21)a +0.59) SYL +0.2i)(1 +0.55)
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_ irvi 10 (T+ 10)
VL5 6 v 12 + 2) ® wer> - os(s+ 1)(s+ 100)
8-16. The loop transfer functions of single-feedback-loop conuol systems are given in the followin
equations. Apply the Nyquist criterion and determine the values of K for the system to be stabli
Sketch Ihe Nyquist plotofL(jiti) with K = 1forw= 0to <u= 00.You may usea computer prograi
to plot the Nyquist plots.

(a) L{s) = K' — A(r+1)
i(i+2)(i+10) S+ 2)(i+ 5)(s+15)
d) L[s) = 5
tj2(s+ 2)(j+10) @ Lis) (51 5) 5+ 2
K{s+ i){s+i)
® L{s) = { A

(i+ 50)(s + 2)°

8-17. The forward-path vansier funcdon of a unity-feedback control system is

Determine by means of the Nyquist criterion, the range of K{-00<K <o00) for the closed-loo|
system to be stable. Sketch the Nyquist plot of Gijai) for a»= 0 to U= 0O,

(@ n=2
(b) «= 3
(c)yn=4

8-18. Sketch the Nyquist plot for Gie conuolled system shown in Fig. 8P-18.

K
X ——w 2542
1
J+ 1
Figure 8P-18

Determine by means of the Nyquisi criterion, the range of a:(-00 < a:< 00) for the closed-loop

system to be stable

8-19. The characteristic equation of a linear conwol system is given in the following equation.
S{sh +250 + S+1) + K{s" + S+ 1) =0

(a) Apply the Nyquist criterion to determine the values of K for system stability,

(b) Check the answers by means of the Rouih-Hunvitz criterion

8-20. Repeat Problem 8-19 for 58+  + 3j+ 1+ A'=

8-21. The forward-path transfer function of a unity-feedback control system with a PD
(proportional-derivative) controller is

Select the value of Kp so that the parabolic-error constant Ka is 100. Find the equivalent forward-
path transfer function Geois) for a; = 0 to [0 = oo. Determine irie range of Ko for stabiUty by the
Nyquist criterion.

8-22. The block diagram of a feedback control system is shown in Fig. 8P-22.

(a) Apply the Nyquist criterion to determine the range of K for stability.

(b) Check the answer obtained in part (a) with the Routh-Hurwitz criterion
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Figure 8P-22

8-23. The forward-path vansier function of the liquid-level control system in Problem 5-42 is
= KK riK,N

s{R.Js + K,Ki)iAs + K,)
The following system parameters are given: Ka = 50, K, = \&t, Ki = 50, J = 0,006, Kb = 0.0706,
n=0.01, and Ra= 10. The values of A, N, and Kg are variable.
(a) ForA = 50 and = 100, sketch the Nyquistplot of G{ju)) foriti= 0 to oo with N as a variable
parameter. Find the maximum integer value of N so Ihat the closed-loop system is stable.
(b) LetN= l0andATo = 100. Sketch the Nyquist plotofan equivalent vansfer function CegiJu}) that
has /4 as a multiplying factor. Find the critical value of K, for stability.
(c) ForA =50and A/= 10. sketch the Nyquist plot of an equivalent transfer function G eAjo)) that
has  as a multiplying factor. Find die critical value of A:, for stability.
8-24. The block diagram ofa dc-motor control system is shown in Fig. 8P-24. Determine the range
of K for stability using the Nyquist criterion when K, has the following values;
(a) K.=Q
(b) K, = 0.01
(c) K,=0.i

Figure 8P-24

8-25. For the system shown in Fig. 8P-24. let K = 10. Find the range of K, for stability with the
Nyaquist criterion.

8-26. Fig. 8P-26 shows the block diagram of a servomotor.

Figure 8P-26
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Assume J = 1kg-m” and B = 1 N-m/rad/sec. Deiermine the range of K for stability using (
Nyquisi criterion when ii/has the following values:

(a) If/ =0
(b) AT/= 01
(c) ~1=0.2

8-27. Forthe system shown in Fig. 8P-26. let K = 10. Find the range of Kf for stability with tl
Nyquist criterion.

8-28. For the conuolled system shown in Fig. 8P-28, draw the Nyquist plot and apply the Nyqui:
criterion to determine the range of K for stability and determine the number of roots in tie right-hi
5-plane for Ihe values of K where the system is unstable.

Figure 8P-28

8-29. The steel-rolling conuol system shown in Fig. 4P-18 has the forward-paih wansfer fiinctioi

CM= 24 100+ 100)
(2) When A"= 1, determine uie maximum time delay Td in seconds for the closed-loop system It
be stable.

(b) When the time delay Td is 1 sec, find the maximum value of K for system stability.

8-30. Repeal Problem 8-29 with the following conditions

(2) When a: = 0-1, determine the maximum time delay Td in seconds for the closed-loop sysieir
to be stable.

(b) When the time delay Tdis 0.1 sec. find the maximum value of K for system stability.

8-31. The open-loop transfer function of a system is given by

G{s)H{s)

Study the stability of the system for the following;
(@) K is small.

(b) K is large.

8-32. The sysiem schematic shown in Fig. 8P-32 is devised to control ihe concentration of a
chemical solution by mixing water and concentrated solution in appropriate proponions. The
transfer function of ihe system components between the amplifier output (V) and the valve
position X (in.) is

vy . K
EM +101+100

W hen the sensor is viewing pure water, the amplifier output voltage e, is zero; when it is viewini
concentrated solution, eu = 10V and 0.1 in. of the valve motion changes the output concentraiion
from zero to maximum. The valve ports can be assumed to be shaped so lhat Gie output
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concenuation varies linearly with the valve position. The output tube has a CTOSS-Sectional area of
0.1 inA and the rate of flow is 10% in./sec regardless of the valve position. To make sure the sensor
views a homogeneous solution, it is destrable to place it at some distance D in. from the valve.

Figure 8P-32

(a) Derive the loop transfer function of the system.
(b) When K — 10, find the maximum distance D (in.) so that the system is stable. Use the Nyquist
stability criterion

(c) Let D = 10 in. Find the maximum value of K for system stability.

8-33. Forthe mixing system described in Problem 8-32. the following system parameters are given:
When the sensor is viewing pure water, the amplifier output voltage ej = OV; when it is viewing
concentrated solution, fa = 1V; and 0.1 in. of the valve motion changes the output concenuation
from zero to maximum. The rest of die system characteristics are the same as in Problem 8-32.

Repeat the three parts of Problem 8-32.

8-34. Figure 8P-34 shows the block diagram of a control system.

T+2
N+ 2 +2

Figure 8P-34

(a) Draw the Nyquist plot and apply the Nyquist criterion to determine the range of K for stability.
(b) Determine ¢ie number of roots in the right-half j-plane for the values of K where the system is
unstable.
(c) Use Routh’s criterion to determine the range of K for stability.
8-35. The forward-path transfer function of a unity-feedback control system is
10

S(s”+ 1051 + 600)

(a) Find the values of  iOr,and BW of the closed-loop system.

(b) Find the parameters of the second-order system with the open-loop transfer function

CAS) = i + 2fcy,)
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that will give Ihe same values for Mrand cor as the wird-order system. Compare the values of BW 0
the two systems.

8-36. Sketch orplotthe Bode diagrams of the forward-path vansier functions given in Problem 8-4
Find the gain margin, gain-crossover frequency, phase margin, and trie phase-crossover frequency fo
each system.

8-37. The loop vansfer function of a system is given by

Use MATLAB to plot the Bode diagrams of the system and find the phase margin and gain maijir
of the system.

8-38. Use MATLAB to plol the Bode diagrams of the system shown in Fig. 8P-34 when/l = lLanc
determine the stable range of K by using phase margin and gain margin

8-39. The forward-path transfer functions of unity-feedback conuol systems are given in the
following equations. Plot the Bode diagram of G (yco)/4:, and do the following: (1) Find ie value of A
so thac the gain margin of the system is 20 dB. (2) Find Uie value of K so that ihe phase margin of Ihe
system is 45°.

“ sl +0.1s)(1 +0.5i) " s(1+0.15)(1 +0.25)(1 +0.55)

“ s(1+0.u + 0.01s2) ® Syt ee 1)

8-40. The forward-path transfer functions of unity-feedback control systems are given in the
following equations. Plot G {jo))/K in the gain-phase coordinates of the Nichols chart, and do the
following: (1) Find the value of K so that the gain margin of ihe system is 10 dB. (2) Find the value of
K so thal the phase margin of the system is 45°. (3) Find the value of K so that Mr = 1.2

@ cw = ®) + 0 1)(] +0.2§)(1 +0.5])
S ITOTTTOST?)

8-41. The forward-path of a unity-feedback system is given by

ax(s + i)(i +2)
j2( + 3)(j2 +25 + 25)

G{s)H(s) =

(a) Plot the Bode diagram.

(b) Plot the root locus.

(c) Find (he gain and frequency where instability occurs

(d) Find the gain ai the phase margin of 20°.

(e) Find the gain margin when the phase margin is 20®.

8-42. The Bode diagram of the forward-path transfer function of a unity-feedback conuol

system is obtained experimentally (as shown in Fig. 8P-42) when the forward gain K is set atits
nominal value.

(a) Find the gain and phase margins of the system from the diagram as best you can read viem. Find
the gain- and phase-crossover frequencies.

(b) Repeat part (a) if the gain is doubled from its nominal value,
(c) Repeat pan (a) ir the gain is 10 times its nominal value.
(d) Find oul how much the gain musi be changed from its nominalvalue if the gain margin is 40 dB-

(e) Find out how much the loop gain musi be changed from itsnominal value if vie phase margin
is 4.V,
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(f) Find the steady-state enror ofthe system if the refereoce inputto the system is a unit-step function
(g) The forward path now hasa pure time delay of Tdsec, so thatthe forward-path ttansfer function is
multiplied by Find the gain margin and the phase margin for Trf = 0.1 sec. The gain is set at
nominal.

(h) WiUi the gain set at nominal, find the maximum time delay Td ¢ie system can lolerate without
going into instability.

Figure 8P-42

8-43. Repeat Problem 8-42 using Fig. 8P-42 for the following parts.
(a) Find the gain and phase margins if the gain is four times its nominal value. Find the gain- and
phase-crossover frequencies.

(b) Find outhow much the gain mustbe changed from its nominal value if the gain margin is 20 dB.
(c) Find the marginal value of the forward-path gain for system stability.

(d) Find outhow much the gain musl be changed from its nominal value if the phase margin is 60®.
(e) Find ihe steady-state error of the system if the reference input is a unit-step function and the gain
is twice its nominal value.

(f) Find the steady-state error of the system if the reference inputis a unit-step function and the gain
is 20 times its nominal value.
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(g) The system now has a pure time delay so that the forward-palh vansier function is multiplied by

Find the gain and phase margins when = 0.1 sec. The gain is set at its nominal value
(h) With the gain setat 10 times its nominal, find the maximum time delay  the system can tolerate
without going inlo instability.

8-44. The forward-paih vansfer function of a unity-feedback conuol system is

(a) Draw the Nyquisl plot of the system,
(b) Plot Ihe Bode diagram of the system.
(c) Find the phase margin and gain margin of the system.
8-45. The forward-path transfer function of a unity-feedback conuol system is
g(1+0.25)(1+Q.U)
1AL +5)(1+0.010)7
(a) Consuuct the Bode and Nyquist plots of G{icu)IK and determine the range of K for system
stability.
(b) Construct the root loci of the system for K >G. Determine (he values of ATand to at the points
where the root loci cross the yoi-axis. using the informaiion found from the Bode plot.

8-46. Repeat Problem 8-45 for the following transfer function:

A Lir(i+1.5)(5 + 2)
SHsA + 25 + 2)

8-47. Repeat Problem 8-45 for the following transfer function:

16000(5+ I)(:; + 5)
ws+ 0.1}(5+ 8)(j + 20)(i + 50)

8-48. The forward-path transfer function of the dc-motor control system described in Fig. 3P-11is

~ 6.087 x 10« a:
S(s" + 423.42)- + 2.6667 X 105 + 4.2342 X 108)
Plot the Bode diagram of Gij(w) with K = \. and determinethe gain margin and phase margin of the

system. Find the critical value of K for stability.

8-49. The transfer function between the output position and the motor current la{s) of the
robot arm modeled in Fig. 4P-53 is
" 0i(j)  K.(Bs +K)
where
AL() = s3I+ + B) + J,{B1 + Biis"
+ + [B1+ (Tm +72.)M.v + IC(fiL + 6mj}

The arm is controlled by a closed-loop system, asshownin Fig. 8P-49- The system parameters are

K, = 65,/r = 100, A, =0.4.5 = 0.2.J 0.2.B1 =0.01.J1 = 0.6.and = 0.25.

R{s\ Eisi 6,(5)
Gpu)

I Amplifier Moior-roboi-arm

Figure 8P-49
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(a) Derive the forward-path ttansfer function G(5) = Qi(s)/E{s).
(b) Draw the Bode diagram of G (ju)). Find the gain and phase margins of the system.
(c) Draw \M{j<ii)\ versus a> where M{s) is the closed-loop transfer function. Find o), and BW.

8-50. Forthe ball-and-beam system described in Problem 4-11 and shown in Fig. 8P-50, assume the

following

m = 0.11kg mass of the ball /= 9-99 X 10"~kg-m~  ball’s moment of inenia
r=0.015 radius of the ball p bail position coordinate
d=003m lever arm offset a beam angle coordinate
g = 9.8m/s" gravitational acceleration (o] servo gear angle
L—10m length of the beam

If the system is convolled by a proportional controller in a unity-feedback control system,
(a) Find the transfer function from the gear angle (0) to the ball posicion (P).

(b) Find the closed-loop wansier function.

(c) Find the range of K for stability.

(d) Plot the Bode diagram for the system for Af= 1, and find the gain and phase margins of the
system.

(e) Draw \M(i(i)\ versus U), where M(s) is the closed-loop transfer function. Find (Or. and BW,
8-SI. The gain-phase plot of the forward-path transfer function of G{}Ct))/K of a unity-feedback
control system is shown in Fig. 8P-51. Find the following performance characteristics of the
system

(a) Gain-crossover frequency (rad/sec) when /T = 1.

ib) Phase-crossover frequency (rad/sec) when A = 1,

(c) Gain margin (dB) when A'= 1.

(d) Phase margin (deg) when A= I.

(e) Resonance peak Mr when K = \.

(f) Resonant frequency (Or (rad/sec) when AT= 1.

(g) BW of the closed-loop system when K = \.

(h) The value of K so that the gain margin is 20 dB.

(i) The value of K so that the system is marginally stable. Find the frequency of sustained oscillation
in rad/sec-

(j) Steady-slate error when the reference input is a unil-step function.
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-2700 -2475 -2250 -2025 -180.0 -157.5 -135.0 -1125 -90.0
Phase (deg)
Figure 8P-51

8-52. Repeat parts (a) through (g) of Problem 8-51 when AT= 10. Repeat part (h) forgain margins
40 dB.

8-53. For the system in Problem 8-44, plotthe Nichols chartand find magnitudes and phase angles
of the closed-loop frequency response. Then plot the Bode diagram of the closed-loop system.
8-54. Use ACSYS or MATLAB to analyze the frequency response of the following unity-feedback
control systems. Plot the Bode diagrams, polar plots, and gain-phase plots, and compute tie phase

margin, gain margin, and BW.
o 1+0.1s 0.5(5+1)
a) G(i) = =
@em s(s-h 1){1 +0.01i) ©) e {1 +0.2j)(1 +5 + 0.5j2)
in+l)
0 G(i) - d) G(j) -
( o i(140,2j)(1+0.55) @ ew si\+s){i+0.55)
50
_ (1 +0.15)e-
G(s) = _
© 6 s{s+ 1)(1 + 0.552) 0 Gl = +0.015)
107-6.11
(9) C(s)

8-55. For the gain-phase plot of G (ja>)/K shown in Fig. 8P-51, the system now has a pure time
delay of in the forward path, so that the forward-palh transfer function becomes
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(a) With K =1, find Tjso that the phase margin is 40°.

(b) With K find the maximum value of Td so that the system will remain stable.

8-56. Repeat Problem 8-55 with K = 10

8-57. Repeat Problem 8-55 so that the gain margin is 5 dB when a: = 1

8-58. The block diagram of a fumace-conuol system is shown in Fig. 8P-58. The transfer function

of Ihe process is

cli) =
(1 + 10i)(1 +25i)

The time delay Tdis 2 sec.

J £ )

Burner Furaace
f
Figure 8P-58

(a) Plot the Bode diagram of G{s) = Y(s)/E{s), and find the gain-crossover and phase-crossover
frequencies. Find the gain margin and the phase margin.
(b) Approximate the time delay by (Eq. (4-223)]
STs 1
\+TdS+Tds2/2
and repeat pan (a). Commenton the accuracy of the approximation. W hat is the n n frequency
below which the polynomial approximation is accurate?

(c) Repeat part (b) for approximating the time delay term by [Eq. (4-224)]

1+ Tjsi2

8-59. Repeal Problem 8-58 wiA Td = 1 sec.

8-60. Ploluie [5A{yiuv)l-versus-djplotforihesystemdescribedinProblem8-49for/r = I.Findthe
frequency at which the sensitivity is maximum and the value of the maximum sensitivity,

8-61. Fig. 8P-61 shows the pitch controller system for an aircraft, as described in Problem 4-12.
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If the system is controlled by a proportional controller in a unity-feedback conuol system,
(a) Find the transfer function between pitch angle and elevator deflection angle

(b) Find the closed-loop transfer function.

(c) Find the range of K for stability.

(d) Plot the Bode diagram for the system for = I, and find the gain and phase niargins of the
system.

(e) Draw \M{jo})\ versus a> where M{s) is the closed-loop transfer function. Find Mr, itr. and BW,



Design of Control Systems

9-1 INTRODUCTION

All the foundations of analysis that we have laid in the preceding chapters led to the
ultimate goal o fdesign ofcontrol systems. Starting with the controlled process such as that
shown by the block diagram in Fig. 9-1, control system design involves the following three

steps;
1. Determine what the system should do and how to do it (design specifications).

2. Determine the controller or compensator configuration, relative to how it is

connected to the controlled process.

3. Determine the parameter values of the conuoller to achieve the design goals.

These design tasks are explored further in the following sections.

9-1-1 Design Specifications

We often use design specifications to describe what the system should do and how it is
done. These specifications are unique to each individual application and often include
specifications about relative stability, steady-state accuracy (error), transient-response
characteristics, and frequency-response characteristics. Insome applications there may
be additional specifications on SeNSitivity to parameter variations, that is, robustness, or
disturbance rejection.

The design oflinear control systems can be earned outin eitherthe time domain or the
frequency domain. Forinstance, steady*state accuracy is often specified with respectto a
step input, aramp input, ora parabolic input, and the design to meet a certain requirement
is more conveniently carried out in the time domain. Other specifications such as
maximum overshoot, rise time, and settling time are all defined for a unit-slep input
and, therefore, are used specifically for time-domain design. We have learned that relative

stability is also measured in terms of gain margin, phase margin, and Mr. These are

typical frequency-domain sf>ecifications. which should be used in conjunction with such
tools as the Bode plot, polar plot, gain-phase plot, and Nichols chart

We have shown that, for a second-order prototype system, there are simple analytical
relationships between some of these time-domain and frequency-domain specifications.
However, for higher-order systems, correlations between time-domain and frequency-
domain specifications are difficult to establish. As pointed out earlier, the analysis and

u CONTROLLED (0
Control PROCESS GD  Controlled variables
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design of control systems is pretty much an exercise of selecting from several alternative
methods for solving the same problem.

Thus, the choice of whether the design should be conducted in the time domain or the
frequency domain depends often on the preference of the designer. We should be quick to
point out, however, that in most cases, time-domain specifications such as maximum
overshoot, rise time, and settling time are usually used as the final measure of system
performance. To an inexperienced designer, it is difficult to comprehend the physical
connection between frequency-domain specifications such as gain and phase margins and
resonance peak to actual system performance. For instance, does a gain margin of 20 dB
guarantee a maximum overshoot ofless than 10%? To a designer it makes more sense to
specify, for example, that the maximum overshoot should be less than 57c and a settling
time less than 0.01 sec. It is less obvious what, for example, a phase margin of 60° and an
Mroflessthan 1.1 may bring in system performance. The following outline will hopefully
clarify and explain the choices and reasons for using time-domain versus frequency-

domain specifications.

1. Historically, the design oflinear control systems was developed with a wealth of
graphical tools such as the Bode plot, Nyquist plot, gain-phase plot, and Nichols
chart, which are all carried out in the frequency domain. The advantage of these
tools is that they can all be sketched by following approximation meGiods without
detailed plotting. Therefore, the designer can carry out designs using frequency-
domain specifications such as gain margin, phase Margin, Mr, and the like.
High-order systems do not generally pose any particular problem. For certain
types of controllers, design procedures in the frequency domain are available to
reduce the trial-and-error effon to a minimum.

2. Design in the time domain using such performance specifications as rise time,
delay time, settling time, maximum overshoot, and the like is possible
analytically only for second-order systems or for systems that can be approxi-
mated by second-order systems. General design procedures using time-domain
specifications are difficult to establish for systems with an order higher than the
second.

The development and availability of high-powered and user-friendly computer soft-
ware, such as MATLAB, is rapidly changing the practice of control system design, which
until recently had been dictated by historical development. Now with MATLAB. the
designer can go through a large number of design runs using the time-domain specifica-
tions within a matter of minutes. This diminishes considerably the historical edge of the
frequency-domain design, which is based on the convenience of performing graphical
design manually

Throughout the chapter, we have incorporated small MATLAB toolboxes to help your
understanding of the exampies. and. at the end of the chapter, we present the Automatic
Control Systems software package (ACSYS)— it is easy to use and fully graphics based to
eliminate the user's need to write code.

Finally, it is generally difficult (except for an experienced designer) to select a
meaningful set of frequency-domain specifications that will corespond to the desired
time-domain performance requirements. For example, specifying a phase margin of 60
would be meaningless unless we know thatit cowesponds to a certain maximum overshoot
As it turns out. to control maximum overshoot, usually one has to specify at least phasi
margin and My. Eventually, establishing an intelligent set of frequency-domain specifica-

tions becomes a trial-and-error process that precedes the actual design, which often is alsoi
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Irial-and-ewor effort. However, frequency-domain methods are still valuable in inter-
preting noise rejection and sensitivity properties of the system, and, most imponant, they
offer another perspective to the design process. Therefore, in this chapter the design
techniques in the time domain and the frequency domain are treated side by side, so that the

methods can be easily compared

9-1-2 Controller Configurations

In general, the dynamics of a linear controlled process can be represented by the block
diagram shown in Fig. 9-1. The design objective is to have the controlled variables,
represented by the output vector y(0. behave in certain desirable ways. The problem
essentially involves the determination of the control signal u(0 over the prescribed time
interval so that the design objectives are all satisfied

Most of the conventional design methods in control systems rely on the so-called
fixed'Coniiguration design in that the designer at the outset decides the basic configura-
tion of the overall designed system and decides where the controller is to be positioned
relative to the controlled process. The problem then involves the design of the elements of
the controller. Because most control efforts involve the modification or compensation of
the system-performance characteristics, the general design using fixed configuration is also
called compensation

Fig. 9-2 illustrates several commonly used system configurations with controller

compensation. These are described briefly as follows.

Series (cascade) compensation: Fig. 9-2(a) shows the most commonly used
system configuration with the controller placed in series with the controlled
process, and the configuration is refeved to as series or cascade com pensation.

Feedback compensation: In Fig. 9-2(b), the controller is placed in the minor
feedback path, and the scheme is called feedback compensation.

State-feedback compensation: Fig. 9-2(c) shows a system that generates the
control signal by feeding back the state variables through constant real gains,
and the scheme is known as state feedback. The problem with state-feedback
control is that, for high-order systems, the large number of state variables involved
would require a large number of transducers to sense the state variables for
feedback. Thus, the actual implementation of the state-feedback control scheme
may be costly or impractical. Even for low-order systems, often not all the state
variables are directly accessible, and an observer or estimator may be necessary to
create the estimated state variables from measurements of the output variables

The compensation schemes shown in Figs. 9-2(a), (b), and (c) all have one degree of
freedom in that there is only one controller in each system, even though the controller may
have more than one parameter that can be varied. The disadvantage with a one-degree-of-
freedom controller is that the performance criteria that can be realized are limited. For
example, if a system is to be designed to achieve acertain amountof relative stability, it may
have poor sensitivity to parameter variations. Orif the roots of the characteristic equation are
selected to provide acertain amountofrelative damping, the maximum overshoot ofthe step
response may still be excessive because o fthe zeros o f the closed-loop transfer function. The
compensation schemes shown in Figs. 9-2id), (e). and (f) al] have two degrees of freedom

+ Series-feedback compensation: Fig. 9-2(d) shows the series-feedback compensa-

tion for which a series controller and a feedback controller are used
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CONTROLLER  J(0
Cp(5)

State feedback

(©

Figure 9-2 Various controller configurations in control-system compensation, (a) Series or cascade
compensation, (b) Feedback compensation, (c) State-feedback control, (d) Series-feedback
compensation (two degrees of freedom), (¢) Forward compensation with series compensation
(two degrees of freedom), (f) Feedforward compensation (two degrees of freedom).

+ Feedforward compensation: Figs. 9-2(e) and (f) show the so-called feedforward
compensation. In Fig. 9-2(e), the feedforward controller Gef (j) is placed in series
with the closed-loop system, which has a controller Gf (5) in the forward path. In
Fig. 9-2(0, the feedforward controller Gef (s) is placed in parallel with the forward
path. The key to the feedforward compensation is thatthe controller Gef (i) is notin
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the loop ofthe system, so it does notaffectthe roots o fthe characteristic equation of
the original system. The poles and zeros o f Gef (i) may be selected to add or cancel

the poles and zeros of the closed-loop system transfer function.

Oneofthe commonly used controllers in the compensation schemes just described is a
PID controller, which applies a signal to the process that is proportional to the actuating
signal in addition to adding integral and derivative of the actuating signal. Because these
signal components are easily realized and visualized in the time domain. PID controllers
are commonly designed using time-domain methods. In addition to the PID-type control-
lers, lead, lag, lead-lag, and notch controllers are also frequently used. The names o f these
controllers come from properties of their respective frequency-domain characteristics. As a
result, these controllers are often designed using frequency-domain concepts. Despite these
design tendencies, however, all control system designs w ill benefitby viewing the resulting
design from both time- and frequency-domain viewpoints. Thus, both methods w ill be used
extensively in this chapter.

It should be pointed outthat these com pensation schemes are by no means exhaustive.
The details of these compensation schemes will be discussed in later sections of this
chapter. Although the systems illuswated in Fig. 9-2 are all for continuous-data control, the
same configurations can be applied to discrete-data control, in which case the controllers

are all digital, with the necessary interfacings and signal conveners.

9-1-3 Fundamental Principles of Design

After acontroller configuration is chosen, the designer must choose acontroller type that,
with proper selection of its element values, w il satisfy all the design specifications. The
types of controilers available for control-system design are bounded only by one's
imagination. Engineering practice usually dictates that one choose the sim plest controller
that meets all the design specifications. In most cases, the more complex acontroller is, the
more it costs, the less reliable itis, and the more difficultit is to design. Choosing a specific
controller for a specific application is often based on the designer’s past experience and
sometimes intuition, and it entails as much art as it does science. As a novice, you may
initially find it difficult to make intelligent choices of controllers with confidence. By
understanding that confidence comes only through experience, this chapter provides
guided experiences that illustrate the basic elements of control system designs.

After a controller is chosen, the next task is to choose controller parameter values
These parameter values are typically the coefficients of one or more transfer functions
making up the controller. The basic design approach is to use the analysis tools discussed in
the previous chapters to determine how individual parameter values influence the design
specifications and, finally, system performance. Based on this informalion, controller
parameters are selected so that all design specifications are met. W hile this process is
sometimes straightforward, more often than not it involves many design iterations since
controller parameters usually interact with each otherand influence design specifications in
conflicting ways. For example, a particular parameter value may be chosen so that the
maximum overshootis satisfied, butin the process o f varying another parameter value in an
attempt to meet the rise-time requirement, the maximum overshoot specification may no
longer be met! Clearly, the more design specifications there are and the more controller
parameters there are, the more complicated the design process becomes.

In carrying out the design either in the time domain or the frequency domain, it is
important to establish some basic guidelines or design rules. Keep in mind that time-
domain design usually relies heavily on the j-plane and the root loci. Frequency-domain
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design is based on manipulating the gain and phase of the loop wansfer function so that thi
specifications are met.
Ingeneralitis useful to summarize the time-domain and frequency-domain character

istics so that they can be used as guidelines for design purposes.

1. Complex-conjugate poles of the closed-loop wansfer function lead to a stej
response that is underdamped. If all system poles are real, the step response ii
overdamped. However, zeros of the closed-loop transfer function may caus(
overshoot even if the system is overdamped

2. The response ofa system is dominated by those poles closest to (tie origin in the |
plane. Transients due to those poles farther to the left decay faster

3. Thefartherto theleft in the 5-plane the system’sdominant poles are. the faster Gic
system will respond and the greater its bandwidth will be.

4. The farther to the left in the i-plane the system’s dominant poles are, the mon
expensive it will be and the larger its internal signals will be. W hile this can tx
justified analytically, it is obvious that striking a nail harderwith ahammer drive:
the nail in faster but requires more energy per strike. Similarly, a sports car car
accelerate faster, but it uses more fuel than an average car.

5. When apole and zero of a system transfer function nearly cancel each other, thi
portion of the system response associated with the pole will have a smal
magnitude.

6. Time-domain and frequency-domain specifications are loosely associated witr
each other. Rise time and bandwidth are inversely proportional. Larger phase
margin, larger gain margin, and lower Mr will improve damping.

» 9-2 DESIGN WITH THE PD CONTROLLER

In all the examples of control systems we have discussed thus far, the controlle
has been typically asimple am plifier with a constantgain K. This type of control aclioi
is formally known as proportional control, because the control signal at the oulpu
of the controller is simply related to the input of the controller by a proportiona
constanl.

Intuitively, one should also be able to use the derivative or integral of the inpu
signal, in addition to the proportional operation. Therefore, we can consider a mon
general continuous-data controller to be one that contains such components as adder.
(addition or subtraction), am plifiers, attenuators, differentiators, and integrators. Th(
designer’s task is to determine which of these components should be used, in wha
proportion, and how they are connected. For example, one of the best-known controller
used in practice is the PID controller, where the letters stand for proportional, integral
and derivative. The integral and derivative components of the PID controller hav(
individual performance im plications, and their applications require an understanding 0
the basics o f these elements. To gain an understanding o f this controller, we considerjus
the PD portion of the controller first.

Fig. 9-3 shows Gie block diagram of a feedback control system that arbitrarily has
second-order prototype process with the transfer function
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Figure 9-3 Control system with PD convoller

The series controller is a proportional-derivative (PD) type with the transfer function
Ge{i) - iTp + Kas (9-2)

Thus, the control signal applied to the process is

_ deft)
uft) = Kpe{yKad- o

(9-3)
where Kp and Kd are the proportional and derivative constants, respectively. Using the
components given in Table 4-4, two electronic-circuit realizations of the PD controller are
shown in Fig. 9-4. The transfer function of the circuit in Fig. 9-4(a) is

(9-4)

Figure 9-4 Op-amp circuit
realization of the PD
controller.
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+ PD CDniml adds a simple

lunction

Comparing Eq. (9-2) with Eq. (9-4), we have
Kp = RtIRx Kd = RiCx (95

The transfer function of the circuit in Fig. 9-4(b) is

Comparing Eq. (9-2) with Eq. (9-6), we have
Kp = RilRx Kd = RdCd (9-7:

The advantage with the circuit in Fig. 9-4(a) is thatonly two Op-amps are used. However,
the circuit does not allow the independent selection of Kp and Kd because they are
commonly dependenton i?2-An imponantconcern ofthe PD controller is that, if the value
ofKdis large, a large capacitor Cl would be required. The circuit in Fig. 9-4(b) allows Kf
and Kd to be independently controlled. A large Kd can be compensated by choosing a large
value for Rd, thus resulting in a realistic value for Cj. Although the scope of this text does
notinclude all the practical issues involved in controller transfer function implementation,
these issues are of the utmost importance in practice.
The forward-path wansier function of the compensated system is

" \roen)

which shows that the PD control is equivalent to adding a simple zero atl = -Kp/Ko i0

the forward-path transfer function.

9-2-1 Time-Domain Interpretation of PD Control

The effect of the PD control on the Fansient response of a control system can be
investigated by referring to the time responses shown in Fig. 9-5. Let us assume thal
the unit-step response of a stable system with only proportional control is as shown in Fig
9-5(a), which has a relatively high maximum overshoot and is rather oscillatory. The
corresponding error signal, which is the difference between the unit-step input and the
outputy(f). and its time derivative de{t)/dt are shown in Figs. 9.5(b) and (c), respectively.
The overshoot and oscillation characteristics are also reflected in ew) and deiO/dt. For the
sake of illusiration. we assume that the system contains a motor of some kind wiUi iti
torque proportional to e(l). The performance of the system with proportional control i5
analyzed as follows.

1. During the time interval 0 < /< /|: The error signal e{i) is positive. The motoi
torque is positive and rising rapidly. The large overshoot and subsequent oscilla-
tions in the outputy (f) are due to the excessive amount oftorque developed by the
motor and the lack of damping during this time interval.

2. During the time interval rj <t<ty. The error signal e{t) is negative, and i
cowresponding motortorque is negative. This negative torque tends to slow dowr
the output acceleration and eventually causes the direction of the output y(t) t(
reverse and undershoot
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figure 9-5 Waveforms of JC/), e{t)y and de{t)/dl, showing the effect of derivative convol. (a) Unit-
step response, (b) Error signal, (c) Time rate of change of the error signal.

3. During the time interval The motor torque is again positive, thus
tending to reduce the undershoot in the response caused by the negative torque in
the previous time interval. Because the system is assumed to be stable, the error
amplitude is reduced with each oscillation, and the output eventually settles to its
final value.

Considering the above analysis of the system time response, we can say that the

contributing factors to the high overshoot are as follows:

1. The positive correcting torque in the interval 0 < < /] is too large.

2. The retarding torque in the lime interval f| < /< 2 is inadequate.

Therefore, to reduce the overshoot in the step response, without significantly increas-
ing the rise time, a logical approach would be to

1. Decrease the amount of positive covecting torque during 0 < i< /(.

2. Increase the retarding torque during i1 < < tj.

Similarly, during the time interval, [2<t<t4, the negative corrective torque in
t2<t< h should be reduced, and the retarding torque during i3< /< /4. which is now
in the positive direction, should be increased to improve the undershoot of y(t).

The PD control described by Eq. (9-2) gives precisely the compensation effect required
Because the conuol signal of the PD conuol is given by Eq. (9-3), Fig. 9-5(c) shows the
following effects provided by the PD controller:
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« PD is esseniially an
anticipatory control.

+ Derivative or PD control
will have an effect on a
steady-state error only if the
error varies, with time.

1. For0< i< i], de{t)/dtis negative: this will reduce the original torque develope
due to ef{t) alone.

2. For/l</<i2botheftand dey)idt are negative, which means Uiat the negatjv
retarding torque developed will be greater than that wii only proportiona

control.

3. Forn< i< i3,e(0 and have opposite signs.Thus, the negative torque tha
originally contributes to the undershoot is reduced also

Therefore, all these effects will result in smaller overshoots and undershoots in y(0-

Anotherway oflooking atthe derivative control is thatsince de{t)Idt represents the slofx
ofe{t\ the PD control is essentially an anticipatory control. Thatis, by knowing the slope, th<
controller can anticipate direction of the ewor and use it to better conitol the process
Normally, in linear systems, if the slope of e{t) or ></) due to a step input is large, a high
overshoot will subsequently occur. The derivative control measures the instantaneous slope ol
e(r). predicts the large overshootahead o ftime, and makes a proper corrective effort before tie
excessive overshoot actually occurs.

Intuitively, derivative control affects the steady-stale error of a system only if the
steady-state error varies with time. If the steady-state error of a system is constant with
respect to lime, the time derivative of this error is zero, and the derivative portion of the
controller provides no input to the process. But if the steady-state error increases with lime,
a torque is again developed in proportion to de{t)/di, which reduces the magnitude of the
error. Eq. (9-8) also clearly shows that the PD control does not alter the system type that
governs the steady-state ewor of a unity-feedback system.

9-2-2 Frequency'Domain Interpretation of PD Control

+ The PD controller is a
high-pass filter.

+ The PD conlrolier has the
disadvantage Ihai it
accenluales high-frequency
noise.

« The PD controller will
generally increase the BW
and reducc ihe rise time of
the step response.

For frequency-domain design, the transfer function of the PD controller is written

Geis) = Kp + Kds A Kp{ + A5~ (9-9)

so that it is more easily interpreted on the Bode plot. The Bode plot of Eq. (9-9) is
shown in Fig. 9-6 with Kp = 1. In genera], the proportional-control gain Kp can be
combined with a series gain of the system, so that the zero-frequency gain of the
PD controller can be regarded as unity. The high-pass filter characteristics of the PD
controller are clearly shown by the Bode plotin Fig. 9-6. The phase-lead property may
be utilized to improve Ihe phase margin of a control system. Unfortunately, the
magnitude characterisiics of the PD controller push the gain-crossover frequency to a
higher value. Thus, the design principle ofthe PD controller involves the placing of
the cornerfrequency of the controller, @= Kp/Ko, such that an effective improve-
mentofthe phase margin is realized at the new gain-crossoverfrequency. For a given
system, there is a range of values of Kp/Ko that is optimal for improving the damping
of the system. Another practical consideration in selecting the values of Kp and Kd is
in the physical implememation of the PD controller. Other apparent effects ofthe PD
control in the frequency domain are thai, due to its high-pass characteristics, in most
cases it will increase the BW of the system and reduce the rise time of the step
response. The practical disadvantage of the PD controller is that the differentiator
portion is a high-pass filter, which usually accentuates any high-frequency noise that
enters ai ihe inpul.
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KpIK~ \OKfJKo
iy(rad/sec)

Q.IK"Ko Kplko

G)(rad/sec)

, Kds
Figure 9-6 Bode diagram of 14" "1,
P

9-2-3 Summary of Effects of PD Control

Though it is not effective with lightly damped or initially unstable systems, a properly
designed PD controller can affect lhe performance of a control system in the following
ways;

1. Improving damping and reducing maximum overshoot

2. Reducing rise time and settling time

3. Increasing BW

4. Improving GM, PM, and Mr.

5. Possibly accentuating noise at higher frequencies

6. Possibly requiring a relatively large capacitor in circuit implem eniation.

The following example illustrates the effects of the PD controller on the time-domain
and frequency-domain responses of a second-order system.
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Toolbox 9-2-1

The Bode diagram for Fig. 9-6 is obtained by the following sequence of MATLAB functions

close a Il:
clear a Il-

ele:

KP=1;

KD= 1:

num= [KDKP] :

den =[1] ;
bodeCtf(num ,den))
grid

» EXAMPLE 9-2-1 Let us reconsider the second-order model of the akcraft attitude control system shown in Fig. 5-21
The forward-path transfer function of the system is given in Eq. (5-132) and is repeated here:

Let us set the performance specifications as follows
Steady-state evor due to unit-ramp input < 0.000443
Maximum overshoot < 5%

Rise time tr < 0.005 sec

Settling time fj < 0.005 sec

To satisfy the maximum value of the ified steady-state error req . ATshould be seta
181.17, However, with this value of K. die damping ratio of the system is 0.2, and the maximur
overshoot is 52.1%. as shown by the unit-step response in Fig. 5-31 and again in Fig. 9-9. Let u
consider inserting a PD controller in Ihe forward path of the system so that the damping and th'
maximum overshoot of the system are improved while maintaining the steady-state error due to thi
unit-ramp inpul at 0.000443 -

Time-Domain Design

W ith the PD controller of Eq. (9-9) and K = 181.17, the forward-path transfer function 0
the system becomes

The closed-loop transfer function is

Qy(» ~ _______815,265(gp + /fp»)
Or(j) s2+ (361.2 + 815,265A:D)s + 815,2651ir,

The ramp-error constant is

K, = lira sG(s) = = 2257.1K, (9-13
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The steady-state error due to a unit-ramp inputis Gi = \/Kv = 0.000443/ATp.
Eq. (9-12) shows that the effects of the PD controller are as follows:

1. Adding a zero atl = -KplKo to the closed-loop transfer function
2. Increasing the damping term,which is the coefficient of the sterm in the

denominator, from 361.2 to 361.2 + 815,265A'0

The characteristic equation is written

+ (361.2 + 815, 265Kd)s + 815, leSKp = 0 (9-14)

We can set Kp = 1, which is acceptable from the steady-state error requirement. The

damping ratio of the system is

which clearly shows the positive effectof Kd on damping. If we wish to have critical
damping, f = I. Eq. (9-15) givesKd = 0.001772. We should quickly pointout that Eq.

(9-12) no longer represents a prototype second-order system, since the wansient response is
also affected by the zero of the transfer function ati = —KplKo- It turns out that, for this
second-order system, as the value of Kd increases, the zero will move very close to the
origin and effectively cancel the pole of G(s) ats = 0. Thus, as Kd increases, the transfer

function in Eq. (9-12) approaches that ofa first-order system with the pole ati = -361.2,
and the closed-loop system will not have any overshoot. In general, for higher-order
systems, however, rie zero at5 = —Kp/K{ may increase the overshoot when Kd becomes
very large

We can apply the root-contour method to the characteristic equation in Eq. (9-14) to
examine the effect ofvarying Kp and Kd-First, by setting Kd to zero. Eq. (9-14) becomes

5" + 361.2i + 815,265i:p =0 (9-16)

The rootlociofthe lastequation as Kp varies between 0 and oc are shown in Fig. 9-7. When
Kd 70, the characteristic equation in Eq. (9-14) is conditioned as

The root contours of Eq. (9-14) with Kp = constantand Kp varying are constructed based
on the pole-zero configuration of Geq(j) and are shown in Fig. 9-8 for Kp = 0.25 and
Kp = \. We see that, when Kp = 1and Kd = 0. the characteristic equation roots are at
-180.6 + §884.67 and -180.6-j884.67, and the damping ratio of the closed-loop
system is 0.2. When the value of Kd is increased, the two characteristic equation roots
move toward the real axis along acirculararc. When Kd is increased to 0.00177, the roots
are real and equal at —902.92. and the damping is critical. When A‘o is increased beyond
0.00177, the two roots become real and unequal, and the system is overdamped

W hen Kp is 0.25 and Kd = 0, the two characteristic equation roots are at -180.6 -f
¥413,76 and -180.6 - y413.76. As A0 increases in value, the root contours again show the
improved damping due to the PD controller. Fig. 9-9 shows the unit-step responses o f the
closed-loop system without PD control and with Kp = 1and Kd = 0.00177. With the PD
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Figure 9-7 Root loci of Eq. (9-16).

control, the maximum overshoot is 4.2%. In the present case, although Kp is chosen f(
critical damping, the overshoot is due to the zero at [ = -KpjKu of the closed-loo
transfer function. Table 9-1 gives the results on maximum overshoot, rise time, and settlin
time for Kp = \w & K d = 0, 0.0005, 0.00177, and 0.0025. The results in Table 9-1 sho'
that the performance requirements are all satisfied with K > 0.00177. It should be kepti
mind that Kd should only be large enough to satisfy the performance requirements. Larg
Kd corresponds to large BW , which may cause high-frequency noise problems, and there
also the concern of the capacitor value in the op-amp-circuit implementaiion.

TABLE 9-1 Attributes of the Unit-Step Responses of the System in Example 9-2-1 with
PD Controller

Maximum
Kd (sec) (sec) Overshoot (9
0 0.00125 0.0151 522
0.0005 0.0076 0.0076 25.7
0.00177 0.00119 0.0049 42

0.0025 0.00103 0.0013 0.7
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Figure 9-9 Unit-step response of the anilude conwol system in Fig. 5-29 with and without
PD controller.
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Toolbox 9-2-2

Root loci of Eq. (9-J6) shown in Fig. 9-7 are obtained by the following sequence of MATLAB functions

KP =1;

den= [1 361.2 815265*KP] ;
num = [1]:

rlocus(num ,den)

hold on

KP = 0;

den= [1 361.2 815265*KP] :
num = [1]

rlocusCnum.den)

The general conclusion is that the PD controller decreases the maximum overshooi
the rise time, and the settling time.

Anotheranalytic way o f studying the effects o fthe parameters Kp and Kd is to evaluati
the performance characteristics in the parameter plane of Kp and Kp. From the character
istic equation of Eq. (9-14), we have

0.2+451,46/70

7n (9-18

Applying the stability requirement to Eq. (9-14), we find that, for system stability,

Kp>0 and iTo> - 0,000443

Toolbox 9-2-3
Root contours o fEq. (9-14) shown in Fig. 9-8 are obtained by ihefollowing sequence ofMATLAB functions

KP =1: KD = 1:

den= [1 361.2+815265 ~KD 815265~°KP] ; num= [1] ;

rlocus Cnura,den)

hold on

KD =le-6:

fori= 1:1:260
den= [1 361.2+81526S*KD 815265 'K P ];
num = [1];
tf(num ,den);
[numcCL,denCL]=cloop(num,den);
T =tf (niiinCL.denCL) ;
PoleDataC:,i)=pole(T):

KD = KD +3e-5;

end

i=60 ; %%%for continuation of graph

PoleData(l,i+1) =- sqrt((real(PoleDataCl,i) )"2)+(imag(PoleData(l,i) )*2)):
PoleData(2 ,i+1) = - sqrt((real(PoleData(2 ,i) )*2)+(imag(PoleData(2 ,i) )*2)) :

plot(real(PoleData(l,:)) ,ijjnag(PoleData(l,:)) ,real(PoleData(2,:)) ,imag(PoleDataC2.:)));

KP =0,25:
KD = 1;
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den= [1 361.2+81526S*KD815265*KP] :

num = [1];

rlocus(num .den)

hold on

KD=le-6;

fori=1:1:260
den= [1 361.2+81526S*KD 815265*KP] :
num = [11];
tfCnum .den):
[nujnCL,denCL]=cloop(num ,den) :
T =tf(nuniCL.denCL) :
PoleDataC:,i)=pole(T):
KD = KD +3e-5;

end

i=23 : %% for continuation of graph

PoleData(l,i+l) =- sqrt((real(PoleD ata(l,i))"2)+(imag(PoleData(l,i))"2)) :
PoleData(2.i+1) =- sqrt((realCPoleDatal.i))'2)+(imag(PoleDataU.i))"2)):

plot(real(PoleData(l,:)),imag(PoleData(l,:)) .real(PoleData(2,:)) ,iitag(PoleData(2,:))) :

axis([-3000 1000 -1000 1000])

xaxisl= -181.0076 *ones(1.100);yaxisl =-1000:20:1000-1
plot(xaxisl.yaxisl):
grid

The boundaries of stability in the ATp-versus-"o parameter plane are shown in Fig.
9-10. The constant-damping-ratio trajectory is described by Eq. (9-18) and is a
parabola. Fis. 9-10 illustrates the constant-f trajectories for f = 0.5, 0.707. and 1.0
The ramp-error constant Ky is given by Eq. (9-13). which describes a horizontal line in
the parameter plane, as shown in Fig. 9-10. The figure gives a clear picture as to how the
values of Kp and Kd affect the various performance criteria of the system. For instance,
if Ky is set at 2257.1. which corresponds to ATp = 1. the constant-f loci show that the
damping is increased monotonically with the increase in Kd- The intersection between
the consiant-AT, locus and the constant-" locus gives the value of Kd for the desired Ky
and G

Toolbox 9-2-4
Bodeplot of Fig. 9-1 is obtained by the foilowing sequence of MATLAB fiificlions
KD = [0 0.0005 0.00250.00177] ;
fori =Il:lengthCKD)
num= [8157265*-KD (i) 815265] :
den=[l 361.2 0] ;

bodeCtf(num ,den)):
hold on:

end
axis ([l 10000 -180 -90]) :
grid

Frequency-Domain Design
Now let us cam- out the desian of the PD controller in the frequency domain. Fig. 9-11
shows the Bode plot of C(5) in Eq. (9-1 i) with Kp = land Ao = 0. The phase marsin of
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Figure 9-10 Kp-VCTSUS-Ko parameter plane for the attitude conuol system with a PD controller

the uncompensated system is 22.68°, and the resonant peak Mr is 2.522. These value

correspond to a lightly damped system. Let us give the following performance criteria

Steady-state error due to a unit-ramp input < 0.00443
Phase margin > 80°
Resonant peak Mr < 1.05

BW < 2000 rad/sec

The Bode plots of G (i) for AT, = landA:A = 0,0.005,0.00177, and 0.0025 are show
in Fig. 9-11. The performance measures in the frequency domain for the compensate
system wiUi these controller parameters are tabulated in Table 9-2, along with the time
domain attributes for comparison. The Bode plots as well as the performance data wef
easily generated by using MATLAB tools. Use ACSYS component controls to reproduc
the results in Table 9-2

The results in Table 9-2 show that the gain margin is always infinite, and thus th
relative stability is measured by the phase margin. This is one example where the gai
margin is not an effective measure of the relative stability of the system. Whe
Kd =0.00177, which covesponds to critical damping, the phase margin is 82.92'
the resonant peak Mris 1.025, and B\W s 1669 rad/sec. The performance requirements i
the frequency domain are all satisfied. Other effects of the PD control are that the BV
and the gain-crossover frequency are increased. The phase-crossover frequency i
always infinite in this case.



9-2 Design with the PD Controller 505

815,265(1 +Kps)

Figure 9-11  Bode plot of G (i
o ’ o j(i+3612) m

TABLE 9-2  Frequency-Domain Characteristics of the System in Example 9-2-1 with PD Controller
GM  PM  Gain CO BW tr Maximum Overshoot
Ko (dB) (deg) (rad/sec) (rad/sec)  Mr (sec) (sec) (%)
0 00  22.68 868 1370 2.522  0.00125 0.0151 52.2
0.0005 9 46.2 913.5 1326 1381 0.0076  0.0076 25.7
0.00177 oo 8292 1502 1669 1.025 0.00119  0.0049 42
0.0025 00  88.95 2046 2083 1.000 0.00103 0,0013 0.7



506 Chapter 9. Design of Control Systems

» EXAMPLE 9-2-2 Considerthe third-order aircraft attitude control system discussed in Chapter 5 with the forward-pal

Toolbox 9-2-5

Root contours ofFig.

tfansfer function given in Eq. (5-153)
15 X 100
“ §(sZ + 3408.3s + 1,204,000)
The same set of time-domain specifications given in Example 9-2*1 is to be used. It was shown i
Chapter 5 that, when K = 181.17, the maximum overshoot of the system is 78.88%

Letus attemptto meet the transient perfonnance requirements by use ofa PD coDooller with tla
transfer function given in Eq. (9-2). The forward-path ransier function of the system with the PI
conuoller and K = 181.17 is

2.718 +
i(2+ 3408,3j + 1,204.000)

You may also use our MATLAB toolbox ACSYS to solve this problem. See Section 9-19. =

Time-Domain Design
Setting Kp = Larbitrarily, the characteristic equation of the closed-loop system is wrinei

j' + 3408.3s7 + (1,204,000+ 2.718 X 10" jfo)! + 2.718 X 10° = 0 (9-21
To apply the root-contour method, we condition Eq. (9-21) as

2-718 X \(JKos

9-22
A i3+ 3408.2j2+ i,204.0007 + 2.718x 109 (

where

2.718 X Iti>KDS
(j+ 3293.3)(j+ 57.49 + j906.6)(i + 57.49-j906.6)

9-12 are obtained by the following sequence of MATLAB functions

You may wish to use dc, close all, or dear all before running the following

%00& contours
kd=0.005;

num= [2.718*1079*kd 0] :
den= [1 3408.2 1204000 2.718*10"9] ;

rlocus(num ,den)

« 1l asystem has very low
dampmg or ib unstable.
the PD control may noi be
effective in improving the
Aability of the system.

The root contours of Eq. (9-21) are plotted as shown in Fig. 9-12, based on thepole-
zero configuration of Geq(j). The root contours of Fig. 9-12 reveal the effectiveness of ih(
PD controller forthe improvementon the relative stability of the system. N otice that, as In<

Qf  increases, one root of the characteristic equation moves from -3293.3 towari
origin, while the two com plex roots start out toward the left and eventually approach th<
vertical asymptotes that intersect at5 = —1704. The immediate assessmentof the situatioi
is that, if the value of Kd is too large, the two complex roots will actually have reducei
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Figure 9-12 Root contours of
S*+ 3408.352 + (1,204,000 + 2.718 X 10°A-£))i + 2.718 X 10~ = 0,

damping while increasing the naturalfrequency of the system. It appears that the ideal
location forthe two complex characteristic equation roots, from the standpoint of relative
stability, is near the bend of the root contour, where the relative damping ratio is
approximately 0.707. The root contours of Fig. 9-12 clearly show that, if the original
system has low damping oris unstable, the zero introduced by the PD controller may not be
able to add sufficient damping or even stabilize the system.
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with PD Controller

Kd

0
0.0005
0.00127
0.00157
0.00200
0.00500
0.01000
0.05000

% Maximum
Overshoot
78.88
41.31
17.97
14.05
11.37
17.97
31.14
61.80

les of the Third-Order System in Example 9-2-2

0.00125
0.00120
0.00100
0.00091
0.00080
0.00042
0,00026
0.00010

Is

(sec)
0.0495
0.0106
0.00398
0.00337
0.00255
0.00130
0.00093
0.00144

Characteristic EquadoD Roots

-3293.3.
-2843.07,

-1523.11
-805.33,
-531.89,
-191.71,
-96.85,
-19.83,

-57
-282
-942
-1301
-1438
-1608
-1655
-1694

.49  ¥906.6
.62+ yo36.t
.60 £ JOABS
.48 £:1296.
20£}1744.(
.29 +y3404.;
72 £>5032
30 +}11583

Table 9-3 gives the results of maximum overshoot, rise time, settling time, and tl

roots of the characteristic equation as functions of the parameter Kd- The followir

conclusions are drawn on the effects of the PD controller on the third-order system.

1.

The minimum value of the maximum overshoot,
approximately 0.002

Rise time is improved (reduced) with the increase of Kp.

11.37%, occurs when Ko

Too high a value of Kd will actually increase the maximum overshexjt and tf

settling time substantially. The latter is because the damping is reduced as Kp

increased indefinitely.

Fig. 9-13 shows the unit-step responses of the system with the PD controller for sever

values of Kd-The conclusion is that, while the PD control does improve the damping of v

system, it does not meet the maximum-overshoot requirement.

Figure 9-13 Unit-slep responses of the system in Example 9-2-2 with PD conuoller.
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Frequency*Domain Design
The Bode plot of Eq. (9-20) is used to conduct the frequency-domain design of the PD

controller. Fig. 9-14 shows the Bode plot for Kp = | and Kd = 0. The following

performance data are obtained for the uncompensated system:
Gain margin = 3.6dB
Phase margin = 7.77°

Resonant Peak Mr = 7.62

(ATp=0.002)
3ain crossover-
=005

Gain crossover
(Ai, = 0.05)

lain crossover
(Ka=0)

10M621 10"

(Ufradisec)
Figure 9-14 Bode diagram of C(5) of the sysiem in Example 9-2-2 with PD controller.
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Toolbox 9-2-6

TABLE 9-4 Frequency-Domain Characteristics of the Third-Order System in Example 9-2-2
with PO Controller

GM PM BW Gain CO RiaseC
Kd (dB) (deg) Mr (rad/sec) (rad/sec) (radfse

0 3.6 7.7 7.62 1408.83

0.0005 co 30.94 1.89 1485.98 935.91

0.00127 00 53.32 1.19 1939.21 1210.74

0.00157 « 56.83 1.12 2198.83 1372.30

0.00200 00 58.42 1.07 2604.99 1620.75

0.00500 co 47.62 1.24 4980.34 3118.83

0.01000 00 35.71 1.63 7565.89 4789.42

0.0500 00 16.69 3.34 17989.03 11521.00

Bandvvidri BW = 1408.83 rad/sec
Gain crossover (GCO) = 888.94 rad/sec

Phase crossover (PCO) - 1103.69rad/sec

Let us use the same set of frequency-domain performance requirements listed i
Example 9-2-1. The logical way to approach this problem is to first examine how muc
additional phase is needed to realize a phase margin of 80°. Because the uncompensate
system with the gain set to meet the steady-state requirement is only 7.77°, the p
controller must provide an additional phase of 72.23°. This additional phase mustt
placed at the gain crossover of the compensated system in order to realize a PM of 80
Referring to the Bode plot of the PD controller in Fig. 9-6, we see that the addition;
phase is always accompanied by a gain in the magnitude curve. As a result, the gai
crossover of the compensated system will be pushed to a higher frequency at which &
phase of the uncompensated system would covespond to an even smaller PM. Thus, w
may run into the problem ofdim inishing returns. This symptom is parallel to the situatic
illustrated by the root-contour plotin Fig. 9-12,in which case the larger  would simp]
push the roots to a higher frequency, and the damping would actually be decreaser
The frequency-domain performance data of the com pensated system with the values <
Kd used in Table 9-3 are obtained from the Bode plots for each case, and the resul
are shown in Table 9-4, The Bode plots of some of these cases are shown in Fig. 9-1'
Notice that the gain margin becomes infinite when the PD conttoller is added, ar
the phase margin becomes the dominant measure of relative stability. This is because &
phase curve of the PD-compensated system stays above the -180°-axis, and the phai
crossover is at infinity.

Fig. 9-J3 is obtained by the following sequence of MATLAB functions

KP= 1:

KD= ¢ 0.0005 0.0127 0.002] ;

fori =1:length(KD)
num=[2.718e9*KD (i) 2. 718e9*KP] ;
den= [1 3408.3 00] ;

tf(nujn,den) :



end
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[numCL,dGnCL]=cloop(num ,den);
Step (nuinCL,denCL)

hold on

axisCEO 0.04 0 2])

Toolbox 9-2-7

When Kd = 0.002, the phase margin is at a maximum of 58.42°, and Mr is also
minimum at 1.07, which happens to agree with the optimal value obtained in the time-
domain design summarized in Table 9-3. When the value o f Kd is increased beyond 0.002,
the phase margin decreases, which agrees with the findings from the time-domain design
thatlarge values o fKp actually decrease damping. However, the B w and the gain crossover
increase continuously with the increase in Kd. The frequency-domain design again shows
that the PD control falls short in meeting the performance requirements imposed on the
system. Justas in the time-domain design, we have demonstrated thatif the original system
has very low damping, or is unstable, PD control may not be effective in improving the
stability of the system. Another situation under which PD control may be ineffective is if
the slope of the phase curve near the gain-crossover frequency is steep, in which case the
rapid decrease o f the phase margin due to the increase o f the gain crossover from the added
gain of the PD controller may render the additional phase ineffective.

Bode diagram of G(s) in Example 9-2 in Fig. 9-14 is obtained by the following sequence of MATLAB
functions

KD= [0 0.002 0.05] ;
KP=1;

for

i= l:length(KD)
num=[2.718e9*KD (i) 2.718e9*KP] ;

den= [1 3408.3 1204000 0];

bode(num.den);
hold on;

9-3 DESIGN WITH THE PI CONTROLLER

We seefrom Section 9-2 thatthe PD controller can improve the damping and rise time ofa
control system at the expense ofhigher bandwidth and resonant frequency, and the steady-
state ewor is not affected unless it varies with time, which is typically not the case for step-
function inputs. Thus, the PD controller may not fulfill the compensation objectives in
many situations

The integral partofthe PID controller produces a signal thatis proportional to the time
integral ofthe input o f the controller. Fig. 9-15 illustrates the block diagram ofa prototype
second-order system with a series Pl controller. The transfer function ofthe Pl conwoller is

G .{s)=Kp + N (9-24)
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Figure 9-15 Control system with Pl conuoller.

Using the circuit elements given in Table 4-4, two op-amp-circuit realizations c
Eq. (9-24) are shown in Fig. 9-16. The transfer function of the two-op-amp circuit i

Fig. 9-16(a) is

(9-2f
Comparing Eq. (9-24) with Eq. (9-25), we have

(9-26
The transfer function of the three*op-amp circuit in Fig. 9-16(b) is

(9-27

E.M R,R,Qs

Figure 9-16 op-amp-circu
realization of the PI n
controller, Cf(5) = Kp+ -
(a) Two-op-amp ctrcuil.

(b) Three-op-amp circuit.
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Thus, the parameters of the Pl controller are related to the circuit parameters as

The advantage with the circuil in Fig. 9-16(b) is lhat the values of Kp and K/ are
independently related to the circuit parameters. However, in either circuit, K/ is inversely
proportional to the value of the capacitor. Unfortunately, effective Pl-control designs
usually result in small values of K/, and thus we must again watch out for unrealistically
large capacitor values.

The forward-path transfer function of the compensated system is

Clearly, the immediate effects of the Pl controller are as follows:

1. Adding a zero atJ = -Ki/Kp to the forward-path transfer function

2. Adding apole ati = 0 to the forward-path transfer function. This means that the
system type is increased by 1to atype 2 system. Thus, the steady-state error o f the
original system is improved by one order; thatis. if the steady-state erorto agiven
input is constant, ihe P1 control reduces it to zero (provided that the com pensated
system remains stable).

The system in Fig. 9-15. with the forward-path transfer function in Eq. (9-29), will
now have a zero steady-state error when the reference inputis aramp function. However,
because the system is now of the third order, it may be less stable than the original
second-order system or even become unstable if the parameters Kp and K/ are not
properly chosen.

Inthe case of a type 1system with a PD control, the value of Kp is important because
the ramp-error constant Ky is directly proportional to Kp, and thus the magnitude of the
steady-state evor is inversely proportional to Kp when the input is a ramp. On the other
hand, if Kp istoo large, the system may become unstable. Similarly, foratype 0 system, the
steady-state error due to a siep inpul will be inversely proportional to Kp.

W hen a type 1system isconvened to type 2 by Ihe Pl controller, Kp no longer affects
the steady-state error, and the latter is always zero for a stable system with a ramp input.
The problem is then to choose the proper combination of Kp and Kf so that the transient
response is satisfactory.

9-3-1 Time-Domain Interpretation and Design of Pl Control

The pole-zero configuration ofthe Pl controller in Eq. (9-24) is shown in Fig. 9-17. At
first glance, it may seem that Pl control will improve the steady-state error at the
expense of stability. However, we shall show that, if the location ofthe zero of G ,(j) is
selected properly, both the damping and the steady-stale error can be improved.
Because the Pl controller is essentially a low-pass filter, the compensated system
usually will have a slower rise time and longer settling time. A viable method of
designing the Pl controlis to select the zero als = -K i/K p so thatii isrelatively dose
10 the origin andiiu iJvfrom the most significantpoles ofthe process: the values of Kp
and Ki should be relatively small.
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j-plane

Figure 9-17 Pole-zer
configuration of a PI
conooller.

9-3-2 Frequency-Domain Interpretation and Design of Pl Control

For frequency-domain design, the transfer function of the Pl conwoiler is written

(9-3

The Bode plot of Geijoi) is shown in Fig. 9-18. Notice that the magnitude of GAj()
Q= COis 20 logjoA:/. dB, which represents an attenuation if the value of Kp is less than
This attenuation may be utilized to improve the stability of the system. The phase of G (iji
is always negative, which is detrimental to stability. Thus, we should place the com
frequency of the controller, @= K//Kp, as far to the left as the bandwidth requireme
allows, so Ihe phase-lag properties of Ge(joj) do not degrade the achieved phase margin’
the system.

The frequency-domain design procedure for the P1 control to realize a given pha;
margin is outlined as follows:

1. The Bode plotof the forward-path transfer function Gp(s) of the uncompensak
system is made with the loop gain set according to the steady-state performani
requirement

2. The phase margin and the gain margin of the uncompensated system a
determined from the Bode plot. For a specified phase margin requizemenl, tl
new gain-crossover frequency  couvesponding to this phase margin is found (
the Bode plot. The magnitude plotofthe compensated transfer function mustpa
through the 0-dB-axis atthis new gain-crossover frequency in order to realize il
desired phase margin.

3. To bring the magnitude curve of the uncompensated vansfer function down to
dB at the new gain-crossover frequency odg, the Pl controller must provide t
amount of attenuation equal to the gain of the magnitude curve at trie new gai
crossover frequency. In other words, set

lcp(;a.;)| =-20log|,ir,dB  Kp<\ (9-3
from which we have

(93
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20 logioiOAT;. \ 11

20 log,
KiKp
<a(radisec)

a>(rad/sec)

Figure 9-18 Bode diagram of the PI contoller. Ge(j) = Kp-\-— .

Once the value of Kp is determined, it is necessary only to select the proper value of
Kito complete the design. Up to this point, we have assumed that, although the gain-
crossover frequency is altered by attenuating the magnitude of GfO'w) at Qg, Uie
original phase is not affected by the Pl controller. This is notpossible, however, since,
as shown in Fig. 9-18, the attenuation property of trie P1 conuoller is accompanied
with a phase lag that is detrimental to the phase margin. It is apparent that, if the
comer frequency (O= Ki/Kp is placed farbelow ajg, the phase lag ofthe P1controller
will have anegligible effect on the phase of the compensated system near  On the
otrier hand, the value o fKjIK p should notbe too smallor the bandwidth o f the system
will be too low, causing the rise time and settling time to be loo long. As a genera!
guideline, KilKp should correspond to a frequency that is at least one decade,

sometimes as much as two decades, below That is, we set

X
E 4 —_ (9-33)
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W ithin the general guideline, the selection of the value of Ki/Kp is pretty much at Ih
discretion of the designer, who should be mindful of its effect on BW and its practica
implementation by an op-amp circuit.
4. The Bode plotofthe compensated system is investigated to see if the performano
specifications are all met.
5. The values of AT/and Kp are substituted in Eq. (9-30) to give the desired transfe

function of the PI controller

If the controlled process Gp{s) is type 0, the value of K/ may be selected base(
on the ramp-error-constant requirement, and then there would only be one parameter
Kp, to determine. By computing the phase margin, gain margin, Mr, and BW of th{
closed-loop system with a range of values of Kp, the best value for Kp can be easilj
selected.

Based on the preceding discussions, we can summarize the advantages and disadvaii’
tages of a properly designed Pl controller as the following:

1. Improving damping and reducing maximum overshoot.

2. Increasing rise time

3. Decreasing BW.

4. Improving gain margin, phase margin, and Mr.

5. Filtering out high-frequency noise

It should be noted that in the Pl controller design process, selection of a proper
combination of Ki and Kp, so that the capacitor in the circuit implementation of the
controller is not excessively large, is more difficult than in the case of the PD
controller.

The following examples will illustrate how the PI control is designed and what its

effects are.

Consider Che second-order attitude-conlrol system discussed in Example 9-2-1. Applying the Pl
controller of Eq. (9-24), the forward-path transfer function of the system becomes

You may use ACSYS to solve this problem. A

Time-Domain Design
Let the time-domain performance requirements be
Steady-state error due to parabolic input t-Us{i)/2 < 0.2
Maximum overshoot < 5%
Rise time Ir < 0.01 sec

Settling time r, < 0.02 sec

We have to relax the rise time and settling time requirements from those in Example 9-2-1
so that we will have a meaningful design for this system. The significance of the
requirement on the steady-state error due to a parabolic input is that it indirectly places

a minimum requirement on the speed of the transient response.
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The parabolic-ewvor constant is

. . >
Ka= im 56G{i) =
Mo

The steady-state evor due to the parabolic input t-Us{t)/l is

Let us set K = 181.17, simply because this was the value used in Example 9-2-1
Apparently, to satisfy a given steady-state error requirement for a parabolic input, the
larger the AT, the smaller K, can be. Substituting AT= 181.17 in Eq. (9-36) and solving K/for
the minimum steady-state error requirement of 0.2, we get the minimum value of K/ to be
0.002215. If necessary, the value of K can be adjusted later.

With K = 181.17. the characteristic equation of the closed-loop system is

s’ + 361.2j° + 815. 26iKps + 815, 265X, = 0 (9-37)

Applying Routh’stest to Eq. (9-37) yields the result that the system is stable for
0<Ki/Kp < 361.2. This means that the zero of (7(5) ats = ~Ki/K p cannot be placed
too farto the leftin the left-half5-plane, orthe system will be unstable. Letus place the zero
at —K jIK p relatively close to the origin. Forthe present case, the most significant pole of
G/>(i). besides the pole ati = 0, is at -361.2. Thus, K/iKp should be chosen so that the

following condition is satisfied:

Na361.2 (9-38)
Kp

The root loci ofEq. (9-37) with Ki/Kp = 10are shown in Fig. 9-19. Notice that, olher than
the small loop around the zero ati = -10, these root loci for the most partare very sim ilar
to those shown in Fig. 9-7, which are for Eq. (9-16). With the condition in Eq. (9-38)
satisfied. Eq. (9-34) can be approximated by

where the tewn Ki/Kp in the numerator is neglected when compared with the magnitude of
s.which takes on values along the operating points on the complex portion of the root loci
thatcouespond to. say. arelative damping ratio in the range 0f0.7 < f < 1,0. Letusassume
that we wish to have a relative damping ratio of 0.707. From Eq. (9-39). the required value
of Kp for this dam ping ratio is 0.08. This should also be true for the third-order system with
the Pl controller if the value of A"/AT/, satisfies Eq. (9-38). Thus, with Kp = 0.08. A = 0.8;
the root loci in Fig. 9-19 show that the relative damping ratio of the two complex roots is
approximately 0.707. In fact, the three characteristic equation roots are at

-10.605. -175.3 + ;175,4. and - 1753 - >175.4
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Figure 9-19 Root loci of Eq. (9-37)
with KilKp = 10; Kp varies.

The reason for this is that when we “stand” at the root at -175.3 + 7175.4 and
“look" toward the neighborhood near the origin, we see that the zero atJ = -10 is
relatively close to the origin and. thus, practically cancels one of the poles atJ = 0.
In fact, we can show that, as long as Kf> —0.08 and the value of Kiis chosen such that
Eq. (9-38) is satisfied, the relative damping ratio of the complex roots will be very

close to 0.707. Forexample, letus select Ki|Kp = 5; the three characteristic equation

roots are at

i=-5.145, -178.03 + >178.03, and - 178.03 - ;178.03

and the relative damping ratio is still 0.707. Although the real pole of the closed-loop
transfer function is moved, it is very close to the zero ati = -K/|IK p so that the transient
due to the real pole is negligible. Forexample, when Kp = 0.08 and Ki = 0.4, the closed-
loop transfer function of the compensated system is

&As) 65,221.2(5 + 5)
N (9-40)
i+ 5. i+ 03+ jI78. i+ 03 -ji78.
&s 5.145 178.03 + j178.03 178.03 -j178.03
Because the pole ati = 5.145 is very close to the zero at5 5= -5, the wansienl response due

to this pole is negligible, and ie system dynamics are essentially dominated by the two

complex poles.
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19-3-1

'ofEg. (9-37) in Fig. 9-19 are obtained by thefollowing sequence of MATLAB functions
>00001: %start with avery small KP see Figure 9-19

CP;

CPKI] ;

L361.2 815265*KP 815265*K1] ;

im.den)

t9)

TABLE 9-5 Attributes of the Unit-Step Responses of the System in Example 9-3-1
with PI Controller

Maximum 1,
KilKp K. Kp Overshoot (%) (sec) (sec)
0 0 1.00 52.7 0,00135 0.015
20 1,60 0.08 15.16 0.0074 0.049
10 0.80 0.08 9.93 0,0078 0.0294
5 0.40 0.08 7.17 0.0080 0.023
2 0.16 0.08 5.47 0.0083 0.0194
1 0,08 0.08 4.89 0.0084 0.0114
05 0.04 0.08 461 0.0084 0.0114
ol 0.008 0.08 4.38 0.0084 0.0115

Table 9-5 gives the attributes of the unit-step responses of the system with Pl control
for various values of KilKp. with Kp = 0.08. which corresponds to a relative dam ping ratio
of 0.707

The results in Table 9-5 verify the fact lhat P1 control reduces the overshoot butat Ihe
expense of longer rise time. For Ki < 1. the settling times in Table 9-5 actually show a
sharp reduction, which is misleading. This is because the settling times for these cases are
measured atthe points where the response enters the band between 0.95 and 1.00, since the
maximum overshoots are less than 5%

The maximum overshootof the system can still be reduced further than those shown in
Table 9-5 by using smaller values of Kp than 0.08, However, the rise time and settling time

will be excessive. For example, with Kp = 0,04 and Ki = 0.04, the maximum overshoot is
1.1%. but the rise time is increased to 0.0182 seconds, and the settling time is 0.024
seconds.

For the system considered, improvement on the maximum overshoot slows down for
Ki less than 0.08, unless Kp is also reduced. As mentioned earlier, the value of the capacitor
Ca is inversely proportional to Ki. Thus, for practical reasons, there is a lower limil on the
value of Ki

Fig. 9-20 shows the unit-step responses of the atiitude-control system with Pl control,
with Kp = 0,08 and several values of Kp. The unit-step response of the same system with
the PD controller designed in Example 9-2-1, with Kp = 1 and Ko = 0.00177, is also
plotted in the same figure as a comparison
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ngure umi-siep responses or me system in txampie y-
response of the system in Example 9-2-1 with PD conuoller

Frequency-Domain Design
The forward-path transfer function of the uncompensated system is obtained by setting
Kp = land AT/ = 0 in the G(s) in Eq. (9-34). and the Bode plotis shown in Fig. 9-21. The

phase margin is 22.68°, and the gain-crossover frequency is 868 rad/sec.

Toolbox 9-3-2
Fig. 9-20 is obtained by the following sequence of MATLAB functions

K=10:

num =[4500*K] :

den= [1 361.2 0] :

tf(num ,den):
[numcCL,denCL]=cloop(num,den);
step(numCL,denCL)

hold on

Ki=[1.60.8 ]:
KP=K1/5;
K=100:

fori =l:length(KI)
num= [4500°K*KP (i) 4500"K *K I(i)/K P (i) ];
den=[l1361.2 00];
tf(num ,den):
[numCL,denCL]=cloopCnum,den);
stepCnumCL,denCL)
hold on

end

axisCCO 0.05 0 2])
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10 100
fin(rad/sec)
Figure 921 Bode plots of the control system in Example 9-3-1 with Pl conuoller.
A ii5,265Kp{s + Ki/Kp)
A(7+361.2)
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Toolbox 9-3-3

Bode plots of the control system in Example 9-3-I. Fig. 9-21 is obtained by the following sequence of

MATLAB functions

KI=[01.6 0.8 0.080
KP=0.08:

K=l

fori =1;length(KI)
num= [815265*KP 8
den=[1 361.200];
bode(num ,den)
hold on

end

grid

008] ;

15265*KI(i) ]

Let us specify that the required phase margin should be at least 65°, and this is to be

achieved with the PI controller of Eq. (9-30). Following the procedure outlined earlier in

Egs.

(9-31) through (9-33) on the design of the Pl controller, we conduct the following

steps:

1. Look forthe new gain-crossover frequency odgat which the phase margin of65° is
realized. From Fig. 9-21,  isfound to be 170 rad/sec. The magnitude of G(/o>)at
this frequency is 21.5 dB, Thus, the Pl controller shou d provide an attenuation of
-21.5 dB atoig »~ nOrad/sec. Substituting = 21.5dB into Eq. (9-32),
and solving for Kp, we get

Kp = = 10-21V20 * 0.084 (9-41)

Notice that, in the time-domain design conducted earlier, Kp was selected to be
0.08 so that the relative damping ratio o fthe complex characteristic equation roots
will be approximately 0.707. (Perhaps we have cheated a little by selecting the
desired phase margin to be 65°. This could not be just a coincidence. Can you
believe that we have had no prior knowledge that, in this case, | = 0.707
corresponds to PM = 65°?)

2. Let us choose Kp = 0.08, so that we can compare the design results of
the frequency domain with those of the time-domain design obtained
earlier. Eq. (9-33) gives the general guideline of finding K/ once Kp is
determined. Thus,

As pointed out earlier, the value of K/ is notrigid, as long as the ratio Kf/Kp is sufficiently

smaller than the magnitude ofthe pole of C(5) at -361.2. As it turns out. the value 0iKi

given by Eq. (9-42) is not sufficiently small for this system.

The Bode plots of lhe forward-path transfer funclion with Kp = 0.08 and Ki = 0.

0.008. 0.08. 0.8. and 1.6 are shown in Fig. 9-21. Table 9-6 shows the frequencv-domain
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ice Data ofthe System in Example 9-3-1
with Pl Controller

GM PM BW Gain CO Phase CO
KilK p K. Kp (dB) (deg) Mr (rad/sec) (rad/sec) (rad/sec)
0 0 1.00 00 22.6 2.55 1390.87 868 00
20 16 0.08 00 58.45 112 268.92 165.73 oc
10 0.8 0.08 00 61.98 1.06 262.38 164.96 oc
5 04 0.08 oc 63.75 1.03 258.95 164.77 oc
1 0.08 0.08 cc 65.15 101 256.13 164.71 c
0.1 0.008 0.08 oo 65.47 1.00 255,49 164.70 oc

properties of the uncompensated system and the compensated system with various values
ofKi.Notice that, for values o fK/jK p thatare sufficiently small, the phase margin. Mr, BW,
and gain-crossover frequency all vary little.

It should be noted that the phase margin of the system can be improved further by
reducing the value of Kp below 0.08. However, the bandwidth ofthe system will be further
reduced. For example, for Kp = 0.04 and Ki = 0.04. the phase margin is increased to
75.7°. and Mr = 1.01. but BW is reduced to 117.3 rad/sec’

Now let us consider using the PI control for the third-order altitude control system described by
Eq. (9-19). First, the time-domain design is cavied out as follows. You may use ACSYS to solve
{his problem <

Time-Domain Design
Let the time-domain specifications be as follows:
Steady-state error due to the parabolic input t"Us{t)I2 < 0,2
Maximum overshoot < 5%
Rise time Tr < 0.01 sec
Settling time t, < 0.02 sec
These are identical to the specifications given for the second-order system in Example 9-3-1

Applying the PI controller of Eq. (9-24), the forward-path transfer function of the
system becomes

15~ \'>KK,,u + K,/Kp)
(>om( 1 s2(s2 + 3408 31+1,204.000)
1.5 X \ti>KKp[s + KilKp)

We can show that the steady-state ewor of the system due to the parabolic input is again

given by Eq. (9-36). and. arbitrarily setting K = 181.17, the minimum value of K, is
0.002215.

The characteristic equation of the closed-loop system wilh A'= 181.17 is

J++ 3408.3s-' + 1204,000.V- + 2.718 X 10*-ps + 2.718 X 10'/i, = 0 (9-44)
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The Routh’s tabulation of the last equation is performed as follows:

1,204,000 2.718 X 10%
3408.3 2.718 X 10"Kp 0
1,204,000 - 797465A:/. 2718 X 107K,
1,204,000JiF - 797465~:~ - 3408.3¢gf
1,204,000 - 797465A:p
2.718 X 10%a:, 0

The stability requirements are
K/>0
iTp< 1.5098 (945)
Ki<353.255Kp-233.9BKi

The design ofthe PI controller calis for the selection ofa small value for Ki/K p, relative to
the nearest pole of G (i) to the origin, which is at -400.26. The root loci of Eq. (9-44) are
plotted using the jx)le-zero configiuation of Eq. (9-43). Fig. 9-22(a) shows the nx>t loci as Kp

Figure 9-22 (a) Root loci of the conuol system in Example 9-3-2 with Pl ¢
KilKp = 2,0 < ATp< CO.



©

-3 Design with tfie PI Conuoller ' 525

if,=06. =0.04i
Intlit 1111
AKi=0.2i.Kp=om

4. Knr=\

= 225dB"
f
®
101 10 10" 163 100 10
<u(rad/sec)
3(rad/sec)
(b)

Figure 9-22  (b) Bode plots of ihe coniroi system in Example 9-3-2 with PI control.

varies for KilK p = 2. The root loci near the origin due to the pole and zero of the PI conuoller
again form a small loop, and the root loci al a distance away from Gie origin will be very sim ilar
to those of the uncom pensated system, which are shown in Fig. 5-34. By selecting the value of
Kp properly along the root loci, it may be possible to satisfy ihe performance specifications
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TABLE 9-7 Attributes of the Unit-Step Responses of the System in Example 9-3-2
with PI Controller

Maximum Is Roots of
K/!Kp K, Kp  Overshoot (%) (sec) (sec) c
0o 0 1 76.2 0.00158 0.0487  -3293.3 -57.5  +;906.6
20 16 0.08 156 0.0077 0.0471  -3035  -22.7 -175.3  #jig0.:
20 08 0.4 15.7 00134 00881 -3021,6 -259  -99 -28
5 04 008 6.3 0,00883 0.0202 -3035  -5.1 -184 +:189,:
2 0.08 004 21 0.02202 0.01515 -3021.7 -234.6 -149.9 -2
5 02 004 4.8 0.01796 0.0202 -3021.7 -240  -141.2 .53
2 016 0.08 5.8 0.00787 0.01818 -3035.2 -185.5 +yJ90.8 -2
I 0.08 0.08 5.2 0.00792 0.01616 -3035.2 -186  +;191.4 -1
2 015 0.075 49 0.0085 00101 -3033.5 -187.2 =*yI78 -1
2014 0.070 4.0 0.00917 0.01212 -3031.8 -187.2 +:164 -1

given above. To minimize the rise time and settling time, we should select Kp so Ihat the
dominant roots are complex conjugate. Table 9-7 gives the performance anributes of several
combinations ofKilKp and Kp. Notice that, although several combinations of these parameters
correspond to systems Giat satisfy the performance specifications, the one with Kp = 0.075
and Ki = 0.15 gives the best rise and settling rimes among those shown

Frequency-Domain Design
The Bode plotofEq. (9-43) for a: = 181.17, ATp = 1.and /iT/ = 0 is shown in Fig, 9-22(b).
The performance data of the uncompensated system are as follows:

Gain margin = 3.578 dB

Phase margin = 7.788°

Mr - 6.572

B W = 1378 rad/sec

Letus require that the compensated system has a phase margin of at least 65°, and ¢us is
to be achieved with the P1 controller of Eq. (9-30). Following the procedure outlined in Egs.
(9-31) through (9-33) on ke design of the PI controller, we carry out the following steps.

1. Look forthe new gain-crossover frequency  at which the phase margin of 65° is
realized. From Fig. 9-20. uJg is found to be 163 rad/sec, and the magnitude of
G{jct) at this frequency is 22.5 dB. Thus, the PI controllell should provide an
attenuation of -22.5 dB at = 163 rad/sec. Substituting Gyco'g)\=22.5dB
into Eq. (9-32). and solving for Kp, we get

Kp = 10-[C(;»;)L./20 A 10-22.5/20 A g 075 WA,

This is exactly the same result that was selected for the time-domain design thatresulted in

a system with a maximum overshoot of 4.9% when Ki = 0.15. or Ki/Kp = 2.

2. The suggested value of K, is found from Eq. (9-33):

m'gKp 163 X 0.075 ©47)
-47,
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Toolbox 9-3-4

Bode plots ofthe control system in Example 9-3-2. Fig. 9-22(b) is obtained by thefollowing sequence of
MATLAB functions

KI=[0.60.28 0.075 0] ;
KP=[0.04 0.02 0.075 1] :

K=1;

fori= lilength(KI)
num= Cl.5e9*KPCi) 1.Seg-'’KICi)] ;
den=[l 3408.3 1204000 00] ;
bodeCnum,den)
hold on

end

grid

axis([0.01 10000 -270 0]) ;

Thus, Ki/Kp = 16.3. However, the phase margin of the system with these design
parameters is only 59.52

To realize the desired PM of 65°, we can reduce the value of Kp or K/. Table 9-8 gives
the results of several designs with various combinations of Kp and K/. Notice that the last
three designs in the table all satisfy the PM requirements. However, the design ramifica-
tions show the following:

Reducing Kp would reduce BW and increase Mr.

Reducing K/ would increase the capacitor value in the implementing circuit.

In fact, only the Ki = Kp = 0.075 case gives the bestall-around performance in both the
frequency domain and the time domain. In attempting to increase K/, the maximum
overshoot becomes excessive. This is one example that shows the inadequacy of
specifying phase margin only. The purpose of this example is to bring out the properties
of the PI controller and the important considerations in its design. No details are
explored further.

Fig. 9-23 shows the unit-step responses of the uncompensated system and several
systems with PI control.

TABLE 9-8 Performance Summary of the System in Example 9-3-2 with PI Controller

GM PM BW Maximum I,
K, Kp (dB)  (deg) Mr  (rad/sec) Overshoot (%>  (sec)  (sec)
0 0 ] 3.578  7.788 6.572 1378 772 0.0015  0.0490
163 1.222 0.075 2567  59.52 1098  264.4 131 0,086 0,0478
1 0.075 0.075 26.06 6515 1006  253.4 4.3 0.0085 0.0116
15 0.600 0.040 3116 66.15 1133  134.6 12.4 0.0142  0.0970

14 0,280 0,020 37.20 65.74 1.209 66.34 17,4 0.0268 0.1616
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Time (sec)

Figure 9-23  Unit-step response of system with P1 controller in Example 9-3-2.

9-4 DESIGN WITH THE PID CONTROLLER

From the preceding discussions, we see that the PD coniroller could add damping to a
system, but the steady-state response is not affected. The Pl controller could improve the
relative stability and improve the steady-state error at the same time, but Gie rise lime is
increased. This leads to the moiivation of using a PID controller so that the best features of
each of the Pl and PD controllers are utilized. We can outline the following procedure for
the design of the PID controller.

1. Considerthatthe PID controller consists of a PI portion connected in cascade with

a PD portion. The transfer function of the PID controller is written as

C((5) —Kp + KNS H— A1 + K@[S) (Kp2 H— i9-48)

The proportional constant of the PD portion is sei to unity, since we need only
three parameters in the PID controller. Equating both sides of Eq. (9-48). we have
Kp = Kp2 + A'dir/2 (9-49)

Kd ~ Kd\I"P2 i9-50)

Ki= Kp_ (9-51)
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2. Consider that the PD portion only is in effect. Select the value of Kd] so that a
portion of the desired relative stability is achieved. In the time domain, this
relative stability may be measured by the maximum overshoot, and in the

frequency domain it is the phase margin.

3. Selectihe parameters Kf2and Kp2 so thatthe total requirementon relative stability
is satisfied

Toolbox 9*4-1
Fig. 9-23 is obtained by the following sequence of MATLAB functions
KI=1[00.6 0.28 0.075] ;

KP=[10.04 0.02 0.075] ;

K=1;

t=0:0.0001:0.2;

fori=1I:length(KI)
nujn= [1.5e9*KP (i) 1.5e9*K I(i)];
den=[l 3408.3 1204000 00];
tf(nmn,den):
[numCL,denCL]=cloop(num,den);
stepCnumCL,denCL,t)
hold on

end

grid

axis([0 0.2 01.8])

As an alternative, the P1 portion ofthe controller can be designed first for aportion of
the requirement on relative stability, and, finally, the PD portion is designed.

The following example illustrates how the PID controller is designed in the time
domain and the frequency domain.

» EXAMPLE 9-4-1 Consider the third-order attitude conuol system represented by the forward-path tfansfer function
given in Eq. (9-19). With AT= 181.17, the transfer function is

“ s(i+ 400.26)(i + 3008)
You may use ACSYS to solve this problem; see Section 9-19.

Time-Domain Design

Let the time-domain performance specifications be as follows:
Steady-state error due to a ramp input thUs(r)/2 < 0.2
Maximum overshoot < 5%
Rise time ir < 0.005 sec

Settling time f, < 0.005 sec

We realize from the previous examples that these requirements cannot be fulfilled by
either the P1 or PD control acting alone. Let us apply the PD control with the transfer
function (1 + Kois). The forward-path transfer function becomes

2718x10» (1+<r0..)
A s(j+ 400.26){i + 3008)
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TABLE 9-9 Time-Domain Performance Characteristics of Third-Order Attitude Control System
with PID Controller Designed in Example 9-4-1

Maximum ir i Roots of

Kp2  Overshoot (%) (sec) (sec) Characteristic Equation

10 111 0.00088  0.0025 151 -533.2 -1430+ | 17174
0.9 10.8 000111 0.00202  -15.1 -538.7  -1427 +y i571.1
0.8 9.3 0.00127  0.00303  -15.1 -546.5  -1423%; 1385.1
0.7 8.2 0.00130  0.00303  -15.1 -558.4  -1417xy 1168;
0.6 6.9 0.00155  0.00303  -15.2 -579.3  -1406%y 897.1
05 5.6 0.00172  0.00404  -15.2 629 -1382 xy 470.0
0.4 5.1 0.00214  0.00505  -15.3 1993 700 ¢ 215.4
0.3 4.8 000271 0.00303  -15.3 -2355 519+ } 263.1
0.2 4.5 0.00400 0,00404 -15.5 -2613 -390 xy 2213
01 5.6 0.00747  0.00747  -16.1 284 284 % ; 9.2
0.08 6.5 0.00895  0.04545  -16.5 -286.3 266 | 41

Table 9*3 shows that the best PD controller that can be obtained from (rie maximum
overshoot standpointis wiih AToi = 0.002. and the maximum overshootis 11.37%. The rise
time and settling time are well within the required values. Next, we add the Pl controller,
and the forward-path transfer function becomes

. _ 5.436 X + 500)is + Kn/Kp2)
52(j + 400.26)(j + 3008) A oA

Following the guideline of choosing a relatively small value for Kii/Kpi. we let
fAn/Kp2~ 15. Eq. (9-54) becomes

5.436 X 10 fr,(i+ 50 0)(s + 15)
= -~ ;?2(77T40026)(.r3008)

Table 9-9 gives the time-domain performance characteristics along with the roots of the
characteristic equation for various values o f Kp2. Apparently, the optimal value o f K n jsin
the neighborhood of between 0.2 and 0.4

Selecting Kp2 = 0.3. and witi Kd\ = 0.002 and K2 = 15AT>2 = 4.5. thefollowing
results are obtained for rie parameters of the PID conffoller using Egs. (9-49) through (9-51):

K, = K2 =145
Kp = Kp2 + Ko\Ki2 = 0.3+ 0.002 X 4.5 - 0.309 (9-56)

Kd = KoiKp2 = 0.002 X 0.3 = 0.0006

Notice that the PID design resulted in a smaller Kp and a larger K/, which correspond to
smaller capacitors in the implemeniing circuit.

Fig. 9-24 shows the unit-step responses of the system with the PID controller, as well
as those wilh PD and Pi controls designed in Examples 9-2-2 and 9-3-2. respectively
Notice that the PID control, when designed properly, captures the advantages of both the
PD and the PI controls
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Figure 9-24 Step responses of the system in Example 9-4-1 with PD. P1. and PID controllers

Frequency-Domain Design

The PD control of the third-order attitude control systems was already carried out in
Example 9-2-2, and the results were tabulated in Table 9-3. When Kp = 1and Kd = 0.002,
the maximum overshoot is 11.37%. but this is the best that the PD control could offer

Using triis PD controller, the forward-path transfer function of the system is

2.718 X 107(1 +0.002i)
G[s) = (9-57)
5(5+ 400.26)(j + 3008)

and its Bode plotis shown in Fig. 9-25. Let us estimate that the following setof frequency-
domain criteria covesponds to the time-domain specifications given in this problem.
Phase margin > 70°
Mr <\
BW > 1.000 rad/sec
From the Bode diagram in Fig. 9-25, we see that, to achieve aphase margin of 70", the new

phase-crossover frequency should be = 811 rad/sec, al which the magnitude of G{j(0) is
7 dB. Thus, using Eq. (9-32), the value of Kp2 is calculated to be

KP2 = 10- (9-58)

Notice thatthe desirable range of Kp2 found from the time-domain design with Ki2/Kp2 =
15is from 0.2 to 0.4. The result given in Eq. (9-58) is slightly out of the range. Table 9-10

shows the frequency-domain performance results with Kd = 0.002. Kn/Kpi = 15. and
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Figure 9-25 Bode plot of the system in Example 9-4-1 with PD and PTD controllers

TABLE 9-10 Frequencv-Domain Performance of System in Example 9-4-1 with PID Controller

1.00
0.45
0.40
0.30
0.20
0.10
0.08

several values of Kp2 starting with 0.45

6.75
6.00
4.50
3.00
15
12

GM

(dB)
00
00
@
00
00

PM
(deg)
58.45
68.5
69.3
71,45
73,88
76.91
77.44

Mr

1.07

1.03

1.027
1.024
1.031
1.054
1.065

BW
(rad/sec)

2607
Itso
1061
1024
528.8
269.5
216.9

(sec)
0.0008
0.0019
0.0021

0.0027
0.0040
0.0076
0.0092

(sec)

0.00255
0.0040
0.0050
0.00303
0.00404
0.0303
0.00469

Maximum
Overshoot (%)
11.37
5.6
5.0
4.8
4.5
5.6
6.5

It is interesting to note that, as Kp2 continues to

decrease, trie phase margin increases monotonicaily, but below Kf>2 ~ 0.2, vie maximuin
overshoot actually increases. In this case, the phase margin results are misleading, but e
resonant peak Mr is a more accurate indication of this

» 9-5 DESIGN WITH PHASE-LEAD CONTROLLER

The PID controller and its components in the form of PD and Pl controls represent simple

forms of controllers that utilize derivative and integration operations in the compensation

ofcontrol systems. In general, we can regard the design o fcontrollers o f control systems as
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a filter design problem: then there are a large number of possible schemes. From the
filtering standpoint, the PD controller is a high-pass filter, the PI controller is a low-pass
filter, and the PID controller is a band-pass or band-attenuate filter, depending on the values
of the controller parameters. The high-pass filter is often refewed to as a phase-lead
controller, because positive phase is introduced to the system over some frequency range.
The low-pass filter is also known as a phase-lag controller, because the corresponding
phase introduced is negative. These ideas related to filtering and phase shifts are useful if
designs are carried out in the frequency domain
The transfer function of a simple lead or lag controller is expressed as

Gefs) = Kc . (9-59)
s+ Pi
where the controller is high-pass or phase-lead if P\ >Z\. and low-pass or phase-lag if
P]1<Z]
The Op-amp circuitimplementation ofEq. (9-59) is given in Table 4-4(g) of Chapter
4 and is repeated in Fig. 9-26 with an inverting amplifier. The transfer function of the

circuit is
1
Eois) cr RiCi
(9-60)
R2C2
Comparing the last two equations, we have
Ke-Q /IC 2
Zi = \IRACi (9-61)
Pl = I/R2C2

We can reduce the number of design parameters from four to three by setting
€ = C) = Cl- Then Eq. (9-60) is written as

1221 +7|C A
Ri \i +R2CSJ
_1A +aTs\

@

L1+ Tid
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where

(9-63
Ri

T = RiC (9-64

9-5-1 Time-Domain Interpretation and Design of Phase-Lead Control

In this section, we shall first consider that Eqs. (9-60) and (9-62) represent a phase-lead
controller (zi < Pioro > 1). In order that the phase-lead controller w ill not degrade iie
steady-stale error, the factor a in Eq. (9-62) should be absorbed by the forward-path gain K.

Then, for design purposes, C,.(i) can be written as

(9-65)

The pole-zero configuration of Eq. (9-65) is shown in Fig. 9-27. Based on the discussions
given in Chapter 7 on the effects of adding a pole-zero pair (with the zero closer to the
origin) to the forward-path transfer function, the phase-lead controller can improve the
stability of the closed-loop system if its parameters are chosen properly. The design of
phase-lead control is essentially that of placing Ihe pole and zero of Gi-ii) so that the design
specifications are satisfied. The root-contour method can be used to indicate the proper
ranges o f the parameters. The ACSYS MATLAB tool can be used to speed up the cut-and-
try procedure considerably. The following guidelines can be made with regard to the
selection of the parameters a and T

1. Moving the zero - \jaT toward the origin should improve rise lime and settling
time. If the zero is moved too close to the origin, the maximum overshoot may again
increase, because - XjaT also appears as a zero of the closed-loop transfer function.

2. Moving the pole at - 1/r fartheraway from the zero and the origin should reduce
the maximum overshoot, but if the value of T is too small, rise time and settling
time will again increase.

taT

Figure 9-27 pole-zero
configuration of (rie phase-
lead conuoller.
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We can make the following general statements w ith respect to the effects o f phase-lead
control on the time-domain performance of a control system

1. When used properly, it can increase damping of the system

2. It improves rise time and settling time.

3. Inthe form ofEq. (9-65), phase-lead control does notaffect the steady-state ewor,

because Gcio) = 1.

9-5-2 Frequency-Domain Interpretation and Design of Phase-Lead Control

The Bode plot of the phase-lead conuwoller of Eq. (9-65) is shown in Fig. 9-28. The two
comer frequencies are atw = 1/aT and U= L/I. The maximum value ofthe phase, &,,
and the frequency at which it occurs. ij)m, are derived as follows. Because com is the

geometric mean of the two comer frequencies, we write
logiQiur = | dogio” + logioil (9-66)
Thus
(9-67)
To determine the maximum phase &,, the phase of GfUu)) is written

iGcijcu) — 4>{j(0) = tan* ‘o «ir - tan* 'o)r (9-68)

20i0g,.fl

<u(rad/sec)

Figure 9*28 Bode plot of phase-lead convoUer Co(i) = a~—



536 » Chapter 9. Design of Control Systems

from which we get

Substituting Eq. (9-67) into Eq

coaT —0)T

an>(joj) - [u)am'll')(ﬂ)zl:)A

(9-69), we have

a-\
iano,, = (9-70)
2va
sin0,, — (9-71)
a+ \
Thus, by knowing <I),. the value of a is determined from
1+ sin0,,
Q= - - (9-72)
1- sin0,,

The relationship between the phase
plot of the phase-lead controller provide an advantage of designing

domain. The difficulty is

and a and the general properties of tie Bode
in the frequency

of course, in the correlation between the time-domain and

frequency-domain specifications. The general outline of phase-lead controller design in the

frequency domain is given as follows. It is assumed that the design specifications simply

include steady-state error and phase-margin requirements

1.

The Bode diagram of the uncompensaied process Gpycu) is constructed with the
gain constant K set according to the steady-state evor requirement. The value of K
has to be adjusted upward once ihe value of a is determined.

uncompensated

The phase system are

determined, and the additional amount of phase lead needed 10 realize the phase

margin and (he gain margin of the
margin is determined. From the additional phase lead required, the desired value
0f0,, is estimated accordingly, and the value of O'is calculated from Eq. (9-72)
Once a is determined, it is necessary only 10 determine the value of T. and ihe

design is in principle completed. This is accomplished by placing the comer

frequencies of the phase-lead controller. 1joT and I/r, such that  is located at
the new gain-crossover frequency Wg, so ihe phase margin of the compensated
sysiem is benefited by u>,. It is known thai the high-frequency gain of tvie phase-
lead controller is 20 log 10« dB. Thus, to have {he new gain crossover at cum. which
is the geometric mean of \jaT and I/r. we need lo place (Jim at the frequency
where the magnitude of the uncompensaied is -l0logio®dB so that
adding the controller gain of 10 logi,i/ dB to this makes the magnitude cune go
through 0 dB ai

The Bode diagram of the forward-path transfer function of the compensated
system is investigated to check thal all performance specifications are met: if not.a

new value of 0, must be chosen and the steps repeated.
If the design specifications are all saiisfied. the transfer function of the phase-lead

coniroller is established from the values of a and T.
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If the design specifications also include Mr and/or BW, then these must be checked
using either the Nichols chart or the output data from a computer program.

We use the following example to illustrate the design of the phase-lead controller in
the time domain and frequency domain.

- EXAMPLE 9-5-1 The block diagram of the sun-seeker control system described in Section 4-11 is again shown in Fig.
9-29. The system may be mounted on a space vehicle so that it will track the sun with high atsufacy.
The variable dr represents the reference angle of the solar ray, and 80 denotes the vehicle axis. The
objective of the sun-seeker system is to maintain the error a between Or and 90 near zero. The
parameters of the system are as follows:

Rf=10.000n At = 0.0125V/rad/sec
/r, = 0.0125 N-m/A rl = 6.250

J =10-"kg-m~ K, = 0.1 Alrad

K = tohe determined B=0

The forward-path transfer function of the uncompensated system is

” &0o{s) KsRfKK./n

(9-73)
A())  RJIs” + Kikbs

where 00(i) and A(j) are the Laplace transforms of do{i) and tt(0, respectively.
Substituting the numerical values of the system parameters in Eq. (9-73). we get

You may use ACSYS to solve this problem after reducing the block diagram in Fig. 9-29 to a standard
form. See Section 9-15.

Error Operational Servo Gear
discriminator  amplifier  Conuoller amplifier vain

GAS)

Figure 9-29 Block diagram of sun-seeker control system.

Time-Domain Design
The time-domain specifications of the system are as follows;
1. The steady-state errorofo(r) due to a unit-ramp function input for 9r(r) should be

< 0.01 rad per rad/sec of the final steady-state output velocity. In other words, the
steady-state error due to a ramp input should be < 1%.

2. Themaximum overshootofthe step response should be less than 5% or as small as
possible.

3. Rise time/;.< 0.02 sec

4. settling time ij < 0.02 sec
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The minimum value ofthe am plifier gain. K, is determined initially from the steady-state
requirement. Applying the final-value theorem to a(r), we have

(9-75)

For a unitramp input. © r(i) = By using Eq. (9-74), Eq. (9-75) leads to

~ 0.01
Alimo« (0) = N

(9-76)
Thus, for the steady-state value ofa(r) to be < 0,01, mustbe > 1. Letus setAT= 1 the
worst case from the steady-state error standpoint. The characteristic equation of the

uncompensated system is
+ 255+ 2500 = 0 (9-77)
We can show that the dam ping ratio o fthe uncompensated system with AT = 1is only 0.25,

which corresponds to a maximum overshoot of 44.4%. Fig. 9-30 shows the unit-step

response of the system with AT = 1

Time {sec)

Figure 9-30 Unil-step response of sun-seeker system in Example 9-5-1.
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Unit-Slep responsefor Example 9-6 in Fig. 9-30 is obtained by thefollowing sequence ofM A TLAB Junctions

a= [1 10 12.5 16.67] ;
T=[10.005 0.004 0.003] ;

fori

end

grid

=1:length(T)
num= [2500'a (i)*T (i) 2500];
den=[T (i) 25*T (i)+1250];

[numCL,denCL]=cloop(num,den);
stepCnumCL,denCL)

axisCCO 0.35 0 1.8])

A space has been reserved in the forward path of the block diagram of Fig. 9-29 for a
controller with transfer function Ge(s). Let us consider using the phase-lead controller of
Eq. (9-62), although in the presentcase, a PD controller or one of krie other types of phase-
lead controllers may also be effective in satisfying the performance criteria given. The
forward-path transfer function of the compensated system is written

2500K{i+aTs)

Forthe compensated system to satisfy the steady-state error requirement, K must satisfy
K>a (9-79)
Let us set K ~ a. The characteristic equation of the system is

+ 25s + 2500) + Ts™is + 25} + ISkt¢taTs = 0 (9-80)

We can use the root-contour method to show the effects of varying aand Tofthe phase-lead
controller. Let us first set 0 = 0. The characteristic equation of Eq. (9-80) becomes

+ 255+ 2500 + TsA[s + 25) - 0 (9-81)

Dividing both sides of the last equation by the terms that do not contain r, we get

Thus, the root contours of Eq. (9-81) when T varies are determined using the pole-zero
configuration of Geqi(-i) in Eq. (9-82). These root contours are drawn as shown in Fig. 9-31
Notice that the poles of Geqi(j) are the roots of the characteristic equation when & = 0 and
r = 0, The root contours in Fig. 9-31 clearly show that adding the factor (1 + Ti) to the
denominator of Eq. (9-74) alone would not improve the system performance, since the
characteristic equation roots are pushed toward the right-half plane. In fact, the system
becomes unstable when Tisgreaterthan 0.0133. To achieve the full effect ofthe phase-lead
convoller, we must restore the value of a in Eq. (9-80). To prepare for the root contours
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with a as the variable parameter, we divide both sides of Eq. (9-80) by the term s that do not
contain a, and the following equation results:

. 2500a7i
1+ .Ge2(.) = 1+ .2+ 25,+ 2500+nA(. + 25) = ° (6-89)

Toolbox 9-5-2

Root contours for Fig. 9-31 are obtained by the following sequence of MATLAB functions
for T= 1:1:260

num= [T 325*TO 0] ;

den= [1 25 2500] :

tf(num ,den);

[numCL,denCL]=cloop(nuiii,den) ;

F=tf(num .den);

PoleDataC:,T)=pole(F);
end

plot(real(PoleData(l,:)).imag(PoleData(l,:)),real(PoleData(2,:)),imag(PoleData(2,:)));
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Fora given T, the root contours of Eq. (9-80) when a varies are obtained based on
the poles and zeros of Geq2(i). Notice that the poles of Geq2(s) are the same as the
roots of Eq. (9-81). Thus, for a given T. the root contours of Eq. (9-80) when a varies
must start {a = 0) at points on the root contours of Fig. 9-31. These root contours
end (2= oc) ati = 0, oc, oc, which are the zeros of Ceq2(i)- The complete root
contours of Eq. (9-80) are now shown in Fig. 9-32 for several values of T, and a
varies from 0 to DC.

From the root contours of Fig. 9-32, we see that, for effective phase-lead control, the
value of T should be small. For large values of T. the natural frequency of the system
increases rapidly as a increases, and very little improvementis made on the damping of the
system .

Let us choose T = 0.01 arbitrarily. Table 9-11 shows the attributes of the unit-siep
response when the value of aTis varied from 0.02 to 0.1. The ACSYS MATLAB lool was
used for ihe calculations of the time responses. The results show that the smallest
maximum overshoot is obtained when aT = 0.D5. although the rise and settling times
decrease continuously as aT increases. However, the smallest value of the maximum
overshoot is 16.2%, which exceeds the design specification.
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TABLE 9-11  Attributes of Unit-Step Response of System with
Phase-Lead Controller in Example 9-5-1: r=0.01

Maximum
aT a Overshoot {%) (sec) (sec)
0.02 2 26.6 0.0222 0.0830
0.03 3 18.9 0.0191 0.0665
0.04 4 16.3 0.0164 0.0520
0.05 5 16.2 0.0146 0.W15
0.06 6 17.3 0.0129 0.0606
0.08 8 205 0.0112 0.0566
0.10 10 23.9 0.0097 0.0485

Toolbox 9-5-3
Root contours for Fig. 9-32 are obtained by the following sequence of MATLAB functions

T=[0.003 0.004 0.005 0.05 0.1 2.5]:
for j=l:lengthCT)

fora=0:0.005:30
num= [T (j) 25*TCj)+125+2500*%a*TCj) 2500] ;
den= [T(J) 25*TCj)+125 2S00];[nuinCL.denCL]=cloopCnum,den) :
F=tfCnuinCL.denCL): PoleDataC: ,i)=pole(F);

=i+l
end
Count=i-1; for graph continuation
fori=1:Count
if imag(PoleD ata(l,i))~=0
break;
end end
count =i; ®w3for graph continuation
fori=l:count
PoleDataCl,i)=PoleData(l,count):
end
fori=1:Count
if imag(PoleD ata(2,i))~=0
break;
end end
count=i: %%for graph continuation
fori=1l:count
PoleData(2,i)=PoleData(2,count);
end
PositivePos =0;
fori=1Il:Count
if imag(PoleD ata(l,i)) <0
if PositivePos ==
PositivePos =i-1;
end
PoleD atad ,i) =PoleD ata(l,PositivePos) ;
End end
PositivePos =0;
fori=1:Count

if imag(PoleD ata(2,i))<0



End

if PositivePos =

end
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0
PositivePos =i-1;

PoleData(2,i)=PoleData(2,PositivePos):
d

en
plotCreal(PoleData(l, :)),imag(PoleDataCl. 0),real(PoleData(2, :)).ijjnag(PoleData(2.:))):

end

hold

on

axis([-175 001S0O1]); sgrid

Next, we set aT = 0.05 and vary T from 0.01 to 0.001, as shown in Table 9-12. Table
9-12 shows the attributes of tiie unit-step responses. As the value of rdecreases, the maximum
overshoot decreases, but the rise time and settling time increase. The cases that satisfy the
design requirements are indicated in Table 9-12 forAr = 0.05. Fig. 9-30 shows the unit-step
responses of the phase-lead-com pensated system witi three sets of controller parameters
Choosing T = 0.004, a = 12.5, the transfer function of the phase-lead controller is

The transfer function of the com pensated system is

To find the op-amp-circuit realization of the phase-lead controller, we arbitrarily set
¢ = 0.1jil, and the resistors of the circuit are found using Eqs. (9-63) and (9-64) as R\ =
500.000 n and i?22 = 40,000 n

Frequency-Domain Design

Let us specify that the steady-state error requirement is the same as that given earlier. For
frequency-domain design, the phase margin is to be greater than 45°, The following design
steps are taken:

1. The Bode diagram of Eq. (9-74) with A" = 1 is plotted as shown in Fig. 9-33.

2. The phase margin of the uncompensated system, read at the gain-crossover
frequency, (Oc = 47 rad/sec, is 28°. Because the minimum desired phase margin

TABLE 9-12  Attributes of Unit-Step Responses of System with Phase-Lead
Controller in Example 9-5-1; ar=0.05

Maximum
T a Overshoot (%) (sec) (sec)
0.01 5.0 16,2 0.0146 0.0415
0.005 100 41 0.0133 0.0174
0.004 125 11 0.0135 0.0174
0.003 16.67 0 0.0141 0.0174
0.002 25.0 0 0.0154 0.0209

0.001 50.0 0 0.0179 0.0244
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Figure 9-33 Bode diagram of the phase-lead compensation and uncompensated systems in

is 45°. ai least 17° more phase lead should be added to the loop at the gain-
crossover frequency

3. The phase-lead controllerof Eq, (9-65) must provide the additional 17- atthegain-
crossover frequency of the com pensated system. However, by applying the phase-
lead controller, the magnitude curve of the Bode plotis also affected in such a way
that the gain-crossover frequency is shifted to a higher frequency. Aliough itisa
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simple matter to adjust the comer frequencies, \la T and ].ll’, of the conuoUer so
that Gie maximum phase ofthe controller @, falls exactly atthe new gain-crossover
frequency, the original phase curve at this point is no longer 28° (and could be
considerably less) because the phase of most control processes decreases with ie
increase in frequency. In fact, if the phase of the uncom pensated process decreases
rapidly witi increasing frequency near the gain-crossover frequency, the single-
stage phase-lead controller will no longer be effective.

Inview of the difficulty estimating the necessary amountof phase lead, it is
essential to include some safety margin to account for the inevitable phase drop-
off. Therefore, in the present case, instead of selectinga  ofa mere 17°. let
be 25°. Using Eq. (9-72), we have

(9-86)

To determine die proper location of the two comer frequencies (1/aT and 1/T) of
ihe controller, itis known from Eq. (9-67) thatthe maximum phase lead  occurs
at the geometric mean of the two corner frequencies. To achieve the maximum
phase margin with the value of a determined, should occur at Gie new gain-
crossover frequency (0g, which is not known. The following steps are taken to
ensure that occurs at Wg.

a. The high-frequency gain of the phase-lead controller of Eq. (9-65) is

20logioa = 20logio 2.46 = 7.82dB (9-87)

b. The geometric mean (Omof the two comer frequencies, \laT and 1/7, should
be located at the frequency at which the magnitude of the uncompensated
process transfer function Gp{j(o) in dB is equal to the negative value in dB of
one-half of this gain. This way, the magnitude curve of the compensated
ransier function will pass through the 0-dB-axis at Q= (Om- Thus, (Om should
be located at the frequency where

-1010g,02.46- -3.91dB (9-88)

Igram for Fig. 9-33 is obtained by thefollowing sequence of MATLAB functions

46 12.5 $.828] ;

0106 0.004 0.00588] ;

I:length(T)

m=[2500*a(i)*T (i) 2500];
n=[T (i) 1+25*T (i) 25 0] ;

de(nujTiden) :
Id on;

C[1 10000 -180 -901);
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Toolbox 9-5-5

Plot 0fGis)for Fig. 9-34 is obtained by thefollowing sequence of MATLAB functions

a= [2.46 12.5 5.828] ;
[0.0106 0.004 0.00588] ;
fori =1:length(T)

T=

num= [2500*a

(i)*T (i) 2500] ;

den=[T (i) I+25*T (i) 25 0] ;
t =tfCnum.den)
nichols(t): ngrid;

hold on;

From Fig. 9-33, this frequency is found to be (Gm = 60rad/sec. Now using Eq. (9-67)

we have

- M ‘laojm = \/2.46 X 60 = 94.1 rad/sec (9-89.

Then, /& T'= 94.1/2.46 = 38.21 rad/sec. The wansfer function of the phase-leac
controller is

The forward-path transfer function of the compensated system is

Fig. 9-33 shows that the phase margin of the compensated system is actually 47.6°.

In Fig. 9-34, the magnitude and phase ofthe original and the compensated systems are
plotted on the Nichols chart for display only. These plots can be made by taking the dau
directly from the Bode plots of Fig. 9-33. The values of Mr, and BW can all be
determined from the Nichols chart. However, the performance data are more easil
obtained with ACSYS.

Checking the time-domain performance of the compensated system, we have thi
following results:

Maximumovershoot = 22.3% ir=0.02045 sec = 0.07439sec

which fall short of the time-domain specifications listed earlier. Fig. 9-33 also shows the
Bode plot of the system compensated with a phase-lead controller with a = 5.828 an<
T = 0.00588. The phase margin is improved to 62.4°. Using Eq. (9-71), we can show iia
the result of a = 12.5 obtained in the time-domain design actually corresponds t(
07 = 58.41. Adding this to the original phase of 28°. the corresponding phase margii
would be 86.4T, The time-domain and frequency-domain attributes ofthe system with th(
three phase-lead controllers are summarized in Table 9-13. The results show that, will
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Phase (deg)

Figure 9-34 Plois of G(s) in the Nichols chart for the system in Example 9-5-1.
2500(1
5+ 25)(1+rj)

TABLE 9-13  Attributes of System with Phase-Lead Controller in Example 9-5-1

PM Gain CO BW Maximum

a T (deg) (radfsec)  (rad/sec) ~ Overshoot (%)  (sec) (sec)
1 1 28.03  2.06 47.0 74,3 444 0.0255  0.2133
2.46 00106  47.53 126 60.2 98,2 223 0.0204  0.0744
5.828  0.00588  62.36 1.3 79.1 124.7 7.7 0.0169  0.0474

125 0.0040 68.12  1.00 1131 1725 11 0.0135  0.0174
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> EXAMPLE 9'5'2

a = 12.5 and T = 0.004, even the projected phase margin is 86.41°; Uie actual value ii
68.12 due to the fall-off of the phase curve at the new gain crossover

in this example we illustrate the application of a phase-iead conuoller tt) a Uiird-order system with
relatively high loop gain.

Let us consider Ihat the inductance of the dc motor of the sun-seeker system described in Fig.
9-29 is not zero. The following set of system parameters is given:

Rf= lo.ooon Kb = 0.0125 virad/sec
Ki = 0.0125N-m/A Ra = 6.251]
y=10-*kg-m* K, = 0.3 Alrad

ar= tobedetermined fi= 0

n= 800 t, =10-"H

The transfer function of the dc moior is written

am (j) Ki
) (9-92)
Eafs) + JRaS + KiKb)
The forward-path transfer funciion of Ihe system is
is) (9-93),

(i)  siUJs” + JRaS + KiKb)

Substituting the values of the system parameters in Eq. (9-92), we get
c 76875x 100 If

©A{s)  i(sh + 6251+ 156,250)

You may use ACSYS to solve this problem.

Time>E)oniaiii Design
The time-domain specifications of the system are given as follows:

1. The steady-state evorofa{t) due to aunit-ramp function input for 9r{t) should be
< 1/300rad/rad/sec of the final steady-state output velocity.

2. The maximum overshootofthe step response should be less than 5% or as small as
possible

3. Rise time tr < 0.004 sec.
4. settling time ts < 0.02 sec.

The minimum value of the amplifier gain K is detem ined initially from the sieady-slate

requirement. Applying the final-value theorem to a{i), we get

I NN =1 5A =1 9-95]
o2 = ity SAG = i o9

~.01+G p (i)

Substituting Eq. (9-94) into Eq. (9-95), and 0r(i) = I/s”, we have

Thus, for the steady-state value of Of(/) to be < 1/300, K mustbe > 1.Letusset/r = 1;the
forward-path transfer function in Eq. (9-94) becomes
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We can show that the closed-loop sun-seeker system with K = T has the following

attributes for the unit-step response.
Maximumovershoot=43% Risetimefr=0.004797 sec Settlingtime  0.04587 sec
To improve the system response, let us select the phase-lead controller described by Eq

(9-62). The forward-path transfer funcrion of the compensated system is

v 4.6875 x 1077 (1 + 075)
G (i) - G.{)Cp(s) * 6255+156,20)0 + Ts) *

Now to satisfy the steady-state requirement, K must be readjusted so that AT> a. Let us set
K = a. The characteristic equation of the phase-lead compensated system becomes

(N + 625s" + 156,250s + 4.6875 X lo”) + 7in(s" + 625i + 156,250)

+ 46875 X 10"orj = 0

We can use the root-contour method to exam ine the effects of varying a and T ofthe phase-
lead controller. Let us first seta to zero. The characteristic equation of Eq. (9-99) becomes

(s" + 625" + 156.250s+ 4.6875 X lo”) + + 625j + 156,250) =

(9-100)
Dividing both sides of the last equation by the tenns that do not contain r, we get

+6251+ 156,250)
1+ Ge, ()= 1+ "3+ 625.2 + 156 250.+ 4.6875 X 10" = *

The root contours of Eq. (9-100) when T varies are determined from Uie pole-zero
configuration of Geqi(i) in Eq. (9-101) and are drawn as shown in Fig. 9-35. When a varies
from 0 to 00, we divide both sides 0fEq. (9-99) by the terms thatdo not contain a,and we have

4.6875 X 10"
+  eqlul - +625702 + 156,2505 + 4,6875 X 10~ + 762(52+ 6255+ 156,250)

=0
(9-102)

Foragiven T, the rootcontours of Eq. (9-99) when a varies are obtained based on the poles
and zeros of Geq2(5)-The poles ofG eqiW are the same as the roots ofEq. (9-100). Thus, the
rootcontours when a varies start {a = 0) atthe root contours for variable T. Fig. 9-34 shows
the dominant portions of the root contours when a varies for T = 0.01, 0.0045, 0.001
0,0005, 0.0001, and 0.00001. Notice ihat. because the uncompensated system is lightly
damped, for the phase-lead controller to be effective, the value of T should be very small.
Even for very small values of T. there is only a small range of a that could bring increased
damping, but the natural frequency of the system increases with the increase in a. The root
contours in Fig. 9-35 show the approximate locations of the dominant characteristic
equation roots where maximum damping occurs. Table 9-14 gives the roots of the
characteristic equation and the unit-step-response attributes for the cases that covespond
to near-smallest maximum overshoot for the T selecied. Fig. 9-36 shows the unit-step
response whena = 500and T = 0.00001. Although the maximum overshootis only 3.8%,
the undershoot in Ihis case is greater than the overshoot.
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Figure 9-35 Root contours of sun-seeker system in Example 9-5-2 with phase-lead conuoller.

Toolbox 9-5-6
Step response for Fig. 9-36 are obtained by the following sequence of MATLAB functions

a= [50 100 500] ;
T= [0.0001 0.00005 0.00001] ;

fori =1lilength(T)
num = 4.687 5e7 * [a (i)*T (i) 1];
den= conv ([l 625 156250 0] , [T (i) 1]) ;
tf(num .den);
[numCL,denCL]=cloop(num,den)l
stepCnumCL,denCL)
hold on

end

axisCiO 0.04 01.2])

grid
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TABLE 9-14 Roots of Characteristic Equation and Time Response Attributes of System with
Phase-Lead Controller in Example 9-5-2

T

0.001
0.0005
0.0001
0.00005
0.00001

4 -189.6 -1181.6 -126.9+ ;439.5
9 -164.6 -2114.2 -173.1 +;489,3

Roots of Characteristic Equation

50 -147 -10024 -227+;517
100 -147 -20012 -233 ;515

500 -146.3  -\(y

-238%;513.55

Frequency-Domain Design

The Bode plot of Gp(s) in Eq. (9-97) is shown in Fig. 9-37. The perform

the uncompensated system are

PM =

M, =

BW

29.74°

2.156

= 426.5 rad/sec

Maximum
Overshoot (%)
21.7
13.2
5.4
4.5
3.8

(sec)
0.0037

0.00345
0.00348
0.00353
0.00357

(sec)
0.0184
0.0162
0.0150
0.0150
0.0146

ance attributes of

We would like to show that the frequency-domain design procedure outlined earlier does

not work effectively here, because the phase curve of Gp(J(0) shown in Fig. 9-37 has a

very steep slope near the gain crossover. For example, if we wish to realize a phase margin

Figure 9-36  Unil-step responses of sun-seeker system in Example 9-5-2 with phase-lead

controller

cf(i) =
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Figure 937 Bode plots of phase-lead controller and fonvard-path transfer function of

sun-seeker system in Example 9-5-2. Ge(s) =
I+ Ts

= 35.26°. Using Eq.

of 65°. we need at least 65 - 29.74 = 35.26° of phase lead. Or, =

(9-72), the value of a is calculated to be

1+ sin 35.26"
X (9-103)
sin 35.26°

1+ sin0,

1—sind ml-
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9-5-7

'S shown in Fig. 9-37 are obtained by the following sequence ofMATIAB functions
500];

0005 0.00001] :

L:length(T)

=[a ()T (i) 1];

» [T (i) 1];

(num,den);

lon;

l:length(T)

=4.6875e7 * [a (i)*T (i) 11];
=conv(tl 625 1S62S0 0] . [T (i) 1]):
b(num.den);

lon;

.1e6 -300 90]) ;

Letuschoosea = 4. Theoretically, to maximize the utilization o f4>,, (IMshould be placed

atthe new gain crossover, which is located atthe frequency where the magnitude o f Gpijoi)

is -10 logiQi dB = -10 loglo4 = -6 dB. From the Bode plotin Fig. 9-37, this frequency
is found to be 380 rad/sec. Thus, we let = 380 rad/sec. The value ofris found by using
Eq. (9-67):

{9-104)

oimVa  380-s/4

However, checking the frequency response of the phase-lead compensated system with
a= 4and T = 0.0013, we found that the phase margin is only improved to 38.27°, and
Mr = 1.69. The reason is the steep negative slope of the phase curve of Gpijoi). The fact is
that, at the new gain-crossover frequency of 380 rad/sec, the phase of Gpijai) is -170°, as
against —150.26° at the original gain crossover—a drop of almost 20°! From the time-
domain design, the first line in Table 9-14 shows that, when 0 = 4 and T = 0.001, the
maximum overshoot is 21.7%

Checking the frequency response ofthe phase-lead compensated system with a = 500
and T = 0.00001, the following performance data are obtained

PM = 60.55degrees Mr= BW = 664.2rad/sec

This shows that the value ofa has to be increased substantially just to overcome the sleep
drop of the phase characteristics when the gain crossover is moved upward.

Fig. 9-37 shows the Bode plots of the phase-lead controller and the forward-path
transfer functions of the compensated system with a= 100, 7= 0.0005 and
a= 500, T = 0.00001. A summary of performance data is given in Table 9-15.
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TABLE 9-15 Attributes of System with Phase-Lead Controller in Example 9-5-Z

PM GM BW Maximum

T a (deg)  (dB) Mr (rad/sec)  Overshoot (%) (séc) (sec:
1 1 2074 6.39  2.16 430.4 43.0 0.00478  0.045
0.00005 100  59.61  31.41  1.009 670.6 45 0.00353 0015
0,00001 500  60.55 4521  1.000 664.2 3.8 0.00357 0014

Selecting a = 100 and T = 0.00005, the phase-lead controller is described by th
transfer function

11+«75 1 1+0.0055
~a 1+n 100 1+ 0.0000Si

Using Eqs. (9-63) and (9-64). and letting ¢ = 0.01 w.F, the circuitparameters of the phase
lead controller are found to be

. T 5y 1047
M2 - - - g =5000n (9-106

=072 = 500.0000 (9-107

The forward-path transfer function of the compensated system is

e.(r) " 4.6875 X 107(1 +0.0051)
A) s(i2+ 625s+ 156,250)(1 +0.00005S)

where the amplifier gain AThas been set to 100 to satisfy the steady-state requirement
From the results of the last two illustrative examples, we can summarize the effect
and limitations of the single-stage phase-lead controller as follows.

9-5-3 Effects of Phase-Lead Compensation

1. The phase-lead controller adds a zero and a pole, with the zero to the right of tht
pole, to the forward-path transfer function. The general effect is to add raori
damping to the closed-loop system. The rise time and settling time are reduced ii
general

2. The phase of the forward-path transfer function in the vicinity of the gain
crossover frequency is increased. This improves the phase margin of the closed
loop system

3. The slope of the magnitude curve of the Bode plot of the forward-path transfe
function is reduced at the gain-crossover frequency. This usually covesponds ti
an improvement in the relative stability of the system in the fomi of improved gaii
and phase margins.

4. The bandwidth of the closed-loop system is increased. This corresponds to faste
time response.

5. The steady-state error of the system is not affected
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9-5-4 Limitations of Single-Stage Phase-Lead Control

In general, phase-lead convol is not suitable for all systems. Successful application of

single

-stage phase-lead com pensation to improve the stability ofa control system is hinged

on the following conditions:

1.

Bandwidth considerations: Ifthe original system is unstable or with a low stability
margin, the additional phase lead required to realize & certain desired phase
margin may be excessive. This may require a relatively large value of a for the
controller, which, as a result, will give rise to a large bandvvidii for the
compensated system, and the transmission of high-frequency noise entering
the system at the input may become objectionable. However, if the noise enters
the system near the output, then the increased bandwidth may be beneficial to
noise rejection. The larger bandwidth also has the advantage of robustness; that is,
the system is insensitive to parameter variations and noise rejection as described
before.
Ifthe original system is unstable, or with low stability margin, the phase curve of the
Bode plot of the forward-path transfer function has a steep negative slope near the
gain-crossover frequency. Under this condition, the single-stage phase-lead con-
troller may not be effective because the additional phase lead at the new gain
crossoveris added to a much smaller phase angle than thatatthe old gain crossover
The desied phase margin can be realized only by using a very large value of a for
the coniroller. The amplifier gain K mustbe setto compensate a, so a large value for
a requires a high-gain amplifier, which could be cosily

As shown in Example 9-5-2, the compensated system may have a larger
undershoot than overshoot. Often, a portion of the phase curve may still dip below
the 180°-axis, resulting in a conditionally stable system, even though the desired
phase margin is satisfied
The maximum phase lead available from a single-stage phase-lead controller is
less than 90°. Thus, if a phase lead of more than 90° is required, a multistage

controller should be used.

9-5-5 Multistage Phase-Lead Controller

W hen the design with a phase-lead controller requires an additional phase of more than

90°.

a multistage controller should be used. Fig. 9-38 shows an op-amp-circuit
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realization of a two-stage phase-lead controller. The input-outputuansier function

the circuit is

( 1\ I
Eofs)
Ein{" 1
(9-10
\ RiC) V  RxC)
RiR A

Gefs .
=) ai02 v I+ Tis J\ 1 +12s 3

where a\ = R\/Ri, 02 = R3/R4, T\ = RiC, and Ti = RaC.

The design of a multistage phase-lead controller in the time domain becomes moi
cumbersome, since now there are more poles and zeros to be placed. The root-contoi
method also becomes impractical, since there are more variable parameters. The fre
quency-domain design in this case does representa better choice ofthe design method. Fc
example, for a two-stage conuoller, we can choose the parameters of Gie first stage of
two-stage controller so thata portion of the phase margin requirement is satisfied, and the
the second stage fulfills the remaining requirement. In genera), there is no reason why th
two stages cannot be identical. The following example illustrates the design of a syster

with a two-stage phase-lead controller

« EXAMPLE 9-5-3 For the sun-seeker system designed in Example 9-5-2, let us alter the rise time and settUng tim

Toolbox 9-5-8

requirements to be

Risetime < 0.001 sec

Settling time ts < 0,005 sec

The olher requizements are not altered. One way to meet faster rise time and settling time requiremeni
is to increase the forward-path gain of the system. Let us consider that ihe forward-path transfi
function is

A 156,250.000

v Afs)  j(j2 +625s+ 156,250)

Another way of interpreting the change in the fonvard-path gain is ¥iat ¢ie ramp-error constant i
increased to 1000 (up from 300 in Example 9-5-1). The Bode plot of Gp(s) is shown in Fig. 9-39. Th
closed-loop system is unstable, with a phase margin of -15.43°.

Bode plots shown in Fig. 9-39 are obtained by thefollowing sequence of MATLAB functions

num = 156250000 * [0.0087 1] ;
den = convC [0.000087 1] ,[1 625 156250]) ;

bode(num den);



9-5 Design with Phase-Lead Controller - 557

Figure 9-39 Bode plots of uncompensated and compensated sun-seeker systems in Example 9-5-2

with two-state phase-lead controller, Gp(s) = — *
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hold on;

num= 156250000 * conv([0.0087 1] ,[0.002778 1]) ;

den =conv(conv([0.000087 1],[0.00002778 1]), [1 625 156250 0]) ;
bode(num ,den);

hold on;

num= 156250000 * conv( [0 .003872 1] .[0.003872 1]) ;

den =conv(conv([0.0000484 1],[0.0000484 1]) ,[1 625 156250 0]) ;
bode(num,den):

axisalle5 -300 20]) ;

grid

Because the compensated system in Example 9-5-2 had a phase margin of 60.55°, we
would expectthat, to satisfy the more stringent time response requirements in this example,
the cowesponding phase margin would have to be greater. Apparently, this increased phase
margin cannot be realized with a single-stage phase-lead controller. It appears (riat a two-
stage controller would be adequate.

The design involves some trial-and-error steps in arriving at a satisfied controller.
Because we have two stages of controllers at our disposal, the design has a multitude of
flexibility. We can setout by arbitrarily setting i = 100 for the first stage of the phase-lead
conuoller. The phase lead provided by the controller is obtained from Eq. (9-71).

(9-112)
\ai + 1j vioy
To maximize the effect of the new gain crossover should be at
-l0logiQ&i - -l1Ologio 100- -20dB (9-113)

From Fig. 9-39the frequency that cowesponds to this gain on theamplitude curve is

approximately 1150 rad/sec. Substituting cy,,i = 1150 rad/sec and (*1= 100 in Eq. (9-67),
we get
1 1
=7—=" = TTTTATY = 0'000087 (9-114)
1150”100

The forward-path transfer function with the one-stage phase-lead controller is

oA 156,250,000(1 +0.00875)
i(s2+625S+ 156,250)(1 +0.000087S)

The Bode plot of the last equation is drawn as curve (2) in Fig. 9-39. We see that the phase
margin of the interim design is only 20.36°. Next, we arbitrarily set the value of az of the
second stage at 100. From the Bode plot ofthe transfer function of Eq. (9-115) in Fig. 9-39,
we find that the frequency at which the magnitude of G(Jco) is -2 0 dB is approximately
3600 rad/sec. Thus.

T2 = —h =
<Um2vo2

e = = 0.00002778 (9-116)
3600/10 0
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TABLE 9-16  Attributes of Sun-Seeker System in Example 9'5*3 with Two-Stage
Phase-Lead Controller

PM BW Maximum
fl = @ T n (deg) Mr (rad/sec) Overshoot (%) (sic) (sec)
80 0.0000484 0.0000484 80 1 5686 0 0.00095 0.00475
100 0.000087 0.0000278  69.34 1 5686 0 0.000597 0.00404
70 0.0001117  0.000039 66.13 1 5198 0 0.00063 0.00404

The forward-palh transfer function o f the sun-seeker system witri the two-stage phase-lead
controller is (oi =02 = 100)

156,250,000(1 +0.0087))(1+0.002778j)
“ j(i2 + 6255+ 156,250)(1 + 0.0000875)(1 + 0.000027785) A ~

Fig. 9-39 shows the Bode plot of the sun-seeker system with the two-stage phase-lead
controller designed above [curve (3)]. As seen from Fig. 9-39, the phase margin of the
system with G(s) given in Eq. (9-117) is 69.34°. As shown by the system attributes in
Table 9-16, the system satisfies all the iime-domain specifications. In fact, the selection
ofai =02 = 100 appears to be overly stringent. To show that the design is not critical,
we can select Q] =02 = 80, and then 70 and the time-domain specifications are still
satisfied. Following similar design steps, we arrived at T\ =0.0001117 and T2 =
0.000039 for fli = 02 = 70, and 7i = 7: = 0.0000484 for aj = 02 = 80. Curve (4) of
Fig. 9-39 shows the Bode plot of the compensated system with a\ = 02 = 80. Table
9-16 summarizes all the attributes of the system performance with these three
controllers.

The unit-step responses of the system with the two-stage phase-lead controller for
a\ = 02 = 80 and 100 are shown in Fig. 9-40.

Toolbox 9-5-9
Fig. 9-40 is obtained by the following sequence of MATLAB functions

num = 1562S0000 * convC [100*0 .000087 1] ,[80*0 .00002778 1]) :
den =conv(conv([0.000087 1] ,[0 .00002778 1]) .[1 625 156250 01]);
[numcCL,denCL]=cloop(num,den);

stepCnumCL ,denCL)

hold on

num= 156250000 * convC [80*0.0000484 1] .[80%0.0000484 1])J

den *conv(conv([0.0000484 1],[0.0000484 1]) ,[1 625 156250 0]) ;
[numCL ,denCL] =cloop(niun.den) ;

stepCnumcCL.denCL)

grid

9-5-6 Sensitivity Considerations

The sensitivity function defined in Section 8-16, Eq. (8-122), can be used as a design
specification to indicate the robustness of the system. In Eq. (9-122), the sensitivity of the
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Time (sec)

Figure 9-40 Unit-step responses of sun-seeker system in Example 9-5-2 with two-stage phase-leai
" /1 +fl,r|.5\/1 +a27-25\ 156,250.000
con.roller, G.(,) = + 6257+ 156 250) m

closed-loop ffansfer function with respect to the variations of the forward-path ffansfe
function is defined as

w dM {s)/M{s) G-M{s) _ 1 (o118
* dG(s)/G{5) 1+G-'(5) I+G (i)

The plot of [5”(¥(t;)| versus frequency gives an indication of the sensitivity of the sysien
as a function of frequency. The ideal robust situation is for |5Q{yit))| to assume a smal
value (<8§: 1) over a wide range of frequencies. As an example, the sensitivity function 0
the sun-seeker system designed in Example 9-5-2 with the one-stage phase-lead controlle
with a ~ 100 and T = 0.00005 is plotted as shown in Fig. 9-41. Note that tie sensitivit;
function is low at low frequencies and is less than unity for <0< 400rad/sec. Although thi
sun-seeker system in Example 9-5-2 does not need a multistage phase-lead controller, W
shall show that, if a iwo-stage phase-lead controller is used, not only die value of a will b
substantially reduced, resulting in lower gains for the op-amps, but the system w ill be mor
robust. Following the design procedure outlined in Example 9-5-3. atwo-stage phase-leai
controller is designed for the sun-seeker system with the process wansier functiol
described by Eq. (9-96).



9-6 Design with Phase-Lag Controller 561

- Two-scage phase-lead control

100 [ One-stage phase-lead control «

01 1 10 100 10+ 1
0) (radisec)

Figure 9-41 Sensitivity functions of sun-seeker system in Example 9-5-2.

The parameters of the controller are 0| = 02 = 5.83 and T\ = T 0.000673. The

forward-path transfer function of the compensated system is
4.6875 X 10"(1 +0.0039236*)"
C(s) = (9-119)
s(j2 + 625i+ 156,250)(1 + 0.000673i)'

Fig. 9-41 shows that rie sensitivity function of the system with the two-stage phase-lead
controller is less trian unity for U) < 600 rad/sec. Thus, the system with the two-stage phase-lead
controller is more robust than tie system with the single-stage controller. The reason for this is
that the more robust system has a higher bandwidth. In general, systems with phase-lead
control will be more robust due to the higher bandwidth. However, Fig. 9-41 shows that the
system with rie two-stage phase-lead controller has a higher sensitivity at high frequencies.

» 9-6 DESIGN WITH PHASE-LAG CONTROLLER

The transfer function in Eq. (9-62) represents a phase-lag controller or low-pass filter when
a<\. The transfer function is repeated as follows.

‘I+aTs\
1+

(9-120)

9-6-1 Time-Domain Interpretation and Design of Phase-Lag Control

The pole-zero configuration of G f(i) is shown in Fig. 9-42, Unlike the Pl controller, which
provides a pole at 5= 0, the phase-lag controller affects the steady-state ewor only in the

i-piane

Figure 9-42 Pole-zero
configuration of phase-lag
controller.
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sense that the zero-frequency gain of Gc(s) is greater than unity. Thus, any ewor constai
that is finite and nonzero will be increased by the factor i/a from the phase-lag contolli

Because the pole at5 = - I'is to the right of the zero at - 1/aT, effective use of O’
phase-lag conttoUer to improve damping would have to follow the same design prindple of
Plconirol presented in Section 9-3. Thus, theproper way ofapplymg the phase-lag controlisi
place thepole and zero close together. For type 0 and type 1 systems, the comburiaiion shoui
be located near the origin in the s-plane. Fig, 9-43 illusttates the design sirategies in the 5-plar
for type 0 and type 1 systems. Phase-lag conwol should not be applied to a type 2 system

Figure 9-43 Design
suategies for phase-lag
conuol for type 0 and type
systems.
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The design principle described above can be explained by considering that the
controlled process of a type 0 control system is

where P\ and Pi are complex-conjugate poles, such as the situation shown in Fig. 9-43.

Just as in the case of the phase-lead conwoller, we can drop the gain factor 1/iJ in Eq.
(9-121), because whatever the value of a is, the value of K can be adjusted to compensate
for it. Applying the phase-lag controller of (9-121), without the factor 1/a, to the system,
the forward-path transfer function becomes

Let us assume that the value of K is set to meet the steady-state-error requirement. Also
assume that, with the selected value of K, the system damping is low or even unstable. Now
let 1/r~ 1/aT, and place the pole-zero pair nearthe pole at -1 /P 3. as shown in Fig. 9-43.
Fig. 9-44 shows the root loci of the system with and without the phase-lag conuoller.
Because the pole-zero combination of the controlleris very close to the pole at -1 //»3, the
shape ofthe loci ofthe dominant roots with and without the phase-lag control will be very
similar. This is easily explained by writing Eq. (9-122) as

Gis) = -
(s+ pOis + PiXs+ mXi+iln

a i
(j+pOii+piXs+ps)

Because a is less than 1. the application of phase-lag control is equivalent to reducing the
forward-path gain from K to Ka, while not affecting the steady-state performance of the
system. Fig. 9-44 shows (riat the value of a can be chosen so that the damping of the

p system is y. Apparently, the amount of damping that can be added
is limited if the poles —P\ and —Pi are very close to the imaginary axis. Thus, we can select

a using the following equation:

(9-124)
K to realize the steady-state perfonnance

The value of T should be so chosen that the pole and zero of the controller are very close
together and close to - 1/P 3.

In the time domain, phase-lag control generally has the effect of increasing the rise
time and settling time.

quencv-Domain Interpretation and Design of Phase-Lag Control

The transfer function of the phase-lag controller can again be written as
G .W =-1jr (0<1) (9-125)

by assuming that the gain factor -1/a is eventually absorbed by the forward gain K. The
Bode diagram of Eq. (9-125) is shown in Fig. 9-45. The magnitude curve has comer
frequencies at awr= \laT and ]jr. Because the wansier functions of the phase-lead and
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phase-lag controllers are identical in form, except for the value of a, the maximum phase
lag 43, of the phase curve of Fig. 9-45 is given by

.= sin ¢ (o< 1) (9-126)
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20 logiRfl

Figure 9-45 Bode diagram of the phase-lag controller. Cc(i) = a<]

Fig. 9-45 shows that the phase-lag controller essentially provides an attenuation of 20
logio® at high frequencies. Thus, unlike the phase-lead control that utilizes the maximum
phase lead of the controller, phase-lag control utilizes the attenuation of the controller at
high frequencies. This is parallel to the situation of introducing an attenuation of a to the
forward-path gain in the root-locus design. For phase-lead control, the objective of the
controller is to increase the phase of the open-loop system in the vicinity of the gain
crossover while attempting to locate the maximum phase lead at the new gain crossover. In
phase-lag control, the objective is to move the gain crossover to a lower frequency where
the desired phase margin is realized, while keeping the phase curve of the Bode plot
relatively unchanged at the new gain crossover.

The design procedure for phase-lag control using the Bode plot is outlined as follows:

1

The Bode plot of the forward-path transfer function of the uncompensated system

is drawn. The forward-path gain K is set according to the steady-state performance

requirement.

The phase and gain margins of the uncompensated system are determined from

the Bode plot.

Assuming that the phase margin is to be increased, the frequency at which the

desired phase margin is obtained is located on the Bode plot. This frequency is

also the new gain crossover frequency where the compensated magnitude

curve crosses the 0-dB-axis.

To bring the magnitude curve down to 0 dB ai the new gain-crossover frequency
the phase-lag controller must provide the amount of attenuation equal to the

value of the magnitude curve at cup. In other words.

= -20l0g,0«dB  (fl<l) (9-127)
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» EXAMPLE 9-6-1

Solving for a from the last equation, we get
a= 10-MM)|/20 (a<i) (9-128)

Once the value of a is determined, it is necessary only to select the proper value of T to
complete the design. Using the phase characteristics shown in Fig. 9-45, if the comei
frequencyl/fITis placed far below the new gain-crossover frequency(0'g tiie phase lag of
the controller will not appreciably affect the phase ofthe compensated system nearo;”.
On the other hand, the value of 1/aT should not be too small because Uie bandwidth of
the system wiill be too low, causing the system to be too sluggish and less robust. Usually,
as a general guideline, the frequency i/aT should be approximately one decade below
a%g that is,

o
= A radlsec (9-129)
aT 10

Then,

5. The Bode plotofthe compensated system is investigated to see if the phase margin
requirementis met; if not, the values of fl and Tare readjusted, and the procedure is
repeated. If design specifications involve gain margin, Mr, or BW, then these
values should be checked and satisfied.

Because the phase-lag control brings in more attenuation to a system, then if the design
is prol>er. the stability margins will be improved but at the expense o f lower bandwidth. The
only benefit of lower bandwidth is reduced sensitivity to high-frequency noise and
disturbances.

The following example illuswates the design of the phase-lag conwoller and all its
ramifications.

In this example, we shall use the second-order sun-seeker system described in Example 9-5-1 to
illuswate the principle of design of phase-lag conwol. The forward-path wansier function of the
uncompensated system is

You may use ACSYS to solve this problem. n

Time-Domain Design
The time-domain specifications of the system are as follows:

1. The steady-state errorofa(i) due to aunit-ramp function input for &r(/) should
be < 1%.

2. The maximum overshoot ofthe step response should be less than 5% or as small as
possible.

3. Rise time tr < 0.5 sec.
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i)

8
j-plane i
i =0.TOTN.
- j2s
=t -j12.5
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008 ~.01
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(b) Phase-lag-compensaled system

Figure 9-46 Root loci of sun-seeker system in Example 9-6-1.

4. Settling time ts < 0.5 sec.

5. Due to noise problems, the bandwidth of the system must be < 50 rad/sec.

Notice that the rise-time and settling-time requirements have been relaxed considerably
from the phase-lead design in Example 9-5-1. The root loci of the uncompensated system
are shown in Fig. 9-46(a).

As in Example 9-5-1, we set AT= 1linitially. The damping ratio of the uncompensated
system is 0.25, and the maximum overshoot is 44.4%. Fig. 9-47 shows the unit-step
response of the system with ~ = 1

Let us select the phase-lag controller with the transfer function given in Eq. (9-121).
The forward-path transfer function of the compensated system is

_ _ 2500A:(i+ 1/aD 9.132
C®) = C.M6PB) = 1oy a5)s+UT) (6-132)

If the value of K is maintained at 1. the steady-state error will be a percent, which is
better than that of the uncompensated system, since fl< 1. For effective phuse-lag
control, the pole and zero of the controller transfer function should be placed close
together, and thenfor the type 1system, the combination should be located relaliveiy
close to the origin of the s-plane. From the root loci of the uncompensaied system in
Fig. 9-46(a). we see thal, if K could be setto 0.125, the damping ratio would be 0.707.
and the maximum overshoot of the system would be 4.32%. By setting the pole and zero
of the controller close to J = 0. the shape of the loci of the dominant roots of the
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Figure 9-47 Unit-step responses of uncompensated and compensated sun-seeker systems with

phase-lagcontrollerinExample9-6-1. Gp{s)= G¢” 009 r =30

compensated system wiill be very similar to those ofthe uncompensated system. We car
find the value of a using Eq. (9-124); that is,

K to realize the desired damping
(9-133:
K to realize the steady-state performance

Thus, if the value of T is sufficiently large, when iT = 1, the dominant roots of the
characteristic equation will cowespond to a damping ratio of approximately 0.707. Let U
arbitrarily select T = 100. The root loci of the compensated system are shown in Fig. 946(b)
The roots of the characteristic equation when K = 1, * = 0.125, and /m = 100 are

.V--0.0805, -12.465 + ;12.465. and -12.465 - jl2.465

which corresponds to adamping ratio of exactly 0.707. If we had chosen asmaller value foi
T. ihen the damping ratio would be slightly off0.707. From a practical standpoint, the value
of T cannot be loo large, since from Eq. (9-64). T = RiCy alarge T would correspond t(
either a large capaciior or an unrealistically large resistor. To reduce the value of T anc
simultaneously satisfy the maximum overshoot requirement, a should also be reduced
However, a cannot be reduced indefinitely, or the zero ofthe controllerat -1 ia T would bi
100 far to the left on the real axis. Table 9-17 gives the attributes of the time-domaii
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TABLf 9-17  Attnbutfts of Perfomiance of Sun-Seeker System in Example with
Phase-Lag Controller

Maximum Ir Is BW Roots of
a T Overshoot (%) (sec) (sec) (rad/sec) Characteristic Equation
LOOO i 444 0.0255 0.2133  75.00 -12.500 + j48.412
0.125 100 4.9 0.1302 0.1515 17.67 -0.0805 -12.465 + }12.465
0.100 100 25 0.1517 0.2020 13.97 -0.1009 -12.455 + J9.624
0.100 50 3.4 0.1618 0.2020 14.06 -0.2037 -12.408 + 79.565
0.100 30 4.5 0.1594 0.1515 14.19 -0.3439 -12.345 £ /9.484
0.100 20 5.9 0.1565 0.4040 14.33 -0.5244 -12.263 + }9.382
0.090 50 3.0 0.1746  0.2020 12.53 -0.2274 -12.396+£}8.136
0.090 30 4.4 0.1719  0.2020 12.68 -0.3852 -12.324 + ;8.029
0.090 20 6.1 0.1686 0.5560 12.84 -0.5901 -12.230 + /7.890
performance ofthe ph lag p d sul ker system with various values fora and

T. The ramifications of the various design parameters are clearly displayed.

Thus, a suitable set of controller parameters would be fl = 0.09 and T = 30. With
T = 30, selecting ¢ = \ u.¥would require /?2to be 30 M il. A smaller value for T can be
realized by using a two-stage phase-lag controller. The unit-step response of the
compensated system with a= 0.09 and r = 30 is shown in Fig. 9-47. Notice that
the maximum overshoot is reduced at the expense of rise time and settling lime.
Although the settling time of the compensated system is shorter than that of the
uncompensated sysiem, it actually takes much longer for the phase-lag-compensated
system to reach steady state.

It would be enlightening to explain the design of the phase-lag conuoller by means of
the root contours. The root-contour design conducted earlier in Example 9-5-1 using Egs.
(9-80) through (9-83) for phase-lead control and Figs. 9-31 and 9-32 is still valid for phase-
lag control, except thatin the present case, a < 1. Thus, in Fig. 9-32 only (rie portions of the
root contours that correspond to a< 1 are applicable for phase-lag control. These root
contours clearly show that, for effective phase-lag control, the value of T should be
relatively large. In Fig. 9-48 we illustrate further that the complex poles of the closed-loop
wansfer function are rather insensitive to the value of T when the latter is relatively large.

Frequeacy-Domaiii Design

The Bode plot of Cpijco) of Eq. (9-131) is shown in Fig. 9-49 for a: = 1 The Bode plot
shows that the phase margin of the uncompensated system is only 28°. Not knowing what
phase margin will correspond to a maximum overshoot of less than 5%, we conduct the
following series ofdesigns using the Bode plotin Fig. 9-49. Starting with a phase margin of
45°, we observe that this phase margin can be realized if the gain-crossover frequency is
at 25 rad/sec. This means that the phase-lag controller must reduce the magnitude curve of
Gp{jw) to 0 dB at a; = 25 rad/sec while it does not appreciably affect the phase curve near

this freq . the ph. lag controller still contributes a small negative phase
when the comer frequency 114 Tis placed at 1/10 of the value of itis a safe measure to
cheose at somewhat less them 25 rad/sec, say 20 rad/sec.

From the Bode plot, the value of G/,i jiOgj at = 20rad/sec is 11.7 dB. Thus.
using Eq. (9-128), we have

a= i0-1G.(K)[/20 ~ = 0.26 (9-134)
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The value of XjaT is chosen to be at 1/10 the value of = 20rad/sec. Thus,

(9-136)
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Figure 9-49  Bode plot of uncompensated and compensated systems with phase-lag controller in

Example 9-6-1. G .fs) =-ii-""G s) -
P ) ) P(s) ms(,i + 25)

Checking out the unit-step response ofthe system with ihe designed phase-lag control, we found
that the maximum overshoot is 24.5%. The next step is to try aiming at a higher phase margin.
Table 9-18 gives the various design results by using various desired phase margins up to 80°.

Examining the results in Table 9-18, we see that none of the cases satisfies the maximum
overshoot requirement of < 5%. The @ = 0.044 and T = 52.5 case yields the best maximum
overshoot, but ihe value of T is too large to be practical. Thus, we single out the case with
a = 0.1 andr = 10 and refine the design by increasing the value ofr. As shown in Table 9-17,
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» EXAMPLE 9-6-2

TABLE 9-18 Perfonnance Attributes of Sun-Seeker Systl Example s A i wrth

Phase-Lag Controller

Desired Actual BW Maximum Ir t,

PM(deg) a T PM(deg) Mr (rad/sec)  Overshoot (%) (SMm) (so0;)
45 0.26 1.923 46.78 127 33.37 245 0.0605 02222
60 0.178 3.75 54.0 119 25.07 175 0.0823  0.303
70 0.1 10 63.87 1.08 14.72 10.0 0.1369 0.7778
80 0.044 525 74.68 1.07 5.7 7.1 0.3635 1933

whene = 0.1 and I = 30, the maximum overshootis reduced to 4.5%. The Bode plotofthe
compensated system is shown in Fig. 9-49. The phase margin is 67.61°.

The unit-step response o fthe phase-lag-compensated system shown in Fig. 9-47 points
out a major disadvantage of the phase-lag control. Because the phase-lag controller is
essentially a low-pass filter, the rise time and settling time of the compensated system are
usually increased. However, we shall show by the following example that phase-lag conwol
can be more versatile and has awider range ofeffectiveness in improving stability than the
single-stage phase-lead conwoller, especially if the system has low or negative damping.

Consider the sun-seeker system designed in Example 9-5-3, with the forward-path transfer function
given in Eq. (9*111). Let us restore the gain K, so tiiai a root-locus plot can be made for the system.
Then, Eq. (9-111) is written

156,250,000A

+ 625s-i-156,250)
The root loci of the closed-loop system are shown in Fig. 9-50. When K = 1, rie system is unstable,
and the characteristic equation roots are at -713.14, 44.07 + ;466.01, and 44.07 - ;466.01.

Example 9-5-3 shows that the performance specification on stability cannot be achieved with a

single-stage phase-lead controUer. Let the performance criteria be as follows:

Maximum overshoot < 5%
Risetime f, < 0.02 sec

Settlingtime f, < 0.02 sec

Let us assume thal the desired relative damping ratio is 0.707. Fig, 9-50 shows that, when
K = 0.10675, the dominant characteristic equation roots of the uncompensated system are at
-172.77 £ ;172.73, which correspond to adamping ratio 0 f0.707. Thus, uie value ofa is determined
from Eq. (9-124),
~ torealize the desired damping 0,10675
X -=0.10675 (9-138)
ATto realize the steady-state performance 1
Let a = 0.1. Because the loci of tiile dominant roots are far away from the origin in the j-plane, the
value of Thas a wide range of flexibilily. TabJe 9-19 shows the performance results whena = 0.1and
for various values of T.

TABLE 9-19 Performance Attributes of Sun-Seeker System in Example 9-8-2 wHh
Phase-Lag Controller

BW PM %Max
a T (rad/sec) (deg) Overshoot (séc)
01 20 1735 66.94 12 0.01273 0.01616
0.1 10 174 66.68 16 0.01262 0.01616
0.1 5 1748 66.15 25 0.01241 0.01616

0.1 2 177.2 64.56 4.9 0.01601 0.0101
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Figure 9-50 Root loci of uncompensated system in Example 9-6-2.
. 156,250.000/:

“th e 5(s2+6255+156.250)"

Therefore, the conclusion is Ihai only one stage of the phase-lag controller is needed to saHsfy
the stability requirement, whereas two stages of the phase-lead controller are needed, as shown in
Example 9-5-3.

Sensitivity Function

The sensitivity function |57 (jtt;)| of the phase-lag compensated system with a = 0.1 and
I = 20 is shown in Fig. 9-51. Notice that the sensitivity function is less than unity for
frequencies up to only 102 rad/sec. This is due to the low bandwidth of ihe system as a
result of phase-lag control.
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Figure 9-51 Sensitivity function of phase-lag-compensated system in Example 9-6-2.

Effects and Limitations of Phase-Lag Control

From the results ofthe preceding illustrative examples, the effects and limitations o f phase-
lag control on the performance of linear control systems can be summarized as follows.

1. For a given forward-path gain AT, the magnitude of the forward-paih wansier
function is attenuated near the gain-crossover frequency, thus improving the
relative stability of the system,

2. The gain-crossover frequency is decreased, and thus the bandwidth of the system
is reduced.

3. The rise time and settling time of the system are usually longer, because the
bandwidth is usually decreased.

4. The system is more sensitive to parameter variations because (ie sensitivity
function is greater than unity for all frequencies approximately greater than the
bandwidth of the system.

DESIGN WITH LEAD-LAG CONTROLLER

We have learned from preceding sections that phase-lead conwol generally improves rise time
and damping bm increases the natural frequency of the closed-loop system. However, phase-
lag control when applied properly improves damping but usually results in a longer rise time
and settling time. Therefore, each of these control schemes has its advantages, disadvantages,
and limitations, and there are many systems that cannot be satisfactorily compensated by either
scheme acting alone. It is natural, therefore, whenever necessary, to consider using a
combination of rie lead and lag conuollers, so that &rie advantages of both schemes are utilized.
The transfer function of a simple lag-lead (or lead-lag) controller can be written

1+ ) (9-139)
I-lead 11 .jag — |

The gain factors o f the lead and lag con{iollers are not included because, as shown previously,
these gain and attenuation are compensated eventually by the adjustmentof the forw ard gain K.

Because the lead-lag controller transfer function in Eq. (9-139) now has four unknown
parameiers. its design is not as siraightforward as the single-stage ph: lead or ph lag
controller. In general, the phase-leadportion of the controller is used mainly IOachievea
shorter rise lime ami higher bumhvidtb. and thephase-lag portion is brought in to provide
major damping of the system. Either the phase-lead or the phase-lag control can be
designed firsi. We shall use Example 9-7-1 to illustrate the design steps.
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KAMPLE 9-7-1 As an illustrative example of designing a lead-lag controller, let us consider the sun-seeker system o f
Example 9-5-3. The uncompensated system wilh a: = 1 was shown to be unstable. A two-stage
phase-lead controller was designed in Example 9-6-1. and a single-stage phase-lag conuoller was
designed in Example 9-6-2.

Based on the design in Example 9-5-3, we can first select a phase-lead conwol with a = 10 and
T| = 0.00004. The remaining phase-lag control can be designed using either the root-locus method
or the Bode plot method. Table 9-20 gives the results by letting Ti = 2, which is an insensitive
parameter, and various values ofa. The results in Table 9-20 show that the optimal value of (2. from
the standpoint of minimizing the maximum overshoot, for fli = 70 and Ta = 0.00004, is approxi-
mately 0.2. Compared with the single-stage phase-lag control designed in Example 9-6-1, the BW is
increased to 351.4 rad/sec from 66-94 rad/sec. and the rise time is reduced to 0.00668 sec from
0.01273 sec. The system with the lead-lag controller should be more robust, because the magnitude
of the sensitivity function should not increase to unity until near the BW of 351.4 rad/sec. As a
comparison, the unit-step responses of the system with the two-stage phase-lead control, the single-
stage phase-lag conuol, and the lead-lag control are shown in Fig. 9-52.

TABLE 9-20 Periormance Attributes of Sun-Seeker System in Example 9-7-1 with
Lead-Lag Controller: a, s 70, 7, s 0.D0004

PM BW Maximum
7] (deg) Mr (rad/sec) Overshoot (%) (sec) (sec)
0.1 20 81.81 1,004 1222 0.4 0.01843 0.02626
0.15 20 76.62 1.002 2255 0.2 0.00985 0.01515
0.20 20 70.39 1.001 351.4 0.1 0.00668 0.00909
0.25 20 63.87 1.001 443.0 4.9 0.00530 0.00707
001 0.02 0.03 0.04
Time (see)

Figure 9-52 Sun-seeker sysiem in Example 9-7-1 with single-stage phase-lag controiier.
lead-lag controller, and two-slage phase-lead controller.



Chapter 9. Design of Control Systems

It should be noted that the bandwidth and rise time of ie sun-seeker system can be fuithei
increased and reduced, respectively, by using a larger value of fli for the phase-lead portion of the
convoller. However, ihe resulting step response will have a large undershoot, aiviou” the maximuni
overshoot can be kept small. <

9-8 POLE-ZERO-CANCELLATION DESIGN: NOTCH FILTER

The transfer functions of many controlled processes contain one or more pairs
of complex-conjugate poles that are very close to the imaginary axis of the 5-plane.
These complex poles usually cause the closed-ioop system to be lightly damped or
unstable. One immediate solution is to use acontroller that has a transfer function with
zeros selected, which would cancel the undesirable poles of the controlled process,
and to place the poles of the controller at more desirable locations in the j-plane to
achieve the desired dynamic performance. For example, if the transfer function of a
process is

in which the complex-conjugate poles may cause stability problems in the closed-loop
system when the value of K is large, the suggested series controller may be of the form

5-+ 0 + 10
(9-141)
as+h

The constants 0 and b may be selected according to the performance specifications of the
closed-loop system.

There are practical difficulties with the pole-zero-cancellation design scheme that
should prevent the method from being used indiscriminately. The problem is that in
practice exact cancellation of poles and zeros of transfer functions is rarely possible. In
practice, the transfer function of the process. Gpis). is usually determined through
testing and physical modeling; linearization of a nonlinear process and approximation
of a complex process are unavoidable. Thus, the true poles and zeros of the transfer
function of the process may not be accurately modeled. In fact, the true order of the
system may even be higher than that represented by the transfer function used for
modeling purposes. Another difficulty is that the dynamic properties of the process may
vary, even very slowly, due to aging of the system components or changes in the
operating environment, so the poles and zeros of the transfer function may move during
the operation of the system. The parameters of the controller are constrained by the
actual physical components available and cannot be assigned arbitrarily. For these and
other reasons, even if we could precisely design the poles and zeros of the transfer
function of the controller, exact pole-zero cancellation is almost never possible in
practice. We will now show that, in most cases, exact cancellation is noi really necessary
to effectively negate the influence of the undesirable poles using pole-zero-cancellation
compensation schemes.

Let us assume that a controlled process is represented by

cpe) = Y(i-+ 13 (5+17])
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where /2! and Pi are the two complex-conjugate poles that are to be canceled. Let the
vansier function of the series conttoller be

js+ Pi+E|)("+/>1 +gl)
Geis) = (9-143)
+ as+ b
where C| is a complex number whose magnitude is very small and E) is its complex
conjugate. The open-loop transfer function of the compensated system is

C()= GMO (s) = (9.144,
" i(i+p,)(i+Pi)(ir + 07+ i)

Because of inexact cancellation, we cannot discard the terms (5+ Pi)(i + Pi) in the
denominator of Eq. (9-144). The closed'ioop transfer function is

A5+ Pi o+ ED)iN+ Pio+EI) iQ M il
s{s+ pi)is+pi){s"+as +b)+ K{s+ Pi + £i)(j+ + £1)

The root-locus diagram in Fig. 9-53 explains the effect of inexact pole-zero cancel-

lation. Notice thatthe two closed-loop poles as aresultofinexactcancellation lie between

the pairs of poles and zerosatJ = -p i, -piand-Pi - £], -pi - T].respectively. Thus,
ja
Rooi
locus
Zero
i-plane Pole of convoller
process™” -AP; +Bil
-Pi
X
Pole of
convoller Pole of
process

P2

>

P2+ B)

Figure 9*53 Poie-zero configuration and root loci of inexact cancellation.
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these closed-loop poles are very close to the open-loop poles and zeros lhai are meantto be
canceled. Eq,(9-145) can be approximated as
Y{s) » K{s+Pi +Ei)(i+P, +E2
) » K{s+Pi +Ei) ) ©146)
R{s) (5+ P\ + 8])(5+ P| + (5)}(5" + OJ+ 6 + AT)

where $1 and SJare a pair of very small complex-conjugate numbers that depend on
and all the other parameters. The partial-fraction expansion of Eq. (9-146) is

ns)”»

R{s) S+P\+S[ 5+;2i+0|

+ terms due to the remaining poles (9-147)

We can show that AT] is proportional to £[ - 0), which is avery small number. Similarly, K2
is also very small. This exercise simply shows that, although the poles at -pj and -P2
cannoi he canceled precisely, the resulting transient-response terms due to inexaci
cancellation will have insignificant amplitudes, so unless the coniroller zeros earmarked
for cancellation are toofar offtarget, the effect can he neglectedfor ailpracticalpurposes.
Another way of viewing this problem is that the zeros of G(s) are retained as the zeros of
closed-loop transfer function Y(s)/R(s)s so from Eq. (9-146), we see that the two pairs of
poles and zeros are close enough to be canceled from the transient-response standpoint,

Keep in mind that we should never attempt to cancel poles that are in the righl-half
s-plane. because am inexact cancellation will resuli in an unstable system. Inexact
cancellation ofpoles could cause difficuhies if the unwanted poles of the process tranter
fiinclion are very close 10 or right on the imaginoiy axis o f the s-plaiie. In iliis case, inexact
caiicellalion may ulso resuli in an unstable system. Fig. 9-54(a) illusffates a situation in which

io*

v-plane T

Figure 9-54 Root loci showing the effects of inexact pole-zero cancellations.
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the relative positions of tvie poles and zeros intended for cancellation result in a stable system,
whereas in Fig. 9-54(b), the inexact cancellation is unacceptable. The relative distance
between the poles and zeros intended for cancellation is small, which results in residual terms
in trie time response solution. Although these tenns have very small amplitudes, they tend to
grow without bound as time increases. Hence the system response becomes unstable.

cond'Order Active Filter
Transfer functions with complex poles and/or zeros can be realized by electric circuits with

op-amps. Consider the transfer function

A+ bis + b2

9-148
+a\s + 02 ¢ )

whereal,a2,bi, and 02 are real constants. The active-filter realization of Eq. (9-148) can be
accomplished by using the direct decomposition scheme of state variables discussed in
Section 10-10. A typical op-amp circuit is shown in Fig. 9-55. The parameters of the
transfer function in Eq. (9-148) are related to the circuit parameters as follows:

(9-149)
Ri
(9-150)
1
(9-151)
~-R2RaC xC2

Figure 9-55 Op-amp circuit realization of the second-order transfer function.
eTy) ~Ash+bs+b2
E\ (i) + o+ ai
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(9-152)

(9-153)

Because bi <a\, the zeros of Ge(j) in Eq. (9-148) are less damped and are doser to the
origin in the i-plane than the poles. By setting various combinations ofRj and Ri, and R9to
infinity, a variety of second-order transfer functions can be realized. Note that all the
parameters can be adjusted independently o fone another. For example. Ri can be adjusted
to set (vi; R4 can be adjusted to set 02, and bi and 62 are set by adjusting Ri and R9,
respectively. The gain factor K is conuolled independently by "6-

9-8-2 Frequency-Domain Interpretation and Design

W hile it is simple to grasp the idea of pole-zero-cancellation design in the i-domain,
the frequency-domain provides added perspective to the design principles. Fig. 9-56

) (rad/sec)
Figure 9-56 Bode plot of a notch controller with the wansier function.
(5" + 0.is + 4)
G} = ;
(j+ 0.384)(j+ 10.42)
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illustrates the Bode plot of the transfer function of a typical second-order controller
with complex zeros. The magnitude plot ofthe controller typically has a “ notch” at the
resonant frequency (0, The phase plot is negative below and positive above the resonant
frequency, while passing through zero degrees at the resonant frequency. The attenua-
tion of the magnitude curve and the positive-phase characteristics can be used
effectively to improve the stability of a linear system. Because of the “notch”
characteristic in the magnitude curve, the controller is also refewed to in the industry
as a notch filter or notch controller.

From the frequency-domain standpoint, the notch controller has advantages over the
phase-lead and phase-lag controllers in certain design conditions, because the magnitude
and phase characteristics do not affect the high- and low-frequency properties of the
system. Without using the pole-zero-cancellation principle, the design of the notch
controller for compensation in the frequency domain involves the deiennination of the
amount of attenuation required and the resonant frequency of the controller.

Let us express the oansfer function of the notch controller in Eq. (9-148) as

) + 2Ng)s +
. (9-154)
+27p0},,s + U)i
where we have made the simplification by assuming that 02 = ®2-
The attenuation provided by the magnitude of Ge(/cu) at the resonant frequency o», is

=t (9-155)
P

Thus, knowing the maximum attenuation required at the ratio of is known.
The following example illustrates the design of the notch controller based on pole-
zero cancellation and required attenuation at the resonant frequency.

Complex-conjugate poles in system transfer functions are often due to compliances in the
coupling between mechanical elements. For instance, if the shaft between the motor and load is
nonrigid, the shaft is modeled as a torsional spring, which could lead to complex-conjugate
poles in the process transfer function. Fig. 9-57 shows a speed-control system in which the
coupling between Ihe motor and the load is modeled as a torsional spring. The system equations

dwtjt) (©156)

Tachometer

Figure 9-57 Block diagram of speed-control system in Example 9-8-1.
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KW 1 - »1.(01 + S 0a{h)] = A <9-157)
T..{) = Ko}[1) (9-158)
0j,{t) = 0Jr{l) ~ o~L{t) (9-159)

r,,(f) = motor torque

£U,,() = motor angular velocity

wiit) = load angular velocity

(i) = load angular displacement

0,.{i) = motor angular dispiacement
J,,, = motorinertia = 0.0001 oz-in.-sec"
Ji_ = load inertia = 0.0005 oz-in.-sec®

B,,, = viscous-friction coefficient of motor = 0.01 oz-in.-sec

Bi viscous-friclion coefficient of shaft = 0.001 oz-in.-sec
K1 = spring constant of shaft = 1000on-in./rad
K = amplifier gain = 1

The loop transfer function of ihe system is

Bis + Ki
*3J1s>+ (BAJ1+ BIJ, + + {Kid1+ + KJA)s + BAKIL

By subslituting ihe system parameters in the last equation, G*(5) becomes

20.000(5+100.000)
“ j-+ 1125-+ 1.200,2005 + 20,000,000

20.000(5+ 100,000)
S+ 16,69)(j + 47,66 + yi094}(5 + 47.66 - jl094)

Thus, the shaft compliance between the motor and the load creates two complex-conjugate poles in
G\(i") that are lightly damped. The resonant frequency is approximately 1095 rad/sec, and Utrie closed-
loop system is unstable. The complex poles of Gp(s) would cause the speed response to oscillate even
if ihe system were stable. 4

Pole-Zero-Cancellation Design with Notch Controller
The following are the performance specifications of the system:

The steady-state speed of the load due to a unit-step input should have an ewor of not
more lhan 1%.

Maximum overshoot of output speed < 5%.

Rise time fr<0.5sec.

Settling time ty < 0.5 sec.

To compensate the system, we need to get rid. or. perhaps more realistically, minimize
the effect, of the complex poles of Gp(s) at5 = -47.66 + ;1094 and -47.66 - >1094. Lei
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us select a notch controller with the ttansfer function given in Eq. (9*154) to improve the
performance of the system. The complex-conjugate zeros of the controller should be so
placed that they will cancel the undesirable poles of the process. Therefore, the transfer
function of the notch conuoller should be

~ s "+953s+1,m,606.6
. (9-162)
SN+ 2(,0>,,5 + 03
The fonvard-path transfer function of the compensated system is
Because the system is type 0, the step-error constant is
= .64,
J-.0 16.69 X o~
For a unit-step input, the steady-state ewor of the system is written
(9-165)

ess= |l cue() = liniifle () = & Kp
Thus, for the steady-state euor to be less than or equal to 1% ,Kp> 99. The cowesponding
requirement on (t},is found from Eq. (9-164),

0J, < 1210 (9-166)

We can show that, from the stability standpoint, it is better to select a large value for (0,,.
Thus, let Gi,, = 1200rad/sec, which is at the high end of the allowable range from the
steady-state ewor standpoint. However, the design specifications given above can only be
achieved by using a very large value for *p. For example, when fp = 15,000, the time
response has the following performance attributes:

Maximum overshoot = 3.7%

Risetimeir = 0.1897 sec
Settling time i! = 0.256 sec

Althoughthe performance requirements are satisfied,the solution is unrealistic, because
the extremely large value for Ip cannot be realized by physically availablecontroller
components.

Let us choose Ip = 10 and (t), = 1000 rad/sec. The forward-path transfer function of
the system with the notch controller is

20,000(5+100,000)
G{s) = G,(»C,()= " 16a9)(;+ 50)7» + 19,950)

We can show that the system is stable, but the maximum overshoot is 71.6%. Now we can
regard the transfer function in Eq. (9-167) as a new design problem. There are a number of
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TABLE 9-21 Time-Domain Performance Attributes of System in Example 9-8-1
with Notch-Phase-Lag Controller

Maximum I, f,

a T aT Overshoot (%) (sec) (sec)
0.001 10 0.01 14.8 0.1244 0.3836
0.002 10 0.02 10.0 0.1290 0.3655
0.004 10 0.04 3.2 0.1348 0.1785
0.005 10 0,05 10 0.1375 0.1818
0.0055 10 0.055 0.3 0.1386 0.1889
0.006 10 0.06 0 0.1400 0.1948

possible solutions to the problem of meeting the design specifications given. We can
introduce a phase-lag controller or a Pl controller, among other possibilities.

Second-Stage Phase-Lag Controller Design

Let us design a phase-lag controller as the second-stage controller for the system. The roots
of the characteristic equation of the system with the notch controller are ai
i = -19954. -31.328+ 7316.36, and -31.328 - j316.36. The transfer function of the
phase-lag controller is

= (- <>)

where for design purposes we have omitted the gain factor I/o in Eq. (9-168).

Let us select r = 10 for the phase-lag controller. Table 9-21 gives time-domain
performance attributes for various values of a. The best value of a from the overall
perfonnance standpoint appears to be 0.005. Thus, the transfer function of the phase-lag
controller is

N N
\+aTs 1+0.05j

The forward-path transfer function of the compensated system with the notch-phase-lag
controller is

20.000(5+ 100,000![(1 +0.95i)

c()= G..()C. ()6 (5= 00%% 0 )

The unit-step response of the system is shown in Fig. 9-58. Because the step-ewor constant
is 120.13. the steady-state speed euwor due to a step input is 1/120.13. or 0.839c.

Second-Stage PI Controller Design
A PI controller can be applied to the system to improve the steady-state error and ihe
stability simultaneously. The transfer function of the Pl control is written
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Time (sec)

Figure 9-58 Unit-step responses of speed-contfol system in Example 9-8-1.

We can design the Pl controller based on the phase-lag conuollerby writing Eq. (9*169) as

[i+ 20\
Gel (i) = 0.0051, - (9-172)
i+ o0.iy

Thus, we can set Kp = 0.005 and Ki/Kp = 20. Then, Af/ = 0.1. Fig, 9-58 shows the unit-
step response o fthe system widi the notch-Pl controller. The attributes ofthe step response
are as follows:

% Maximum overshoot = 1%
Rise time tr = 0.1380 sec
Settling time /j = 0.1818 sec

which are extremely close to riose with the notch-phase-lag controller, except that in the
notch-PI case the steady-state velocity error is zero when the input is a step function.

Sensitivity Due to Imperfect Pole-Zero Cancellation

As mentioned earlier, exact cancellation of poles and zeros is almost never possible in real
life. Let us consider that the numerator polynomial of the notch controller in Eq. (9-162)
cannot be exactly realized by physical resistor and capacitor components. Rather, the
transfer function of the notch controller is more realistically chosen as

G TA+1007+ 1.000.000 9-173
cfs) = -
) + 20,000s + 1.000,000 ( )
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Fig. 9-58 shows the unit-step response of the system with the notch conwoHer in Eq.
(9-173). The attributes of the unit'Step response are as follows;

% Maximum overshoot = 0.4%
Risetime ir = 0.17 sec

Settling time if = 0.2323 sec

Frequency*Domain Design

To cany outthe design o fthe notch controller, we referto the Bode plotofEq. (9-161) shownin
Fig. 9-59. Due to the complex-conjugate poles o f Gp{s), the magnitude plot has a peak of 24.86
dB at 1095 rad/sec. From the Bode plot in Fig. 9-59, we see that we may want to bring the
magnitude plotdown to -2 0 dB atthe resonantfrequency of 1095 rad/sec so that the resonance
is smoothed out. This requires an attenuation of -44.86dB. Thus, from Eq. (9-155),

iGe(M)l= -44.86dB=1=2 :7 (9-174)
Cp p

where is found from Egq. (9-62). Solving for Ip from the last equation, we gel
= 7.612. The attenuation should be placed at the resonant frequency of 1095 rad/
sec; thus, (0,, = 1095 rad/sec. The notch controller of Eq. (9-162) becomes

s2+ 95.3s+ 1,198,606.6
+ 16,670.285+ 1,199,025 * '

The Bode plot of the system with the notch controller in Eq. (9-175) is shown in Fig. 9-59.
We can see that the system with the notch controller has a phase margin of only 13.7°, and
Mr is 3.92.

To complete the design, we can use a Pl controller as a second-stage conuoller.
Following the guideline given in Section 9-3 on the design of a Pl controller, we assume
that the desired phase margin is 80°. From the Bode plotin Fig. 9-59, we see that, to realize
a phase margin of 80°, the new gain-crossover frequency should be (6g = 43 rad/sec, and
the magnitude of g (jajgj is 30 dB. Thus, from Eqg. (9-32),

Kp = 10-[°(-";)ir = 10-* /20 = 0.0316 (9-176)

The value of K/ is determined using the guideline given by Eq. (9-25),

Because the original system is type 0, the final design needs to be refined by adjusting the
value of K/. Table 9-22 gives the performance attributes when Kp = 0.0316 and K/ is varied
from 0.135. From the best maximum overshoot, rise time, and settling time measures, the
best value of K/ appears to be 0.35. The forward-path transfer function of the compensated
system with the notch-PI controller is

A 20,000(5 + 100,000)(0.0316. + 0.35)
A 5(5+ 16.69)(52+16,670.28j+ 1,199,025) Caa
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Uncompensated
system

With notch-PI
coniroller N
109 10 4 o 101095 10¢ 100

0) (radisec)

‘ncompensated system
_conooller

Wiih notch-PI
conuoller

10- 10« 10 o o 10" 1o
U (rad/sec)
Figure 9-59 Bode plots of the uncompensated speed-control system in Example 9-8-1, with
notch controiler and with notch-PI conuoller.

Figure 9-59 shows the Bode plot of the system with the notch-PI controller,
with Kp = 0.0316 and K/ = 0.35. The unit-step responses of the compensated system
with Kp = 0.0316 and K/ = 0.135, 0.35, and 0.40 are shown in Fig. 9-60.
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TABLE 9-22 Performance Attributes of System in Example 9-8-1 with Notch-PI Controller
Designed in Frequency Domain

PM Maximum Ir

(deg) Overshoot (%; (sec) (sec)

0.0316 01 76.71 1.00 0 0.2986 0.5758
0.0316 0.135 75.15 1.00 0 0.2036 0.4061
0.0316 0.200 72.22 1.00 0 0.0430 0.2403
0.0316 0.300 67.74 1.00 0 0.0350 0.1361
0.0316 0.350 65.53 1.00 1.6 Q.0337 0.0401
0.0316 0.400 63.36 1.00 4.3 0.0323 0.0398

Time (sec)

Figure 9-60 Unit-step responses of speed-conuol system in Example 9-8-1 with notch-PI conuoller,

=*2 +16,670 28"+ 1 199 025 G.2W = 0.0316 +

9-9 FORWARD AND FEEDFORWARD CONTROLLERS

The compensation schemes discussed in the preceding sections all have one degree of
freedom in that there is essentially one controller in the system, although the conwoller can
contain several stages connected in series or in parallel. The limitations ofaone-degree-of-
freedom controller were discussed in Section 9-1. The two-degree-of-freedom compensa-
tion scheme shown in Fig. 9-2(d) through Fig. 9-2(0 offers design flexibility when a
multiple number of design criteria have to be satisfied simultaneously,
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From Fig. 9-2(e), the closed-loop transfer function of the system is

y(*) Gcfir)GMG,(s)
R(s)- I1+G M G .is) ’

and the error transfer function is

LU (9-180)
R(s) 1+Gc{s)Gp{s)

Thus, the controller Gcis) can be designed so that the error transfer function will have
certain desirable characteristics, and the controller Ccf(s) can be selected to satisfy
performance requirements with reference to the input-output relationship. Another way
ofdescribing the flexibility ofatwo-degree-of-freedom design is thatthe conuoller Gi;(s) is
usually designed to provide a certain degree of system stability and performance, but
because the zeros of Ge(s) always become the zeros of the closed-loop transfer function,
unless some of the zeros are canceled by the poles of the process transfer function, Gp(s),
these zeros may cause a large overshoot in the system output even when the relative
damping as detennined by the characteristic equation is satisfactory. In this case and for
other reasons, the transfer function Gef(s) may be used for the control or cancellation of the
undesirable zeros of the closed-loop transfer function, while keeping the characteristic
equation intact. Of course, we can also introduce zeros in Gcfis) to cancel some of the
undesirable poles of the closed-loop transfer function that could not be otherwise affected
by the controller Ge(s). The feedforward compensation scheme shown in Fig. 9-2(f) serves
the same purpose as the forward compensation, and the difference between the two
configurations depends on system and hardware implementation considerations.

It should be kept in mind that, while the forward and feedforward compensations may
seem powerful because diey can be used directly for (rie addition or deletion of poles and zeros
of rie closed-ioop ttansfer function, Giere is a fundamental question involving the basic
characteristics o ffeedback. | f the forward or feedforward conuoller is so powerful, rien why do
we need feedback at all? Because Gcf(s) in the systems of Figs. 9-2(e) and 9-2(f) are outside the
feedback loop, the system is susceptible to parameter variations in Therefore, in reality,
these types of compensation cannot be satisfactorily applied to all situations.

As an illustration of the design of the forward and feedforward compensators, consider the second-
order sun-seeker system with phase-lag conwol designed in Example 9-6-1. One of the disadvantages
of phase-lag compensation is that the rise time is usually quite long. Let us consider that the phase-
lag-compensated sun-seeker system has the forward-path transfer function

The time-response attributes are as follows:

Maximum overshoot = 2.5%
= 0.1637 sec
= 0.2020 sec
We can improve the rise time and ihe settling lime while not appreciably increasing the overshoot by
adding a PD controller Cu(s) to the system, as shown in Fig. 9-61(a). This effectively adds a zero to

the closed-loop transfer function while not affecting the characteristic equation. Selecting the PD
controller as

Ccfis] = 1+0.05i i9-182)
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CONTROLLER CONTROLLER «(f). CONTLIOLLED
ay) 9Js)

(b)
Figure 9-61 (a) Forward compensation with series compensation, (b) Feedforward compensation
with series compensations.

libutes are as follows:

Maximum overshoot = 4.3%
= 0.1069 sec
= 0.1313sec

If instead the feedforward configuration of Fig. 9-61(b) is chosen, tiie transfer function of Cffl(5) is
directly related to Co-(5); that is, equating the closed-loop wansfer functions of the two systems in
Figs. 9-61(a) and 9-61(b), wc have

[Gefiis) + Ge(MICp(Y)  GAG.()Gp(.)

X X (9-183)
1+C ,{5)G p (i) 1+G,(i)G p (i)
Solving for Grfi(s) from Eq. (9-183) yields
C./IW =[G ,/(s)-1]G ,(s) (9-184)
Thus, with asgiven in Eq. (9-179), we have the wansfer function of the feedforward controller:
(9-185)
<

» 9-10 DESIGN OF ROBUST CONTROL SYSTEMS

In many control-system applications, not only must the system satisfy the damping and
accuracy specifications, but the control must also yield perfonnance that is robust
(insensitive) to external disturbance and parameter variations. We have shown that
feedback in conventional control systems has the inherent ability to reduce the effects
of external disturbance and parameter variations. Unfortunately, robustness with the
conventional feedback configuration is achieved only with a high loop gain, which is
normally detrimenta] to stability. Let us consider the control system shown in Fig. 9-62.

Figure 9-62 Conuol system with disturbance.
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The external disturbance is denoted by the signal d(t), and we assume that the amplifier
gain K is subject to variation during operation. The input-output wansfer function of ihe
system when d{t) = 0 is

KC”(s)Gc(s:)0,{s)

and the disturbance-output transfer function when r(f) = 0 is

In general, the design swategy is to select the controller Ge{s) so @iat the output y(0 is
insensitive to the disturbance over the frequency range in which the latter is dominant and
to design the feedforward controller G¢f{s) to achieve the desired transfer function between
the input r(t) and the output y{t).

Let us define the sensitivity of M{s) due to the variation of Af as

percentchange in M (i) ~ dM{s)IM{s) (9-m)
n percentchange in/| dK/K

Then, for the system in Fig. 9-62

which is identical to Eq. (9-187). Thus, the sensitivity function and the disturbance-output
transfer function are identical, which means that disturbance suppression and robustness
with respect to variations of K can be designed with the same control schemes.

The following example shows how the two-degree-of-freedom control system of Fig.
9-62 can be used to achieve a high-gain system that will satisfy the performance and
robustness requirements, as well as noise rejection.

Let us consider the second-order sun-seeker system in Example 9-6-1, which is compensated wilh
phase-lag control. The forward-path transfer function is

where AT= |.The forward-path transfer function of the phase-lag-compensated system with a = 0.1
and r= 100 is

Because the phase-lag controller is a low-pass filter, the sensitivity of the closed-loop transfer
function M{s) with respect to K is poor. The bandwidth of the system is only 13.97 rad/sec, but il is
expected that |5~ (ja>)| will be greater than unity at frequencies beyond 13.97 rad/sec. Fig. 9-63
shows the unit-step responses of ihe system when /i = 1, the nominal value, and A'= 0.5 and 2.0.
Notice thal, if for some reason, the forward gain K is changed from its nominal value, the system
response of the phase-lag-compensated system would vary substantially. The attributes of the step
responses and the characteristic equation roots are shown in Table 9-23 for the three values of K.
Fig. 9-64 shows the root loci of the system with the phase-lag conuoller. The two complex roots ofthe
char i equation vary i as K varies from 0.5 to 2.0,
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Time (sec)
Figure 3-63 Unit-step responses of the second-order sun-seeker system with phase-lag conuoller,
2500(1+ 1Qj;
66) = (1+ 1Qj)
5( + 25)(1 + 100j)"

TABLE 9-23  Attributes of Unit-Step Response of Second-Order Sun-Seeker System with
Phase-Lag Controller in Example 9-10-1

K Maximum Overshoot (%) tr (sec) 1s (sec) Roots of Characteristic Equation
2.0 126 0.07854 0.2323 -0.1005 - 12.4548 + jI8.51
10 26 0.1519 0.2020 -0.1009 - 12.4545 +y-9.624
0.5 15 0.3383 0.4646 -0.1019 - 6.7628 - 18,1454

Toolbox 9-10-1

Fig. 9-63 is obtained by ihe following sequence of MATLAB functions
K=1;

num = K *2500 * [10 1]

den=conv([l 25 0], [1001]);
[numCL,denCL]=cloopCnum,den);

stepCnumCL,denCL)

hold on;

K= 2:
num = K*2500 * [10 1]
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den = conv([l 25 0]. [100 1]);
[numCL,denCL]=cloop(nuni,den) ;
stepCnumCL,denCL)

hold on;
K=0.5;
nxim= K*2500 * [10 1]

den = conv([l 25 0] . [100 1]);
[numcCL,denCL]=cloop(nujn.den) i
step(numCL,denCL)

hold on;
axis([0 10 1.2]):
grid

Figure 9-64 Root loci of trie second-order sun-seeker system with phase-lag conroller.
2500(1 + 105)
C(s): ( )
i(s + 25){l + 100iy
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The design Strategy of the robust controUer is to place two zeros of the ccKrtrollCT near die desired
closed-loop poles, which according to trie phase-lag-compensaled system are al J = -12.455 +/9.624.
Thus, we let the coniroUer transfer function be

A (413410 ) (" 13-A10) 4+
269 269
The forward-path Uansfer function of the system with the robust conuoller is
9.2937i:fj27265 + 269)
N

Toolbox 9-10-2
Fig. 9-64 is obtained by the following sequence of MATLAB functions

K
num = K *2500 * [10 1]

den=conv ([l 25 0] . [100 1]):
[numCL, denCL] = cloopCnum, den)
rlocusCnmnCL.denCL)I

hold on

K=
num = K *2500 * [10 1]
den=conv([l 25 0], [1001]);
[numCL, denCL] = cloopCnum, den)
rlocus(numCL,denCL);

hold on

K= 1;

nim = K *2500 * [10 1]
den=conv ([l 250], [1001]);
rlocus(nnm ,den);

hold on

K=
num = K *2500 * [10 1]

den =convC[1 250], [1001]);
rlocus(num .den);

hold on

Fig. 9-65 shows the root loci of the system with ihe robust conffoller. By placing the two zeros of G"s)
near the desired characteristic equation rools, ihe sensitivity of (e system is greatly improved. In faa
the root sensitivity near the two complex zeros at which the root loci terminate is very low, Fig. 9-65
shows that, when K approaches infinity, the two characteristic equation roots approach -13 + y(]

Toolbox 9-10-3

Fig. 9-65 is obtained by the following sequence of MATLAB functions
K=1;

num= 9.2937*K "1 26 269]

den= [1 25 0] :

[numCL, denCL] =cloopCnum, den)

rlocus(numCL,denCL);
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hold on

K= 2:

num= 9.2937*K *[1 26 269]

den= [1 25 0] :

[niimCL, denCL] =cloop(nujn, den)
rlocusCnum CL.denCL);

hold on

K= 1;

nun= 9.2937*K *[1 26 269]
den= [1 25 0] :
rlocusCnum ,den):

hold on

K= 2;

num = 9.2937%K *[1 26 269]
den= [1 25 0] ;

rlocus Cniim,den) ;
axis([-35 2-1S 15])
%grid

-12.9745 +79.3236"

K=Q5

-12.9514+78.6676 -12.9115+77.393

Figure 9-65 Root loci of the second-order sun-seeker system with robust controller,

9.2937ii(i2+ 26s+ 269)
= 77251~ -u
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D(s)

©rii) TSk 1
sis+w

GAS) () Gpis)

Figure 9-66 Second-order sun-seeker system with robust conuwoller and forward coD@oller.

Because the zeros of the forward-path wansier function are identical to the zeros of the closed-
ioop transfer function, the design is not complete by using only the series conwoiler Gr(j), because the
closed-ioop zeros will essentially cancel the closed-loop poles. This means we must add tie forward
conuoller. as shown in Fig. 9-62, where G(fis) should contain poles to cancel the zeros of +
26s + 269 of the closed-loop tfansfer fuiiciioii. Thiua, thie waitgfar function of the forward controlleris

- 269
% (») - j2 + 265+ 269 (6-194)
The block diagram of the overall system is shown in Fig. 9-66. The closed-loop wansier function of
the compensated system with AT= 1is
0,(5) 242.88
N (9-195)
0,(j) $2725.903i+ 242.88
The unit-step responses of the system for K = 0.5, 1.0, and 2.0 are shown in Fig. 9-67, and their
attributes are given in Table 9-24. As shown, the system is now very insensitive to the variation of K

Because the system in Fig. 9-66 is now more robust, it is expected that the disturbance effect will

be reduced. However, we cannot evaluate the effect of the controllers in the system of Fig. 9-66 by

Time (sec)

Figure 9-67 Unit-slep responses of the second-order sun-seeker system with robust controller
and forward controller.
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TABLE 9-24  Attributes of Unit-Step Response of Second-Order Sun-Seeker System with
Robust Controller in Example 9-10-1

Maximum Roots of
K Overshoot (%) (séc) (sec) Characteristic Equation
2.0 13 0.1576 0.2121 -12.9745 +y9.3236
1.0 0.9 0.1664 0.2222 -12.9514 +;8.6676
0.5 0.5 0.1846 0.2525 -12.9115 +;7.3930

Uncompensated system

System with
phaU-lag control

System with robust
and forward controllers
E

10° 100 100 10 10° 100
w(rad/isec)

Figure 9-68 Amplitude Bode plot of response due to noise of second-order sun-seeker system.

applying a unit-slep function as diii The true improvement on the noise rejection propenies is more
appropriately analyzed by investigating the frequency response of &0(s)/D{s). The noise-to-output
wansfer function, written from Fig, 9-66, is

&o{s). 1 i(j + 25)

) (9-196)
D (i) 10,2937s2 + 266.6365 + 2500

The amplitude Bode plot of Eq. (9-196) is shown in Fig. 9-68. along with those ofthe uncompensated
system and the system with phase-lag control. Notice that the magnitude of the frequency response
between D{s) and ®a{s) is much smaller than those of the system without compensation and with

phase-lag control. The phase-lag control also the noise for ies up to approxi-
mately 40 rad/sec, adding more stability to the system. n

In this example, a robust controller with forward compensation is designed for the third-order sun-
seeker system in Example 9-6-2 with phase-lag conwol. The forward-path transfer function of the
uncompensated system is

h58,280106/"

(9-197)
“ S(s" + 625 + 156.250)
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Figure 9-69 Root loci of the ihird-order sun-seeker system with robust and forward conuollers.

where K = 1 The root loci of the closed-loop system are shown in Fig. 9-50. which lead to the phase-
lag control with results shown in Table 9-19. Let us select the parameters o f the phase-lag conffoller as
&= 0.1 and T = 20. The dominant rools of the characteristic equation are s = —187.73 + _/164.93.

Lei us place the two zeros of the second-order robust conuwoller at -180 + y166.13, so that tie
controller transfer function is

5 + 3605+ 60,000

(9-198)
60.000
To ease the high-frequency rea lem of the controller, we may add two nondominani poles
to Cc(s). The following analysis is carried out with ¢,(s) given in Eq. (9-198), however. The root loci
of the compensated system are shown in Fig. 9-69. Thus, by placing the zeros of the conuoller very

TABLE 9-25 Attributes of Unit-Step Response and Characteristic Equation Roots of Third-Order
Sun-Seeker System with Robust and Forward Controllers in Example 9-10-2

Maximum Characteristic
K Overshoot (%) ?r(sec) f, (sec) Equalion Roois
0,5 10 0.01115 0.01616 -1558.1 - 1845 + >126.9
l.o 21 0.01023 0.01414 -2866.6 - 181.3 = }I47.1
2.0 27 0.00966 0.01313 -5472.6 - 180.4 £}I56.8

10.0 3.2 0.00924 0.01263 -26307 - 180.0 x;164.0
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close to the desired dominant roots, the system is very insensitive to changing values of K near and
beyond the nominal value of K. The forward controller has the transfer function

The attributes of the unit-step response for K = 0.5. 1.0. 2.0, and 10.0 and the cowesponding
characteristic equation roots are given in Table 9-25. <

In this example, we consider the design of a position-control system that has a variable load inertia.
This type of situation is quite common in conuol systems. For example, the load inertia seen by the
motor in an electronic printer will change when different printwheels are used. The system should
have satisfactory performance for all the printwheels intended to be used with the system.
To illustrate the design of a robust system that is insensitive to the variation of load inertia,
consider that the forward-path transfer function of a unity-feedback control system is
KK-

The system parameters are as follows:

Ki = motor torque constant = 1N-m/A

Kf, = motor back-emf constant = 1v/rad/sec

R = motor resistance = 1n

L = motor inductance = 0.01 H

B = motor and load viscous-friction coefficient ~0

J = motor and load inertia, varies between 0,01 and 0.02 N-m/rad/sec”

K - amplifier again

Substituting these system parameters into Eq. (9-200). we get

For770.02 ,9-202,

The performance specifications are as follows:

Rampeuorconstant > 200

Maximum overshoot < 5% oras small as possible
Risetime fr < 0.05 sec

Settling timer, < 0.05 sec

These specifications are @be maintained for 0.01 < J< 0.02,

To satisfy the ramp-error constant requiremenl. the value of K must be at least 200. Fig. 9-70
shows the root loci of the uncompensated system for7 = 0.01 and J = 0.02. We see that, regardless
of Ihe value of J. the uncompensated system is unstable for K > 100.

To achieve robust control, let us choose the system configuration of Fig- 9-6Ha). We introduce a
second-order series controller with the zeros placed near the desired dominant characteristic equation
of the compensated system. The zeros should be so placed that the dominant characteristic equation
roots would be insensitive to the variation in J. This is done by placing the two zeros at -55 + )45,
although the exaci location is unimportani. By choosing the iwo conlroller zeros as designated, the
rool loci of the compensated system show that the IWO complex roots of the characteristic equaiion
will be very close to these zeros for various values of y. especially when the value of K is large. The
transfer function of the robust controlier is
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Figure 9-70 Root loci of the position-conirol system in Example 9-10-3 with robusi and
forward conuollers.

As in the last example, we may add two nondominant poles to G<(i) to ease the high-frequency
realization problem of the controller. The analysis is carried out with G,(5) given in Eqg. (9-203).

Let AT= 1000, although 200 would have been adequaie to satisfy the Ky requirement. Then, for
J = 0.01, the fonvard-path transfer function of the compensated system is

and forJ = 0.02,
A 990.99(j-+ 1105 +5050)

“ 52+ 100s+ 5000) (6209
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TABLE 9-26  Attributes of Unit-Step Response and Characteristic Equation Roots of System with
Robust and Forward Controllers in Example 9-10-3

Maximum Roots of
J N-m/rad/sec Overshoot (%) i.(sec) i,(sec) Characteristic Equation
0,01 J.6 0.03453 0.04444 -1967 - 56.60 + y43.3
0.02 20 0.03357 0.04444 -978.96 - 55.57 + >44.94

To cancel ute two zeros of u>e closed-loop transfer function, the transfer function of the forward
conuoller is
5050

The attributes of the unit-step response and the characteristic equation roots of the compensated
system with K = 1000, J = 0.01, and / = 0.02 are given in Table 9-26. <

» 9-11 MINOR-LOOP FEEDBACK CONTROL

The conuol schemes discussed in the preceding sections have all utilized series controllers
in die forward path ofthe main loop or feedforward patii o f the conwol system. Although
series controllers are the most common because of thelt simplicity in Implementation,
depending on the nature of the system, there are in placing tiie
controller in a minor feedback loop, as shown in Fig. 9-2(b). For example, a tachometer
may be coupled directly to adc motor notonly for the purpose o f speed indicalion butmore

often for improving the stability of the closed-loop system by feeding back the output
signal of the tachometer. The motor speed can also be generated by processing the back
emfofthe motorelectronically. In principle, the PID controller or phase-lead and phase-lag
controllers can all, with varying degrees of effectiveness, be applied as minor-loop
feedback conuollers. Under certain conditions, minor-loop conuwol can yield systems
that are more robust, that is, less sensitive to external disturbance or internal parameter
variations.

9-11-1 Rate-Feedback or Tachometer-Feedback Control

The principle of using the derivative of the actuating signal to improve the damping of a
closed-loop system can be applied to the output signal to achieve a similar effect. In other
words, the derivative ofthe input signal is fed back and added algebraically to the actuating
signal of the system. In practice, if the output variable is mechanical displacement, a
tachometer may be used to convert mechanical displacement into an electrical signal that is
proportional to the derivative o fthe displacement. Fig. 9-71 shows the block diagram of a
control system with a secondary path that feeds back the derivative of the output. The

cpif)

Figure 9-71 Conuol system with tachometer feedback.
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transfer function of the tachometer is denoted by Ns,where K, is the tachometer constan
usually expressed in volts per radian per second for analytical purposes. Commercially, /
is given in the data sheet of the tachometer, typically in volts per 1000 rpm. The effects ¢
rate or tachometer feedback can be illustrated by applying it to a second-order prototyp
system. Consider that the controlled process of the system shown in Fig. 9-71 has th
transfer function

The closed-loop transfer function of the system is

> ;W - . 9.2,
R{s) + KiO>l)s + <ol

and the characteristic equation is
+ {2Ca>,, + KrO)l)s + 0>1=0 (9-209

From the characteristic equation, it is apparent that the effect ofthe tachometerfeedbad
is the increase of the damping of the system, since K( appears in the same term as th(
damping ratio

In this respect, tachometer-feedback control has exactly the same effect as the PC
control. However, the closed-loop transfer function of the system with PD control ir
Fig. 9-3 is

Yjs) a,lik, + Kos)
R{s) + (270) + KdiO")s + c*Kp

Comparing the two transfer functions in Egs. (9-208) and (9-210), we see that the twc
characteristic equations are identical 'ifK p=\ and ATir = K,. However, Eq. (9-210) hai
azeroati = -Kp/Ko. whereas Eq. (9-208) does not. Thus, the response of the systeir
with tachometer feedback is uniquely defined by the characteristic equation, whereas
the response of the system with the PD control also depends on the zero a
s= —Kp/Ko, which could have a significant effect on the overshoot of the Stef
response.

With reference to the steady-state analysis, the forward-path transfer function of the
system with tachometer feedback is

E{s) s{s+ 20),+Ki0)I)

Because the system is still type 1, the basic characteristics of the steady-state error are noi
altered by the tachometer feedback; that is, when the input is a step function, the steady’
state ewor is zero. For a unit-ramp function input, the steady-state error of the system ii
(2f + K,iOn)lwn, whereas that of the system with PD control in Fig. 9-3 is 2*l(U,,. Thusjol
a type I system, tachometerfeedback decreases the ramp-error constant Ky but does no
affect the step-error constant Kp.
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9-11-2 Minor-Loop Feedback Control with Active Filter

» EXAMPLE 9-11-1

Instead o fusing atachometer, an active filter with RC elements and op-amps can be used to

reduce cost and save space in the minor f k loop for tion. We illustrate this

approach with the following example.

Consider that, for Ui6 second-order sun-seeker system in Example 9-6-1, instead of using a series
controller in the forward path, we adopt the minor-loop feedback control, as shown in Fig. 9-72(a), with

K,s
H{s) = 9-2J3]
o=, (9-233)
To maintain the system as type 1, it is necessary iat H{s) contain ati = 0. Eq. (9-213) can be

realized by the op-amp ctrcuit shown in Fig. 9-72(b). This ctrcuit cannot be applied as a series conffoUer
in ihe forward path, because it acts as an open circuit in the steady state when tie frequency is zero. As a
minor-loop conuoller, trie zero-ffansmission property to dc signals does not pose any problems.

The forward-path Uansfer function of the system in Fig. 9-72(a) is

: 1+GAWH (5)
2500(1 + Ts)
§l(5+ 25)(1 + 7i) + 2500a;,]

(9-214)

The characteristic equation of the system is
rp + (25r+ I)s™ + (25 + 2500r + 2500A:,)5 + 2500 = 0 (9-215)
To show the effects of the parameters/l, and T, we consinict the root contours of Eq. (9-215) by first
considering that K, is fixed and T is variable. Dividing both sides of Eq. (9-215) by ihe terms that do
not contain T. we get
ri(i2+25i + 2500)

9-216
j2+ (25+ 25W )i + 5000 ¢ )

When the value of K, is relatively large, the two poles of the last equation are real with one very close
to the origin. It is more effective to choose K, so that the poles of Eq. (9-216) are complex.

Cpis) 0.

His)

Figure 9-72 (a)
Sun-seeker control
system with minor-
loop conuol. (b) Op-
amp circuit
realization of

Ks
1 +Ts'
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Figure 9-73 Root contours of Ts* + {25T + 1)i* + (25 + 2500AT, + 2500r)i + 2500 = 0.
K, = 0.02.
Fig. 9-73 shows the root contours of Eq. (9-215) with K, = 0.02, and T varies from 0 to 00.
When T = 0.006, the characteristic equation roots are at -56.72, —filAl + )52.85, and
-67.47 - y'52.85. The anributes of tiie unit-step response are as follows:
Maximum overshoot = 0
f, = 0.04485 sec
1, = 0.06061 sec
fmax = 0.4 sec

The ramp-error constant of the system is

= lim sG{s) = (9-217)

1+ iooa:,

Thus, just as with tachometer feedback, Uie minor-loop feedback controller of Eq. (9-213) reduces Uie
ramp-euwor constant Ky, although the system is still type 1. "
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» 9-12 A HYDRAULIC CONTROL SYSTEM

In this case study, we model a four-way electro-hydraulic-valve control of alinear actuator.
After deriving the mathematical model for the system, we apply the model to do position
control for three different applications; 1) robot arrn joint (translational system), 2)
dropping a disk into a hole (rotational system), and 3) variable load. At the end. we
design p, PD, PI, and PID controllers for the robot-arm-joint system.

A schematic diagram of the system for the first application (robot arm joint) is shown
in Fig. 9-74. The diagram is the same for all the applications except for the load. This
system consists of adouble-acting single rod linear actuator, a two-stage electro-hydraulic
valve, controller circuitry, and potentiometer. The input to the system is the voltage
corresponding to the desired output position of the load. The output position is fed back
through the potentiometer. The output voltage of the potentiometer gets subtracted from
the input voltage to produce the error signal. This error signal is used to control the position
ofthe main valve displacement, which controls the pressure level and flow rate entering and
leaving the linear actuator. The output force exerted by the linear actuator rod is directly
proportional to the pressure difference between two sides of the piston.

9-12-1 Modeling Linear Actuator

A double-acting single rod actuator is shown in Fig. 9-75. We call ii double acting since its
piston can be forced in both right and left directions. The direction of the piston movement
depends on the pressure difference on the two sides ofthe piston; port A and port B. We call
this actuator single rod since the piston is connected to only one rod.
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Qa-Pa

Figure 9-75 Schematic of
double-acting single rod
actuator.

The hydraulic fluid can enter and exit the actuator from either port A or port B. The
magnitude of the flow and pressure of ports A and B are controlled by the four-way valve
explained in the following section. For now, we want to develop a relationship between
the fluid pressures in port A and port B, the area of the piston (A), and the displacement of
the piston rod.

We can take sides A and B of the piston to have the same areaA. Ignoring the pressure
transient effect of the actuator, we can express the applied force F to the actuator as

F = [APA-APB)N)f (9-218)

Note that in Eq. (9-218) rjfis the force efficiency of the actuator, which is due to the friction
of the piston and the viscous shear o fthe hydraulic fluid. The force efficiency is always less
than one. For ideal actuators, we can consider the force efficiency to be one.

Volumetric efficiency, rj
volumetric efficiency will always be less than one due to hydraulic fluid compression and
leakage past the piston. We can express volumetric efficiency as

.. is another source of non-ideality in linear actuators. The

Av
Qa

(9-219)

where A is the areaofthe piston, and Vis the velocity ofthe piston. For an ideal case, we can
neglect the leakage and consider the hydraulic fluid to be incompressible. For an ideal case,
we can write

Qa =Av=Az (9-220)

This equation is based on the law of conservation of mass in fluid mechanics shown in Eq.
4-124.

9-12-2 Four-Way Electro-Hyciraulic Valve

The four-way electro-hydraulic valve is a iwo-stage control valve that takes voltage as
input and provides the required fluid flow and pressure to the actuator. The first stage of
the valve is an electrically actuated hydraulic valve, which controls the displacement of
the spool of the second stage of the valve. The second stage is a four-way spool valve,
which controls the fluid flow and pressure into and out of ports A and B of the actuator.
The first stage itself is not capable of overcoming opposing spring and flow forces:
therefore, the second stage is required. Fig. 9-76 shows the schematic of the electro-
hydraulic valve.

From Figs. 9-75 and 9-76, we can see that the displacement of the main spool is
controlled by the left and right flow rates, which are controlled by the displacement of the
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Figure 9-76 Electro-hydraulic
two-stage four-way valve.

pilot spool. The conuwol valve consists of a two-way critically centered valve, which has a
pilot spool attached to a torque motor. The output from the servo amplifier actuates the
torque motor and controls the displacemeni of the pilot spool.

The displacement of the pilot spool Xc is directly proportional to the output voltage of
the servo amplifier. When the main spool is centered, there are no flow rates and both sides
of the main spool are zero. We look at the operation of the valve around an operating point
to be able to use Che linearized flow equations derived in the following sections. At the
nominal operating conditions,

Xm=Xc=0,Po=P"- Pbo=Ps0- Pao = and=0

where X,, is Ihe displacement of the main valve, Xf is the displacement of the pilot spool,
P/"O and Pbo are pressure in the lines going from the main valve 10 the actuator, and Pr is the
pressure of the return line to the reservoir. Note that, during the valve operation, the supply
pressure coming from the pump is kept constant and equal for both the main valve and the
control valve.

Orifice Equation

First, let's see what happens as the fluid passes through an orifice. Consider Fig. 9-77,
which shows a flow passage with a sharp-edged orifice separating two sides of lhe flow
passage. The classic orifice equation for the fluid flow can be written as

Q = AoCj Pa) (9-221)
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Figure 9-77 Fluid passing through an orifice.

where Q is die volumettic flow rate (rirough trie orifice, 20 is the cross-sectional area of tl
orifice, p is trie fluid density. Pi is Grie fluid pressure before passing through the orifice, Pyi is v
fluid pressure after passing rwough the orifice, and Q is trie discharge coefficient and is given b

(9-22:

where Agq, Aj and A2 are shown in Fig. 9-77.

Liberalized Flow Equations for the Four-Way Valve

In the orifice equation, we note that and Pa are both variables./4, the opening areaofth
valve, is a function of the displacement of the spool. Using Taylor series, we can write E<
(9-221) as

(9-222
For Eqg. (9-223) to be valid, the operating conditions of the valve should not deviate to

much from the nominal operating conditions. If we take JO = 0 and pQ = PsQ- Pbd -

Psit - Pao = we can write Eq. (9-223) as

Q =\Q q+ K’x + Kc[Ps - P a) (9224

Qp Qb.Pi
Figure 9-78 Main valve schematic.
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Figure 9-79 Rectangular valve-port geomeuy.

where Kq is called flow gain and is given by

(9-225)

and Kc is the pressure-flow coefficient and is given by
Kc = ACd____ (9-226)

y/IpiP sQ -Pao)
The term — can be evaluated based on the valve-porting geometry. For the rectangular

n
geometry shown in Fig. 9-79, we can write

A = hE (9-227)

where Eis the open distance of the valve port and h is the width of the valve port. For the
open-centered valve shown in Fig. 9-79,

E=x+u (9-228)

where X is the displacement of the spool and U is the fixed underlapped dimension.
Therefore,

(9-229)
Now we can write the following:
Kg=hCdl-Po (9-230)
uhCd
(9-231)
Pg= PsO- Pbo = PsO - Paii ~ 2" (9-282)

Let’s now apply the linearized flow equation to the open-centered four-way valve shown
in Fig. 9-76. For the four-way valve, ports A and B are used for directing flow to and
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from the linear actuator. To direct flow into port A and receive flow from port B, tie ma
spool moves to the right, thus allowing fluid flow from the supply line to port A and, attl
same time, allowing fluid flow from port B to the return line. The flow rate and pressu
levels at ports A and B are the function ofthe valve displacementx,. When modeling il
whole system, we can neglect the pressure drop in the pipelines connecting ports A and
of the linear actuator to ports A and B of tiie four-way valve. Hence, we can assuit
pressure levels and flow rates at ports A and B of the four-way valve are the same i
pressure levels and flow rates at ports A and B of the linear actuator

Now consider the main spool is moved to the right by a displacement x,,. Usir

Eq. (9-232), we can write

Ql="Qo0-K,X,+KciPA-Pr) (9-23:
Q2="Qo+ K, X"+ Kc[Ps-P a) (9-23~
61 =iQo0-K,X"+KAPsS-PB) (9-231
Cl=iQo + KgX,+K,{PB-Pr) (9-230

Note that, in the above equations, we can use the same flow gain. Kg, and the same pressun
flow coefficient, Kc, for all the metering lands because the nominal pressure across eac
metering land isequal to half the supply pressure Pj/2 and Pr = 0.

The volumetricflow rates into and out of the actuator can now be expressed as

=s2-Cl=2V " - fiiciii - p,n) (9-23/
Cs= 24 - 63 = 2K,X, + 1K,(Pb - P,/2) (9-23i

Note that the above flow equations are valid for open-centered four-way valves. For othe
valve designs such as critically centered or closed-centered designs, the flow equations ai
different. For critically centered valves, such as the control valve in Fig. 9-76. the flo'
equation can be expressed as

Qa=Qb" KXc (9-23!

The flow-rate equations into and out o fthe actuator are very importantin conool analysi;
which will follow. The reason is that (riese equations enable us to relate the flow rate and th
pressure level, which delivers powerto ie actuator. Using these equations, we are able to contn
the displacement and velocity of the linear actuator (which depends on pressure level and E
flow rate delivered to ports A and B o f the actuator) based on the main spool displacementx,,. 1
otherwords, for this open-centered four-way valve conuol, we can change flow rate and pressui
level simultaneously using a single variable of the main spool displacement x,,.

Relationship between Input Voltage and Main spool Displacement x,,
Because the control valve is critically centered, the flow equation of the pilot spool can t
expressed as

Qp = KgXc (9-24(
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Figure 9-80 Two-sta

Assuming an incompressible fluid, the interaction between the two stages can be
described by

(9-241)

where A,, is the area of the main spool. The displacement of the pilot spool can be
expressed as

= Vi,KaKr (9-242)

Equating Eq. (9-241) and (9-242), we get
(9-243)

For the two-stage valve alone (ignoring the output position feedback for Uie moment),
using Laplace transforms and assuming zero initial conditions, we have

(9-244)
ViM) = - KfX,,[s) (9-245)
where Xm is the Laplace transform of Xm-
The transfer function of the two-stage valve can be expressed as
Xn.{s 1
{) (9-246)
Vdesired  Kf{l+TcS)
where
(9-247)

c=-
KgKaKfKr

We can represent the two-stage valve with the block diagrams in Figs. 9-80 and 9-81.

1
Kf(i+T,sj

Two-stage valve characteristics

Figure 9-81 Two-Stage valve block diagram incorporating Eq, (9-247),
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9-12-3 Modeling the Hydraulic System

Fig. 9-82 shows the schematic diagram of the whole system. In the following sections, let
us rewrite the mathematical equations we derived for each component.

Force Balance Equation for an Ideal Linear Actuator
If the rod of the linear actuator is used for opposing a load force Fi_in the r direction, using
Eqg. (9-247). we can express the force balance equation for the rod as

F1I =A{Pa-P b) (9-248)

where we assume the force efficiency to be one.

Expressing the Pressure Level P4 and the Pressure Level Pg
Substituting Eq. (9-220) into Eq. (9-237) and rearranging the terms, we can express Pa as

(9-249)
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Substituting Eq. (9-220) into Eq. (9-239) and rearranging the terms, we can express Pb as

Pj= - K, o ook, Owt P./2 (9-250)

Expressing the Pressure Difference Between Two Sides of the Linear Actuator
We can express the pressure difference. Pa - Pb. by subiracting Eq. (9-249) from Eq. (9-250):

Pa-Pb=2"x, -"z, (9-251)

General Equation
Assuming an ideal actuator where force and volume efficiencies are one, and by
substituting Eq. (9-248) into Eq. (9-251), we get

F1 = - MZoui (9-252)

Eq. (9-252) is the general equation that will be used to find the transfer functions for
different applications in the following section.

In this section we apply the system model in three different applications: translational
motion, rotational system, and variable load.

Position Control of a Hydraulic System (Translational Motion)
In this application, the linear actuator rod is used to move a mass. M: a spring, ki, and a
damper, Di_in the z direction, as shown in Figure 9-82.

For the two-stage valve alone.

(9-253)
vm(s) = - KfX.{s) (9-254)
The transfer function of the two-stage valve can be expressed as
X8 !
i) (9-255)

Vdesired  Kf(i + T,s)

We can represent the two-stage valve with the block diagram in Fig. 9-81
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To maintain position control of the actuator, a voltage Vo is fed back from the actuator
displacement z\

Vo = hzout (9-257)

where h is the gain of the transducer. The input voltage to the two-stage valve Verror can be

expressed as
terror — Adesired — = ydesired ~ hZout (9-258)

Itis desired to have position as inputinstead o fvoltage. As aresult, a potentiometer is used
to convert the desired input Zdesired to the desired voltage Vdesired- The relationship can be
expressed as

Vdesired - hzdenired (9-259)

Using general Eq. (9-252), the equation-relating input (main valve displacement x,,,) and
output (actuator displacement Zoul) can be expressed as

Zou[mi-+ (0 +A~ )* + i) =

From the valve equation derived above, we know that main valve displacement X,,, can be
expressed as

So the transfer function is

(9-262)
Kfil + T,;s)(msh+ (D +™ Y +kMj

where Tc -
KgKAKFKT'

In the above equation,
= Flow gain of lhe control valve
= Pressure-flow coefficient
Ka = Gain of the proportional controller
Kf = Gain of the main spoolfeedback transducer
Kf = Ratio between the input voltage and displacement of the control spool
A,,, = Areaof the main spool

M = Massof the load

D = Damping of the load

ki_ = Load spring stiffness

h = Transducer gain

A = Area of the actuator piston
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We can represent the system with the block diagrams in Figs. 9-83 and 9-84.

Position Control (Rotational System)

In this application we refer to Fig. 9-85, where the linear actuator rod is used to move a
mass, M, 6 radians. We start by writing the translational displacement of the rod in terms of
the angular displacement 6:

(9-263)

From the valve equation derived in the previous section, we know that main valve
displacement x, can be expressed as

Xmis) =1 1{Vdesired-hs$o,.,L) (9-264)
Kf(\+Tcs],
AK,,
.1 3 xm
KT(I+T7) MsA-HD + — )s+ ki
Valve characteristics System characteristics
AK,,

Kf(1+ Tsi(Ms=+ (D+ — )s+2ki)+2h

System characteristics

tb)
Figure 9-84 Translational reduced system block diagram.
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Using Eq. (9-260) and Eq. (9-263) for the system shown, the equation-relating
input (main valve displacement x,,) and output (actuator displacement Qoui) can be
expressed as

(9-265)

where ] is the momenl of inertia. Substituting Eq. (9-264) into Eq. (9-265). we can express
the system transfer function as

i9-266)

Qdelrea  ~AA{L + +h LA

Variable Load

In this application, as shown in Figure 9-86. the linear actuator rod is used to exert force on
avariable load. From the valve equation derived in the previous section, we know that main
valve displacement .v,, can be expressed in Laplace domain as

Jydesired - hZou,) (9-267)
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Using general Eq. (9-252), the general equation for the system shown in Fig. 9-88 can be
expressed as

innesired  hZout) (9-268)

:ONTROLLER DESIGN
Control

Consider the model of the hydraulic system shown in Fig. 9-88, where we added a
proportional conuoller in the forward path. The new system block diagram is shown in
Figure 9-87.
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Pole-Zero Map

Figure 9-88 Pole-zero
Real Axis xlod  map of Eq. (9-269).

This system assumes an ideal actuator where force and volume efficiencies are one.
Kq = 0.359 Flow gain of the control valve
Kc = 1.70*10“*“ m"/Pa/s Pressure-flow coefficient
Kg = 1 Gain of the proportional controller
Kf = 1 Gain of the main spool feedback transducer
Kr = 1Ratio between the input voltage and displacement of the control spool
A, = 550 X 10"" Area of the main spool
Al = 4kg Mass of the load
D = 1N-s/m Damping of the load
ki = 2N/ra Load spring stiffness
h = 1 Transducer gain
A = 11 x 10“~m- Area of the actuator piston
Substituting the preceding values into the hydraulic system transfer function [Eq. (9-262)],
we get
3 033*10'®
A (s + 1.4235*%105)(i + 653)(j + 7.02*1Q-S)

The poles of Eq.(9-269) are shown in Fig. 9-88. Poles areat -142350, -653, and
-7,02.10-",

We simplify the forward-path transfer function in Eq. (9-269) by neglecting the pole at
-142350. The simplified hydraulic system transfer function is
213041
G{s) = (9-270)
52 + 6535 + 0.004584
We note that one of the dominant poles is very close to the origin: therefore, we can write
the forward-path transfer function as

213041

BY) = i(j + 653)

(9-271)
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-326.5

Figure 9-89 Root loci of
Eq. (9-274)

Applying a proportional controller, the forward-path transfer function becomes

213041 (a:,)
(9-272)
N+653.
The closed-loop transfer function is
213041(A:
¢ »p) . (9-273)
sh + 653s + 21i04iKp
The characteristic equation is written
5- + 6535+ 213041/r/. = 0 (9-274)

The rooi loci of Eg. (9-274) are shown in Fig. 9-89.
By looking at the root loci in Fig. 9-90, we see that, depending on the value of Kp. we
can get two real or two complex-conjugate poles. When Kp = 0.500, we get a damping

Step Response

0 (.K)5 001 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 Figure 9-90 Unit-step
Time (sec) responses wilh p control
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Figure 9-91 System block diagram.

ratio of 1, and the system is critically damped. For values of Kp greater than 0.500, the
system is underdamped, and for values of Kp less than 0.500, the system is overdamped. We
also note that rie system is stable for all the values of Kp > 0. The step responses of the
system for three different values of Kp are shown in Fig. 9-91.

Toolbox 9-13-1
Fig. 9-89 is obtained by thefollowing sequence of MATLAB functions

num= [3.0333e+10];
den= conv(conv([l 1.4235e5],[1 653]), [1 7.02e-6])
pzmapCnum.den):

Fig. 9-90 is obtained by thefollowing sequence of MATLAB Junctions

KP=1;
KD=0;
num = [1 653+213041*KD 213041*KP] ;
den= [1 653 213041*KP] ;
tf(n\uTi,den)

rlocus(niun,den)

axis([-700 0 -1 1])

Fig. 9-91 is obtained by the following sequence of MATIAB functions

KP=0.3;

num= [0 213041*KP] ;
den= [1 653 213041-KP] ;
step(num ,den)

hold on;

KP=0.5:

num = [0 213041*KP];
den= [1 653 213041*KP] ;
step(num .den)

hold on;

KP=2;

num= [0 213041*KP] ;
den= [1 653 213041*KP] ;
stepCnum ,den)

hold on;
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TABLE 9-27 Attributes of the Unit'Step Response with p control

Maximum Steady-State Error
Kp Overshoot (%) 1.(sec) wsec) Due to Unit Step
2 16.3 0,0124 0.00253 0
05 _ 0.0179 00103 0
03 0.0348 0.0191 0

Table 9-27 summarizes the attributes of the system’s unit-step response for three
different values of Kp.

When poles are complex conjugates, as we increase Kp, the overshoot of the system
increases, but the settling time and rise time of the system remain unchanged. Also note
that steady-state error due to unit-step input decreases as Kp increases.

Consider the second-order forward-path transfer function of the hydraulic system dis-
cussed in Section 9-13-1. Applying a PD controller, the forward-path transfer function
becomes

. _ 2mA\{Kp + Kps)
C(i) = + 653) (9-275)

The system block diagram is shown in Fig. 9-91.
Now, let us set the performance specifications as follows:

Settling time < 0.005 sec
Maximum overshoot < 5%

Steady-siate error due to unit-ramp inpul < 0.00061
The closed-loop transfer function is

, 2mA\{Kp + Kps)

i2 + (653+ 213041iid)i + 213041/ip (6-276)
The characteristic equation is written
1+ (653 + 213041A-0),! + im W Kp = 0 (9-277)
We start by finding the steady-state euvor for a unit-ramp input:
! - lim. 01A B zﬂz(u)/r,. (9-278)

Therefore, for the system to have steady-state ewor due to unil ramp < 0.00061. we need
Kp > 5. The damping ratio of the system for Kp = 5 can be expressed as

653 + /r02]3041
= 0.316+ ]0i.209KT)



622 V Chapter 9. Design of Control Systems

If we wish to have critical damping, f = 1, the above equation gives Kd = 0.0066. Oi
thing we need to check is that this value satisfies the settling-time requirement. Settlii
time can be expressed as

(9-281
u (653 + 213041A:d)

We see that, for Kd > 0.0044, we have ts< 0.005 sec. Therefore, with Kd = 0.006624, w
can satisfy the settling-time requirement. We note that Eq. (9-280) is an approximation am
as damping ratio comes closer to one, the actual settling time will be higher; therefore, K
must be higher than 0.0044 to satisfy the settling time for damping ratio of one. Nevei
theless, we can still use the approximation and verify our answer by simulation once
value for Kd is found. Also, we need to make sure that, for the values found for Kp and Ki
the system is stable. Applying the stability requirement, we find that for system stabilit

Kp>0 and Kd> - 0.00307

Alternatively, we can use the system’s root contours to find Kp and Kp. We can apply th
root-contour method to the characteristic equation in Eq. (9-277) to examine the effect o
varying Kp and Ko. First, by setting Kd to zero. Eq. (9-277) becomes

+ 6535 +213041/:/. =0 (9-281

The root loci of Eq. (9-281) are shown in Fig. 9-92.

The code used to plot the root locus is given in Toolbox 9-13-2 for Kd = i
Alternatively you can use Toolbox 5-8-I. When Kd the characteristic equation ii
Eqg. (9-281) becomes

n AN 21304\Kds

(9-282
s2 + 6535721304 1iip “

The root conrours for Kp = 1and Kp =5 based on the pole-zero configuration of Gegfs
are shown in Fig. 9-94. Note that we chose Kp = 5 to satisfy the steady-state euwo:

j-plane

-653 0
*1-326.5

Figure 9-92 Root loci of
0 Eq. (9-281).
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Figure 9-93 The root
contours of Eq. (9-281) or
Eq. (9-277) when Ko = 0.

requirement. For Kp = 5 and Kd = 0, the characteristic equation roots are at —326,5 +
j919.0& and the damping ratio of the closed-loop system is 0.316. When the value of Kd is
increased, the two characteristic equation roots move toward the real axis along a circular
arc. The dashed line shows the points on the i-plane with the constant damping ratio of
0.69, which couesponds to 5% overshoot. We see that this line intersects the root contour
for Kp = 5 ai Kd = 0.00362. Because this value of Ko is not big enough to satisfy the
settling-time requirement of less than 0.002 sec, we need a larger Kd- When Kdis increased
to 0.006624, the roots are real and equal at -1032.09, and the damping is critical. At this
point Kd > 0.0044; therefore, our settling-time requirement is met. When Kp = 1 and
Kd = 0, the two characteristic equation roots are at -326.5 + _/326.3. As Kq increases in
value, the root contours again show the improved damping due to the PD controller.
Fig. 9-95 shows the unit-step responses of the closed-loop system without PD conttol and
wilti Kp =5 and Kd = 0.006624. With the PD control, although Kd is chosen for critica]

damping, the maximum overshoot is 0.888%. This is because of the zero at5 = - for the
Kd

Step Response

Figure 9-94 Unit-step
responses with and wiihout
PD control using Toolbox
9-13-3.
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Figure 9-95 System block diagram with PI conuoller.

closed-loopiransfer function. When Kp=~5anaKo = 0.0066, the zero is at-754.5. whichi!
close to the dominant poles of the system at -1032.09: therefore, it has a significant effect o1
the wvansient response of the system. Note that the zero makes the response faster by lowerinj
the rise time and (ie settling time of the system.

Toolbox 9-13-2
Fig. 9-94 is obtained bv thefollowing sequence of MATLAB functions

% Closed loop transfer function for Kp=5
sgrid(0.69):
Kp=5;Kd =1le-6;

222)

Kd = C((Kp*213041)A(0.5)*2)-653)/213041; % if this statement is not used
then the graph will not continuous
d

en
num=[213041-Kd 213041"--Kp] ;den = [1 653 0] :
tf(num .den):
[numCL.denCL]=cloop(nuin,den) :
T =tfCnvunCL,denCL):
PoleDataC:,i)=poleCT):
Kd = Kd+3e-5:

end

plot(real(PoleData(l, :)),imag(PoleData(l, :)),real(PoleD ata(2, :)),iinag(PoleData(2,:))):

% Closed loop transfer function for Kp=1
Kp=1; Kd=1le-6;
fori =1:1:260
if (i ==44)
Kd= CC(Kp*213041)A(0.5)~2)-6S3)/213041;

end
num=[213041*Kd 213041"-Kp] ;den = [1 653 0] :
tf(num .den);
[numCL,denCL]=cloop(num,den):
T =tf(nuinCL.denCL):
PoleDataC:,i)=pole(T):
Kd = Kd +3e-5:

end

hold on

plot(real(PoleData(l, :)) ,ijnag(PoleData(l, ;)) ,real(PoleData(2, :)) ,imag(PoleData(2,:))) ;
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tloop transfer function

L Kd=0

[213041*Kd 213041*Kp] ;
[L 653 0] ;

is(niam,den);

:c-1800 0 -1500 1500])

[num.den)
on;

;nuin = [0 2130
[num,den)

«ox 9-13-3
m94 is obtained b;
;;Kd=0.0066;

41*KP] ;den= [1 653 213041*KP] ;

Table 9-28 summarizes the attributes of the unit-step response for Kp — 5 and different
values of Kp.

TABLE 9-28 Attributes of the Unit-Step Response with PD Control

Kd Maximum Overshoot (%) r..(sec) Ir(sec)

0.001 239 0.00794 0.00141
0.006624 0.888 0.00215 0.00138
0.01 — 0.00363 0.00126

y the following sequence of MATLAB functions

[213041*Kd 213041*Kp] ;

[16S30];
un.den):

:L,denCL]=cloop(num ,den);

inumCL,denCL)
on
.iKd =0

[213041%Kd 213041*K p];

[16530];
im.den) ;

IL,denCL]=cloop(nujn,den) :

;numCL,denCL)

At this point we need to go back to the original hydraulic transfer fijnction expressed in
Eqg. (9-269), which has three poles. We need to make sure that the third pole is still far away
from the origin so that the second-order approximation is valid. In the root locus of tie pure
proportional conuwol system, the third pole moves to the left as K increases; therefore, the
second-order approximation is valid for any value of /T > 0. For the PD control design system,
we inroduce a zero in the forward path, which changes the behavior of the third pole. In this
case, the third pole starts to move toward the origin as we increase Kd- For Kp =5 and
Ko = 0.0066, the poles of the closed-loop third-order system are at-14093,-1090, and -980.
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9-13-3 PI Control

Because the third pole is still far away from the origin relative to the otrier poles, it can be
safely neglected, and our second-order approximation holds.

Consider the second-order forward-path transfer function of the hy+-aulic system discussed
in Section 9-13-1. Applying a Pl controller, the forward-path transfer function becomes

The system’s block diagram is shown in Fig. 9-95.
Let the time-domain performance requirement be as follows:
Settling time < 0.06 sec
Rise time tr < 0-01 sec
Maximum overshoot < 1.52%

Steady-state error due to parabolic input < 0.2

We Stan by finding the steady-state ewor for a ramp input:

“ 213041A-,/653

Therefore, for the system to have steady-state error due to parabolic input < 0.2. we need
Ki >0.015. Later we need to make sure that the value of Kf used is above 0.015.
The characteristic equation of the closed-loop system is

+ 653r + 213041/r/.5 + 213041/r, - 0 (9-285)

Applying Routh's test to Eq. (9-277) yields the result that the system is stable for
0< b <653. This means that, if the zero of G(j) be placed too far to the left in the
p

left-half 5-plane, the system will be unstable.

Let us place the zero at -K i/K p relatively close to the origin. For lhis case, the mosl
significant poles of the forward-path transfer function without the PI controller are ai -653
and 0. Thus Ki/Kp should be chosen so that the following condition is satisfied

« 653 (9-286)
P

The rooi loci of Eq. (9-283) with KiiK p = 5 are shown in Fig. 9-96. Notice that one of the
poles always has a value close to zero while the other two poles behave the same as those
shown in Fig. 9-93. which is for Eq. (9-281).

With the condition in Eq. (9-286) satisfied, the pole near zero iseffectively cancelled
by the zero at -K i/K p, and we are left with the poles ofEq. (9-283).Therefore. Eq. (9-284)
can be approximated by



9-13 Controller Design ' 627

Let us assume we wish to have a relative damping ratio of 0.9. From Eq. (9-287), the
required value of A" for this damping ratio is 0.62. Thus withA%/> = 0.62 and Ki = 3.09, we
find the roots of the characteristic equation of Eq. (9-285):

5= -5.13 -323.94 +;152.8 and -323.9.3 - ;152.8

In this case we see that the real pole of the closed-loop system is very close to the
zero at —K i/Kp so that the transient due to the real pole is negligible, and the system
dynamics are essentially dominated by the two complex poles; therefore, Kp = 0.62 will
give us a damping ratio that is close 10 0.9. In general, when s takes on values along the
operating points on the complex portion of the root loci, we can neglect the effect of the
real pole of the closed-ioop system and use Eq. (9-287) to find the system
characteristics.

Table 9-29 summarizes the attributes of the unit-step response for various values of
KilKp witri Kp = 0,62, which cowesponds to a relative damping ratio of 0.9, The results
verify that P control reduces overshoot at the expense of longer rise time.

Fig. 9-97 shows the unit-step response of the hydraulic system with Pl control with
Kp = 0.62 and Kij = 3.09. The unit-step response is the same for system with p control
designed in Section 9-13-1.

TABLE 9-29  Attributes of the Unit-Step Response with PB Control

Maximum

KtiKp Kp Overshoot (%) f.(sec) 1,(sec)
0 0 5 35.1 0.0108 0.00131
20 124 0.62 8.78 0.0856 0.00688
1 7.44 0.62 5.59 0.099 0.00723
5 3.09 0.62 252 0.0555 0.00778

1.86 0.62 16 0.0121 0.0078
0.62 0.62 0.0126 0.00787

0.5 0.31 0.62 - 0.D128 0.00791
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Pl conuol
K,= LW.Kp = Q62

"o 002 0.04 006 008 01 012 014 016 018
Time (sec)

Toolbox 9-13-4
Fig. 9-97 is obtained by the following sequence of MATLAB functions

Ki=3.09

Kp=0.62

num= [213041*Kp 213041*Ki/Kp]
den= [1 653 00];

tf(num .den):
[numCL,denCL]=cloop(num,den);
stepCnumCL,denCL)

hold on
Kp=5;
Kd =0.0066;

num=[213041*Kd 213041"Kp] :
den= [1 653 0] ;

tf(num ,den):
[nuinCL,denCL]=cloop(num,den) ;
step(numCL,denCL)

hold on

9-13-4 PID Control

Figure 9-97 Unit-step
responses of the system with
PD and Pl conuol using

Toolbox 9-13-1,

Consider the second-order forward-path transfer function of the hydraulic system discussed
previously. Applying a PID conuol, the forward-path transfer function of the plant is

&t 95 + 653)

The system's block diagram is shown in Fig. 9-98.

_ 2mA\{Kp~ ~KD\s){Kp2 + Knls)

Let the time-domain performance requirements be as follows:

Rise time ir < 0.003 sec

Settling time /j < 0.004 sec

(9-288]
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Figure 9-98 System block diagram with PID controller.

Maximum overshoot < 1.2%

Steady-state ewor due to parabolic input < 0.2

We realize that we need a PID controller to fulfill the above requirements. First, we apply
the PD control with the transfer function Kp\ + kpis. The forward-path transfer function
becomes
2m X\[Kpx +Kpis
G{s) = . [ P pis) (9-289)
i(j + 653)

Table 9-28 shows that the PD controller that can be obtained from the settling time
standpointis with "Dl = 0.0066 and Af>1 = 5, andthe maximum overshootis 0.888%. The
rise time and settling time are well within required values. Next we add the Pl controller,
and the forward-path transfer function becomes

\AQ(iIKp2{s + 757.58)(* + K njKn)

5(j2 + 653i) (6-290)

G{s) =
Following the guidelines of choosing a relatively small value for Ki2ikp2, we let
— 5. Eg. (9-290) becomes

. 1406.07/:p2(i + 757.58)(i + 5)

(9-291)

Table 9-30 gives the time domain performance characteristics along with the roots of the
characteristic equation for various values of A'/n,

TABLE 9-30 Attributes of the Unit-Step Response with PID Control

Maximum Roots of
Kp2 Overshoot (%) 1,(sec) Ir(sec) Characteristic Equation
2 123 0,00113 0.000718 -5 -799.5-2660.6
12 127 0.00178 0.00116 -5.0 -14464.5-870.3
0.9 12 0.00232 0.00151 -5.02 -956.7 £j200.2
0.62 1.05 0.00327 0,00213 -5.02 -759.9 +jl% IA
0,40 0.91 0.00505 0.00321 -5.04 -605,9 +j237.8

0.20 - 0.00983 0,00622 -5.08 -542.6-386.5
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Step Response

Figure 9-99  Unit-
step responses with
PD. PI. and PID
0.005 001 0015 002 0025 003 0035 004 0045 control using
Time (sec) Toolbox 9-13-5.

Setting Kp\ = 5. Kd\ = 0.0.0066. Kp2 = 0.62.and K/2 = 5Kp2 = 3.09. the followir
results are obtained for the parameters of the PID controller.

Kp = 3.12
K/ = 155
Kd - 0.0041

Fig. 9-99 shows the unit-step responses of the system with the PID controller, as well |
those with PD and Pl controls designed before.

Toolbox 9-13-5
Fig. 9-99 is obtained by the following sequence o fMATLAB functions

Kpl=5:kd1=0.0066;

num= [21304*kdl 21304-Kpl] ;den =conv( [10] ,[1 653]) :
tf(num.den)

[mimCL,denCL]=cloop(nuin,den) ;

step(numCL,denCL)

hold on

Kp2=0.62;K12=5~Kp2;

num= conv(conv ([0 1406.07"Kp2] ,[1 757.58]), [1 K12/Kp2])
den=conv([10] ,[16530]):

tf(num,den)

[numCL ,denCL]=cloop(num,den);

stepCnumCL ,denCL)

hold on

Kp2=2;num = conv(conv([0 1406.07*Kp2] ,[1755.583),[15]);
den= [165300] :

tf (mur.den)

[numCL,denCL]=cloopCniun,den) ;

tf(numCL,denCL)

step(numCL ,denCL)
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MATLAB TOOLS AND CASE STUDIES

In this section we will go through the steps involved in finding some of the results and
displaying many of the graphics from the examples in this chapter using the ACSYS
software. The tcx)ls involved are all contained in the Controller Design Tool. This tool
allows the user to conduct the following tasks:

Enter the ttansfer function values in polynomial form. (User must use the tftool as
discussed in Chapter 2 to convert the transfer function from pole-zero-gain form
into polynomial form.)

Obtain the step, impulse, parabolic, ramp, or other type input time responses.
Obtain the closed-loop frequency plots.

Obtain the phase and gain margin Bode plots and the polar plot of the loop vansier
functions (in a single feedback loop configuration).

Understand the effect of adding zeros and poles to the closed-loop or open-loop
transfer functions.

Design and compare various controllers including PID, lead, and lag
compensators.

Torun the Controller Design Tool, type “Acsys” at the MATLAB command line and click
the appropriate button on the menu. Fig. 9-100 will appear on the screen.

Figure 9-100 Main Controller Design Tool window.
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» EXAMPLE 9-2-1 Recall from Example 9-2-1 the forward-path transfer function for the altitude-conool system wi

Revisited

GM - 450077 (9-29:
J(s + 361.2)

The design constraints for this problem were as follows:

Steady-state error due to unit-ramp input = 0.000443
Maximum overshoot < 5%

Rise time tr < 0.005 sec

Settling time fj < 0.005 sec

To enter the transfer function into the CONTROLS tool, click on the G(s) box in th
transfer function input panel. For the moment we will leave the value of K as 1, so in th
numerator text box. enter [4500], and in the denominator text box, enter [1,361.2,0], as i
pictured in Fig. 9-101.

Pressing the enter button will display the cuwent closed-loop transfer function. For
more accurate representation of the transfer function, press the “Display on Commam
Line” button and refer to the MATLAB command window.

Now click on the C(s) box and enter the value [181.2]. Click on the “Step Response’
option from the "Time Response” menu to see the step response of this system. The mail
window should now/look like Fig. 9-102.

Press the “Print To Figure” button, and right-click on the resulting plot to s&
more information about the response.

As in Example 9-2-1, we shall use a PD controller to improve the response of Ih'
system. We will use the root contour tool to see the effect that the PD controller has on th'
poles of the system. From the “Controller Design Tool” menu, choose the “PD desigi
option."

The Root Contour tool plots the poles of a system as functions of certain varyin;
controller parameters. With the PD controller, the closed-loop transfer function is

" %\5.165{K K
iy = ey(®) _ {Kp + Kps) (9-293
Qefs) m  5(5+ 361.2)

Kp is held at 1, and Kd will vary between the limits that we specify. Choose kd min to b
0.001, choose Kd max to be 0.005, and choose 2000 steps. Press enter and you will see th

4500

Gls)=

[1,361,2,0]|

Enter | Cancel

Enter coeficients ofthe polynomials
eg. for +3s -7

enter 10 3-7 Figure 9-t01 Transfer function input
module.
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)2 Conuoller
idow showing
p vansier function,
ise, and poles of the
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contour plot pictured in Fig. 9-104 in the axis in the top right of the window. Notice that Giis
plot is similar to that in Fig. 9-8. The two X’s correspond to the poles of lhe system with
Kd = 0. You will notice that they are the same as the poles displayed in the lower right axis,
which are the poles of the proportionally controlled system we entered earlier. Pressing the

*A*1button below the axis will enable you to scroll through the different values ofKd with Uie

arrow keys and see the corresponding poles. As Kp increases, the two poles of the system
move together until their imaginary parts disappear. They then move apan on the real axis. We
know that, for asecond-order system such as this, two real and equal poles is a characteristic of
a critically damped system. To find the value of Kd that cowesponds to a critically damped
system, zoom inon the point where the two root contour lines meet on the real axis. To do this,

click on the zoom-in button, and then click and drag a box on the area you would like to

enlarge. By scrolling through the values of Kd, we can see that the two poles are real and equal
forsome value of Ao between 0.0017712 and 0.0017726. If we choose/To = 0.001772, then
we have found exactly what was found analytically in Example 9-2-1.

Now enter the PD conttoller values in the C(s) box by clicking on the box and entering
181.2°[0.001772,1] in the numerator text box. After pressing enter, the new closed-loop
transfer function will be displayed in the middle of the window and the poles of the new system
will be plotted in the bottom axis. Notice Ihat while the poles are not equal Uiey are relative]y
close. To check whether we have met our design constraints, open die SISO tool by clicking on
the Root Locus option in the Controller Design menu. Now from the Other Responses option
from the Analysis menu, choose Step and press OK. You will now see the step response of the
system plotted versus time. Right-click on the plot and choose characteristics from the pop-up
menu. Choose Peak Response to see the overshoot of (rie step response. A dol will appear at the
maximum point on the response plot; holding the mouse over it will display the percentage
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overshoot as 4.17% which is witflin our constraint. Checking the other characteristics will
show you that all the design conswaints have been met.

You will notice that there are many examples in this book where multiple time-
responses are plotted on the same axes as in Fig. 9-107. The capability to do this is not built
into the ACSY'S software. However, there is a short tutorial in Section 9-11 that shows you
the steps involved in plotting multiple responses on the same axes.

Now let us repeat this same analysis using the SISO design tool, which is built into the
Control System Toolbox, which is a component of MATLAB. Click on the C(s) block and
change the value in the numerator text box back to [1].

To examine the performance of the proportional controller, we need to find the system
root locus. The root locus of the system may be obtained by clicking the “Root Locus”
option from the “Controller Design Tool” menu, which will activate the MATLAB SISO
design tool. Fig. 9-104 shows the root locus of system. To see the poles and zeros of G and
H, go to the View menu and select System Data or, alternatively, double-click the blocks G
or H in the top right comer of the block diagram in the lop right comer of the figure.

The squares in Fig. 9-104 correspond to the closed-loop system poles for AT= I. To see
the closed-loop system time response to a unit-step input, select the Closed-Loop Step
option from the Other Loop Responses category within the Analysis menu, which is
located at the top of the screen shown in Fig. 9-105. Fig. 9*106 shows the unit-step response
ofthe closed-loop system for AT= 1 You may also obtain the closed-loop system poles by
selecting Closed-Loop Poles from the View menu in the SISO Design Tool window. Recall
the poles of the closed-loop system are

512 = -180.6 +V32616-4500i: (9-294)
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Figure 9-1D6 The root-locus diagram for Example 9-2-1. after incorporating the percent overshooi
and the settling time as design consuaints.

Changing K, therefore, affects the pole locations. In the Root Locus windows. ''Cis)**
represents the controller transfer function; in this case, C(j) = K = 1. Hence, if C(5) is
increased, the effective value of K increases, forcing the closed-loop poles to move together
on the real axis and then ultimately to move apart to become complex.

Incorporation of the Design Criteria: As a first step to design a controller, we use the
built-in design criteria option within the SISO Design Tool to establish the desired pole
regions on the root locus. To add Ihe design constraints, choose the Root Locus option from
the Edit menu. “New” must then be selected within the Design Constraints option. The
Design Constraints option allows the user to investigate the effect of the following:

Settling lime

Percent overshoot

Damping ratio

Natural frequency

In iis case we have included settling time and percent overshoot as design consuainis. Enter the
two consuaints as riey are listed at the beginning of this example, one at a time. In order also to
enter the rise time as a consuaifit. (rie user must first establish a relation between Uiedamping ratio
and the natural frequency usmg an equation forrise time. Recall that the approximate equations for
rise time for a second-order prototype system were provided m Chapter 5. Because the settling
time and the percent overshoot are more important criteria in this example, we will use them as
primary constraints. After designing a conuwoller based on these constraints, we will determine
wheUier the system complies wilri Uie rise-time consoaint.

Fig. 9-106 shows the desired closed-loop system pole locations on the root locus after
inclusion of ihe design constraints. Obviously, the poles of the system IOTK = I are noi in
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Formt:jzer<»Poleloottan

ZeroB Poles
Mete  Retf bnasty DeMe  Rea Imeginery
r 0w
Add Real Zero | Add Complex zero | AtVRe"Poicl Addcomplex Pte |

Figure 9107 Addition of a
| I zero to the controller C(5) to
create a PD conlroller.

the desired area. The desired poles of the system must lie to the left of the boundary imposed
by the settling time between -700 and-800 markers in Fig. 9-106. Obviously, itis impossible
to use the proportional conooller (for any value of K) to move the poles of the closed-loop
system farther to the left-half plane. However, a PD conuoller may be used to accomplish this
task. As proposed earlier in the solution to Example 9-2-1, a PD controller with a zero at
z= -1/0.001772 may be used for this purpose. Recall from the solution of Example 9-2-1
that this number was obtained from the steady-state ewor criterion by examining Eq. (9-13).
In this case, if the proportional component of a PD controller is set to Kp = 1, the steady-
state euor due to a unit-ramp input is 6ss = 0.000443 for Kd = 0.001772.

To enter a zero to the controller, click the C(s) block in the block diagram in the top
right comer of Fig. 9-106, or simply follow the instructions on the bottom of the screen
shown in Fig. 9-106 and right-click the mouse to edit the controller transfer function. Fig.
9-107 shows the Edit Compensator window and how the PD controller is added.

The new root-locus diagram for the system appears in Fig. 9-108. It is now very easy to
establish the required gain to push the poles to the deslred region. Using the value of
K = 181.2, which was proposed in the original solution of Example 9-2-1, would force the

-lolxl|
Ffe Edt »ew Co(Tipersor; Whdow fiete

c<s).

Figure 9-10B The root-locus diagram for Example 9-2-1. after incorporating a zero in the PD
controller al -1/0.001772.
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Figure 9-109 The root-locus diagram for Example 9-2-1 after incorporating a zero in the PD
controller at -1/0.001772 and using a gain of 181.

closed-loop poles to the right region, as shown in Fig. 9-109. After dragging the poles, you car
view thelr current location from the View menu. The step response of rie conuolled system @
Fig. 9-110 shows the system has now complied with all design criteria. The 2% settling time ii
now 0.0488 sec. while the percent overshoot is AM . It is interesting riat, although Wie closed
loop poles are both real, the system has a non-oscillatory response with an overshoot. This i
because of trie effect of zero on the response. Review the effect of adding a zero to a closed-
loop transfer function, which was discussed in Section 5-11, to further appreciate this behavior

Finally, in practice, always verify that the actuator used has enough torque or load tc
create such response. The actuator limitations must always be included because they are
some of the most imponant design constraints.

Frequency-Domain Design
Now let us cany out the design of the PD controller in the frequency domain using thi
following performance criteria:

Steady-state error due to a unii-ramp input < 0.00443
Phase margin > 80°

Resonant peak Mr < 1.05

BW < 2000 rad/sec

To start the frequency-domain design process, click the Bode button in the ConuoUer Desigr
main window (Fig. 9-100) to get the MATLAB SISO Design Tool, as shown in Fig. 9-112.
As in the root-locus design approach, a PD controller with a zero at2 = -1 /0.00177:
may be used for this purpose. Recall that this number was obtained from the steady-state
error criierion. Similar to the root-tocus approach, in order to enter zero for the controller
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ee E* i< tBp

Figure 9-11D Step response of the system in Example 9-2-1 with a PD conuoller,
C{s)= 181(i+ 1/0.001772).

Figure 9-111 The loop magnitude and phase diagrams in the frequency-domain SISO Design
Tool for Example 9-2-1.
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Figure 9-112 The I e and phase diagrams for Example 9-2-1. after incorporating a zero
in the PD conuoller ai -1/0.00!772 and a gain of K = 18].2.

click the C(s) block in the block diagram in the top right comer of the screen shown in Fig.
9-112. The new open-loop Bode diagram of the system appears in Fig. 9-113 for the system
with a PD controller Ge{s) = C(i) = 181.2(1 + 0.0017725). The gain margin in this case
is infinity, while the phase margin is 83”. As a result, the system has also fully complied
with all the design criteria in the frequency domain. Review the effect of adding a zerotoa

Kd = 00020007
Oirert Poles Afe. 0 =zero, x= pole
-14383375*1744 4097.
+1438.2375-1744 40071
531994 (>

A

Figure 9-113 Root contours
of the PD-conuolled systems
from Example 9-2-2.
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closed-loop transfer function, which was discussed in Section 9-3 (see also Section 9-4 for
addition ofa pole) to appreciate this behavior. Alternatively, you may select the Open-Loop
Bode option from the View menu in the root-locus diagram in Fig. 9-108 to obtain the root-
locus and frequency-response representations of the system together on the same figure.

‘We will now use the ACSYS tool lo solve the problem from Example 9-2-2. Recall that ihe forward-
path transfer function for the system was
15X I0’K
C) o4 (i2+ 3408.3j + 1,204,000} (6-299)
And the design contraints remain the same as in Example 9-2-2.

Click on the G(s) block to enter the plant transfer function. In the numerator text box, enter
[1.5e7], and in the denominator text box, enter (1,3408.3,1204000,0). K will be chosen to be 181.17,
which we will enter in the C(s) block. Click on the C{s) block and enter [181.17] in the numerator text
box. Let us again use the Root Contour tool. Choose the “PD design; Root Contour” option from the
Controller Design menu. Choose Kd min to be 0.00001, choose Kd max lo be 0.005. and choose 3000
steps. Pressing enter will display the plot shown in Fig. 9-113, which is similar to Fig. 9-12. Press the
“arrow cursor” button and scroll through the values of Pd. You will see the behavior described in
Example 9-2-2; as the value of Kq increases, the real pole moves toward the origin and the two
complex poles approach asymptotically to the line at J = -1704.

In Example 9-2-2 the value of 0.002 is chosen for Kd" let us apply a PD coniroUer with Kd =
0.002 to see its effect. Kp will be left at 1 Click on the C(s) block and enter 181.17*[.002,1] in the
numerator text box. After pressing enter, click on the Step Response option from the Time Response
menu and then press the Print to Figure button. Right-click on the resulting plot and choose
“Characleristics” and “Peak Response™ from the pop-up menu. Holding the pointer over the marker
that appears at the point of maximum amplitude will display ihe value ofthe overshoot for this system.
Repeating this for the rise time and the settling time will show you all the dala listed in Table 9-3.

To see the Bode plots of this PD-controlled system, choose the Bode option from ihe Controller
Design menu and you will see the window shown in Fig. 9-114.
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» EXAMPLE 9-3 We will now go through the steps involved in finding some ofthe results of Example 9-3-1.PUstinpu
Revisited the plant for the system. Click on the G(s) block and enier [45001 in the numerator text box ani
[1,361,2,0] in the denominator text box. Adding the PI conuoller is accomplished by setting C(s

equal to a function of the form

cfs) = (9-296

Adding the PI controller effectively adds a zero at s= Ki/Kp and a pole at J = 0. We cai
use MATLAB’s SISO toot to do this. As is done in Example 9-3-1 let's have K = 181.17, did
on lhe C(s) block and enter (181.17] in the numerator text box. From the Conuoller Design menu
choose the Root Locus option. This will open the SISO Design Tool pictured in Fig. 9-115. The plo
shows the effect on the poles of the system of varying the value of a constant muldplied by C(i)

Now to add the Pl controller, we need to add in the pole and zero. Click on the ¢ block in th(
block diagram located in the top right ofthe SISO window. Now, add a pole atJ = 0, and as is done it
Example 9-3-1, add a zero at | = -10, Click OK and you will see the plot pictured in Fig. 9-116

Notice that this plot is similar to that in Fig. 9-19. As it is now, the value of C(s) is equal to 181.n
times the function pictured just above the Root Locus plol. Let LSset the conuoller parameters equa
to those in the chird row of Table 9-5. We already have the ratio of Ki/K p that we want. To change ihi
value of Kp. grab one ofthe complex poles and drag it toward the real axis. You will see Ihai the valut
of the gain in front of the controller function starts to decrease. Move the pole until the gain is equal t(
0.8. Now from the Analysis menu, choose the Step option from the Other Loop Responses menu
Right-click on the resulting graph and choose "Characteristics” and “Peak Response.” Hold tht
fwinier over ihe dot marking the maximum response to see the percentage overshoot, as pictured ir
Fig. 9-117. Repeat this for the rise time and the settling time and you will see values close to thost
listed in Table 9-5. Note thai the sealing time referred to in Table 9-5 is the 5% settling time, so yoL
may need to change the definition of seltling lime in the Properties menu, located in the same pop-uf
menu as the characteristics option- If you pul both the main SISO window and the Step Responsi

Ble view £ompensators HYp
iE" X o -~ u ow T X 1w

Cle)- 1

Root Loaws Edlor (O

Figure 9-115 Root loci of the system from Example 9-3-1.
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EXAMPLE 9-3-2
Revisited

EXAMPLE 9-4-1
Revisited

p-rr
VBE %LS »ew ~Conlpandtor» _Efiras foab

Figure 9-118 Bode plots of the Pl-controlied system from Example 9-3-1.

window in view at the same lime, you can see ihe effect that moving ihe poles has on the response i
real lime.

Now return to the Controller Design Tool window. To obtain the Bode plots shown at the end (
Example 9-3-1, using lhe parameters from the second row in Table 9-6. enter 181.17*[0.08,1,6] int
the C(s) numerator, and enter [1.0] into the C(s) denominator. Then choose the Bode option from fil
Controller Design Tool menu. You will then see the window pictured in Fig. 9-118.

We will now go through the steps involved in finding some of the results of Example 9-3-2 using th
ACSYS software. Firstenter ihe plant tfansfer funciion. Click on the C(s) block, and in the numerate
text box, enter [15€7j. In the denominator texl box, enter (1.3408.3,1.204€6,0). Press enter, and the
click the C(s) block, and enter 181.17. From the Time Response menu, choose the Step option. Yo
will oblain one of ihe plots shown in Fig. 9-23.

To improve Ihe system, we will apply a Pi coniroller. Lei us use ihe parameter values from th
fourth row in Table 9-8- Click on lhe C(s) block. In lhe numerator texl box. enlt
181.17*0.075*11.11- and in the denominalor text box. enter [1,0], Again plot the step respons
and you will see one of the olher plots shown in Fig. 9-23. To see lhe frequency response, choos
Ihe Bode option from the Controller Design Tool menu and you will see some of the informalio
shown in Figure 9*22.

We will now go through the steps involved in inputting the p rs thai correspond to the Pl
controller of Example 9-4-1. First enter the plant transfer funclion. Click on theG(s) block, and ente
[2.718e91 in the numerator text box and (1.3408.3.1204000.01 in the denominator text box. Toente
the PID controller in the C(s) lexI boxes, ii needs to be written in the form of the left side of Eq. (9-48
We will choose Kp = 0.0006. Kp = 0.309, and Ki = 4.5. In ihe C(s) numerator text box. enu
[0.0006,0.309.4.51. and in the denominator lext box. enter [1.0], Press enter, and then choose the Ste
Response option from the Time Response menu; you will obtain one of vie plots shown in Fif. 9-2*

From the Controller Design Tool menu, choose the Bode opiion. and you will see ihe Bode pl(
shown in Fig. 9-25.
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EXAMPLE 9-5-1 We will now use ACSYSS to obtain some of the results from Example 9-5-1. First, enter the plant
Revisited of the system. In the C(s) numerator text box, enter [2500], and in the denominator text box,
enter [1.25.0]. We are going to use a phase-lead controller to improve the performance of the
system. Let us use the root contour tool to examine the effect that varying rhas on the poles of
the system. From the Controller Design Tool menu, choose the “Lead Lag Design: Root
Contour” option. Set a to be 0. Set Tmin to be O.000I. set Tmax to be 100. and choose 400 steps.
After pressing enter, you will notice that the x scale on the resulting plot is much wider than that
in Fig. 9-31. To get a better view, click on the zoom-in button below the plot. Then click and drag
the box around the area you would like to be displayed. You should be able to generate
something that looks similar to Fig. 9-119.

Now we will apply the Phase-Lead controller to see its effect on the response. Choosing the
parameter values from the fourth row in Table 9-12. we will havea = 16.67 and T = 0.003. Click on
the C(s) block, and in the numerator text box, enter [0.05.1]; in the denominator text box, enter
[0.003.1]. Press enter, and then plot the step response from the Time Response menu. Press the Print
to Figure button, and right-click on the plot to see details about the response.

Figure 9-119 Root contours
of Ihe lead-lag controlled
system from Example 9-5-1.

EXAMPLE 9-5-2 Now we will use some of the ACSYS tools to examine the application of a phase-lead controller
RGVisitGd to the Ihird-order system of Example 9-5-2. First input the plani transfer function. In the G(s)
numerator text box. enter [4.6875e7], and in the denominator text box. enter [1.625,156250.0].
As in Example 9-5-2. we will use a phase-lead controller to improve the performance of the
system. First let’s use the root contour tool to examine the effect that the controller has on the
poles of the system. From the Controller Design Tool menu, choose the “Lead Lag Design: Root
Contour" option. Choose a = 0. Tmin - 0.0005. and Tmax - 1 and choose 500 steps. After
pressing enter, you will see the plot shown in Fig. 9-121. which is similar 10 one of the lines
plotted in Fig. 9-35.
Now implement the phase-lead controller with the parameiers from the last row in Table 9-14.
In the C(s) numerator tex! box. enter [0.005.1 ]. and in the denominator text box. enter [0.00001.1].
From ihe Time Response menu, choose the Step Response option, press the Print to Figure button,
and right-click on the resulting plol to see the characteristics of ihe system, which are listed in
Table 9-14. From the Controller Design menu, choose the Bode option to see the Bode plots for
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EXAMPLE 9-5-3
Revisited

Figure 9-120 Root contours
of the system from Example
9-5-2.

Closed-Loop Step Response

Figure 9-121  Step Response
of the uncompensated systen
from Example 9-5-3.

this system. Right-click on the ploi and change the properties t( ;e the full range of frequencie;
shown in Fig. 9-37. 4

We will now eo through some of the steps of Example 9-5-3 using the ACSYS toots. First input th(
planl transfer function. Click on the G(s) block, and in the numerator lext box. enter [1.5625€8]. li
the denominaior text box. enier [1.625.156250.0]. After pressing enter, click ihe Bode option fron
the Controller Design Tool menu to see the Bode plot of ihe uncompensaled system, which is showi
in Fig. 9-39. From the Time Response menu, choose the Step command and you will see that th'
system is indeed unstable. The step response of the uncompensated system is shown in Fig. 9-121
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To improve the performance we will use a two-stage phase-iead conooller. Lei us use the
parameter values from the first row of Table 9-16. To input ttie controller transfer function, we need to
rewrite (tie numerator and denominator in polynomial form. In the C(s) numerator text box. enter
11-499e-5,7.744e-3 1], and in trie denominator text box. enter [2.343e-9,9.68e-5.1], Press enter and plot
the step response from the Time Response menu to see one of the plots shown in Fig. 9-40. <

EXAMPLE 9-6-1 Now we will go through some of the steps involved in applying the phase-lag controller to a second-
Revisited order system, as in Example 9-6-1. Input the plant wansier function. Click on the G(s) block. K will be
set equal to 1, so in the G(s) denominator text box, enter (2500]; in the numerator text box, enter
[1,25,0], Choose the Step option from the Time Response menu to see the step response of the
uncompensated system, which is shown in Fig. 9-47.

Letus use the conttoUer parameters from the second-io-last row in Table9-17. Click onthe C(s) block,
and in the numerator text box. enter 12.7,1], In the denominator textbox. enter [30,1]. Press enter, and again
plot the step response. Press (e Print to Figure button, and righi-click on the resulting plot. By clicking
the Properties option, you can set (rie X-Umits of the response plot to get a better view of the response.

EXAMPLE 9-6-2 We will now go through some of the steps involved in Example 9-6-2 with the ACSYS tools. First
Revisited input the plant transfer function. Click on the G(s) block, and enter [1.5625e8] in the numerator text
box, and enter [1.625,156250,0] in the denominator text box. After pressing enter, select the Root
Locus option from the Controller Design menu. You will see the root loci plot pictured in Fig. 9-50.
‘We will implement a phase-lag conuoller to improve the performance of the system. Let’s use
the parameter values from the second row of Table 9-19. Click on the C(s) block, enter [1.1] in
the numerator text box, and enter [10,1] in the denominator text box. Click the enter button, and
choose the Step option from the Time Response menu. Right-click on the resulting plot to check the
characteristics of the cuirent system.

PLOTTING TUTORIAL

You will notice that in many of the examples in this book there are figures containing
multiple response plots, each couesponding to a certain parameter value. Arranging plots
in this way is obviously very helpful in discovering the effect that a cenain parameter has
on a system. The functionality to overlay the response plots on the same figure is not built
into the ACSYS software. This short tutorial will go through the steps involved. This
tutorial can also serve as an introduction to manipulating graphics and data ai the
MATLAB command line.

The plots we wish to display are the step responses of the system in Example 9-2-1.
One plot will be the response of the system with a proponional controller, and (he other will
be the system with a PD controller. What we will do is generate the step response plots for
each system and then plot the data from each on another figure: this will leave us with a
graph similar to thal in Fig. 9-110.

Press the G(s) block, enter [4500] in the numerator text box, and enter [1.361.2,0] in
the denominator text box. Press the C(s) block, and enter [181.17] in the numerator text
box. After pressing enter, choose the Step Response option from the Time Response menu,
and press the Print to Figure button under the resulting plot. Now change the value in the C
(s) numerator to 181.17*[.00177.1], Repeat the procedure to generate a second figure. We
now have iwo separate figures, each with its own set of axes and its own set of data plotted.

We now want to extract the plotted data from each figure so we can plot them again on
new axes on a new figure. Choose *Data Cursor” from the toolbar on one of the figures,
and click somewhere on the line so a marker appears on it. Now. at the MATLAB command
line, type the following:

tl = get{gco. 'xdaia’): .M = get(gco. 'ydaia’):
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Now repeat the procedure for the second figure, this time using the variable names “t2
and “y2.”

The line is a graphics object that has a list of properties that define it. GCO stands f(
“get current object.” We make the line the cuwrent object by clicking on it wiUi the curs<
tool; the “get” command puts the value of the specified property in a variable of ourchoici
Xdata is a property of the line, which is a row vector of values. We now have two vectors,
time vector tI and an amplitude vector}'!. When we plot, we will be plotting eachyl valu
versus its couvesponding 11 value. Repeat the procedure for the second figure and place th
xdata and ydata in the variables 12 and y2, respectively.

Now we are ready to plot the data on a single axis. At the command line, type ih
following;

figure; axes; plot(tl,yl); hold on; plot(t2.y2);
plot([0,0.05], [1,1], ‘color’, [0,0,0], iinestyle’

The “hold on” command stops MATLAB from erasing the first plot when the second pic
command is given. The third plot command jusl draws a black dotted line between th
points (0,1) and (.05,1).

There is one final adjustment to make the new graph complete. It would be much bette
to display the two plots in different colors. Again, choose “Data Cursor” from the toolbai
and click on one of the lines. Now type the following:

set(gco. ‘color', [1,0,0]):

The “set” command gives the specified value to the specified property of the specific!
object. You should now have a window that looks like Fig. 9-122.

W W Il
Foe_ View Insert Tocb Desfotgi Whow Help

Figure 9-122 Step responses of syslem.
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This chapter was devoted to trie design of linear continuous-daia control systems. It began by giving some
fundamental considerations on system design and then reviewed the specifications in the time domain and
frequency domain. Fixed configurations of compensation schemes used in practice, such as series,
forward and feedforward, feedback and minor loop, and state feedback were illustrated. The types of
conuollers considered were the PD, PI, PID, phase-lead, phase-lag, lead-iag, pole-zero cancellation, and
notch filters. E>esigns were carried out in ihe time-dofnain (5-domain) as well as the frequency domain.
The time-domain design was characienzed by specifications such as (rie relative damping ratio, maximum
overshoot, rise lime, delay time, settling time, or simply the location of *e characterisdc-equalion roots,
keeping in mind that the zeros of the system transfer function also affect ihe transient response. The
performance was generally measured by (rie step response and the steady-state evor. Frequency-domain
designs were generally carried out using Bode diagrams or gain-phase plots. The perfomance
specifications in the frequency domain were wie phase margin, gain margin, Mr, BW, and the like.

The effect of feedforward conwol on noise and disturbance reduction was demonsurated. A
section was devoted to the design of robust control systems.

While tie design techniques covered in this chapter were outlined with analytical procedures,
the text promotes the use of MATLAB Toolboxes and specifically ACSYS. The Controller Design
Tool has been developed by the authors for this purpose. Through ihe GUI approach, ACSYS creates
a user-friendly environment to reduce the complexity of conuol systems design.

;w QUESTIONS

1. What is a PD conuoller? Write its input-oulpul transfer function.

2. A PD conuoller has the constants Ko and Kp. Give the effects of these constants on the steady-
state error of the system. Does the PD contfol change the type of a system?

3. Give Ae effects of the PD control on rise time and settling time of a conuol system.
4. How does ihe PD conuoller affecl the bandwidth of a control system?

5. Once the value of Kp of a PD conuoller is fixed, increasing the value of Kp will
increase the phase margin monotonically. m ¢

6. 1f a PD controller is designed so that the characteristic-equation roots have better
damping than the original system, then the maximum overshoot of the system
is always reduced. m ¢

7. What does it mean when a conuol system is described as being robust?

8. A syslem compensated with a PD controller is usually more robust than the
system compensated with a PI controller. m ¢

9. What is a PI controller? Write its input-output wansier function.

1«. A PI conuoller has the constants Kp and K/. Give the cffects of the PI controller on the
sleady-state error of the system. Does the Pl control change the system type?

11. Give the effects of the Pl control on the rise time and settling lime of a conuol system.
12. How does the PI controller affect the bandwidth of a control system?

13. Whatis a PID controller? Write its input-output transfer function.

14. Give the limitations of the phase-lead controller.

15. How does the phase-lead controller affecl the bandwidth of a conwol system?

16. Give the general effects of the phase-lead controller on rise time and settling time.

17.  For the phase-Icad controller, GcU) = (1 + aTs)/(\ + 7). a > 1 whai is the effect
of the controller on the steady-siate performance of the system?

18. The phase-lead controller is generally less effective if the uncompensated
system is very unstable lo begin with. m )
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19. The maximum phase that is available from a single-stage phase-lead con{roUer is 90®.  (T)

20. The design objective of the phase-lead controller is to place the maximum phase
lead at the new gain-crossover frequency. m (

21. The design objective of the phase-lead concoller is to place the maximum phase
lead at the frequency where the magnitude of the uncompensated G p{jw) is -10 logiod.
where a is the gain of the phase-lead conuoller. m 1

22. The phase-lead controller may not be effective if the negative slope of the
un-compensated process ransfer function is too steep near the gain-crossover requency. (D (

23. For the phase-lag controller, Ge(j) = (1 + aTs)/{\ + Ts), a<|. what is the effect of t
controller on the steady-state performance of ihe system?

24. Give the general effects of the phase-lag controller on rise time andsettling
25. How does the phase-lag conuoller affect the bandwidth?

26. For a phase-lag conuoUer, if the value of T is large and the value ofa issmall,
equivalent to adding a pure attenuacion of a to the original uncompensated system

at low frequencies. m aq
27. The principle of design of the phase-lag controller is to utilize the zero-frequency
attenuation property of the controller. @M q
28. The comer frequencies of the phase-lag controller should not be too low or else ihe
bandwidth of the system will be too low. m aq
29. Give the limitaUons of the pole-zero-cancellalion conuol scheme.

30. How does the sensitivity function relate to thebandwidth of a system?

Answers to these review questions can be found on thisbook’scompanion Web sit
www.wiley.coin/college/golnaraghi.

« N. D. Macuing./vilrau/ii-Coizfro/Si's/ewi. JohnWiley&Sons, NewYork, 2005

2.0- McCloy and H- R. Martin. The Control of Fluid Power. Longman Group Limited. London. 1973-

3. c. Kuo and F. Golnaraghi. Automatic Control Systems. John Wiley & Sons. New York. 2003.

4. R.L. Woods and K. L. Lav/Knct. Modeling and Sunulaiion ofDynamic Systems. YitTitct W2!A. New Jersey. 199

5. A. Kleman, interfacing Microprocessors in Hydraulic Systems. Marcel Dekker. New York. 1989.
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7. w. P. Graebel. Engineering Fluid Mechanics. Taylor & Francis, New York, 2001.

8. J.c. Willems and s, K. Mitter, ~Controllability. Observability, Pole Allocation, and State Reconsmiction
IEEE Trans. Auionwlic CoiHrol. Vol. AC-16, pp. 582-595. Dec. 1971.
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1216. Aug. 1972.
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Most ofthefoUowmg problems van he."iohed using a computerprogram. This is highly recommendi
if the reader has access to such a program.

9-1. The block diagram of a control system with a series controller is shown i | Fig. 9P-1. Findt|
transfer funcUon of ihe controller c,(si so that the following specifications ai : satisfied:
The ramp-error constanl K, ib 5.
The closed-!oop transfer function is of ihe form
> K.
«(j) (52 + 20s+ 200)(s + o)

where K and a are real constants. Find the values of K and a.

time.

ilis
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Figure 9P-1

The design suategyis to place the closed-loop poles at -10 + jlOand -10 - yio. and then adjust
the values of K and a to satisfy the steady-state requirement. The value of a is large so that it will
not affect the wansieni response appreciably. Find the maximum overshoot of the designed
system.

9-2.  Repeat Problem 9-1 if the ramp-error constant is to be 9. What is the maximumvalue of Ky
thatcan be realized? Comment on the difficulties that may arise in attempting to realize a very
large K,.

9-3.  The fortt'ard-pati transfer function of a unit)-feedback control system is

Find the value of A'and T so that the overshoot of the system is 25.4% at die f = 0.4.

9-4. The fonvard-pa* wansfer function of a system is

"N T T 6)
Design a PD controller tiiat satisfies the following factors:
(a)The steady-state error is less (rian IT. 10 when the input is a ramp with a slope  of 2{T rad/sec-
(b) The phase marsin is between 40 and 50 degrees.
(c) Gain-crosso\er frequency is greater than 1 rad/sec,
9-5. A control sjstem with a PD controller is shown in Fia. 9P-5.

1000 ni)
N u i<j+10)

Figure 9P-5

(a) Find ihe values oK p and K¢ so that the ramp-error constant K, is 1000 and the damping ratio is
0.5.

(b) Find the values of Kp and Ao so that the nmip-eiTor constant K, is 1000 and the damping ratio is
0.707.

(c) Find the values of Kp and Kp so that ihe ramp-error constant A, is 1000 and the damping ratio is
10.

9-6.  For the conool system shown in Fig. 9P-5. set the value of Kp so that the ramp-eiTor constant is
1000.

(ai  Van the value of Kn from 0.2 (0 1.0 in increments of 0.2 and determine the values of phase
margin, gain margin. Sir. and BW of the svsiem. Find the \alue of Kn so that the phase margin is
maximum.

(b) \'an the value of Anfrom 0.2 to 1,0 in increments of 0,2 and find Uie value of Ka so thai the
maximum o\ershi>ot is minimum.
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9-7. The loop wransier function of a system ii
1
(2s+1)(s+1)(0.Ss+ 1)
Design a PD conwoUer such that the Kp = 9 dJid the phase margin is greater than 25 degrees.

9-8. The loop wansfer function of a system is
G(s)H{s) = j(0,4s+ I)(j+ I)(s + 6)

(a) Design a PD conuoller to statisfy the following specificadons:
@) h =10
(ii) The phase margin is 45 degrees.
(b) Use MATLAB to plot the Bode diagram of the compensated system.
9-9. Consider the second-order model of the aircraft altitude conwol system shown in Fig. 5-31. Ti
transfer function of the process is
4500 a

() - (s + 3612)

(a) Design aseries PD controller with the vansier function Gf(j) = Kd +K{Bso that the followii
performance specifications are satisfied:

Steady-state error due to a unil-ramp input < 0,001

Maximum overshoot < 5%

Risetime ir < 0.005 sec

Settlingtime < 0.005 sec

(b) Repeat part (a) for all the specifications listed, and, in addition, the bandwidth of uie syste
musl be less than 850 rad/sec.

9-10. Fig. 9P-10 shows the block diagram of the liquid-level control system described in Problem.
42. The number of inlets is denoted by N. Set N = 20. Design the PD controller so that with a unil-su
input the tank is filled to within 5% of the reference level in less than 3 sec without overshoot.

fi(v) Es) \w
_ i{s+I)(i+10)
1
Figure 9P-10

9-11.  For the liquid-level control system described in Problem 9-10.
(a) Sei Kp so lhat the ramp-error constant is 1 Vary Kq from 0 to 0.5 and find the value of Kd th
gives the maximum phase margin. Record the gain margin, Mr. and BW.

(b) Plot vie sensitivity functions |s~ ( yeu)| of the uncompensated system and trie compensated syste
with (rie values of Kd and Kp determined in pan (a). How does (ie PD controller affect ihe sensitivit;

9-12. The block diagram of a servo system is shown in Fig. 9P-12.

Figure 9P-12
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Design the PD controller so that the phase margin is greater than 50 degrees and the BW is greater
than 20 rad/sec. Use MATLAB to verify your answer.
9-13. The loop transfer function of a unity-feedback system is
1000/ir
‘AW "W =,(0.2,+ 1)(0ro5.+ 1)
Design a compensator such that the steady-stale error to the unit-step input is less than 0.01 and the
closed-loop damping ratio <w>0.4.
Use MATLAB to plot the Bode diagram of the compensated system.
9-14. The open-loop ttansfer function of a dc motor is
250
*RR5(0.25+1)
Design a PD conuoller so that the steady-state error to the input ramp is less than 0.005, the maximum
overshoot is 20% for the unit-step input, and the BW must be maintained at a value approximately the
same as that of the uncompensated system.
9-15. The open-loop plant model of a plastic exUTJsion is given by
, 40
(j+ 1)(0.25j + 1)
Design a series of lead compensator, which is described by
At5+1)
(/-ri+1)
so that Ihe phase margin is 45 degrees and the BW must be maintained at a value approximately the
same as that of the uncompensated system.
9-16. Repeat Problem 9-15 assuming that the r<0.1.
9-17. The loop transfer function of a unity-feedback control system is
CloH(s) = 1000~
{SH() = (16 25+ 1)(0.05i+ 1)
(a) Design a compensator such that
(i) The steady-state error is less than OQJ for a unit-ramp input.
(ii) The phase margin is greater (han 45 degrees.
(iii) The steady-state error is less than 0.004 for a sinusoidal input with w<0-2.
(iv) The noise for the frequencies greaier than 200 rad/sec reduced to 100 ai the output.
(b) Use MATLAB to plot the Bode diagram of the compensated system and verify or refine your
design in pan (a).
9-18. A conlrol system with a type O process Gf,ls) and a PI controller is shown in Fig. 9P-18-

£(i)
A cf1

108
Z+10j +100

Figure 9P-18

(a) Find the value of Kj so thai the ramp-error constant K, is 10.

(b) Find the value of Kp so that the magnitude of the imaginary pans of the complex roots of the
characleristic equation of Che system is 15 rad/sec. Find the roots of ihe characlerislic equation.
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(c) Sketch the root contours of the characteristic equation with the value of K/ as determined in pa
(a) and for Q <Kp<oo.

9-19. For the control system described in Problem 9-18.

(a) SetK, so that the ramp-ewor constant is 10. Find the value of Kp so that ihe phase margin
minimum. Record the values of the phase margin, gain margin. M,. and BW.

(b) Plot the sensitivity functions lioiyw)! of the uncompensated and the compensated syslen
with the values of K, and Kp selected in pari (a). Comment on the effect of the PI control o
sensitivity.

9-2». For the control system shown in Fig. 9P-18. perform the following:

(a) Find the value of Ki so that the ramp-error constant Ky is 100.

(b) With the value of K, found in part (a), find the critical value of Kp so that the system is stabl<
Sketch the root contours of the characteristic equation for Q< Kp<od.

(c) Show that the maximum overshoot is high for both large and small values of Kp. Use the valuec
Ki found in pan (a). Find the value of Kp when the maximum overshootis a nGnimuui. What is th
value of this maximum overshoot?

9-21. Repeat Problem 9-20 for a:. = 10.

9-22. The transfer function of a system with uniiy feedback is

“S(1+ 1)(s + 6)

(a) Design a Pl controller that satisfies the following factors:
(i) The ramp euor constant Ky > 20.
(ii) The phase margin is belween 40 and 50 degrees.
(iii) Gain-crossover frequency is greater than 1 rad/sec.
(b) Use MATLAB to plot the Bode diagram or lhe closccl-loop system.
9-23. The transfer function of a robot arm-positioning system with unity feedback is represented b

40
5(5+ 2)(j + 20)

(a) Design a Pl controller such that:

(i) The steady-state ewor is less than 5% of the slope for a ramp input.

(ii) The phase margin 5 between 32.5 and 37.5 degrees.

(iii)  Gain-crossover frequency is 1 rad/sec.
(b) Use MATLARB to plot the Bode diagram of the closed-loop system and verify your design in pai
(@)

9-24. The transfer function of a system with unity feedback is

Gu ):-E(s.w 736 + 3)

Design a PI controller with a unity dc gain so that the phase margin of the system is greater than 4
degrees, and then find the BW of the system.

9-25. The transfer function of ihe steering of a ship is given by

G(5] - 23.413A:(71 -5H0.T)
71if40.s + 13)(5000s +181)
Design a PI controller such that:
(@) The ramp euvor constant K, = 2.
@ The phase margin is greater than 50 degrees.
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(c) Forall frequencies greater icy. PM > 0. This means the system is always
stable without any condition.
(d) Show the closed-loop poles in the root locus wiUi respect to values of K.
9-26. The transfer function of a unity-feedback system is
2x 105

(a) A PD controller with the transfer function of H(s) is designed with r = 0.2 and

rrj+ 1)
T= 0.05. It is desired to find the gain so that the crossover( freJquen)cy is 31.6 rad/sec.
(b) Find the ramp error constant Kv by applying the controHer designed in part (a).
(c) Considerthe PD conuoller designed in part (a) is applied to the system. Find the value of K fora
P1 controller so thai the ramp error constant Kv = 100.
(d) Ifthe Pl controller pole is at 3.16 rad/sec and the crossover frequency maintains at 31.6 rad/sec,
whai is the zero of the PI controller? [Consider ihe transfer function of the PI conuoller is

(e) Use MATLAB to plot the Bode diagram of the compensated system and find the phase margin.
9-27. A conuol system with a type O process and a PID controlleris shown in Fig. 9P-27. Design the
controller parameters so thai the following specifications are satisfied;

Ramp-errorconstant = 100
Rise timeir< 0-01 sec
Maximum overshoot < 2%

Plot the unit-step response of the designed system.

m) cw- ™
r+10i+100

Figure 9P-27

9-28. A considerable amount of effon is being spent by automobile manufacturers to meet the exhaust-
emission-performance standards set by the govenunent. Modem automolive-power-plant systems
consist of an internal combustion engine that has an internal cleanup device called the catalytic
converter. Such a system requires conitol of the engine atr-fuel ratio (A/F), the ignition-spark timing,
exhaust-gas rectrculation, and injection air. The conwol system problem considered in this exercise deals
with the conitol of Ihe atr-fuel ratio. In general, depending on fuel composition and other factors, a
typical stoichiomeoic A/F is 14.7:1, triat is, 14.7 grams of air to each gram of fuel. An A/F greater or less
than stoichiometry wilJ cause high hydrocarbons, carbon monoxide, and nitrous oxide in the tailpipe
emission. The control system whose block diagram is shown in Fig. 9P-28 is devised to control the atr-
fuel ratio so that a desired output variable is maintained for a given command signal. Fig. 9P-28 shows
that the sensor senses the composition of the exhaust-gas mixture entering the catalytic converter. The
electronic contfoller detects ihe difference or the error between the command and the sensor signals and
computes the control signal necessary to achieve the destred exhaust-gas composition. The output
variable y{i) denotes the effective air-fuel ratio. The transfer function of the engine is given by

M - A

U (1 T1etj
where Tjis the time delay and is 0.2 sec. The lime constant T is Approximate the time delay
by a power series:

i+ Hj+ gV /2
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Figure 9P-28

(a) Let the controller be a PI controller so that

Find the value of Ki so that the ramp-error constant Avis 2. Determine the value of Kp so that |
maximum overshoot of the unit-step response is a minimum and the settling time is a minimum. Gi
the values of the maximum overshoot and the settling time. Plot the unit-step response of y(/). F:
the marginal value of Kp for system stability.

(b) Can the system performance be further improved by using a PID conuoller?

9-29. One of the advantages of the frequency-domain analysis and design methods is that syster
with pure time delays can be veated without approximation. Consider the automobile-engine conit
system treated in Problem 9-28.

The process has the tfansfer function

Let the contfoller be of the PI type so that Ge(j) = Kp + Ki/s. Setthe value of Ki so that the ramp-err
constant Ky is 2. Find the value of Kp so tiiat the phase margin is a maximum. How does this “optima
Kp compare with the value of Kp found in Problem 9-28(a)? Find Uie critical value of Kp for syste

9-30. Fig. 9P-30 shows a simplified design of an airplane attitude controller.

Figure 9P-30

where D is the disturbance torque. Design a PID controller with the following satisfactions:
(a) Zero steady-state error

(b) PM= 65"

(c) High bandwidth (as high as possible)

9-31. Consider the open-loop plani model of a plastic extrusion given in Problem 9-15.

Design a series of lead-lag compensator that is described by

(T[5+ 1)(T25+ 1)

JrisAE (ti+-)s o+

H(s)
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and satisfies the following:

(a) The phase margin is 45 degrees.

(b) The steady-state ewor of a closed-loop system to the unit-step input is less than 1%.

(c) The gain-crossover frequency is 5 rad/sec.

9-32. A telescope for tracking stars and asteroids on a space shuttle may be modeied as a pure
mass M. It is suspended by magnetic bearings so that there is no friction, and its attitude is
controlled by magnetic actuators located at the base of the payload. The dynamic model for the
control of the z-axis motion is shown in Fig, 9P-32(a). Because there are electrical components on
the telescope, electric power must be brought to the telescope through a cable. The spring shown is
used to model the wire-cable attachment, which exerts a spring force on the mass. The force
produced by the magnetic actuators is denoted hy f[i). The force equation of motion in the z
direction is

A
JA 5 * G.(i) o Gpis) ©
f
Iw Am
2 2
@
Figure 9P-32
dhijl)

i) - Kz =m" o

where Ar = 1lb/ft, and M = 1501b (mass);”/) is in pounds, and r(r) is measured in feet.

(a) Show that the natural response of the system output:(t) is oscillatory without damping. Find the
natural undamped frequency of the open-loop space-shuttle system.

(b) Design the PID controller

G((j) = Kp + Kds + —
shown in Fig. 9P-32(b) ; 3 that the following performance specificatio

Ramp-error constant?,. = 100.

The complex charactrerislic equation roois correspond to a relative damping ratio of 0.707 and a
natural undamped frequency of 1 rad/sec.

Compute and plot the unit-step response of Che designed system. Find the maximum overshoot.
Comment on the design results.
(c) Design the PID controller so Ihat Ihe following specifications are satisfied:

Ramp-error constant Av = 100

Maximum overshoot < 5%

Compute and plot the unit-step response of the designed system. Find the roots of the characteristic
equation of the designed system.
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9-33. Repeat Problem 9-32(b) with the following specifications:

Ramp-error constant iTv = 100.
The complex charactreristic equation roots cowespond to a relative damping ratio of 1.0 an
natural undamped frequency of 1 rad/sec.

9-34. Consider a cruise control system shown in Fig. 9P-34.

Figure 9P-34

where/is the engine force. v is the velocity, u is the friction force, and u = fiv.
Assuming M = 1000kg, M= 50Nsec/m. and / = 500N;
(a) Find the transfer function of the sysiem.
(b) Design a PID conuoller Ihat satisfies the following;
(i) Eiise time is less than 5 sec.
(ii) Maximum overshoot is less than 10%.
(iii) Steady-state ewor is less than 2%.
9-35.  An inventory control system is modeled by the following state equations:

dxiv) _
a T 2R
(i) 2u(t)

where ~i(r) = level of inventory, x2(t) = rate of sales of product, and w(i) = production rale. T
output equation isy(/) = Xi(i). One unit of time is one day. Fig. 9P-35 shows the block diagram of (
closed-loop inventory conwol system with a series coniroller. Lei the controller be a PD conuoll
Gf(i) = Kp + Kds.

Figure 9P-35

(@) Find rie parameters of the PD controller, Kp and Kq. so that the roots of the characteris
equation correspond to a relative damping ratio of 0.707 and co, = 1rad/sec. Plot (rie unit-si
response of yU) and find the maximum overshoot,

(b) Find the values of Kp and Kd so that the overshoot is zero and the rise time is less chan 0.06 s
(c) Design the PD conuoller so that Mr = 1and BW < 40rad/sec.
9-36. The block diagram of a type 2 conool system with a series controller Cc(s) is sho’An in Fig. 9P

Ris) E(s) V(S) 10000 Yis)
Gl.s) = Kp + KoS 120+ 10)

Figure 9P-36
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The objective is to design a PD conuoller so that the folJowing specifications are satisfied:
Maximum overshoot < 10%
Risetime < 0.5 sec
(a) Obtain the characteristic equation of tite closed-loop system, and determine ie ranges of the
values of Kpand Kd for stability. Show the region of stability in the N)-"\ﬁn/dll,-l‘@plane.
(b) Constnict the root loci of the characteristic equation with ATo= 0 and 0 < AI>< co. Then
construct the root contours for0 < /lo < oc and several fixed values ofA}. ranging from 0.001 to 0.01.

(c) Designthe PD conuollerio satisfy the performance specifications given. Use the information on
the root contours to help your design. Plot the unit-step response of y(i).

(d) Check the design results obtained in part (c) in the frequency domain. Determine the phase
margin, gain margin, Mr, and BW of the designed system.
9-37. Consider a dc motor shown in Fig. 9P-37 and described in Section 4-7-3.

Assuming the following:
The rotor inertia U) = 0.01 kg.m?/s™
Damping ratio of rie mechanical system (f) = 0.1 Nms
Back-enir constant {Kh) = 0.01 Nm/Amp
Torque constant [K,) = 0.01 Nm/Amp
Armature resistance [Ra] = TT1
Armature inductance (La) = 0.5H
Design a PID controller that satisfies the following:
(a) Settling time is less than 2 sec.
(b) Maximum overshoot is less than 5%.
(c) Steady-state error is less than 1%.
9-38. For the dc motor described in Problem 9-37, assuming the following:
The rotor inenia (/) = 3.2284E-6kg.mVs®
Damping ratio of the mechanical system (f) = 3.5077E-6Nms
Back-emf constant (Kb) = 0,0274Nm/Amp
Torque constant (K,) = 0.0274 Nm/Amp
Armature resistance [Ra) =4 (1
Armature inductance (La) = 2.75E-6H
Design a PID controller that satisfies the following:
(a) Settling lime is Jess than 40 milliseconds.
(b) Maximum overshoot is less than 16%.
(c) Zero steady-state ewor is less than
(d) Zero steady-state error due to a disturbance.
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9-39. Consider the broom-balancing control system described in Problems 4-21 and 10-51.TheA
and B* matrices are given in Problem 10-51 for the small-signal linearized model.
Ax(f)-A-ix(i) + B'Ar(i)
AS() - CAx(i)
D*=[0 0 1 Oj
Fig. 9P-39 shows the block diagram of the system with a series PD conuoller. Determine if the PC

controller can stabilize the system; if so, find the values of Kp and kd- If the PD controller canno
stabilize the system, explain why not.

Figure 9P-39

9-40. The process of a unity-feedback control system has the transfer function

100
-~2 + 10i+ 100
Design a series controller (PD. PI, or PID) so that the following performance specifications are

satisfied:
Steady-state errordue toa step input = 0
Maximum overshoot <2%
Rise time <0.02 sec
Carry out the design in the frequency domain and check the design in the time domain.

9-41. The forward path of a unily-feedback control system that includes a disturbance signal D{s) is

given by
cts) P
s) =
{s" + 3.65+9)
(a) Design a PID controller with the transfer function of H{s) = so that the

response 10 any step disturbance is damped in less than 3 sec at the 2% settling time.

(b) Use MATLAB to plot the response of the closed-loop system to various step disturbance inputs
and verify your design in part (a).

9*42.  For the inventory control system shown in Fig. 9P-35, let the controller be of the phase-lead
type:

1+ aTs

Determine the values of a and T so that the following perfonnance specifications are satisfied:
Steady-stale error due to astep input = 0
Maximum overshoot < 5%
(a) Design the controller using Ihe root contours with T and a as variable parameters. Plot the unil-
step response of the designed system. Plot Ihe Bode diagram of G(j) = Gc(s)Cp(s). and find PM,
GM. M. and BW of the designed system.

(b) Design the phase-lead controller so that the following performance specifications are salisfied:
Steady-state evor due 10 astep input = 0
Phase margin > 75"
Alr< 11
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Consinict the Bode diagram of G(j) and cany out the design in the frequency domain. Find the
attributes of (rie time response of Uie designed system.

9-43. Consider that the process of a unity-feedback conuol system is
1000

Let the series conuoller be a single-stage phase-lead controller:

(a) Determine the values of a and T so that the zero of G<(5) cancels the pole of Gp{s) atJ = -10.
The damping ratio of ihe designed system should be unity. Find the atuibuies ofthe unit-step response
of the designed system.

(b) Carry out the design in the frequency domain using the Bode plot. The design specifications are
as follows:

Phase margin >75®

Air< 11

Find the attributes of the unit-step response of the designed system.

9-44. Fig. 9P-44 shows the quarter-car model realization with 2 degrees of freedom.

Figure 9P-44

Assuming:
Body mass {/nr) = 2500k2
Suspension mass (m,,.) = 320kg
Spring constant of suspension system (i.v) = 80.000N/m
Spring constant of wheel and tire = 500.000N/m
Damping constant of suspension system (c<) = 350Ns/m
Damping constant of wheel and tire (c,) = 1S.020Ns/ni

When the vehicle is experiencina anv road disturbance, the vehicle body should not have large
oscillations, and the oscillations should be damped quickly. If the deformation tire is negligible, and
the road disturbance iD) is considered a step input.
(a) Design a PID controller that satisfies the following requirements:

(i) Overshooi less than 59r

(ii)  Settling time shoner than 5 seconds



662

Chapter 9. Design of Control Systems

(b) Use MATLAB to plot the response of the closed-loop system to various step disturbance inpu
and verify your design in part (a).
9-45.  Consider that the conuoller in the liquid-level control system shown in Fig. 9P-10is a phas
lead controller:
. i+aTs

Gcis) +Ts 3> 1
(@) FotN = 20, selectthe values ofa and Tso that the maximum overshoot is barely 0%. The vail
of a must not exceed 1000. Find the attributes of the unit-step response of the designed system. Pi<
the unit-step response.
(b) ForA' = 20, design the phase-lead controller in the frequency domain. Find the values ofa and
so that the phase margin is maximized subject to the condition that BW > 100. The value of a mu:
not exceed 1000.
9-46. The transier function of the process of a unity-feedback control system is

6

CBP() = (1 +0,25)(1 +0.5i)

(a) Construct the Bode diagram of Gp{j(ti) and determine the PM, GM. and BW of the systen
(b) Design a series single-stage series phase-lead controller with the transfer function

(\ -\-aTs\ as 1

\+Ts )

so that the phase margin is maximum. The valueof (* must not be greater than 1000. Determine PN
and Mr of the designed system. Determine the attributes of the unit-step response.
(c) Using the system designed in part (b) as a basis, design a two-stage phase-lead controller so thi
the phase margin is at least 85°. The transfer function of the two-stage phase-lead conuoller is

bT2s\

1>\ b>|
+ T2s)

where ¥ and T| are determined in pan (b). The value of Tz should not exceed 1000. Find the values 0
PM and Mr of the designed system. Find the attributes of the unit-step response.

(d) Plot the unit-step responses of the output in parts (a), (b). and (c).

9-47. Fig. 9P-47 shows an inverted pendulum on a carl.

Figure 9P-47
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Assuming:
M mass of the cart 0.5 kg
m mass of the pendulum 0.2 kg
M friction of ihe cart 0.1 N/m/sec
! length to pendulum center of mass 03 m
i inertia of the pendulum 0,006 kg'm™

(a) Design aPID controller so that the settling time is less than 5 seconds and the pendulum angle is
never more than 0.05 radians from the vertical position.
(b) Ifthe step input is applied to the cart, design a PID coniroUer so that the settling time for x and &'
is less than 5 seconds, the rise time for x is less than 0.5 seconds, and the overshoot of theta is less than
20 degrees (0.35 radians).
9-48. A phase-lock-loop, dc-motor-speed-conitol system is described in Problem 4-46. The block
diagram of the system is shown in Fig. 9P-48. The system parameters and vansfer functions are given
as follows:

Reference speed command, Wr = 120 pulse/sec

Phase-detector gain, Kp = 0.06 v/pulse/sec

Amplifier gain, Ka = 20

Encoder gain, Ke = 5.73 pulse/rad

Counter gain, N = 1

Motor transfer function,

10
Eais) " i(|+ 0.055)

Figure 9P-48 (pulses/sec) ~ Counter

(a) Let the filter (conuoller) transfer function be of the form

£.3i) RACs

where /21 = 2 X 10°i1 and C = 1u.F. Determine the value of R> so that the complex roots of the
closed-loop characteristic equation have a maximum relative damping ratio. Sketch ihe root loci of
the characteristic equation for 0 < < 0o. Compute and plot the unit-step responses of the motor
speed (pulse/sec) with the values of R-, found, when the input is 120 pulse/sec- Conven lhe
speed in pulse/sec to rpm.

(b) Lei the filter transfer function be

where T = 0.01."Find a so that the complex roots of the characteristic equation have a maximum
relative damping ratio. Compute and plot the unit-step response of ihe motor .speed fa,(t) (pulse/sec)
when the input is 120 pulse/sec.

(c) Design the phase-lead controller in the frequency domain so that the phase margin is at least 60°.
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9-49. Consider that the controller in the liquid-level control system shown in Fig. 9P-10 is a singli
stage phase-lag controller:

= “<m

(a) For N = 20, select the values of a and T so that the two complex roots of Ihe characterist)
equation cowespond to arelative damping ratio of approximately 0.707. Plot the unit-step response (
the output y(i). Find the attributes of the unil-step response. Plot the Bode plot of GAs)Cp(s) an
determine the phase margin of the designed system.

(b) ForN = 20, design (rie phase-lag conuoller in ihe frequency domain so that the phase margin i
approximately 60°. Plot the unii-step response of the output y(0. and find the atuibutes of the unii
step response.

9-50. The conitolled process of a unity-feedback control system is

The series conuoller has the vansfer function

. 1+ aTs
Geis) = -

(a) Design a phase-lead controller {a> 1) so that the following performance specifications ar
satisfied:
Ramp-eiTorconstantif,. = 10

Maximum overshoot is near minimum

The value of a must not exceed 1000. Plot the unit-step response and give its atuibutes.
(b) Design a phase-lead controller in the frequency domain so thal the following performanci
specifications are satisfied:

Ramp-errorconstant= 10
Phase margin is near maximum
The value of a must not exceed 1000

(c) Design a phase-lag controller (a< 1) so that the following performance specifications a<
satisfied:

Ramp-error constant a,. = 10

MaximumovershooK 1%

Rise time fr < 2 sec

Settling time ;5<2.5sec

Find the PM. GM, Mr. and BW of ihe designed system.
(d) Design the phase-lag controller in the frequency domain so that Ihe following perfomianc<
specifications are satisfied:

Ramp-eiror constant Av =10
Phase margin > 70°

Check the unit-step response attributes of ihe designed system and compare with those obtained ii
part (C).
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9-51. Fig. 9P-51 shows the “beam and ball” system that is described in Problem 4-11.

Assuming:

m = 0.11 kg mass of the ball | = 9.99e-6kgm2 ball’s moment of inertia

r=0.015 radius of the ball p ball position coordinate

d=0.03m lever ann offset beam angle coordinate

g = 9.8m/s" gravitational servo gear angle
acceleration

L= 1.0m length of the beam

Design a PID controller so that the settling time i less than 3 seconds and the n
is no more than 5%.
9-52.  The controlled process of a dc-motor control system wiOl unity feedback has the transfer
function
6.087 X 10°
TANAY §(j3+423.42j2+ 2.6667 X 106+ 4.2342 x 1Q8)

Due to the compliance in the motor shaft, the process transfer function conlains two lightly damped
poles, which will cause oscillations in the output response. The following performance criteria are
to be satisfied:

Risetime/r< 0.15 sec
Settling time f, < 0.15 sec
Output response should not have oscillations

Ramp-error constant is not affected
(a) Design a series phase-lead coniroller,

»>e

so that all ihe step-response attributes (except for the oscillations) are satisfied.
(b) To eliminale the oscillations due to the motor shaft compliance, add another stage to the
controller with the transfer function

A +2(.0J,S + W

A + 2|pW,s + ar

so that the zeros of G, i(j) will cancel the two complex poles of Gp(s). Set the value of Ip so that the
two poles of C<-|(J) will not have an appreciable affect on the system response. Determine the
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attributes of the unit-step response to see if all the requirements are satisfied. Plot the unit'SI
responses of the uncompensated system and the compensated system with the phase-lead conuol
designed in part (b).

9-53. A computer-tape-drive system utilizing a permanent-magnet dc-motor is shown in Fig. 9P-53(
The closed-loop system is modeled by the block diagram in Fig. 9P-53(b). The constant K 1 represents |
spring constant of the elastic tape, and B i denotes the viscous-friction coefficient between the tape a
the capstans. The system parameiers are as follows:

Speed oansducer

(b
Figure 9P-53

Ki = motor torque constant = 100z-in,/A

Kh = motorback-emf constant = 0.0706 v/rad/sec
B,, = motor friction coefficent = 3oz-in./rad/sec
1?,,=0.25fi La”"OH

K1 = 30000z-in-/rad Bt = l00z-in./rad/sec

J1 = 6oz-in./rad/sec”A'/ = 1v/rad/sec

J,, = 0.050z-in./rad/sec”

(a) Write the state equations of the system between  and 9i using &i., cai, dm. and w,, as sii
variables and e, as input. Draw a state diagram using the state equations. Derive the transfer function

Ea{s) £a(s)
(b) The objective of the system is to control the speed of the tape. oil, accurately. Consider thata
controller with the transfer function Ge(i) ~ Kp + K//s is to be used. Find the values of Kp and Ki

that the following specifications are satisfied:

Ramp-errnr constant Af. = 100

Rise time <0.02 sec

Settling time <0.02 sec

Maximum overshoot < 1%or at minimum

Plot the unit-step response of ojiU) of the system.
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(c) Design the PI controller in the frequency domain. The value of K, is 10 be selected as in part (b).
Vary the value of Kp and compute the values of PM, GM, Mr, and BW. Find the value of Kp so that PM
is maximum. How does this value of Kp compare with the result obtained in part (b)?

9-54. Fig. 9P-54 shows the block diagram of a motor-control system that has a flexible shaft
between the motor and the load. The transfer function between the motor torque and motor
displacement is

Figure 9P-54
G = Jish+ Bis+ K1
™™ + [KiJ, + Kidi + + B,KN
where Ji_= 0.01, St = 0.1. K1 = 10, = 0.01, B,, = 0.1, and K = 100.

(a) Compute and plot the unit-step response of Bn(0 «Find the attributes of the unit-step response.
(b) Design a second-order notch controller with the transfer function

s0 that its zeros cancel the complex poles of Gpfs). The two poles of Gf(i) should be selected so that
they do not affect the steady-state response of the system, and the maximum overshoot is a minimum.
Compute the &Cuibutes of the unit-step response and plot the response.

(c) Carry outdesign ofthe second-order controller in the frequency domain. Plot trie Bode diagram
of the uncompensated Gp{s). and find the values of PM, GM. Air, and BW. Set the two zeros of Cf(5) to
cancel the two complex poles of Cp{s). Determine the value of by determining the amount of
attenuation required from the second-order notch controller and using Eq. (9-155). Find ihe PM. GM,
Mr. and BW of the compensated system. How do the frequency-domain design results compare with
the results in part (b)?

9-55. The transfer function of the process of a unity-feedback control system is

5QQ(+ 1Q
s(j2 + 10j + 1000)

(a) Plot the Bode diagram of Gp(s) and determine the PM. GM. Mr, and BW of the uncompensated
system. Compute and ploi the unit-step response of the system.
(b) Design a series second-order notch controller with the transfer function

SOthat its zeros cancel Ihe complex poles of cA(5). Determine the value of Ip using the method
outlined in Seccion 9-8-2. Find the PM. GM. Mr, and BW of the designed system. Compute and plot
Ihe unit-step response.

(c) Design the series second-order notch controller so that ils zeros cancel the complex poles of
GM{5). Determine the value of ip so that the following specifications are satisfied;

Maximum overshoot < \%
Rise time <0-4 sec
Settling lime <0.5 sec
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9-56. Design the controllers Gcef(s) and Ge(i) for the system shown in Rg. 9P-56 so lhat
following specifications are satisfied:

Figure 9P-56

Ramp-error constant Av = 50

Dominantroots of the characteristic equationat - 5+ j5 approximately

Rise time < 0.1 sec

System must be robust when K varies +20% from the nominal value, with the rise time ;
overshoot staying within specifications

Compute and plot the unil-slep responses to check the design.
9-57.  Fig. 9P-57 shows the block diagram of a motor-conuol system. The wansfer funcQon of
conuolled process is

ioooa:

Cris] = s{s + a)

Figure 9P-57
where K denotes the aggregate of the amplifier gain and motor torque constant, and a is the inverse
the motor time constant. Design the conuollers G*f(s) and Gf(5) so that the following performai
specifications are satisfied.

Ramp-error constant Ky. = 100 when d = 10

Rise time <0-3 sec

Maximum overshoot < 8%

Dominant characteristic equation roots = -5 * j5

System must be robust when a varies between 8 and 12

Compute and plot the unit-step responses to verify the design,

9-58.  Fig. 9P-58 shows the block diagram of a dc-motor control system with tachometer feedbai
Find the values of K and K, so that the following specifications are satisfied:
Ramp»errorconstamﬁ: =1
Dominant characteristic equation roots couespond to a damping ratio of approximately 0.707
there are two solutions, select the larger value of K

Figure 9P-58
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9-59. Carry out the design with the specifications given in Problem 9-58 for rie system shown in
Fig. 9P-59.

Figure 9P-59

9-60. The block diagram of a control system with a type 2 process is shown in Fig. 9P-60, The
system is to be compensated by tachometer feedback and a series controller. Find the values ofa. T, K,
and K, so that the following performance specifications are satisfied:

Figure 9P-60

Ramp-error constant/kv = 100
Dominant characteristic equation roots correspond to a damping ratio of 0.707

9-61. The aircrafl-attitude control system described in Section 5-8 is modeled by the block diagram
shown in Fig. 9P-61. The system parameters are as follows;

K = variable K, =1 Ki = 10 Ki =05 K, —variable Ra —s
u = 0.003 K, = 9.0 Kb = 0.0636 7,, = 0.0001 JL = @i\
0.005 B1=1.Q N =00
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Find the values of K and K, so that the following specifications are satisfied:
Ramp-euvor constant Kv — 100
Relative damping ratio of the complex roots of the characteristic equation is approximately 0.70;

Plot the unit-step response of the designed system. Show that the system performance is exffemelj
insensitive to the value of K. Explain why this is so.

9-62. Fig. 9P-62 shows the block diagram of a position-conuwol system widi a series controllei
G.(5).

Ti(s)

Figure 9P-62

(a) Determine (rie minimum value of ihe amplifier gain K so that the steady-siate value of the output
v(/) due to a unil-siep torque disturbance is < 0.01.

(©) Show that the uncompensated system is unstable wiUj the minimum value of K determined iD
pan (a). Consuuct the Bode diagram for the open-loop wansfer function G(i) = Y{s)/E{s). and find
Cre values of PM and GM.

(c) Design a single-stage phase-lead controller with the wansfer function

SOthat rie phase margin is 30®. Show that this is nearly the highest phase margin that can be achieved
with a single-stage phase-lead conooller. Find GM. M,. and BW of the compensated system.

(d) Design atwo-stage phase-lead conffoller using the system arrived at in pan (c) as a basis so (iat
(rie phase margin is 55°. Show that this isihebestPM that can be obtained for this system wiui a two-
stage phase-lead conuoller. Find GM. M, and BW of the compensated system.

9-63. The wansier function of the process of a unity-feedback conuoi system is

“ 1(1+0.2s) (1 +0.Ss)

Show lhat. due to the relative high gain, the uncompensated system is unstable.
(a) Design a two-stage phase-lead conuoller with

. 1+bT2s\
c.(i) 2>1. b>\
\ + T2s)
so that ihe phase margin is greater thaD 60°. Conduct ihe design by first determining the values of a
and T| to realize a maximum phase margin thal can be achieved with a single-stage phase-lead
controller. The second stage of the conuoller is then designed to realize the balance of the 60° phase
margin. Deiermine GM. Mr. and BW of the compensated system. Compute and plot (rie unit-step
response of Uie compensated system,

(b) Design a single-stage phase-lag conooller with

so thai the phase margin of the compensated system is ereater than 60°. Determine GM. and BW
of (rie compensated system. Compute and plot the unit-step response of the compensated system.
(c) Design a lag-lead controller with G,.(5) as in Uie equation in part (a). Design the phase-lag
ponion firsi bv senins the phase margin at 40'. The resulting system is then compensated by lh«
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phase-lead portion to achieve a total of 60° of phase margin. Determine GM. Mr, and BW of the
compensated system. Compute and plot Gie unit-step response of the compensated system.

9-64. The block diagram of the steel-rolling system described in Problem 4-18 is shown in
Fig. 9P-64. The wansier function of the process is

Se-'

GAs) G.(s)

Figure 9P-64

(a) Approximate the time delay by

1+0.05)
Design a series conuoller of your choice so that the phase margin of the compensated system is at
least 60°. Determine GM. and BW of the compensated system. Compute and plot the unit-step
responses of the cor and the ur systems.
(b) Repeal part (a) without using the approximation of the time delay.
9-65. Human beings breathe in order to provide for gas exchange for the entire body. A respiratory
control system is needed to ensure that the body’s needs for this gas exchange are adequately met. The
criterion of control is adequate ventilation, which ensures satisfactory levels of both oxygen and
carbon dioxide in the arterial Wood. Respiration is controlled by neural impulses that originate within
the lower brain and are transmitted to the chest cavity and diaphragm to govern the rate and tidal
volume. One source of signals consists of the chemoreceptors located near the respiratory center,
which are sensitive to carbon dioxide and oxygen concentralions. Fig. 9P-65 shows the block diagram
ofasimplified model of the human respiratory control system. The objective is to control Ihe effective
ventilation of the lungs so that a satisfactory balance of concentrations of carbon dioxide and oxygen
is maintained in the blood circulated at the chemoreceptor.

Figure 9P-65

(a) Plot the Bode diagram of the transfer function G(i) = y(j)/£(5) when Cc(i) = 1 Find the PM
and GM. Determine the stability of the system.

(b) Design a PI conuoller, Ge(s) ~ Kp + Ki/s, so that the following specifications are satisfied:

Ramp-euvor constant Ky = 1
Phase margin is maximized

Plot the unit-step response of the system. Find the aitributes of the unit-step response.
(c) Design a PI controller so that the following specifications are satisfied:

Ramp-error constant K~

Maximum overshoot is m
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Plot the unit-step response of ihe system. Find the atvibutes of ihe unit-siep response. Compare the
design results in parts (b) and (c).

9-66. The block diagram of a control system with state feedback is shown in Fig. 9P-66. Find the
real feedback gains ki, ki, and k-i so that:

Figure 9P-6S

The sleady-state evor [e(0 is the error signal] due to a step input is zero.

The complex rools of the characteristic equation are at - 1+ yand -1 - j.
Find the third root. Can all three roots be arbitrarily assigned while still meeting (rte steady-state

requirement?
9-67. The block diagram of a control system with state feedback is shown in Fig. 9P-67(a). The
feedback gains ki, *2, and ki are real constants.

Figure 9P-67

(a) Find the values of ihe feedback gains so that:

The sieady-state error [f(/) is the error signal] due to a step input is zero.

The characteristic equation roots are at -1 +>. -1 - and -10.
(b) Instead of using slate feedback, a series controller is implemented, as shown in Fig. 9P-67(b).
Find Ihe transfer function of the controller G,(5) in terms of k\. kj. and k7 found in part (a) and the
other system parameters.
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State Variable Analysis

INTRODUCTION

In Chapter 2 we presented the conceptand definition of stale variables and stale equations for
linear continuous-data and discrete-data dynamic systems. In Chapter 3 we used block-
diagram and signal-flow-graph (SFG) methods to obtain the ttansfer function of linear
systems. In this chapter, the SFG concept is extended to the modeling of the state equations,
and the resultis the state diagram, in contrastto the transfer-funcQon approach to the analysis
and design oflinear control systems, the state-variable method is regarded as modem, since it
uses underlying force for optimal control. The basic characteristic of (rie state-variable
formulation is diatlinearand nonlinear systems, time-invariantand time-varying systems, and
single-variable and muldvariable systems can all be modeled in a unified manner. Transfer
functions, on the other hand, are defined only for linear time-invariant systems.

The objective ofthis chapteris to introduce the basic methods o f state variables and state
equations so that the reader can gain a working knowledge of the subject for further studies
when the state-space approach is used for modem and optimal control design. Specifically,
the closed-form solutions of linear time-invariant state equations are presented. Various
transformations that may be used to facilitate the analysis and design o flinearcontrol systems
in the state-variable domain are introduced. The relationship between the conventional
transfer-function approach and the state-variable approach is established so that the analyst
w ill be able to investigate a system problem with various alternative methods. Finally, the
conuwollability and observability of linear systems are defined and their applications
investigated. Some state-space controller design problems appear in the end. At the end
of the chapter, we also present MATLAB tools to solve most state-space problems.

BLOCK DIAGRAMS, TRANSFER FUNCTIONS, AND STATE DIAGRAMS
Transfer Functions (Multivariable Systems!

The definition ofa transfer function is easily extended to a system with multiple inputs and
outputs. A system of this type is often refeved to as a multivariable system. In a
multivariable system, a differential equation of the form of Eq. (2-217) may be used to
describe the relationship between apair ofinpul and output variables, when all other inputs
are set to zero. This equation is restated as

avip . -y . d® .
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The coefficients aQ,a\, ... ,a,,-\ and bQ,b\,...,bm are real constants. Because th
principle of superposition is valid for linear systems, the total effect on any output du
to all the inputs acting simultaneously is obtained by adding up the outputs due to eacl
input acting alone.

In general, if a linear system has p inputs and q outputs, ihe wansier function betweei
the yth input and the ith output is defined as

vi
' (102

Rjis)
with Rk{s] =0,k = 1,2....p. j. Note that Eq. (10-2) is defined with only the ji

input in effect, whereas the other inputs are setto zero. When all the p inputs are in action
ihe /th output transform is written

n(i) = Gn{s)Ri{s) + Gais)R2(s) + m++ Gip{s)Rp(s) (10-3.

It is convenient to express Eq. (10-3) in mairix-vector form:

Y(5) = G{s)Ris) (104;
where
yhis)
_ y2(s)
Y (i) = (10-5)

is the O X 1 transformed output vector,

RQI) = (10-6)

is the /7 X 1 transformed input vector, and

cl(s) G.2() CipM
ey - CHW  G22m Gipis) 107
. (i) GL2{i) G. (i)

is the a X p transfer-function matrix

10-2-2 Block Diagrams and Transfer Functions of Multivariable Systems

In this section, we shall illustrate the block diagram and matrix representations of
multivariable systems. Two block-diagram representations of a multivariable system
with p inputs and g outputs are shown in Fig. 10-I(a) and (b). In Fig. 10-I(a). Ihe
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=20 - -» yid)
MULTIVARIABLE
SYSTEM
rit) -
r(f) ~ MULTIVARIABLE
SYSTEM

Figure 10-t Block diagram representations
of a multivariable system.

individual input and output signals are designated, whereas in the block diagram of
Fig. 10-1(b), the multiplicity ofthe inputs and outputs is denoted by vectors. The case of
Fig. 10-I(b) is preferable in practice because of its simplicity.

Fig. 10-2 shows the block diagram of a multivariable feedback control system. The
transfer function relationships of the system are expressed in vector-matrix form (see
Section 10-3 for more detail):

Y{s) = G{s)V{s) (10-8)
U(i) = R(5)-B (i) (10-9)
B{s) = H(s)\{s) (10-10)

where Y (i) is the a X 1 output vector; U (i), R(5). and B{5) are all /J X 1 vectors; and
G (i) and H (j) aie g X p and p X q transfer-function matrices, respectively. Substituting
Eqg. (10-9) into Eq. (10-8) and then from Eqg. (10-8) to Eq. (10-10), we get

Y(i)=G {)R (5)"G ()H ()Y (5)

Solving for Y(5) from Eq. (10-11) gives

Y(5) = [I + G (i}H (N]-'G (ijR (5) (10-12)

Figure 10-2 Block diagram of a multivariable
feedback control system.



676 Chapter 10. State Variable Analysis

provided that | + G{i)H (s) is nonsingular. The closed-loop wansfer mawix is defined as

MM = [I+ GWHW ]-'G W (10-13)
Then Eg. (10-12) is written

(10-14)

EXAMPLE 10-2-1 Consider that the forward-path ttansfer function matrix and the f 1 transfer function

matrix of the system shown in Fig. 10-2 are

1 I
G(s) = S+1 s HE) =

respectively. The closed-loop transfer function matrix of the system is given by Eq. (10-14) and is
evaluated as follows:

S5+ 2 1-
I+ G(I)H(5) = 5*21 . 'A (10-16)
.
N+ 2 i+ 2

The closed-loop transfer function matrix is

543 \ .1
s+2 S 5+1 J

2 s"+5s+2
i+ li+2 s~ j(j+1)

3"+ 95+ 4
M{s) = s(s+ ) 5(5+1)(5 + 2) (10-19)

j(s+ 1

10'2'3 State Diagram

In this section, we introduce the state diagram, which is an extension ofthe SFG to portray
state equations and differential equations. The significance of the state diagram is that it
forms a close relationship among the state equations, computer simulation, and transfer
functions. A state diagram is constructed following all the rules of the SFG using the
Laplace-transformed state equations.
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The basic elements of a state diagram are similar to the conventional SFG, except for
the integration operation. Let the variables X](l) and X2{t) be related by the first-order
differentiation;

dxijt) _
- = X2{1) (10-20)
dt
Integrating both sides of the last equation with respect to t from the initial time to, we get

A1) = fXZ(r)dT + Xi{io) (10-21)
Jto

Because the SFG algebra does not handle integration in the time domain, we must take the
Laplace transform on both sides of Eq. (10-20). We have
X1 (f0) {to)

Xi{s)==c , X2iT)dT ix2iT)dT- f X2(z)dT
I Jo Jo

(10-22)

-x2() X2IT)dT

Because the past history of the integrator is represented by x,(/0), and the state transition is
assumed to start at T= fo. Xi(T) = 0 for 0 < T < /o- Thus, Eq. (10-22) becomes

(10-23)

Eq. (10-23) is now algebraic and can be represented by an SFG, as shown in Fig. 10-3.
Fig. 10-3 shows that the output ofthe integrator is equal to times the input, plus the
initial condition Xi{iQ)/s. An alternative SFG with fewer elements for Eq. (10-23) is shown
in Fig. 10-4.

Before embarking on several illustrative examples on the construction of state
diagrams, let us point out the important uses of the state diagram.

_o Figure 10-3 Signal-flow graph representation of
x2is) X,(i)  X,W = [X2(5)/5] + [A:(ro)li].

Xio)

Figure 10-4 Signal-flow graph representalion of
x,(4)  X[{i) = [X2(j)/s] + io)A].
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A state diagram can be constructed directly from the system’sdifferential equatior
This allows the determination of the state variables and (rie state equations.

A state diagram can be constructed from the system’s wansier function. This ste
is defined as the decomposition of transfer functions (Section 10-10).

The state diagram can be used to program the system on an analog computer or fo
simulation on a digital computer.

The state-transition equation in the Laplace transform domain may be obtainet
from the state diagram by using the SFG gain formula.

The transfer functions of a system can be determined from (rie state diagram.

The state equations and the output equations can be determined from the stall
diagram.

The details of these techniques will follow.

10-2-4 From DiHerential Equations to State Diagrams

When alinear system is described by a high-order differential equation, a state diagram cai
be constructed from these equations, although a direct approach is not always the mos

convenient. Consider the following differential equation:

Figure 1Q-5 State-diagram representation of the differenHal equation of Eq. (10-24).

(10-24:
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To construct a state diagram using this equation, we rearrange the equation as

17\-1(?: 7On§T—viO a2n-a,y(ti+ r(t) (10-25)

As a first step, the nodes representing /? (j).,5 "y (j),.- ..iK(s), and y(s) are
arranged from left to right, as shown in Fig. 10-5(a). Because §y(5) cowesponds to d Yy (t)/
di i - 0.1,2, ....n,inthe Laplace domain, as the nextstep, the nodes in Fig. 10-5(a) are
connected by branches to portray Eq. (10-25), resulting in Fig. 10-5(b). Finally, Gie
integrator branches with gains ofs~*
the outputs of the integrators, according to rie basic scheme in Fig. 10-3. The complete
state diagram is drawn as shown in Fig. 10-5(c). The outputs ofthe integrators are defined
as the state variables, JCi, X2, .... X,,. This is usually the natural choice of state variables
once the state diagram is drawn.

When the differential equation has derivatives of the input on the right side, the
problem of drawing the state diagram directly is not as Stfaightforward asjust illustrated.
We will show triat, in general, it is more convenient to obtain the transfer function from the
differential equation first and then arrive at the state diagram through decomposition
(Section 10-10).

are inserted, and the initial conditions are added to

Consider the differential equation
(10-26)

Equating the highest-ordered term of the last equation to the rest of the terms, we have

i)
dir

Following the procedure just outlined, the state diagram of the system is drawn as shown in
Fig. 10-6. The state variables jCi and X2 are assigned as shown.

¥* Vo) y(fo)

Figure 10-6 State diagram for Eq. (10-26).

From State Diagrams to Transfer Functions

The transfer function between an input and an output is obtained from the state diagram by
using the gain formula and setting all other inputs and initial states to zero. The following
example shows how the transfer function is obtained directly from a state diagram.
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» EXAVPLE 10-2-3 Consider the state diagram of Fig. [0-6. The wansier function between R(s) and K(s) is obtaioed bj
applying the gain formula between these two nodes and setting the initial states to zero. We havi

10-2-6 From State Diagrams to State and Output Equations

The state equations and the output equations can be obtained directly from (ie state
diagram by using the SFG gain forrnula. The general form of a state equation and ihe output
equation for a linear system is described in Chapter 2 and presented here.

State equation:

= ax(l) + br{t) (10-29)
Output equation:

y{t) =cx{t) + dr{t) (10-30)
where x{t) is the state variable: lit) is the input; is the output: and a.b. c, and i/are
constant coefficients. Based on the general form of the state andoutputequations, the
following procedure of deriving the state and output from the am are
outlined:

1. Delete the initial states and the integrator branches with gains from the state

diagram, since the state and output equations do not contain the Laplace operator s
or the initial states.

2. For the state equations, regard the nodes that represent the derivatives of the staie
variables as output nodes, since these variables appear on the left-hand side of the
state equations. The outputy(0 in the output equation is naturally an output node
variable.

3. Regard the state variables and the inputs asinput variables on the state diagram, since
these variables are found on the right-hand side of the state and output equations.

4. Apply the SFG gain formula to the state diagram.

EXAMPLE 10-2-4 Fig. 10-7 shows the slate diagram of Fig. 10-6 with the integrator branches and the initial states
ediminated. Using d.\i(t)/dr and dxiin/di as Uie output nodes and .Vi(0. XiU). and r(/) as input nodes,
and applying the gain formula between these nodes, the state equations are obtained as

B = <200 (10-31)

=-2j(r)-37(0+r(t) (10-32)

Figure 10-7 State diagram of Fig. 10-6 with the initial states and the integrator branches left out.
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Applying the gain formula with 2(0, and r{t) as input nodes and >>(f) as the
output node, the output equation is written

(10-33)

EXAMPLE 10-2-5 Asanotherexample on the determination ofthe stateequations from the Slate diagram, consider the stale
diagram shown in Fig. 10-8(a). This example will also emphasize the importance of applying the gain
formula. Fig. 10-8(b) shows the state diagram with the initial states and the integrator branches deleted.
Notice that, in this case, the state diagram in Fig. 10-8(b) still contains a loop. By applying the gain
formulato the state diagram in Fig. 10-8(b) withi] (i).-*2(0" andi:3(f) asoutput-node variables and til),
(0. X2{t), and X3i0 asinput nodes, the state equations are obtained as follows in vector-matrix form:

o ,
dt 1 0 TR 0
dx2{l -(02+03 |-a002
W VR SR ew v o oa
0 0 0 . L
1 dt A

The output equation is

) (10-35)
1+ Goaa

Figure 10-8 (a) Stale diagram, (b) State diagram in pan (a) with all initial states and integrators ieflout.
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10-3 VECTOR-MATRIX REPRESENTATION OF STATE EQUATIONS

Let the n state equations of an «ti-order dynamic system be represented as

«I(t).H2(i)" Up(i). *22(0......... ».m(/)]
(10-36)
where i = 1,2, ..., n. The /th State variable is represented by u/i) denotes the §th
inputfor; = 1,2.......p; and W/XO denotes the ~ri disturbance input, with k = 1,2..... V.
Let the variables yi(0i3'2(i)" the g output variables of the system. In

general, the output variables are functions o f the state variables and the input variables. The
output equations can be expressed as

u2(t), ... Mp(Q). IV, (1). H-2(/)ecomeeee Kv(f)]
(10-37)

where j = 1.2....q
The setofn state equations in Eq. (10-36) and g output equations in Eq. (10-37) together

form the dynamic equations. For ease of expression and manipulation, it is convenient to
represent the dynamic equations in vector-matrix form. Let us define the following vectors:

State vector:
xxil)
. «()
xit) = (nx 1) (10-38)
M)
Input vector:
1<)
«2(<)
u() = (px 1) (10-39)
Up{l)
Output vector:
Viw
v2{l)

y[t) = (ax 1)

yaif)
Disturbance vector:

w2{r)
w(l) = v X1 (1041)
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By using these vectors, the n state equations of Eq. (10-36) can be written

dx{t)
at fx(0,u (), w]

where f denotes an rt X 1 column matrix that contains the functions /i, /2.

elements. Similarly, the q output equations in Eq. (10-37) become

y(0 = g[x(0, u(0, w(/)]

where g denotes a v X 1 column matrix that contains the functions gi, g2,. .

elements.
For a linear time-invariant system, the dynamic equations are written as

State equations:
dx{t)
= Ax(0 + Bu{f)+Ew({r)

Output equations:
y()=Cx(0 +Du(/)+Hw (0

where

an a2 ... al,’

021 022 = fi2n
(n xn)

o2 w+ a,,

i b2 Low bip’

hi 622 wm- bin
(» X p)

bn2 wm  bnp_

'<il C2 =m Ci,'

Q2 C2 e

(9 Xn)

Cz = g,

11 dn .= dip-

d2, d22 .= dip
(i X p)

dg, d2 d*p

A1 e\2 = eUu-

e €2 e2v
(n Xv)

67> nv

(10-42)

mmm, fn as

(10-43)

., gq as

{10-44)

(10-45)

(10-46)

(10-47)

(10-48)

(10-49)

(10-50)
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M1 hi2 .= hu

hn o hi2z . hiv
(oxv) (10-5

kgi  hqz

» 10-4 STATE-TRANSITION MATRIX

Once the state equations of a linear time-invariant system are expressed in the form (
Eq. (10-44), the next step often involves the solutions of these equations given the initi
state vector x(?0), the input vector u(?). and the disturbance vector w(0. for / > Iq. The fir
term on the right-hand side of Eq. (10-44) is known as the homogeneous part of the sta
equation, and the last two terms represent the forcing functions u(/) and w(r).

The state-transition matrix is defined as a matrix that satisfies the linear homogi
neous state equation:

dx{t
o = Ax{l) (10-5:

Let §(t) be then X n mauix that represents the state-transition mauix; then it must satisf
the equation

da{t) R
= XO{t) (10-5-
Furthermore, let x(0) denote the initial state ati = 0; then a(t) is also defined by the matri
equation
x(0 = 0(r)x(0) (10-54

which is the solution of the homogeneous state equation for / > 0.
One way of determining (0 is by taking the Laplace transform on both sides c
Eg. (10-52); we have
sX{s) - x(0) = AX{i) (10-55

Solving for X{5) from Eq, (10-55), we get

X(s) = (s1-A) 'x(O) (10-56

where it is assumed that the matrix (il - A) is nonsingular.Taking the inverse Laplac
transform on both sides of Eq. (10-56) yields

x(i) = £-'[(jl-A)-"]x(0)t>0 (10-57

By comparing Eq. (10-54) with Eqg. (10-57), the state-transition matrix is identified to b

(i(=g*i(il-A )" (10-58
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An alternative way of solving the homogeneous state equation is to assume a solution,
as in the classical metiod of solving linear differential equations. We let the solution to
Eqg. (10-52) be

x(i) = e*'x(0) (10-59)

for | > 0. where e”‘ represents the following power series of the matrix A/, and

e*'= 1+ A(+i aV +-1jAV + ome (10-60)

It is easy to show that Eq. (10*59) is a solution of the homogeneous state equation,
since, from Egq. (10-60),

J-Af
A= (10-61)
at
Therefore, in addition to Eq. (10-58), we have obtained another expression for the slate-
transition matrix:

0()=¢eM=1+A;+1AV +I1A T+ (10-62)

Eq. (10-62)can also be obtained directly from Eqg. (10-58). This is left as an exercise for the
reader (Problem 10-5).

Significance of the State-Transition Matrix

Because the state-transition matrix satisfies the h state ion, it rep

the free response of the system. In other words, it governs the response that is excited by
the initial conditions only. In view ofEqgs. (10-58) and (10-62), the state-transition matrix is
dependent only upon the matrix A and. therefore, is sometimes referred to as the state-
transition matrix of A. As the name implies, the state-transiiion matrix 0(i) completely
defines the transition of the states from the initial time / = 0 to any time t when the inputs
are zero.

Properties of the State-Transition Matrix
The state-transition matrix 0(/) possesses the following properties:
1. ~(0) = 1 (theidentity matrix) (10-63)
Proof: Eq. (10-63) follows directly from Eq. (10-62) by setting t = 0.
2. «-(() = 0(-0 (10-64)
Proof: Post-multiplying both sides of Eq. (10-62) by e~"\ we get

=1 (10-65)
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Then, pre-multiplying both sides of Eq. (10-65) by a (f), we get
= (io6e
Thus,

i(-i)=0-"(r)=6<Al (10-67

An interesting result from this prof>erty of 0(0 is that Eq. (10-59) can <
rearranged to read

x(0) = «(-i)x(0 (10-68

which means that the state-wansiiion process can be considered as bilateral ii
time. That is, the transition in time can take place in eilrier direction.

0('2-<|)0((]-<0) = 0('2-<0) foranylo, I|, (10-69
Proof:

o{i2 - - o) - (070

This property of the state-wansition matrix is important because it implies
that a state-wansition process can be divided into a number of sequential
transitions. Fig. 10-9 illustrates that tiie transilion from / = /0to r = i2 is equal
to the transition from /oto i1and then from i! to i2-1n general, o fcourse, the state-
transition process can be divided into any number of parts.

"M~ for A = positive integer (10-7i)

Proof:

(10-72)
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STATE-TRANSITION EQUATION

The state-transition equation is defined as the solution o f the linear homogeneous stale
equation. The linear time-invariant state equation «
¢ - Ax(r) + Bu(() + Ew(r) (10-73)
al
can be solved using either the classical method of solving linear differential equations or
the Laplace transform method. The Laplace transform solution is presented in the

following equations.
Taking the Laplace transform on both sides of Eq. (10-73), we have

sX{s) - x(0) - AX(j) + BU(i) + EW(s) (10-74)

where x(0) denotes the initial-state vector evaluated at 2= 0. Solving for X (j) in Eq. (10*
74) yields

X(s) = (si- A)Ax(0) + (jl - A)-"|BU(s) + EW(s)] (10-75)

The state-transition equation of Eq. (10-73) is obtained by taking the inverse Laplace
transform on both sides of Eq. (10-75):

X(<) = [@1- A)-1x(0) - A)-'[BU(s) + EW {D)]}
(10-76)
= i(nx(0)+ I'V{»-r)[Bu(r)+Ew(r)ldr (>0
Jo

The state-transition equation in Eq. (10-76) is useful only when the initial time is
defined to be at f = 0. In the study of control systems, especially discrete-data control
systems, it is often desirable to break up a state-transition process into a sequence of
transitions, so a more flexible initial time must be chosen. Let the initial time be
represented by iQ and the corresponding initial state by x(io), and assume that the input
u(/) and the disturbance w (i) are applied at / > 0. We start with Eq. (10-76) by selling
t = fo, and solving for x(0), we get

x{0) = O(-io}x(io) - 0{-i0) JI""O(tU - 1)[Bu(r) + Ew(t)]"t (10-77)
0
where the property on du) of Eq. (10-64) has been applied
Substituting Eq. (10-77) into Eq. (10-76) yields

x(i)-0 (i)0 (-i0)x{/0) j 0(io - T)[Bu{r)+Ew (1)]iit
(10-78)
+ [ 0(f- NBu(T) Ew(n]ilr
Jo

Now by using the property of Eq. (10-69) and combining the lasttwo integrals, Eq. (10-78)
becomes

X(0) = 0(i - 70)x(io) + I OU-T)[BUI*+EW(T)ur />/0 (10-79)
0

It is apparent that Eq. (10-79) reverts to Eq. (10-77) when to = 0.
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Once the state-transition equation is determined, the output vector can be expressei
as a function of the initial state and the input vector simply by substituting x(/) fron
Eq. (10-79) into Eq. (10-45). Thus, the output vector is

y(0 = CO(i - /oW»0) + ["ci(<-r)[Bu(r)+Ew (r)]rfT
Jio (10-80
+Du(f+Hw(i) t>ti

The following example illusirates the determination o f rie siate-ttansition mairix and equation

» EXAMPLE 10-5-1 Consider the state equation

dx\{t)
dt 1
u{t)
dx2[t) 2 -3

The problem is to determine the siaie-iransition matrix 0(/) and the state vector x(/) for / > 0 when
the inputis u(l) = 1for f > 0. The coefficient matrices are identified to be

A= B= ° E=0 (10-82)

Therefore,

The inverse matrix of (il - A) is
s+3 1
(>>-*r'=2T37T2 -2 |
The state-uansilion matrix of A is found by taking the inverse Laplace transform of Eq. {10-84). Thus,
2e-' - e- - e~

-2e-'+ 2e~- -e~"'+ 2e--

The state-Iransition equation for i > 0 is obtained by subslituting Eq, (10-85), B. and «(/) into Eq. i 10-
76). We have

2e-
0= x(0)
X 2e~'+ 2 (1086)

() = e'-e () + ©0:5-e+o0se (10-87)
~2e~'+ 2e- e~ +2e--"

As an alternative, the second term of the state-transilion equation can be obtained by taking the
inverse Laplace transform of (si - A)’'BLI(j). Thus, we have

[(.tI-A)-"JbU(s) = £ -

1 0.5-e-' +0.5e~"""
- s = f>0
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ftate-Transition Equation Determined from the State Diagram

Egs. (10-75) and (10-76) show that (rie Laplace transform method of solving the state
equations requires obtaining the inverse of matrix (51 - A). We shall now show that the
state diagram described earlierin Section 10-2-3 and the SFG gain formula (Chapter 3) can
be used to solve for the state-wansition equation in the Laplace domain ofEq. (10-75). Let
the initial time be /0; then Eq. (10-75) is rewritten as

x (j) = (il - A)-'x(/0) + (si- A)-"(BU() + EW(i)] t>to (10-89)

The last equation can be written directlyfrom the state diagram using the gainformula,
with Xj(s), i = I, 2. n as the output nodes. The following example illustrates the
state-diagram method of finding the state-transition equations for the system described in
Example 10-2-1.

XAMPLE 10-5-2 The slate diagram for the system described by Eq. (10-81) is shown in Fig. 10-10 with i0as the initial
time. The outputs of the integrators are assigned as state variables. Applying the gain formula to the
state diagram in Fig. 10-10, with and X2(i) as output nodes and Xi(fo), XzUoX and U{s) as input
nodes, we have

Xi(j) = f— ito) + A-AX2ii0) + A t/(i) (10-90)

X2(l)=- (10-91)

A=1+35-+2i-2

After simplification, Egs. (10-90) and (10-91) are presented in vector-matrix form:

1 i+3 T X] (i0) 1 1

10-93
e, SN+ 12 s gy *TDE2) s (4099)

The state-uansition equation for [ > /0is obtained by taking the inverse Laplace transform on both
sides ofEq. (10-93).

Figure 10-10 Slate diagram for Eq. (10-81).
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Consider that the input u(t) is a unit-step function applied att = fo- Then the following invei
Laplace transform relationships are identilied:

c =u,{t-tk) i>io (10-s

g (10-9

Because the initial time is defined to be tii, the Laplace tfansform expressions here do not have t
delay factor e~'°\ The inverse Laplace wansfomi of Eq. (10-93) is

~1(0 27-("'o) _ g-(r-to) _ g-2(i-/od Aio)

-e('0) + 2"2(0)  up(rg)

0.5u,[t- to) - f-"*-"' +

t>io

The reader should compare this result with that in Eq. (10-87), which is obtained for | > 0.

» EXAMPLE 10-5-3 In this example, we illustrate the utilization of the ; hod to a system wi
input discontinuity. An RL network is shown in Fig. 10-11, The history of ihe network is cor
pletely specified by the initial current ofthe inductance, i(0) atf = 0. Attime f = 0, the voltage eu,U) wi
(rie profile shown in Fig. 10-12 is applied to the network. The slate equation of the network fort >0

(109

Comparing the last equation with Eq. (10-44), the scalar coefficients of the state equation g
identified to be

(1091
The state-transition matrix is
0(0 = .-""A N (10-9'
The conventional approach of solving for /(0 for / > 0 is to express the input voltage as
e(f) = Ei,Us{l) + EinUsft - fi)

where Ms(0 is the unit-step function. The Laplace wansiorm of e(0 is

(10-10

Figure 10-11 RL network. Figure 10-12 Input v
Fig. 10-3.
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. 1 10- 102,
wsis + R/L) ¢ ( )
By substituting Eq. (10-102) into Eq. (10-76), the state-transition equation, the current for r > 0 is
obtained:

i() = <=0 K () +~ (1 (10-103)

Using the state-transition approach, we can divide ihe transition periodinto two parts: f = 0 to
t=1],and / = i] to f = oc. First, for the time interval 0 < i < fi,theinput is

e(t) = E,Usft) 0<f<i, (10-104)

(10-105)
Thus, the state-transition equation for the time interval 0 < r < I

i = = «©)

Substituling t = ti into Eq. (10-106). we get

(10-107)

Thevalueofi'(i)atf = ij is now used asthe initial state for the next transition period o ff] <Kcc>.
The amplitude ofthe input for the interval is 2£,,. The state-iransition equation for the second transition
pericxJ is

i{o) - (10-108)

where i{/,) is given by Eq. (10-107).

This example illustrates two possible ways of solving a state-transition problem. In the first
approach, the transition is treated as one continuous process, whereas in the second, the transition
period is divided into pans over which the input can be more easily presented. Although the first
approach requires only one operation, the second method yields relatively simple results to the
state-transition equation, and it often presents computational advantages. Notice that, in the
second method, the stale at i = f| is used as the initial state for the next transition period, which
begins at i].

RELATIONSHIP BETWEEN STATE EQUATIONS AND HIGH-ORDER
IENTIAL EQUATIONS

In the preceding sections, we defined the state equations and their solutions for linear time-
invariant systems. Although it is usually possible to write the state equations directly from
the schematic diagram of a system, in practice the system may have been described by a
high-order differential equation or transfer function. It becomes necessary to investigate
how state equations can be written directly from the high-order differential equation or the
transfer function. In Chapter 2 we illustrated how the state variables of an mh-order
differential equation in Eq. (2-97) are intuitively defined, as shown in Eq. (2-105). The
results are the n state equations in Eq. (2-106).
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EXAMPLE 10-6-1

The state equations are written in vector-mauix form:

~ = Ax(,) + B>W (10-109
0 1 0 0
0 0 1 0
[n X n) {10-110
0 0 0 1
a0 -0l .02 ..+ -On-]
(« X 1) {10-11

Notice that the last row of A contains the negative values of the coefficients of ih<
homogeneous part of the differential equation in ascending order, except for the coefficiem
of the highest-order term, which is unity. B is a column matrix with the last row equal tc
one, and the rest of the elements are all zeros. The state equations in Eq. (10-109) wikri A
and B given in Egs. (10-110) and (10-111) are known as the phase-variable canonical
form (PVCF), or the controllability canonical form (CCF).

The output equation of the system is written

y(f} = € x{r)="i(i) (10-112;

cC=[1 0 0 0] (10-113:
We have shown earlier that the state variables of agiven system are not unique. In general,
we seek the most convenient way ofassigning the state variables as long as the definition 0l
state variables is satisfied. In Section 10*9 we shall show that, by first writing the wansfei
function and then drawing the state diagram o fthe system by decomposition of rie transfei
function, the state variables and state equations of any system can be found very easily

Consider the differential equation

Rearranging the last equation so that the highest-order derivative term is set equal to the rest of th<
tenns, we have

dtr
The state variables are defined a
M1)=y{r)
dy
+*2(0 = (10-116
L L]}
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Then the state are repl by the 1 trix equation

Ax{r) + Bh(0 (10-117)

ax{t)
dl

where x(0 is the 2 X 1 state vector, u{t) is the scalar input, and

=0 1 Om 0"
A= 0 0 1 B= 0 (10-118)
2 -1 -5
The output equation ii
y(H=ri(0 = i Ox(D) (10-119)

RELATIONSHIP BETWEEN STATE EQUATIONS AND TRANSFER FUNCTIONS

We have presented the methods of modeling a linear time-invariant system by transfer
functions and dynamic equations. We now investigate the relationship between these two
representations.

Consideralinear lime-invariant system described by the following dynamic equations:

dx{t)

g = AXW® + Bull) + Ewi)) (10-120)
y(/)=Cx(0+Du{r)+Hw(r) (10-121)
where
x(/) = n X 1state vector
u(r) — py. linputvector
y{/) = qx loutputvector
w(r) = VX Ldisturbance vector

and A. B C. D E. and Hare coefficient matrices of appropriate dimensions.
Taking the Laplace transform on both sides of Eq. (10-120) and solving for X (i), we
have
X(s) = (il - A)* 'x(0) + {si- A)~'|BU(s) + EW (i)] (10-122)
The Laplace transform of Eq. (10-121) is
Y(s) - CX(i} + DU(s) + HW (i) (10-123)
Substituting Eq. (10-122) into Eq. (10-123), we have
Y{s) = C(.il- A)-'x(0) + C(sl- A)[BU(j) + EW (j)] + DU(s) + HW (i) (10-124)

Because ihe definition of a transfer function requires that the initial conditions be set to
zero. x(0) = 0; thus, Eq. (10-124) becomes

Y(s) = [c(sl- A)-"b + dlu(i)+ [C(sl- A)E + Hlw(s) (10-125)
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Let us define

G,(5) = C(il-A )"*B+D (10-121

G~.(5)-C(il-A)"'e + H (10-12/

where G, (i) isa 9 Xy?transfer-function matrix between u(/) and y(0 when w(0 = 0. an
G, (i) is aa X Vtransfer-function matrix between w(r) and y(0 when u(0 = 0.
Then, Eq. (10-125) becomes

Y (i) = G,()U (i) + G.v()W (i) (10-128
Consider that a multivariable system is described by the differer

P~ +4ir-3>,W =»,(0+2»(,) (10-129

WO WD Ly + 29200 =020 (0-130

The state variables of the system a : assigned

(0 -yiU)
o 90
w30 =>2(0

These state variables are defined by mere inspection of the two differenlial equations, because ni
particular reasons for the definitions are given other than that lhese are the most convenient. Nov
equating Che first term of each of the equations of Egs. (10-129) and (10-130) to the rest of the lerm
and using the state-variable relations of Eq. (10-131), we arrive at the following state equations ari(
output equations in vector-matrix form:

dr

=0 1 0 = wiii(f) ‘0 0 0"
dxjjt) 0-4 3 wgo + 10 e, wif)
dt «2(0.
it -1 -2 g o 1 0
dt
oo
0 o0 1 =Cx(r)

To determine the transfer-function mauix of the system using the state-variable formulation, W
substitute the A. B, C. D. and E matrices into Eq. (10-125), First, we form the maoix (il - A):

1 0
(51-A)= 0 s+4 -3
11 j+2

The determinant of (jl - A) is

Isl-A| +6in+ 1]+ 3
Thus,
jM+ 6j +11 ji+2 3
-3 sis +2) is
-(1+4) -(jv1)i(j+4
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The iransfer-function matrix between Uii) and y(0 is

5+ 2 3
S(i+1) s(s+4

and that between w(r) and y(i) is

2(i+ 2)

20+ (10-138)

Using the conventional approach, we take the Laplace transform on both sides of Egs. (10-129)
and (10-130) and assume zero iniiial conditions. The resulting transformed equations are wrinen in
vector-matrix form as

s(i+4) -3 m 2!
3+l s+2 /2. U2{s} * oo W(s) (10-139)
Solving for Y (j) from Eq. (10-139), we obtain
Y(5) = G.(i)U(5) + G,.(5)W (i) (10-140)
where
s(s+4) -3
s+l s+2
s+ -3 Tt L0142
GUS)= sul 542 0 (10-142)

which will give the same results as in Eqgs, (10-137) and (10-138), respectively, when the mauix
inverses are carried out. n

CHARACTERISTIC EQUATIONS, EIGENVALUES, AND EIGENVECTORS
Characteristic equations play an important role in the study of linear systems. They can be
defined with respect to differential equations, transfer functions, or state equations.
Characteristic Equation from a Diflerential Equation

Consider that a linear time-invariant system is described by the differential equation

dryio a*-ry{n »ody{n)
(10-143)
A(Ita(<) N <lT(l) ~dft)
g dr ~d( A e met i, A +i>0»(0
where n > m. By defining the operator s as
Az k=1i.2 ... (10-144)
d: ¢

Eq. (10-143) is written

{s~r+an-is" 7 h--mmeel h Q5+ to)v(/) =

—b[s + bi)u(t)
(10-145)
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The characteristic equation of the system is defined as

+ -eem-]-ai5 + @0 = 0 (10-14E

which is obtained by setting the homogeneous part of Eq. (10-145) to zero.

EXAMPLE 10-8-1 Consider the differential equation in EQ. (10-114). The characteristic equation is obtained b
inspection,

?+ 5sM+s+ 2=0 (10-147

10-8-2 Characteristic Equation from a Transfer Function

The transfer function of the system described by Eq. (10-143) is

CM = + (15,48
s" + ' H- haii + ao

The characteristic equation is obtained by equating the denominator polynomial of th(
transfer function to zero.

EXAMPLE 10-8-2 The transfer function of the system described by the differential equation in Eq. (10-114) is

The same characteristic equation as in Eq. (10-147) is obtained by setting the denominaloi
polynomial of Eq. (10-149) to zero.

10-8-3 Characteristic Equation from State Equations

From the state-variable approach, we can write Eq. (10-126) as

(10-150;
Cladj(il - A)[B + [Tl - AID

|sl - Al
Setting the denominator of the transfer-function matrix G,(i) to zero, we get the
characteristic equation

BI-A I-0 (10-151;

which is an alternative form of the characteristic equation but should lead to the same
equation as in Eq. (10-146)./in importantproperty ofthe characteristic equation is that, ij
the coefficients of A are real, then the coefficients of |al - A| are also real.

EXAMPLE 10-8-3 The matrix Aforthe Slate equations of thedifferential equation in Eq. (10-114) is given in Eq.(IQ-
128). The characteristic equation of A is

s -\ 0
l.d-AJ= 0 3 1= st 4552+ vk 2 = 0(10-152;
2 i+s
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EXAMPLE 10-8*4

1085 Eigenvectors

EXAMPLE 10-8-5

10-8 Characteristic Equations, Eigenvalues, and Eigenvectors 697

The roots of the characteristic equation are often refewed to as the eigenvalues of the
matrix A.
Some of (rie important properties o f eigenvalues are given as follows.

1. If the coefficients of A are all real, then its eigenvalues are either real or in
complex-conjugate pairs.

2. IfAL A2 ..., are the eigenvalues of A, then

tr{A) = (10-153)
i=i
That is, the trace of A is the sum of all the eigenvalues of A.
3. Ifki, i= 1,2, .... rt, is an eigenvalue of A, then it is an eigenvalue of A".
4. 1f A is nonsingular, with eigenvalues Xj, /= 1,2 ,...,«, then YA, 1= 1,2, ...,
n, are the eigenvalues of A* ",
The eigenvalues or the roots of the characteristic equation of the matrix A in Eq. (10-118) are

obtained by solving for the roots of Eq. (10-152). The results are

1=-0,06047 + j0.63738 | =-0.06047 - y0.63738 | =-4.87906 (10-154)

Eigenvectors are useful in modem control methods, one of which is the similarity
transformation, which will be discussed in a later section.
Any nonzero vector p, that satisfies the matrix equation

(X ,1-A)p,-0 (10-155)

where i =l 2.......n, denotes the \th eigenvalue of A, called the eigenvector of A
associated with the eigenvalue ki. If A has distinct eigenvalues, the eigenvectors can be
solved directly from Eq. (10-155).

Consider that the state equation of Eq. (10-44) has the coefficient matrices

1 -1
0 -1

A=

The characteristic equation of A is

|sl- A= -1
The eigenvalues are X| = 1and A2 = -1. Let the eigenvectors be written as
P2 =
Substituting A| = 1and p, into Eq. (10-155). we get

0 r py o’
0 2 0
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Thus, P2\ = 0, and /11 is arbitrary, which in this case can be set equal to 1
Similarly, for A2 = -1. Eq. (10-155) becomes

-2 1 PR 0
0 0 gz 0
which leads to
-2/5|2 +/722 = 0 (10-16:

The last equation has two unknowns, which means that one can be set arbitrarily. Let Pi2 = 1, the

P22 = 2. The eigenvectors are

10-8-6 Generalized Eigenvectors

It should be pointed out thatif A has multiple-order eigenvalues and is nonsymmetric, nc
all the eigenvectors can be found using Eq. (10-155). Let us assume that there are q(<n
distinct eigenvalues among the n eigenvalues of A. The eigenvectors that couvespond to th
g distinct eigenvalues can be determined in the usual manner from

(X,1-A)Pi=0 (10-163

.,q. Among the remaining high
q). Thecorresponding eigenvector

where X, denotes the ith distinct eigenvalue, i = 1,2,
order eigenvalues, letkjbe of the mth order (m < « -
are called the generalized eigenvectors and can be determined from the following n

vector equations:

(Xyl- A)p,_,y+3 = -p,_a+2 (10-164

EXAMPLE 10-8-6 Given the matrix

(Xyl - -pn_uw
0 6-5
10 2
3 2 4

The eigenvalues of A are A| = 2, A2 = kT = 1, Thus. A is a second-order eigenvalue ai 1 Th
eigenvector that is associated with A| = 2 is determined using Eq. (10-163). Thus.

‘2 -6 5 m
(All-A)p, = -1 2 -2
-3 -2 -2
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Because there are only two independent equations inEq. (10-166). we arbitrarily set/Jii = 2, and we
have P2] = -1 andPi] = -2. Thus,
=2 .
pi = (10-167)

For the generalized eigenvectors that are associated with the second-order eigenvalues, we substitute
A2 = 1into the first equation of Eq. (10-164). We have
1 -6 5' pn
(A21 - AP2= -1 1 -2 P22 (10-168)
-3 -2 -3 p32

Setting ;?]2 = 1 arbiwarily, we have P22 = and Pi2 —-f- Thus,

-

~ W

(10-169)

Substituting A3 = 1into the second equation of Eq. (10-164), we have
=l -6 -5 p_3
(A31-A)Pi= -1 1 -2 P -P2 =

-3 -2 -3 pm

~ o~ w

Setting Pii arbivarily to 1, we have Che generalized eigenvector

TRANSFORMATION

The dynamic equations of a single-input, single-output (SISO) system are
dx (i) _
ws Ax(/)+B«(0 (10-172)

(10-173)

where x(t) is the « X 1 state vector, and u(t) and \'(/) are the scalar input and output,
respectively. When canying out analysis and design in the state domain, it is often
advantageous to transform these equations into particular forms. For example, as we will
show later, the controllability canonical form (CCF) has many interesting properties that
make it convenient for controllability tests and state-feedback design.

Let us consider that the dynamic equations of Egs. (10-172) and (10-173) are trans-
formed into another set of equations of the same dimension by the following transformation:

x(l) = Px{r) (10-174)
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where p is an /J X n nonsingular mauix, so
x(1) = P*'x(() (10-1
The transformed dynamic equations are written
~ = Ax(r) + Ba(l) (10-n
at
§{t) = Cxit) + Du(t) {10-17
Taking the derivative on both sides of Eq. (10-175) with respect to t, we have
" =p-'" =P - AX()+ p-'Bu(f)
dt dt () (10-17
= p-'APx(i) + p-'Bu(i)

Comparing Eq. (10-178) with Eq. (10-176), we get

A =P“'aP (10-17

B=p-B (10-18

Using Eq. (10-174), Eq. (10-177) is written

§(r)-CPx(r+D «{l) (10-18

Comparing Eqg. (10-181) with Eq. (10-173), we see that

C=CP D=0D (10-18

The transformation just described is called a similarity transformation, because in tl
transformed system such properties as the characteristic equation, eigenvectors, eige
values, and transfer function are all preserved by the transformation. We shall describe tl
controllability canonical form (CCF), the observability canonical form (OCF), and tl
diagonal canonical form (DCF) transformations in the following sections. The wansic
mation equations are given without proofs.

109<1 Invariance Properties of the Similarity Transformations

One of the important properties of the similarity transformations is that the characterisi
, eig , eig ors, and transfer functions are invariant under t
transformations.

Characteristic Equations, Eigenvalues, and Eigenvectors
The characteristic equation of the system described by Eq. (10-176) is |il - Al =0 and
written

[s1-A| = lil-P-'"AP| = [SPAP-P-'AP| (10-18
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Because the determinant of a product matrix is equal to the product of the determinants of
the matrices, the last equation becomes

I51-A| = [P->[|51-A[|P| = [51-A] (10-184)

Thus, the characteristic equadon is preserved, which naturally leads to the same eigen-
values and eigenvectors.

Transfer-Function M atrix

From Egq. (10-126). &ie wansfer-function matrix of the system of Eqgs. (10-176) and
(10-177) is

G(j) = c(sl- A)B + D

= CP(SI-P-'"AP)P-'B + D (10-185)

which is simplified to

G(i)=C@Gl-A)B -D = G(5) (10-186)

Controllability Canonical Form (CCF)

Consider the dynamic equations given in Egs. (10-172) and (10-173). The characteristic
equation of A is

lil - Al = 5"+ H-——hai5 + a0 = 0 (10-187)

The dynamic equations in Egs. (10-172) and (10-173) are transformed into CCF ofthe form
of Egs. (10-176) and (10-177) by the transformation of Eq. (10-174). with

P=SM (10-188)
S=[b AB A-B A"-'b] (10-189)

fli a< 1

a2  ax 1 0

on-\ 1 0 0
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Then,

A = P-*AP = (10-191

-0 -a\ -02 « e« -an-\.

(10-192

The matrices ¢ and D are given by Eq. (10-182) and do not follow any particular pattern. Thi
CCF transformation requires that P "' exists, which implies that the matrix s must have ai
inverse, because the inverse of M always exists because its determinantis (—1 . whichi
nonzero. The n X n matrix s in Eq. (10-189) is later defined as the controllability matrix

EXAMPLE 10-9-1 Consider the coefficient matrices of the state equations in Eq. (10-172):

121 r
A= 0 13 B= 0
1] 1 1

The state equations are to be transformed to GCF-
The characteristic equation of A is

r-i -2 -1
0 j-1 -3 = -1-3 =0 (10-194
-1 -1 J-1
Thus, the ici ofthe ic equation are ifi = -3,0] —-l.ando2—-3
From Eg. (10-190),
a\ 02 1 1 -3 r
M= ai 1 0 -3 10 (10-195
1 0 0 1 0o o
The controllability matrix is
| 210
s=[b ab a-b]= 0 39
27

We can show that S is nonsingular, so the system can be transformed into the CCF. Substituiing S an<
M into Eq. (10-188), we get

3 -1
0o 3 0
0 -1 1

Thus, from Egs. (10-191) and (10-192), the CCF model is given by
‘0 0’ ‘0"

3 13 1
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which could have b ed once the coefficients of the characteristic equation are known:
however, (je exercise is to show how the CCF uansformation mauix ] is obtained.

1Q9-3 Observability Canonical Form (OCF)
A dual form oftransformation of the CCF is the observability canonical form (OCF). The
system described by Egs. (10-172) and (10-173) is transformed to the OCF by the
transformation
x(0 = Qx(0 {10-199)

The transfomed equations are as given in Eqgs. (10-176) and (10-177). Thus,

A=Q-AQ B=Q-B C=CQ D=D (10-200)

where

0 i

A=Q-‘AQ= 0 1 = 0 .02 (10-201)
(U = 1 _fin-1.

0 n (10-202)
The elements ofthe matrices” and D are not restricted to any form. Notice that A and C are
the transpose of lhe A and B in Egs. (10-191) and (10-192), respectively.
The OCF transformation matrix Q is given by
Q=(MV)- (10-203)
where M is as given in Eg. (10-190), and
Cc
CA

Ca2 (n Xn) (10-204)

The matrix V is often defined as the observability matrix, and V ' must exist in order for
the OCF transformation to be possible.

EXAMPLE 10-9-2 Consider that the coefficient matrices of the system described by Egs. (10-172) and (10*138) are

12 1 r
0 13 B= 0 C=1 10) D=0 (10-205)
111 1
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Because the matrix A is identical to that ofthe system in Example 10-9-1, the mauix M is rie same
that in Eq. (10-195). The observability mattix is

c 11 0
v= CA 13 4 (10-20
5 9 14

We can show thai V is nonsingular, so the system can be wansformed into the OCR Substituting V ai
M into Eq. (10-203), we have the OCF transformation mauix,

03333 -0.1667 0.3333
Q= (MV)- -0,3333  0.1667  0,6667 (1020
0.1667  0.1667  0.1667

From Eqg. (10-191), the OCF model of the system is described by
' Bl

A=Q-AQ = C=CQ=[0 0 1] B=Q"B= 2 (10201
1

o -o
s oo
Wb w

Thus, A andC are of the OCF fonn given in Egs. (10-201) and (10-202), respectively, and B doesm
conform to any particular form.

10-9-4 Diagonal Canonical Form (DCF)
Given the dynamic equations in Egs. (10-172) and (10-173), if A has distinct eigenvalue
there is a nonsingular transformation

x{t) = Tx{t) (10-200

which transforms these equations to the dynamic equations of Egs. (10-176) and (10-177

where

a=t 'at b=t 'i C=CT D=D (10-2K

wi 0 0 “ Oom
0 O w 0
A= 0 0 a3 = 0 (« X n) (10-21;
0 0 o “ K
where k], A2, ..., are the n distinct eigenvalues of A. The coefficient mawices B.(

and D are given in Eq. (10-210) and do not follow any particular form.
It is apparent that one of ihe advantages of the DCF is that the transformed sta
equations are decoupled from each other and. therefore, can be solved individually.
We show in the following that the DCF transformation matrix T can be formed by u:
of the eigenvectors of A as its columns; that is.

T = [P| P3 (10-21:
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wherepi, 1,2, *m. denotes the eig or with the eig lue X,. This is
proved by use of Eq. (10-155), which is written as

=Ap, /=1,2,...,n (10-213)
Now, forming the n X « matrix,
[Xip, X2P2 wm >nP,]= [Api AP2 Ap,,:
= Alp, P2 m=m (10-214)
The last equation is written
[Pl P2 PjA = Alp, P2 = (10-215)

where A is as given in Eq. (10-211). Thus, if we let

t=Yi p2 ) p, (10-216)

Eq. (10-215) is written

A= TAAT (10-217)

If the matrix A is of the CCF and A has distinct eigenvalues, then the DCF
transformation matrix is the Vandermonde matrix.

1
4
(10-218)
kir®
whereA|,A.2, ..., aretheeigenvalues ofA. This can be proven by substituting the CCF

ofA in Eq. (10-110) into Eq. (10-155). The result is that the iti eigenvector p, is equal to the
ith column of T in Eq. (10-218).

Consider the mauix

which has eigenvalues X] = -1, A2= -2. andA3= —3. Because A is CCF, to wansform it into DCF.
the transformation matrix can be the Vandermonde matrix in Eq. (10-218). Thus.

11 101 i
Kl A2 kT -1 -2 -3
k] ki ki 1 4 9

Thus, the DCF of A is written
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10-9-5 Jordan Canonical Form (JCF)

» EXAVPLE 10-9-4

In general, when the matrix A has multiple-order eigenvalues, unless the matrix

symmetric witri real elements, it cannot be transformed into a diagonal matrix. Howevj
there exists asimilarity transformation in the form ofEq. (10-217) such that the matrix A
almost diagonal. The matrix A is called the Jordan canonical form (JCF). A typical JC
is shown below.

M 1 0 0 Om
0 h 0o o

A= 0 0 0o o (10-22:
0 0 0 A O
0 0 0 0 g

where it is assumed that A has a third-order eigenvalue k | and distinct eigenvalues A2 an
A3
The JCF generally has the following properties:

1. The elements on the main diagonal are the eigenvalues.

2. All the elements below the main diagonal are zero.

3. Some of the elements immediately above the multiple-order eigenvalues on th
main diagonal are Is, as shown in Eq. (10-222).

4. The Is together with the eigenvalues form typical blocks called the Jorda
blocks. As shown in Eq. (10-222), the Jordan blocks are enclosed by dashed line!

5. When the nonsymmetrical matrix A has multiple-order eigenvalues, its eiger
vectors are not linearly independent. For an A thatis « X «, there are only r (wher
ris an integer thatis less than n and is dependent on the number o f multiple-orde
eigenvalues) linearly independent eigenvectors.

6. The numberofJordan blocks is equal to the numberofindependenteigenvectors |
There is one and only one linearly independent eigenvector associated with eac
Jordan block.

7. The number of Is above the main diagonal is equal ton ~ r.

Toperform the JCF transformation, the transformation matrix T isagainformed by usin.
the eigenvectors and generalized eigenvectors as its columns.

Considerthe matrix given in Eq.(10-165). We have shown that the matrix has eigenvalues 2, l.and!
Thus, the DCF transformation mauix can be formed by using the eigenvector and generalize
eigenvector given in Egs. (10-167), (10-169), and (10-171), respectively. That is.

u2 1 1w
1 3 22
P2 P31= * 7 49 (10-223
2 5 46
~ 7 49.
Thus, lhe DCF is
2 0 0
=t 'at= 0 1 |
0 0 1

Note that in this case there are two Jordan blocks, and there is one element of 1 above Gie mai
diagonal.
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» 10-10 DECOMPOSITIONS OF TRANSFER FUNCTIONS

Up to this point, various methods of characterizing linear systems have been presented. To
summarize, it has been shown that the starting pointof modeling alinear system may be the
system's differential equation, transfer function, or dynamic equations; all these methods
are closely related. Furthermore, the state diagram is also a useful tool that can not only
lead to the solutions of state equations but also serve as a vehicle of transformation from
one form of description to the others. The block diagram of Fig. 10-13 shows the
relationships among the various ways of describing a linear system. For example, the
block diagram shows that, starting with the differential equation of a system, one can find
the solution by the transfer-function or state-equation method. The block diagram also
shows that the majority ofthe relationships are bilateral, so a great deal of flexibility exists
between the methods.

One subject remains to be discussed, which involves the construction of the state
diagram from the transfer function between the input and the output. The process of going
from the transfer function to the state diagram is called decomposition. In general, there are
three basic ways to decompose transfer functions. These are direct decomposition, cascade
decomposition, and parallel decomposition. Each o f these three schemes of decomposition
has its own merits and is best suited for a particular purpose.

10-10-1 Direct Decomposition

Direct decomposition is applied to an input-output transfer function that is not in factored
form. Consider the transfer function of an mh-order SISO system between the input U{s)

Figure 10-13 Block diagram showing the relationships among various methods of describing linear
systems-
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and output K(i):

Y{s) A+ bt-2s"-" + mmm+ b | S bo (10-225)
U{s) +--- + 0I5+ U0

where we have assumed that the order of the denominator is at least one degree higher than
that of the numerator.

We next show that the direct decomposition can be conducted in at least two
ways, one leading to a state diagram that corresponds to the CCF and the other to the
OCF.

Direct Decomposition to CCF
The objective is to construct a state diagram from the transfer function of Eq. (10-225). The
following steps are outlined;

1. Express the transfer function in negative powers of s. This is done by multiplying
the numerator and the denominator of the transfer function by

2. Multiply the numerator and the denominator of the transfer function by a dummy
variable X (j). By implementing the last two steps, Eq. (10-225) becomes

y(0) ——— +bos-" xjs) no 2261
ugsy h + ao-y"™

3. The numerators and the denominators on both sides of Eq. (10-226) are equated to
each other, respectively. The results are:

+h,,-25-" + mm+ Gi5-"+' +&0i"")A'(i) (10-227)

Us) = (1 + 0,5""+" +a05“")A'(i) (10-228)

4. To construct a state diagram using the two equations in Egs. (10-227) and
(10-228). they must first be in the proper cause-and-effect relation. It is apparenl
that Eq. (10-227) already satisfies this prerequisite. However. Eq. (10-228) has the
input on the left-hand side ofthe equation and must be rearranged. Eq. (10-228) is
reavanged as

X(s) = o (j)- +01)-"+" +afsA")X(s)  (10-229)

The staie diagram is drawn as shown in Fig. 10-14 using Egs. (10-227) and (10-228).
For simplicity, the initial states are not drawn on the diagram. The state variables .ViiO.
A2(0..... .A",(0 are defined as the outputs of the integrators and are awanged in order from
the right to the left on the state diagram. The state equations are obtained by applying the
SFG gain formula to Fig. 10'14 with ihe derivatives of the state variables as the outputs and
the state variables and iHi) as the inputs, and overlooking the integrator branches. TTie
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Figure 10-14 CCF state diagram of the transfer function in Eq. (10-225) by direct decomposition.

output equation is determined by applying the gain formula among the state variables, the
input, and the output v(0. The dynamic equations are written

d\d‘:) = Ax(i) + B«(0 (10-230)
)-(/) = Cx(/) + Dut) (10-231)
=0 1 0 0 - Nel
0 | 0 0
A - B - (10-232)
0 0 0 o' ] 0
a0 -a\  -aj -on-]. 1.
c = [bo bi - il D -0 (10-233)

Apparently, A and B in Eq. (10-232) are of the CCF.

Direct Decomposition to OCF

Multiplying the numerator and the denominator of Eq. (10-225) by s~". the equation is
expanded as

--\-a\s "mA+«05
(10-234)
= +h,,_25~"+ + +bos-")Uis}

Y(si= (& ,_ii '+ ++e+ ai5 ()i ")K(5)
(10-235)

4+ b,A25~A + -t h0S'NiUS)

Fig. 10-15 shows the Slate diagram that results from using Eq, (10-235). The outputs of the
integrators are designated as the state variables. However, unlike the usual convention, the
state variables are assigned in descending order from right to left. Applying the SFG gain
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EXAMPLE 10-10-1

Figure 10-15 CCF state diagram of the transfer function in Eq. (10-225) by direct decomposition.

formula to the state diagram, the dynamic equations are written as in Egs. (10-230) and
(10-231), with

‘0 0 - 0 -ao bo
10 - 0 -Oi hi
0 1 me 0 -02 B= h (10-236)

0O 0O ®m- 1 -an-i

c-[0 0 mmO0 I D-0 (10-237)

The matrices A and ¢ are in OCR

It should be pointed out that, given the dynamic equations of a system, the input-
output transfer function is unique. However, given the transfer function, the state model is
not unique, as shown by the CCF, OCF, and DCF, and many other possibilities. In fact, even
for any one of these canonical forms (for example, CCF), while matrices A and B are
defined, the elemenls of C and D could still be different depending on how the state
diagram is drawn, that is. how the transfer function is decomposed. In other words,
referring to Fig. 10-14, whereas the feedback branches are fixed, the feedforward branches
that contain the coefficients of ihe numerator of the transfer function can still be
manipulated to change the contents of C.

Consider the following inpul-output transfer function:

yfs) 2s"+s +5
o(s) +lls + 4 (10-238)

The CCF state diagram of the system is shown in Fig. 10-16. which is drawn from Oie following
equations:

Y(s) = (25-" +1-~ + 5j--")&(5) (10-239)

X{s) = U(s) - (6i-' + 1\s~- +4i-")X(j) (10-240)
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Figure 10-16 CCF state diagram of the transfer function in Eq. (10-238).

The dynamic equations of the system in CCF are

dt =0 1 Oom
dx2{t) o o 1 o)
300 S VDS
dt
O =[5 1 2Ix(0

For the OCR Eq. (10-238) is expanded to

f(s) = (2j-' +i-A + 55-A)C/(s)-(65- + lls-"+45-")i'(s)

C 711
0
+ 0 ()
1
(10-242)
(10-243)

which leads to ihe OCF state diagram shown in Fig. 10-17. The OCF dynamic equations are written

dt 0 0 -4 m
ax2{t) 10 -11 Xlit)
dr
dxi(t) 01 -6 (0.
di

v = [0 0 Ix(0

5
+ 1 «f)

2

Figure 10-17 OCF state diagram of ihe transfer function in Eq. (10-238).
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Figure 10-18 State diagram of the transfer function in Eq. (10-246) by cascade decomposilion.

10-10-2 Cascade Decomposition

Cascade compensation refers to transfer functions that are written as products of simpl
first-order or second-order components. Consider the following transfer function, which i
the product of two first-order transfer functions.

(10-24(
U(s) [s+al[s +az2j

where 0. (2, b], and 62 are real constants. Each of the first-order transfer functions i
decomposed by the direct decomposition, and the two state diagrams are connected i
cascade, as shown in Fig. 10-18. The state equations are obtained by regarding Ih
derivatives of the state variables as outputs and the state variables and u(i) as inputs ani
then applying the SFG gain formula to ihe state diagram in Fig. 10-18. The integrate
branches are neglected when applying the gain formula. The results are

&, (<)m

dat — bj — 'xxit) 'K

dx2{1) 0o -02 * ne ozt
Lodi \

The output equation is obtained by regarding the state variables and u(t) as inputs and j(/
as the output and applying the gain fonnula to Fig. 10-18. Thus,

y{t) = [b)-aT b2 - a2]\it) + Ku{l) (10-248
When the overall transfer function has complex poles or zeros, the individual factor
related to these poles or zeros should be in second-order form. As an example, consider thi
following transfer function:
Y[s} _ fs +5\f 5+1.5 \

(10-249
u{s) \s +2J [s" + 3s+ 4]

where the poles of the second term are complex. The state diagram of the system with thi
two subsystems connected in cascade is shown in Fig. 10-19. The dynamic equations of thi
system are

tdxiity
dt w0 1 om 0"

dx:“) -4 -3 3 20+ 1 om(i) (10-250
‘ 0 0 -2 30, 1

I dt

v() = [1.5 1 0]x(0 (10-251
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Figure 10-19 State diagram of the transfer function in Eq. (10-249) by cascade decomposition.

10-10-3 Parallel Decomposition

When the denominator of the transfer function is in factored form, the wansier function
may be expanded by partial-fraction expansion. The resulting state diagram will consist of
simple first- or second-order systems connected in parallel, which leads to the state
equations in DCF or JCF, the latter in the case of multiple-order eigenvalues.

Consider that a second-order system is represented by the transfer function

)
> Qv (10-252)
u(s) (i+ a,)(i+ a2)
where Q(s) is a polynomial of order less than 2, and Ul and &2 are real and distinct.
Although, analytically, Oi and fl2 may be complex, in practice, complex numbers are
difficult to implement on a computer. Eq. (10-253) is expansion by partial fractions:

¥ - Ki (10-253)
u(s)' S+0
where K] and K2 are real constants.
The state diagram of the system is drawn by the parallel combination of the state
diagrams of each of the first-order terms in Eq, (10-253), as shown in Fig. 10-20. The
dynamic equations of the system are

dxl (0
i -] 0 Xi{t
d\l R «(n
dx2lt) 0 -02 20
dr
v = ur, KM (10-255)

Thus, the State equations are of the DCF.

10-20 State diagram of the transfer function of Eq. (10-252) by parallel decomposition.
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» EXAVPLE 10102

The conclusion is that, for transfer functions with distinct poles, parallel decomposi
tion will lead to the DCF for the state equations. For transfer functions with multiple-orde:
eigenvalues, parallel decomposition to a state diagram with a minimum number o
integrators will lead to the JCF state equations. The following example will clarify thil
point.

Consider the following wansfer function and its partial-fraction expansion:

y(i) _ 22+6i+5 _  I_ 1 1
Uis) ~ (5+ I}*

i+2) " (j+ 1 42

Note thatthe wansierfunction is of the third order, and, although thetotal order of theterms CDthe
right-hand sideof Eq. (10-256)is four, only three integratorsshould be used inthe state diagram,
which is drawn as shown in Fig. 10-21. The minimum number of three integrators is used, witfi one
integrator being shared by two channels. The state equations of the system are written directly from
Fig. 10-21,

dxiit)
dt m-11 0 = (O ‘0

“Xd'") 0-10 " + 1 it {10-257)
t

dxiit) 0 0-2 3(0. 1

which is recognized to be the JCF.

Figure 10-21  State
diagram of the transfer
function of Eqg. (10-
256) by parallel
decomposition.

10-11 CONTROLLABILITY OF CONTROL SYSTEMS

The concepts of controllability and observability, introduced first by Kalman [3], play an
important role in both theoretical and practical aspects of modem control. The conditions
on controllability and observability essentially govern the existence of a solution to an
optimal control problem. This seems to be the basic difference between optimal control
theory and classical control theory. In the classical control theory, the design techniques
are dominated by (rial-and-error methods so that given a set of design specifications the
designer at ihe outset does not know if any solution exists, oplimal control theory, on the
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Figure 10-22 (a) Control system with state feedback, (b) Control system with observer and stale
feedback.

other hand, has criteria for determining at the outset if the design solution exists for the
system parameters and design objectives.

We shall show that the condition of controllability of a system is closely related to the
existence of solutions of state feedback for assigning the values of the eigenvalues of the
system arbitrarily. The concept of observability relates to the condition of observing or
estimating the state variables from the output variables, which are generally measurable.

The block diagram shown in Fig. 10-22 illustrates the motivation behind investigating
controllability and observability. Figure 10-22ia) shows a system with the process dynamics
described by

rix(® AX(r) + Bu(0 (10-258)

The closed-loop system is formed by feeding back (he state variables through a constant
feedback gain matrix K. Thus, from Fig. 10-22.

u() = -Kx (/) + r(i) (10-259)

where K isap y nfeedback matrix with constant elements. The closed-loop system is thus
described by

dxU)

g (A BIOX() + Br(0 (10-260)
This problem is also known as the pole-placement design through state feedback. The
design objective in this case is to find the feedback matrix K such that the eigenvalues of
(A - BK). or of the closed-loop system, are of certain prescribed values. The word pole
refers here to the poles of the ciosed-loop transfer function, which are the same as the
eigenvalues of (A — BK).

We shall show later that the existence of the solution to the pole-placemeni design with
arbitrarily assigned pole values through state feedback is directly based on the controlla-
bility of the states of the system. The result is that if the sy.siem of Eq. (10-225) is
conirollahle. then there exists a cunslanl fec'dhack mairix K lhal allows The eigenvalues
of{X - BK) 10 be arhiirarily assigned.

Once the closed-loop system is designed, the practical problems of implementing the
feeding back of the state variables must be considered. There are two problems wilh
implementing state feedback control: First, the numberof state variables may be excessive,
which will make the cost of sensing each of ihese stale variables for feedback prohibitive.
Second, not all the state variables are physically accessible, and so it may be necessary to
design and construct an observer that will estimate ihe slate vector from the output vector
y{/). Fig. 10-22(b) shows the block diagram of a closed-loop system with an observer. The
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Conuolu(f) +—1 Stalex()

A Figure 10-23 Linear time-invariant system.

observed state vectorT(i) is used to generate the control u(i) through rie feedback matri
K. The condition that such an observer can be designed for the system is called th
observability of the system.

10-11-1 General Concept of Controllability

The conceptofconuollability can be stated with reference to the block diagram of Fig. 10
22(a). The process is said to be completely controllable if every state variable of thi
process can be controlled to reach a certain objective infinite time by some unconsirainei
controlu(i), as shown in Fig. 10-23. Intuitively, it is simple to understand that, if any one 0
the state variables is independent of the control u(0, there would be no way of driving thi;
particular state variable to a desired state in finite time by means of a control effort
Therefore, this particular state is said to be uncontrollable, and, as long as there is at leas
one uncontrollable state, the system is said to be not completely controllable or. simply
uncontrollable.

As a simple example of an uncontrollable system, Fig. 10-24 illustrates the statt
diagram of a linear system with two state variables. Because the control U (0 affects onlj
the state X)(0. the state Xjit) is uncontrollable. In other words, it would be im|x>ssible t<
drive X2(t) from an initial state X2(io) to a desired state X2itf) in finite time interval I f- lob)
the control U(/). Therefore, the entlre system is said to be uncontrollable.

The conceptof controllability given here refers to the states and is sometimes referrec
to asstate controllability. Controllability can also be defined for the outputs o fthe system
so there is a difference between state controllability and output controllability.

10-11-2 Definition of State Controllability
Consider that a linear time-invariant system is described by the following dynamk
equations;
n = A + Bu(/] 10-261:
at x(0 u(’) (

y(r)-C x (i) + Du() (10-262;

where x(i) is the 0o X 1stale vector, u(/) is ther X I input vector, and y(/) is the/? X 1outpul
vector. A, B. C.and D are coefficients of appropriate dimensions.

The stale x{t) issaid to be controllable ai | = Igifthereexists apiecewise continuous
inpul u(o that will drive the state to anyfinal stale x(tf) for afinite time {If- to) > 0. /j

Figure 10-24 Stale diagram of the syslem thal is nol state controllable.
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every state \{to) of the system is controllable in afinile time interval, the system is said to
be completely state controllable or, simply, coniroilahle.

The following Gieorem shows that the condition of controliabiliiy depends on the
coefficient matrices A and B of the system. The theorem also gives one method of testing
for stale controllability.

Theorem 10-1. For the system described by the state equation ofEq. 10-261) to be
completely state controllable, it is necessary and sufficient that the following n X nr
controllability matrix has a rank ofn:

S=[b AB A’B mm A"-'b] (10-263)

Because the matrices A and B are involved, sometimes we say that the pair (A, B] is
controllable, which implies that s is of rank n.

The proof of this theorem is given in any standard textbook on optimal control
systems. The idea is to start with the state-transition equation of Eq. (10-79) and then
proceed to show that Eq. (10-263) must be satisfied in order Ihat all the states are accessible
by the input.

Although the criterion of state controllability given in Theorem 10-1 is quite
straightforward, manually, it is not very easy to test for high-order systems and/or systems
with many inputs. If s is nonsquare, we can form the matrix SS', which is o X n\ then, if SS*
is nonsingular, S has rank n.

10-11-3 Alternate Tests on Controllability

There are several alternate methods of testing controllability, and some of these may be
more convenient to apply than the condition in Eq. (10-263).

Theorem 10-2. For asingle-input, singk-outpuf iSISO) system described b\ the state
equation ofEq. (10-261) with r = I, the pair [A. B] is completely controllable ifA (Ifid B
are in CCF or transformable into CCF by a similarily transformation.

The proof of this theorem is straightforward, since it was established in Section 10-9
that the CCF transformation requires that the controllability matrix s be nonsingular.
Because the CCF transfonnation in Seclion 10-9 was defined only for SISO systems, the
theorem applies only to this type of system.

Theorem 10-3. Forasystem described hv the Slale equation ofEq. (10-261), ifA isin
DCF or JCF. thepair [A. B] is completely controllable ifall the elements in the rows o/B
that correspond to the last row ofeach Jordan block are iionzero.

The proofof this theorem comes directly from the definition of controllability. Lei us
assume that A is diagonal and that it has distinct eigenvalues. Then, the pair |A, B] is
controllable if B does not have any row with all zeros. The reason is that, if A is diagonal,
all ihe states are decoupled from each other, and. if any row of B contains all zero elements,
the cowesponding state would not be accessed from any of the inputs, and that state would
be unconlrollable.

For a system in JCF. such as the A and B matrices illusirated in Eg. (10-264). for
conlrollabilily only the elements in the row of B that correspond to the lasl row of the
Jordan block cannot all be zeros. The elements in ihe other rows of B need not all be
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nonzero, since the cowesponding states are still coupled through the 1sin the Jordan bloc!
of A.

b\2
bi2

i}

Thus, the condition of controllability for the A and B in Eq. (10-264) is »3i 0. bi2 ¥ (
84i 70, and 842 Y 0O’

ez &

» EXAMPLE 10-11-1 The following matrices are for a system with two identical eigenvalues, but the mauwix A is diagona

A,

0
0 K (10-265

The system is uncontrollable, since the two state equations are dependent: that is. it would not b
possible to control the states independently by the input. We can easily show that in this case S =
[B AB] is singular. *

EXAMPLE 10-11-2 Consider the system shown in Fig. 10-24, which was reasoned earlier to be unconuollable. Let u
investigate the same system using the condition of Eq. (10-263). The state equations of the system ai"
written in the form of Eq. (10-263) with

Thus, from Eq. (10-263), the conlrollability matrix is
S=[B AB]=

which is singular, and the system is uncontrollable.

EXAMPLE 10-11-3 Consider that a third-order system has the coefficient malrices

1 2 -1 ‘0’
A= 0 1 0 B=
1 -4 3

The controllability matrix is

0
S=[B AB A'b]= 0 Q 0
1

w
@

which is singular. Thus, ihe system is not controllable.
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The eigenvalues of A are = 2, A2= 2. and A3= 1 The JCF of A and B are obtained with the
transformation x(i) = Tx(f), where

=i 0 0
T= 0 0 1
112
2 -1 0 "0 m
A=T"AT= 0 2 B=T'B = -1
0 0 1 Lo

Because the last row of B, which corresponds to the Jordan block for the eigenvalue X3, is zero,
the transformed state variable X| (t) is uncontrollable. From the transformation matrix T in Eq. (10-235).
X2 = X3, which meansthat is unconuollable in the original system. It should be noted that the minus
sign in front of the 1in the Jordan block does not alter ihe basic definition of the block.

2 OBSERVABILITY OF LINEAR SYSTEMS

The concept of observability was covered earlier in Section 10-11 on controllability and
observability. Essentially, a system is completely observable ifevery state variable of the
system affects some of the outputs. In other words, it is often desirable to obtain
information on the state variables from the measurements of the outputs and the inputs.
If any one of the states cannot be observed from the measurements of the outputs, the Slate
is said to be unobservable, and the system is not completely observable or, simply,
unobservable. Fig. 10-25 shows the state diagram of alinear system in which the state X2 is
not connected to the outputy(0 in any way. Once we have measured >-(0. we can observe
the state X](0, since Xi(0 = >i(0. However, the state X2 cannot be observed from the
information on >>(0. Thus, the system is unobservable.

Definition of Observability

Given a linear time-invariant system that is described by the dynamic equations of
Egs. (10-261) and (10-262), the state xUq) is said to be observable ifgiven any input u(/),
there exists afinite time 1f> fosuch that the knowledge of\i{l)for tQ <t< tf. matrices A,
B, ¢, and D; and the output y{t)for tQ <t< ifare sufficient to determine \(io)- If every
state of the system is observable for afinite tf, we say that the system is completely
observable, or. simplv. observable.

The following theorem shows that the condition ofobservability depends on the matrices
A and c of the system. The theorem also gives one method of testing observability.

3

Figure 10-25 State diagram of a system (hat is not observable
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m  Theorem 10-4. For the system described by Egs. (10-261) and (JO-262) to |
completely observable, it is necessary and sufficient that the following n X np obsen
ability matrix has a rank of n:

CA

CAn (30-27:

CA"-*

The condition is also referred to as the pair [A, C] being observable. In particular, ifth
system has only one output, C wa 1 X /7row matrix-,\ isann X nsquare matrix. Then ih
system is completely observable if vV is nonsingular.

The proof of this theorem is not given here. It is based on the principle that Ec
(10-272) must be satisfied so that x(io) can be uniquely determined from the output y(/*

10-12-2 Alternate Tests on Observability

EXAVPLE 10-12-1

Just as with controllability, there are several alternate methods of testing observability
These are described in the following theorems.

= Theorem 10-5. For an SISO system, described by ihe dynamic equations ofEgs. {i0
261iand(10-262) \vithr= 1andp = 1 thepair\\.C] iscompletely observable if\ andi.
are in OCF or transformable inio OCF by a similarity transformation.

The proof of this theorem is Siraightforward, since it was established in Section 10-i
that the OCF transformation requires that the observability matrix V be nonsingular.

m Theorem 10-6. Forasystem describedh\ the dynamic equations ofEgs. (10-261) ana
(10-262), ifA isin DCF or JCF. thepair (A. C| iscompleleh observable ifalhfie elements
in the columns of ¢ thut correspomi lo thefirst row of each Jordan block are nonzero.

Note that this theorem is a dual of the test of controllability given in Theorem 10*3.
If the system has distinct eigenvalues, A is diagonal, then the condition on observability is
thai none of the columns of ¢ can contain all zeros.

Considerthe system shown in Fig. 10-25, which wasearlierdefi eunobservable.Thedynamic
equalions of lhe system are expressed in ihe forni of Egs. (10-261) and (10-262) with

2 0 _ 3 _
4 B= 1 c=1 0
Thus, the observability malrix is
cm 10
CA -2 0

which is singular. Thus, the pair [A. C] is unobservable. In faci. becauiie A is of DCF and the

second column of C is zero, this means that the slate \2(?) is unobsen-able. as conjectured from
Fig. 10-24.
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» 10-13 RELATIONSHIP AMONG CONTROLLABILITY, OBSERVABILITY,
AND TRANSFER FUNCTIONS

In the classical analysis of control systems, transfer functions are used for modeling of
linear time-invariant systems. Although controllability and observability are concepts and
tools of modem conuwol theory, we shall show Wiat they are closely related to the properties
of transfer functions.

m Theorem 10-7. if0fe inpuf-outpul transferJunction ofa linear system haspole-zero
canceliarion. the system will be unconlrollahle or unobservable, or both, depending on
how the stale variables are defined. On the other hand, if the input-output transfer
function does not have pole-zero cancellation, the system can always be represented by
dynamic equations as a completely controUahle and observable system.

The proofofthis theorem is not given here. The importance of this theorem is riat, if a
linear system is modeled by atransfer function with no pole-zero cancellation, then we are
assured that it is a controllable and observable system, no matter how the state-variable
model is derived. Let us amplify this point further by referring to the following SISO
system.

0l D=0 (10-275)

s oOO0O
o
1
o
=

oo n o

Because A is adiagonal matrix, the controllability and observability conditions of the four
states are determined by inspection, They are as follows:

-vi: Controllable and observable (C and O)

X2'. Conuollable but unobservable (C but UO)

Xy. Uncontrollable but observable (UC but O)

T4: Uncontrollable and unobservable (UC and UO)

The block diagram of the system in Fig. 10-26 shows the DCF decomposition of
the system. Clearly, the wansier function of the controllable and observable sysiem
should be

i |, (10-276)
o (i) 5+ 1

whereas trie transfer function that corresponds to the dynamics described in Eq. (10-275) is

=cu.-Ar'B = Gr 26+ 3+ 4 (10-277)
(s+ n(5 + 2)(i + 3)(5+ 4)

which has three pole-zero cancellations. This simple-minded example illustrates that a
"minimum-order” transfer function without pole-zero cancellation is the only component
that corresponds to a system that is controllable and observable.
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Figure 10-26 Block diagram showing ihe controllable, uncontrollable, observable, and unobservable

components of the system described in Eq. (10-275).

EXAMPLE 10-13-1 Let us consider die transfer function

which is areduced form of Eq. (10-277). Eq. (10-278) is decomposed into CCF and OCF as follows:

CCF.
‘0
(10-279)

Betause the CCF transformation can be made, the pair [A. B] of the CCF is conirollable

The obser\ability matrix is

c
CA -2 -2

which IS singular, and ihe pair (A. C| of the CCF is unobservable.
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0 -2° 1 ]
B= = .
13 1=l 1 i10-28u

Because the OCF transformation can be made, the pair [A. C] of the OCF is observable. However, the
controllability matrix is

1 -2

L (10-282)

which is singular, and the pair [A. B] of die OCF is uncontrollable.

The conclusion that can be drawn from this example is that, given a system that is modeled by
transfer function, the conwollability and observability conditions of the system depend on how the
state variables are defined.

» 10-U INVARIANT THEOREMS ON CONTROLLABILITY AND OBSERVABILITY

We now investigate the effects of ihe similarity transformations on controllability and
observability. The effects of conwollability and observability due to state feedback will be
investigated.

m  Theorem 10-8. Invariant theorem on similarity transfonnaiions: Consider the
system described by the dynamic equations of Egs. IW-261) and (10-262). The
similarity transformation x(r) — Px(/j, where p is nonsingular, transforms the dvnamic
equations to

A = RAiT(() + Bu(i) (10-283)
al

§(0 = Cx(/) + Du(r) (10-284)

A = P-'AP B=p-'B (10-285)

The controllability of [A. B]wiii/ the ohservahililv of [a. c]Jare not affected by the
transformation.

In other words, conlrollability and observability are presen'ed through similar
transformations. The theorem is easily proven by showing that the ranks of s and s
and the ranks of V and V are identical, where s and V are the controllability and
observability matrices, respectively, of the transformed system.

Theorem 10-9. Theorem on controllability of closed-ioop systems with stale feed-
back: If the open-loop system

g c Ax(/)-1-Bufl} (10-286)
i
is completely controllable, then the cioseci-loop system obiainecl through state feedback.

u(f) = rifj - Kx(r) (10-287)
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EXAMPLE 10-14-1

so that the stale equation becomes

dx{t)
= (A - BK)x(/) + Br{r) (10-288)

is also completely controllable. On the other hand, i/[A, B] isuncontrollable, then there is
no K that will make the pair [A - BK, Bj controllable. In other words, ifan open-loop
system is uncontrollable, it cannot be made controllable through state feedback.

Proof: The controllability of [A, B] implies that there exists a conuol u{/) over the time
interval [20. tf] such that the initiai state x(/0) is driven to the final state %Uf) over the finite
time interval tf - iQ We can write Eq. (10-252) as

r(i) = ufl) + Kx(r) (10-289)

which is the control ofthe closed-loop system. Thus, if u(0 exists that can drive x(/0) to any
x{tf) in finite time, then we cannot find an input r(0 that will do the same to \(t). because
otherwise we can set u(/) as in Eq. (10-287) to control the open-loop system.

= Theorem 10-10. Theorem on observability of chsed-loop systems with state feed-
back: If an open-loop system is controllable and observable, then state feedback of the
formofEq. (10-287) coulddestroy observabiiity. In other words, the observability o fopen-
loop and closed-loop systems due lo state feedback is unrelated.

The following example illustrates the relation between observability and state
feedback.

Let the coefficient matrices of a linear system be

2 .3 I 2]

We can show that the pair [A. B] is controllable and [A, C] is observable.
Let Ihe state feedback be defined as

u{t) = r(i) - Kx(0
where

K=[fc, kM

Then the closed-loop system is described by the state equation

d%(t) .
= (A-BK)x(i) + Br(0 (10-293)
A-BK = -k 1k (10-294)
-2~k, -3-22

The observability matrix of ihe closed-loop system is

c 1 2
C(A - BK) -ki -4 -3k2 -5
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The determinant of V is
IVl = 6/t -3%2 + 3 (10-296)

Thus, if k\ and AR are chosen so that [V| = 0, the closed-loop system would be uncontrollable.

15 CASE STUDY; MAGNETIC-BALL SUSPENSION SYSTEM

As a case study to illustrate some of the material presented in this chapter, let us consider
the magnetic-ball suspension system shown in Fig. 10-27. The objective of the system is to
regulate the cuwent of the electromagnet so that the ball will be suspended at a fixed
distance from the end of the magnet. The dynamic equations of the system are

(10-297)

(10-298)
at

where Eq, (10-262) is nonlinear. The system variables and parameters are as follows;

v(r) = inputvoltage (V) x(t) = ball position (m)

/m(r) = winding current (A) k = proportional constant = 1.0
R = winding resistance = in L = winding inductance = 0.01 H
M = ballmass = 1.0 kg

g = gravitational acceleration = 32.2m/sec”

The state variables are defined as

(10-299)

Electromagnet

Figure 10-27 Ball-iuspension system.
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The state equations are

dx\{1)

10-30C

dt X2(0 (

dxict) k4 () (10-301
dt M xiw

dxiit) (10-302
dt

These nonlinear state equations are linearized about the equilibrium point. .T|(0 = x(i) =
0.5 m, using the method described in Section 4-9. After substituting the parameter values
the linearized equations are written

Ax(r) = A*Ax(0 + B*Av(0 (10-303

where Ax(/) denotes the state vector, and Av(/) is the inpul vollage ofthe linearized system
The coefficient matrices are

0 1 0 m0 =
A= 644 0 -16 B' - 0 (10-304.
0 0 -100 100

All the computations done in the following section can be carried out with tht
MATLAB Toolbox appearing later in this chapter. To show the analytical method, we carr®
oui the steps of the derivations as follows.

The Characteristic Equation

i - 0
-64.4 s 16 = r'+ l00i- - 64.45- 6440 =0 (10-305;
0 0 i+i0 0
Eigenvalues: The eigenvalues of A, or the roots of the characteristic equation, are

i-=-100 5--8.025 8.025

The State-Transition Matrix: The state-transition matrix of A" is

Is o o K
-64.4 i 16 (10-306;
\ 0 0 T+100 1
/ s(.v+100) i+ 100 16
1
64.4(a+ 100) 5(.T+100)  -165

{s+ [00)(v+ 8.02i>)(5- 8.025)
v 0 0 ;1 - 64.4
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By performing the partial-fraction expansion and cawying out the inverse Laplace
transform, the state-transition mauix is

‘0 0 --0.0016" 0.5 -0.062 0.0108"
o{t)y= 0 o 0.16 -4.012 0.5 -0.087
0 0 | 0 0 0

=05 0.062 -0.0092'

8,025/

h 4012 05 -0.074 (10-308)

0 0 0
Because the lastterm in Eq. (10-308) has a positive exponent, the response o fait) increases

with time, and the system is unstable. This is expected, since withoutcontrol, the Steel ball
would be attracted by the magnet until it hits the bottom of the magnet.

Transfer Function: Let us define the ball position x(0 as the output>(0; then, given the
input, v(0, the input-output transfer function of the system is

A= C-(il-A*)-B> = |1 0 0](il-A*)-
10-309
-1600 ( )
{s+ 100)(i+ 8.025)(j-8.025)
Controllability: The controllability matrix is
0 0 -1,600
S=iB* A'B* A*2B*1 = 0 -1,600 160.000 (10-310)

100 - 10,000 1,000.000
Because the rank of s is 3. the system is completely controllable.

Observability: The observability of the system depends on which variable is defined at
the output. For state-feedback control, which will be discussed later in Chapter 10, the full
controller requires feeding back all three state variables. X], X2, and X3. However, for
reasons of economy, we may want to feed back only one of the three state variables. To
make the problem more general, we may want to investigate which state, if chosen as the
output, would render the system unobservable.

1. y(0 = ball position = Ar(0; c* = [1 0 0]
The observability matrix is

c* = 1 0 0
v = C'A* 0 1 (10-311)
C*A*2 644 0 -16
which has a rank of 3. Thus, the sysiem is completely observable.
2. v(0 - all velocity = dxy)/dt: C* = [0 ] 0)
The observability mairix is
c* m 0 1 0
A\ C'A* 64.4 0 -16 (10-312)
C*A*2 0 64.4 1600

which has a rank of 3. Thus, the system is completely observable.
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3. y{i) = winding current = i{t): c* = [00 1]
The observability matrix is

c* m ‘00 1
C*A" 0 0 -100 (10-313)
C*A*2 0 0 -10.000

which has arank of 1. Thus, the system is unobservable. The physical interpreta-
tion of this result is that, if we choose the cuwent /(0 as the measurable output, we
would not be able to reconstruct the state variables from the measured information.

The interested reader can enter the data of this system into any available computer program
and verify the results obtained.

» 10-16 STATE-FEEDBACK CONTROL

A majority ofthe design techniques in modem control theory is based on the state-feedback
configuration. That is, instead of using controllers wilh fixed configurations in the forward
or feedback path, control is achieved by feeding back the state variables through real
constant gains. The block diagram of a system with state-feedback control is shown in
Fig. 9-2(c). A more detailed block diagram is shown in Fig. 10-28.

We can show that the PID control and the tachomeier-feedback conuol discussed
earlier are all special cases of the state-feedback control scheme. In the case oftachometer-
feedback control, let us consider the second-order prototype system described in Eq.
(5-87). The process is decomposed by direct decomposition and is represented by the state
diagram of Fig. 10-29(a). If the states Xi(f) and X2(/) are physically accessible, these
variables may be fed back through constant real gains -k i and -At2, respectively, to form
the control «(/). as shown in Fig. 10-29(b). The transfer function of the system with state
feedback is

(10-314)

Figure 10-28 Block diagram of a control system with state feedback.
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Figure 10-29 Conuol of a second-order system by state feedback.

For comparison purposes, we display the transfer functions of the systems with tachometer
feedback and with PD control as follows:

Tachometer feedback;

(10-315)
i{Kp + Kps
(pi{Kp <P ) ) (10-316)
R(s) + {2lu) + Kdojl)s + cuiKp
Thus, tachometer feedback is equivalent to state feedback ii k\ = and k2 =

Comparing Eq. (10-314) with Eq. (10-316), we see that the characteristic equation of the
system with state feedback would be identical to that of the system with PD control if
k\ = (8iKp and E2 = (viKo- However, the numerators of the two transfer functions are
different.

The systems with zero reference input, r(i) = 0. are commonly known as regulators.
When r(t) =0, the control objective is to drive any arbitrary initial conditions of the system
to zero in some prescribed manner, for example, “ as quickly as possible.” Then a second-
order system with PD control is the same as state-feedback control.

It should be emphasized that the comparisons just made are all for second-order
systems. For higher-order systems, the PD control and tachometer-feedback control are
equivalent to feeding back only the state variables Al and > while state-feedback control
feeds back all the Slate variables.

Because Pl control increases the order of the system by one. it cannot be made
equivalent lo state feedback through constant gains. We show in Section 10-18 that if we
combine state feedback with integral comrol we can again realize Pl control in the sense of
siate-feedback control.
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10-17 POLE-PLACEMENT DESIGN THROUGH STATE FEEDBACK

When root loci are utilized for the design of control systems, the general approach may be
described as that of pole placement; the poles here refer to that of the closed-loop iransfei
function, which are also the roots of the characteristic equation. Knowing the relation
between the closed-loop poles and the system performance, we can effectively cany out the
design by specifying the location of these poles.

The design methods discussed in the preceding sections are all characterized by the
property that the poles are selected based on what can be achieved with the fixed-conuwoller
configuration and the physical range ofthe controller parameters. A natural question would
be: Under what condition can the poles be placed arbitrarily! This is an entirely new
design philosophy and freedom that apparently can be achieved only under certain
conditions.

When we have a controlled process of the third order or higher, the PD, PI, single-
stage phase-lead, and phase-lag controllers would not be able to control independently
all the poles of the system, because there are only two free parameters in each of these
controllers.

To investigate the condition required for arbitrary pole placement in an nth-order
system, let us consider that the process is described by the following state equation;

adty = Ax(i) + Bu{/) (10-317)

where x(/) is an n X 1 state vector, and «{/) is die scalar control. The state-feedback
control is

«{l) = -Kx(r)+r(f) (10-318)

where K is the 1xrt feedback matrix with constant-gain elements. By substituting Eq. (10-
318) into Eq. (10-317), the closed-loop system is represented by the state equation

dx{l)

g = (A-BKOX(M) + Br(O (10-319)

It will be shown in the following that if the pair [A, B] is completely controllable, then a
matrix K exisis thal can give an arbitrary setofeigenvalues of (A - BK); thatis, the n roots
of the characteristic equation

lil- A+ BK| =0 (10-320)
can be arbitrarily placed. To show thal this is true, that if a system is completely

controllable, it can always be represented in the controllable canonical form (CCF):
that is, in Eq. (10-317).

<0 1 0 0 - <0’
0 0 0 0

A = B - (10-321)
0 0 0 1 0

~«0  -al -«2 .1
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The feedback gain mauix K is expressed as
K= ki ki wm (1032

where kx, k2........A, are real constants. Then,

(1033
0 0 0 1
-alr-k\ -0 |-/c2 -02-ki

The eigenvalues of A - BK are then found from the characteristic equation

Jlil —(A —BK)| —i" + (on-I + *+ (fln-2 AN+ mmmt (<0 +71) 0
(10-324)

Clearly, the eigenvalues can be arbitrarily assigned, because the feedback gains Al, A2. « + «
k, are isolated in €ach coefficient of the characteristic equation. Intuitively, it makes sense
thata system mustbe controllable for the poles to be placed arbitrarily. Ifone or more state
variables are unconuollable, then the poles associated with these state variables are also
uncontrollable and cannot be moved as desired. The following example illustrates the
design of a control system with state feedback.

Consider the magnetic-ball suspension system analyzed in Section 10-15. This is a typical regulator
system for which the control problem is to maintain (he ball at ils equilibrium position. It is shown in
Section 10-15 that the system without control is unstable.

The linearized state model of the magnelic-ball system is represented by the state equation

B poax(i) + B AVE

where Ax(f) denotes the linearized state vector, and Av(0 is the linearized input voltage. The
coefficient matrices are

=0 1 0 = m0 =
A*= 644 0 -16 B' = 0
0 0 -100 100

The eigenvaluesof A*are 5= -100. -8.025. and 8,025, Thus, the system without feedback control is
unstable.

Let us give the following design specifications:

1. The system must be stable.

2. Forany initial disturbance on the position of lhe ball from its equilibrium position, the ball
musi return to the equilibrium position with zero steady-state error.

3. The lime response should settle to within 5% of the initial disturbance in not more than
0.5 sec.

4. The control is to be realized by state feedback

A'() = -KAX(n = -1ki h KIVAX(t) (10-327)

where ki. Aj. and k} are real constants.
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v(0 o

=0X)

Figure 10-30 (a) State diagram of magnetic-ball-suspension system, (b) State diagram of magnelic-
ball-suspension system with state feedback.

A state diagram of the "open-loop” ball-suspension system is shown in Fig. 10-30(a), and the
same of the “closed-loop” system with state feedback is shown in Fig. 10-30(b).

We must seleci the desired location of the eigenvalues of (il - A’ + B'K) so that requirement 3
in the preceding list on the time response is satisfied. Without entirely resorting to trial and error, we
can Stan with ihe following decisions:

1

2.

3.

The system dynamics should be convoHed by two dominant roots.
To achieve a relatively fast response, the Iwo dominant roots should be complex.

The damping that is controlled by the real parts of the complex roots should be adequate,
and the imaginary parts should be high enough for the ransieni to die out sufficiently fast-

After a few trial-and-evor runs, using the ACSYS/MATLAB tool, we found that the following
characteristic equation roots should satisfy the design requirements:

J=-20 s=-6 +;49 s=-6 -J49

The cowvesponding characteristic equation is

+32s™ + 300i+ 1200 =0 (10-328)

The characteristic equation of the closed-loop system with state feedback is written

18-

-1 0
A’ +B Kl= -64.4 | 16
\00ki  100it2 5+ ]00 + 100/t3
1QO{Ki + 1)sA-{64.4+1600k2)i- IG00ATI - 6440(fe3 - 1) = 0
(10-329)
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>mex = 1,03

* mex= 0 06 sec
s yLx =-0-02

7', = @.76 sec

Time (sec)

Figure 10-31 Output response of magnetic-ball-suspension system with state feedback, subject to
initial condition v{0) = .Yi(0) = 1.

which can also be obtained directly from Fig. 10-30(b) using the SFG gain formula. Equa-

ting like coefficients of Egs. (10-328) and (10-329), we get the following simuUaneous equations:
100(-3 + 1) = 32

-64.4 - 1600&2 = 300 (10-330)

-1600i.-1 -6440(*3 + 1) = 1200

Solving the last three equations, and being assured (riai the solutions exist and are unique, we get the
feedback-gain matrix

K=[ki k2 *3]=[-2.038 -0.22775 -0,68] (10-331)

Fig. 10.31 shows the output response >/(i) when the system is subject to the initial condition

x(0) = (10-331)

In this example, we shall design a state-feedback control for the second-order sun-seeker
system treated in Example 4-11-2 and throughout Chapter 9. The CCF slate diagram of the
process with /I = 1is shown in Fig. 10-32(a). The problem involves the design of a siate-feedback
conuol with

(10-332)
The state equations are represented in veclor-matrix form as
AX(r) + By.(0 (10-333)
0 0
! g= (10-334)
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Figure 10-32 (a) State diagram of second-order sun-seeker system, (b) State diagram of
second-order sun-seeker system with state feedback.

The output equation is
e,(t) = Cx(/) (10-335)
where

c=1l A (10-336)

The design objectives are as follows:

1. The steady-state error due to a step function input should equal 0.

2. With the state-feedback control, the unil-step response should have minimum overshoot,
rise time, and settling time.

The transfer function of (he system with state feedback is written
o 2500
= . (10-337)
Qris)~ s" + {25+ k2)s + ki
Thus, for a step input, if the output has zero steady-state error, the constant terms in lhe
numerator and denominator must be equal to each Olher— that is. ki = 2500. This means that, while
the system is completely conirollabJe, we cannot arbiuarily assign wie two roots of the characteristic
equation, which is now

1N+ (25+*2)1+ 2500 = 0 (10-338)

In other words, only one of ihe roots of Eq. (10-338) can be arbivarily assigned. The problem is
solved using ACSYS. After a few irial-and-error runs, we found out that the maximum overshciou rise
time, and settling time are all ata minimum when ki = 75. The Iwo rootsareJ = -50 and -50. The
attributes of the unit-step response are

maximum overshoot = 0% f, = 0,06717 sec r, = 0,09467 sec

The state-feedback gain matrix is

K = [2500 75| (10-339)

The lesson that we learned from this illustrative example is Uriat state-feedback conuol generally
produces a system lhat is type 0. For the system to track a step input without steady-state error, which
requires a type 1or higher-type sysiem, the feedback gain A| ofthe system in iheC C Fsute diagram
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cannot be assigned arbitrarily. This means that, for an «th-order system, only n - 1 roots of the
characteristic equation can be placed arbivarily.

» 10-18 STATE FEEDBACK WITH INTEGRAL CONTROL

The state-feedback control structured in the preceding section has one deficiency in that
it does not improve the type of the system. As a result, the state-feedback control with
constant-gain feedback is generally useful only for regulator systems for which the
system does not track inputs, if all the roots of the characteristic equation are to be placed
at will.

In general, most control systems must track inputs. One solution to this problem is to
introduce integral control, just as with Pl conwvoller, together with the constant-gain state
feedback. The block diagram of a system with constant-gain state feedback and integral
control feedback of the output is shown in Fig, 10-33. The system is also subject to a noise
input nit). For a SISO system, the integral control adds one integrator to the system. As
shown in Fig. 10-33, the output of the (n + I)st integrator is designated as x,+|. The
dynamic equations of the system in Fig. 10-33 are written as

= Ax(f) + Bu(i) + En() (10-340)

derx{t (10-341)
dt

y{t) = Cx[t)+Du{i) (10-342)

where x(r) is the « X 1 state vector; u(t) and y{t) are the scalar actuating signal and output,
respectively; r(i) is the scalar reference input; and n(t) is the scalar disturbance input. The
coefficient matrices are represented by A, B, C, D and E, with appropriate dimensions. The
actuating signal u{t) is related to the state variables through constant-state and integral
feedback.

(10-343)

Figure 10-33 Block diagram of a control system with stale feedback and integral outpui feedback.
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where

K=T[A k2 h (] (10-344)

with constant real gain elements, and k,,"i is the scalar integral-feedback gain.
Substituting Eq. (10-343) into Eq. (10-340) and combining with Eq. (10-341), the
n + 1 state equations of the overall system with constant-gain and integral feedback

are written

A= (A -B K )X (,)+ (10-345)

dxjr)

dt
x(l) = (n+ 1) X1 (10-346)

dx,,+\{t)
A= A0 | (10-347)
= e oo >+ 1) X1

Sk, A+] Ix (1i+ 1) (10-348)
E= [(«+1)x 1] (10-349)

Substituting Eq. (10-343) into Eq. (10-342), the output equation of the overall system
is written

y(/)-Cx(r) (10-350)

C=[C~DK DK] [Ix(»+1)] (10-351)

The design objectives are as follows:
I. The steady-state value of the output v(0 follows a step-function input with zero

euor: that is.

- lim e(i) = 0 (10-352)

2. The 7+ leigenvaluesof (A - B K]_are placed at desirable locations. For the last
condition to be possible, the pair [A, B) must be completely controllable.

The following example illustrates the applications of state-feedback with integral
control.
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iXAMPLE 10-18-1 We have shown in Example 10-17-2that,with i feedbackconuol,th d-order
sun-seeker system can have only one of its two roots placed at will for the system to wrack a step input
without steady-state error. Now let us consider ihe same second-order sun-seeker system in Example
10-17-2, except that an integral conuol is added to the forward path. The state diagram of the overall
system is shown in Fig. 10-34. The coefficient matrices are

0 r 0
B - C=[2500 O =0 -
o e . [ 12 (10-353)
From Egq. (10-347),
0 1 0
A= 0 -25 0 B=
-2500 0 0

We can show (iat the pair [A, B] is completely colluvollable. Thus, the eigenvalues of (il - A + B K)
can be arbitrariiy placed. Substituting A, B, and K in the characteristic equation of ihe closed-loop
system with Slate and integral feedback, we have

-1 0
lil-A +BK|= ki s+25+k2 ki
(10-355)
-2500 0
=sM+ {25 + + kis + 2500*3 = 0

which can also be found from Fig. 10-34 using the SFG gain formula.
The design objectives are as follows:

1. The steady-state output must follow a step function input witlri zero error.
2. The rise lime and settling time must be less than 0.05 sec.

3. The maximum overshoot of the unit-step response must be less than 5%.

Because all three roots of the characteristic equation can be placed arbivarily, it is not realistic to
require minimum rise and settling times, as in Example 10-17-2.

Again, to realize a fast rise time and settling time, the roots of the characteristic equation should
be placed far to the left in lhe 5-plane, and the natural frequency should be high. Keep in mind that
roots with large magnitudes will lead to high gainsfor the Slate-feedback m atrix.

The ACSYS/MATLAB software was used to carry out the design. After a few vial-and-error
runs, the design specifications can be satisfied by placing the roots at

I=-200 -50+ ;50 and -50 - j50
The desired characteristic equation is

5 +300r + 25,000+ 1.000.000 = 0 (10-356)

Figure 10-34 Sun-seeker system with stale feedback and integral control in Example 10-18-1
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Equaling like coefficients of Eqgs. (10-355) and (10-356), we get

=25,000 *2= 275 and *3=400

The attributes of the unit-step response are as follows:

tr = 0.03247 sec
= 0.04667 sec

Notice that the high feedback gain of k], which is due to the large values of the roots selected may
pose physical problems; if so, the design specifications may have to be revised. M

» EXAMPLE 10-18-2 In this example we illusuvate the application of state-feedback with integral conool to a system witi a
disturbance input.
Consider a dc-motor conirol system that is described by vie following state equations:

+ (10-357)
at J J 3

= i10-358)
at L L L

= aimature current. A

= annature applied voltage. V

= motor velocity, rad/sec
B = viscous-friction coefficient of motor and load = 0
J —momentofinertiaof motorand load = 0.02 N-m/rad/sec-
K, = motortorque constant — 1N-m/A
Ki, = motor back-enuv constant = 1v/rad/sec
Ti = constanc loadtorqueimagnitude not known). N-m
L - armature inductance = 0-005 H

R = armature resistance = 1Q
The output equation is
y{0 = Cxir) = [I Ojx(f) (10-359)

The design problem is to find the control uU) = €aU) through state feedbackand integral conuol such
that

1 Hmio(/)=0 and Hm =0 (10-360J
2. [iin co(i) = stepinputr(i) = u,(f) (10-361)

3.The eigenvalues of the closed-ioop system with state feedback and integralconool are atJ
= -300. -10 +yio. and -10 -yio.

Let the state variables be defined as .Yj| wfl)and.T:(/) = The Slate equations in Egs. (10-357)
and (10-358) are written in vector-matrix form:
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where nil) = TiMsU).

. B -
3 3 0 50
Kb R -200 -200
L
o 0m
1
200
1
s -50
J (10-365)
0. 0
From Eq. (10-347),
0 50 0
A AQ -200 -200 O
¢ 0
-10 0
E- -50
c=(€ =0 00 E= 0
0
The control is given by
(10-368)
where
K= *2 *3
Fig. 10-35 shows the state diagram of the overall designed system.
The coefiiciem matrix of the closed-loop system is
0 50 0
A-BK = -200- 200iti -200- 2008 -2QOky

Figure 10-35 DC-motor control system with Slate feedback and integral control and disiiirbance
torque in Example 10-18'2.
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The characteristic equation is
Isl- A+ BK|=s"+ 200(1 + i2)s" + 10,000(1 + *1)s- 10,00013 = 0 (10-371

which is more easily determined by applying ihe gain formula of SFG to Fig. 10-35.
For the three roots assigned, vie last equation must equal

s’ + 320i" + 6,200s + 60,000 = 0 (10-372

Equating the like coefficients of Egs. (10-371) and (10-372), we get
= -0.38 k2=106 f3=-6.0

Applying the SFG gain fonnula to Fig. 10-35 between the inputs r(0 and n(0 and the states ajff) and
4(0. we have

JiKi
n(s) 1 L

where A,.(i) is the characteristic polynomial given in Eq. (10-372).

Figure 10-36 Time responses of dc-motor control system with Slate feedback and integral conuol
and disturbance lorque in Example 10-18-2.
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Applying the final-value theorem to the last equation, the steady-state values of the state
variables are found to be

an(0' - 0 Kit T 1
-s50 Ms). 1B 1 q

Thus, the motor velocity (o(l) will approach the constant reference input step function ri u,U)as |
approaches infinity, independent ofthe disturbance torque Ti. Substituting Uie system parameters into
Eq. (10-373), we gel

1 -50(i+ 320)j 60,000
m Ac(j) 6200j + 60,000 1,200s

Fig. 10-36 shows the time responses of a>(l) and iaU) when T1 = | and T1 = 0. The reference inputis a
unit-step function.

19 MATLAB TOOLS AND CASE STUDIES

In this section we present a MATLAB tool to solve most problems addressed in this
chapter. The reader is encouraged to apply this tool to all the problems identified by a
MATLAB Toolbox in the left margin of the text throughout this chapter. We use
MATLAB's Symbolic Tool to solve some of the initial problems in this chapter involving
inverse Laplace transfonnations. We will also use MATLAB to convert from transfer
functions to state-space representation. These programs allow the user to conduct the
following tasks:

« Enter the state matrices.

Find the system’s characteristic polynomial, eigenvalues, and eigenvectors.

Find the similarity ffansformation matrices.

Examine the system controllability and observability properties.

Obtain the step, impulse, and natural (response to initial conditions) responses, as
well as the time response to any function of time

Use MATLAB Symbolic Tool to find the state-transition matrix using the inverse
Laplace command.

Convert a transfer function to state-space form or vice versa.

To better illustrate how to use the software, let us go through some of the steps involved in
solving earlier examples in this chapter.

1 Description and Use of the State-Space Analysis Tool

The State-Space Analysis Tool (statetool) consists of anumber of m-files and GUIs for the
analysis of state-space systems. The statetool can be invoked from the Automatic Control
Systems launch applet (ACSYS) by clicking on the appropriate button. You will then
see the window pictured in Fig, 10-37. We use the example in Section 10-16 and Examples
10-5-1 and 10-5-2 to describe how to use the statelool.
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>State Space Tool

Calculate/Display ~Time Response  Accessories

p Block Diagra

dx(t)

o - A *m(>)+ B u{t)

yt)y= € ~m+ D uwwm

Enter coefficient Matrices,
eg. For a 3x3 identity matrix enter [1 0 0;0 1 &;0 01 ]

[1;0;1]isa3x1 column [1 0 0] is a 1x3 row

[0,1,&64.4,0,-16;0.0,-10a]
[0;0;100]

100

Intltial Conditions

Reset

Close Window

First consider the example in Section
matrices.

X

64.4 0 -16 B’
0 0 -100

10-14, To

c’

(s -inlx|

Figure ID-37 The State-Space
Analysis window.

enter the following coefficient

(10-378)
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enter the values in the appropriate edit boxes. Note that the default value of initial
conditions is set to zero and you do not have to adjust it for this example. Follow the
instructions on the screen very carefully. The elements in the row of a matrix may be
separated by a space or a comma, while the rows themselves must be separated by a
semicolon. Forexample, to enter matrix A, enter [0,1,0;64.4.0,-16;0.0.-100] in the A edit
box, and to enter matrix B. enter [0;0;100] in the B edit box, as shown in Fig. 10-38. In this
case, the D matrix is set to zero (default value). To find the characteristic Eq. (10-270),

minlxi

Caiculate/Display ~ Time RespOTise ~ Accessories

dxu)

A ui+ B um

dt

yeh= C  ~o+ D

- Inpijt Module-

Enter coelficient Matrices,
eg. For a 3x3 identity matrix enter [1 0 0,0 10;,001]

[1;0:1]is a 3x1 column (1 0 0] is a 1x3 row

1 [0.1,0:64.4,0,-16:0,0.-100]

B

1 [0;0;1001

C

1 H.0.0]

D

1 0

Intitial Conditions

1 A
r- Butt

Reset

Close Window

Figure 10-38 Inputing values in the
Statc-Space window.
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The A matrix is:

Amat =
0 1.0000 0
64.4000 0 =16.0000
0 0 -100.0000

Characteristic polynomial:
ans -
§'*3+100*s'"2-2265873562520787/35184372088832*s-6440

Eigenvalues of A = diagonal canonical form of A is:

Abar =
8.0250 0 0
0 -8.0250 o
0 0 - 100.0000

Eigenvectors are

T

0.1237  -0.1237 -0.0016
0.9923 0.9923  0.1590
0 0 0.9873

Figure 10-39 The MATLAB command window display after clicking the “Eigenvals & vects of A"
button.

eigenvalues, and eigenvectors, choose the “Eigenvals & vects of A” option from the
Calculate/Display menu. The detailed solution will be displayed on the MATLAB
command window. The A matrix, eigenvalues of A, and eigenvectors of A are shown
in Fig. 10-39. Note that the matrix representation of the eigenvalues corresponds to the
diagonal canonical form (DCF) of A, while matrix T. representing the eigenvectors, is the
DCF transformation matrix discussed in Section 10-9-4, To find the state-transition matrix
0(i). you must use the tfsym tool, which will be discussed in Section 10-19-2

The choice of the ¢ in Eq. (10-376) makes the ball position the output >+{/) for input
v(/). Then the input-output transfer ftinction of the system can be obtained by choosing
the '‘State-Space Calculations” option. The final output appearing in the MATLAB
command window is the transfer function in both polynomial and factored forms, as
shown in Fig. 10-40. As you can see. there isa small error due to numerical simulation. You
may set the small terms to zero in the resulting transfer function to get Eq. (10-309).

Click the “Controllability” and “Observability” menu options to determine whether
the system is controllable or observable. Note these options are only enabled after pressing
the “State-Space Calculations” button. After clicking the “Controllability” button, you
getthe MATLAB command window display, shown in Fig. 10-41. The s matrix in this case
is the same as Eq. (10-310) with the rank of 3. As a result, the system is completely
controllable. The program also provides the M and p matrices and the system conuolla-
bility canonical form (CCF) representation as defined in Section 10-9.
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State-space model is:

Xl x2 x3
Xl 0 1 0
X2 644 0 -16
x3 0 0 -100

ul
X1 0
X2 0
x3 100

X1 x2 x3

yl 1 0 0

yl 0

Continuous-time model.
Characteristic polynomial:

ans =

§''3+100°5'*2-2265873562520787/35184372088832*s - 6440

Equivalent transfer-function model is:

Transfer function:
4.263e - 014 "2 + 8.527e-014 s - 1600
s"3 + 100s"2 - 64.4s - 6440

Pole, zero form:

Zero/pole/gain:
4.2633e - 014 (s-t-1.937e008Ks - 1.937e008)
(s+100)(s+8.025Xs - 8.025)

Figure 10-40 The MATLAB command window after clicking ihe “State-Space Calculations™

button.

745
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The Controllibility matrix [B AB A“2B

L] is =
Smat =

0 0 -1600

0 -1600 160000
100 -10000 1000000

The system is therefore controllable, rank of s matrix is =

ranks =
3
Mmat =
-64.4000 100.0000  1.0000
100.0000 1.0000
1.0000 0 0
The controllability canonical form (CCFI transformation matrix Is:
Ptran =
-1600 0 0
0 -1600 0
-6440 0 100

The transformed matrices using CCP are:

Abar =
1.0e+003 *
0 0.0010 0
0 0 0.0010
6.4400 0.0644 -0.1000
Bbar -
0
0
1
Char =
-1600 0 0
Dbar =

0

Figure 10-41 The MATLAB command window after clicking the “Controllability" button.
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The observability matrix {transpose:[C CA CA"2 ...1) is =

Vmat =
1.0000 0 0
0 1.0000 0
64.4000 0 -16.0000

The system is therefore observable, rank of V matrix is =

rankv -
3
Mmat -
-64.4000 100.0000 1.0000
100.0000 1.0000 0
1.0000 0 0

The observability canonical form (OCF) transformation matrix is:

Qtran =

0 0 1.0000
0 1.0000 *100.0000
-0.0625 6.2500 -e”s.0000

The transformed matrices using OCF are:
Abar =
1.0e+003 *

0.0000  -0.0000  6.4400
0.0010  -0.0000  0.0644
0 0.0010 -0.1000

Bbar -

-1600
0
0

Chbar -

Figure 10-42 The MATLAB command window after clicking the "Observability” button.

Once you choose the “Observability” option, the system observability is assessed in

the MATLAB command window, as shown in Fig. 10-42. The system is completely

observable, since the V matrix has a rank of 3. Note the V matrix in Fig. 10-42 is the same
as in Eq. (10-311). The program also provides the M and Q matrices and the system
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observability canonical form (OCF) representation as defined in Section 10-9. As an
exercise, the user is urged to reproduce Egs. (10-312) and (10-313) using this software.

You may obtain the output )>(/) natural time response (response to initial conditions
only), the step response, the impulse response, or the time response to any other input
function by choosing the appropriate option from the Time Response menu.

The statetool program may be used on all the examples identified by a MATLAB
Toolbox in the left margin of the text throughout this chapter, except problems involving
inverse Laplace transformations and closed-form solutions. To address (ie analytical
solutions, we need to use the tfsym tool, which requires the Symbolic Tool of MATLAB

10-19-2 Description and Use of tfsym for State-Space Applications

You may run the Transfer Function Symbolic Tool by clicking the '‘Transfer Function
Symbolic” button in the ACSYS window. You should get (rie window in Fig. 10-43. For

I- Enter Trarisfer Function; -

Enter the Numerator and Denomirwtor of the fransfer function
usHTg a vector of polynorwal coefficieris, or tiie numeratcjr w
denominator ofthe transfer function in symbolic form
complex variable 's'. Enter any symboic variables inthe box
labeled 'Enter Symbolic Variates.'
ex; For numerator (s + 3*kp*s +10*2):
enter 11, 3*kp, ki*2r inthe Numeralor box
and i(p ki'intrie symtolic variables text box.
ex: The following are ail ecluivalent:
(s"2+7's +12)
[1712)
and ‘(s+4)'(s+3)".

Enter Symbolic Variables |

Numerator

[

Denominator

Invwse L*jlace Transform

Figure 10-43 The Transfer Funciion Symbolic window.
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-ini x|
Enter the Coefficient Matrices (empty matrices will give error)
E.g. For a 2x2 identity matrix type in: (1 0; 1]

[1;0; 1] is a 3x1 column vectora [101] is a 1x3 row
vector

A= J0,1.0;64.4,0,-16;0,0.-100)

B= J0;0;1001

001

ICs: r

State Space

Figure 10-44 Inputting values into the Transfer Function Symbolic window.

this example we will use the State-Space mode. Choose the appropriate option from the
drop-down menu as shown in Fig. 10-43.

Let us continue our solution to the example in Section 10-16. Fig. 10-44 shows the
input of the matrices for this example into the state-space window. The input and output
displays in the MATLAB command window are selectively shown in Fig. 10-45. Note that
at first glance the (il-A)"' and a(t} matrices may appear different from Eqgs. (10-366) and
(10-367). However, after minor manipulations, you may be able to verify that they are the
same. This difference in representation is because of MATLAB symbolic approach.
You may further simplify these matrices by using the -‘simple” command in the MATLAB
command window. For example, to simplify &it). type ’‘simpleiphi)" in the
MATLAB command window, If the desired format has not been achieved, you may
have reached the software limit
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Enter A = (0 10;64.4 0-16;0 0 -1001

Asym =
0 1.0000 0
64.4000 0 -16.0000
0 0 -100.0000

Determinant of (s*i-A) is;
detSIA =
s"3+100*s"2-322/5*s-6440
the eigenvalues of A are:
eigA =
- 100.0000

8.0250

-8.0250

Inverse of |s*I-A) is:

s 5
5 — —
2 3 2

5s « 322 5s-322 5s + 500s - 322s - 32200

322

2 3 2
5s m 322 5s + 500s - 322 s - 32200
0.

ransition matrix of A:

40

%2 . 1/322 % 1........ exp {-100 t) ...
24839 3999079 24839
4000
1/5 %1 , 11-100 t) --- ---%2 + 8/24839 %1
0, exp (-100 t)
172 1/2
1:=1610 sinh (1/5 1610 )

1/2
%2 : = cosh (1/5 1610 t)

Transfer function between u(t) and y(t) is:
8000

3 2
5s + 500 s - 322 s m32200

Figure 10-45 Selective display of the MATLAB command window for the tfsym tool.
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Review Questions 751

This chapter was devoted to the state-variable analysis of linear systems. The fundamentals on state
variables and state equations were introduced in Chapters 2 and 3, and formal discussions on these
subjects were covered in this chapter. Specifically, the staie-transition matrix and state-transition
equations were introduced and the relationship between the state equations and wansfer functions was
established. Given the transfer function of a linear system, the state equations of the system can be
obtained by decomposition of the transfer function. Given the state equations and the output
equations, the transfer function can be determined either analytically or directly from the state
diagram.

Characteristic equations and eigenvalues were defined in terms of the state equations and the
transfer function. Eigenvectors of A were also defined for distinct and multiple-order eigenvalues.
Similarity transformations to controllability canonical form (CCF), observability canonical form
(OCF), diagonal canonical form (DCF), and Jordan canonical form (JCF) were discussed. State
conuollability and observability of linear time-invariant systems were defined and illustrated, and a
final example, on the magnetic-ball-suspension system, summanzed the important elements of the
Slaie-variable analysis of linear systems.

The MATLAB software tools statetool, tfsym, and tfcal were described in the last section. The
program functionality was discussed with two examples. Together these tools can solve most of the
homework problems and examples in this chapter.

REVIEW QUESTIONS

1. What are the components of the dynamic equations of a linear system?
2. Given the state equations of a linear system as

A = Ax(/) + Bu(0
at

give two expressions of the state-vansition matrix 6{t) in terms of A.
3. List the properties of the state-transition matrix &(t)
4. Given the state equations as in Review Question 2, write the state-transition equation.

5. List the advantages of expressing a linear system in the controllability canonical form (CCF).
Give an example of A and B in CCF.

6. Given the state equations as in Review Question 2, give the conditions for A and B to be

wansiormable into CCF.
7. Express the characteristic equation in terms of the matrix A.
8. List the three methods of decomposition of a transfer function.

9. What special forms will the state equations be in if the transfer funclion is decomposed by direct
decomposition?

10. What special form will the state equations be in if ihe wansier function is decomposed by
parallel decomposition?

11. What is the advantage of using cascade decomposition?

12. State the relationship between the CCF and controllability.

13.  For controllability, does the magnitude of the inputs have to be finite?
14. Give the condition of controllabilily in terms of the matrices A and B.
15. What is the motivation behind the concept of observability?

16. Give the condition of observability in terms of the mairices A and ¢
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17. What can be said about the conuollability and observability conditions if the transfer functior
has pole-zero cancellation?

18. Slate the relationship between OCF and observability.

Answers to lhese review questions can be found on this book's companion Web site:
www.wiley.com/college/golnaraghi.
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PROBLEMS
10-1. The following diifereniial equations represent linear lime-invariant systems. Write the
dynamic equations (state equations and output equalions) in vector-matrix form.

10-2. The following transfer functions show linear time-invariant systems. Write the dynamic
equations (state equations and output equations) in vector-matrix form.
(@ c{h=

s+ Ts + 2

°(*)=?2T Tforrii7T6

j'+ 115- + 35)+ 250

10-3. Repeat Problem 10-2 by using MATLAB.
10-4.  Write the state equations for the block diagrams of the syslems shown in Fig. IOP-4.
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10-5. By use of Eq, (10-58), show that
a{) = 1+ Al+4 an

10-6. The state equations of a linear lime-invariant system are represented by
1A = Ax(,) + Bu,)
Find the state-transition matrix 0(/), the characteristic equation, and the eigenvalues of A for the

following cases:

@ A= B = 01 (b) A=

CRSI B= ‘]’ @ A=



754

Chapter 10. State Variable Analysis

-1 0 o0 0
€ A= _02(2) B:(i fH A= 0 -2 1 B- |
0 0 -2 0
5 1 0
@ A= 0 -5 1
0 0-5

10*7. Find 4Kl) and the characteristic equation of the slate variables in Probiem 10~ usiDg a
computer program.

10-8. Find ihe state-uansition equation of each of the systems described in Problem 10-6 for/ > 0.
Assume that xiO) is the inilia] state vector, and (rte componenu of vie input vector o(; lare all unii-siep
functions.

10-9. Find out if the mauices given in the following can be staie-wansition mairices. [Hint; check
the properties of </>()]

0 0
10-10. Find Chetime response of the following systems:

0 11 fxil fo'

-2 -3
Xi 105" x 0.5 _ o
n 10 xg o “VEHOO

10-11. Given a system described by the dynamic equations:

= Axli) - B«(f) v(f) = Cxiri

=0 om o i
A= 0 1 B o c=;i 00
a2 -3 1
a1 1m0 -
A= o ,"erlcC
0 1 om 0
A= 0 0o 1 B= 0 c€c=110
0 1w 1

(1) Find the eigenvalues of A- Uselrie ACSY'S computer program tocheck ihe answen.
You may get the characteristic equation and solve for theroots usinstfs\m or teaJcomponents
of ACSYS.

(2) Find the cransfer-function relation between Xiil and

(3) Find the wansier function y(j)

10-12. Given (ie dynamic equations of a time-invariant SNStem;

i
X" 2 AX'f - Bh<li vin = Cx f
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0 1 0" 0
A= o o 1 B= o0 cCc=[ 10
-1 -2 -3 1

Find the matrices Al and Bi so that the state equations are written a

A= AIX() + BIH()

x\{t)

xy = Yt

dyijt)
dt

1Q-13. Given the dynamic equations

d\{t) .
= Ax(f) + Bu(r) y{t) = Cx(i)
0 2 0
1 20 c=[1 01
-1 0
0 2 0
2 0 c=[ 01]
- 11
-2 1 0
0 -2 =[ 0o 0O
1o-2 -
-1 10
11 c=[1 0 1]

1] -
c=[l
2 3 [ a
Find the vansiomiation x(i) = Px(f) that transforms the stale equations into the controllability
canonical form (CCF).
10-14. For the systems described in Problem 10-13. find the transformation x(;) = Qx(f) so that the
state equaiions are transformed into the observability canonical form (OCF).

10-15. Forthe systemsdescribed in Problem 10-13. find the transformation x(/J = Tx(0 so thal ihe
Slate equations are transformed into the diagonal canonical form (DCF) if A has distinct eigenvalues
and Jordan canonical form (JCF) if A has at leasl one multiple-order eigenvalue.

10-16. Consider the following transfer functions. Transform the stale equations inio the controlla-
bility canonical form (CCF) and obbcrvibility canonical form (OCF).

-1 . 25+1
10-17. The state equation of a linear system is described by

dr
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The coefficient matrices are given as follows. Explain why the state equations cannot
vansformed into the controllability canonical form (CCF).

2 0 - . T

1 (b) A= - B= 2

- T

E . rr

) A= (d) A= = 0

10-18. Check the conuolibility of Che fallowing systems:

il -1 0 X i
@ ., 0 2 5
a -1 omy 2
® -, 0 -2 Xt 0
n n-1 om 4 2
(© = 0-10 x2x + 00
"2 0 0-2 0
“11 0w 0o
(d) = 0-10 x2 + 4
2 0 0-2 3
X7 2 1 0 0 Omji" 0 r
o 0 2 1 0 0 @ 00
@ i3 = 0O 0 -2 0 O m + 30
i) 0O 0 0 -5 1 Xi 0o
s, 0 0 0 0 -5 . n 2
X\ =2 1 0 0 om j- L7
x2 0 -2 1 0o 0 2
M = 0 0 -2 0 0 w® + 11
LY 00 0 5 1 m 3
5. 0 0 0 0 -5 0

10-19. Check the observability of the following sysiems:

_&) _8 AN (R
-6 _91'“ y=[0 1

oo N
[SININ
[N

conN
[SENIN
N o



Problems < 757

i 210 0 0
M 0210 0 . .
s = 0 020 0 T
Xi 00 0-3 I
s, 0 00 0 -3
X\ 2 0 0 0
h 0210 0
Xi -0 020 0 N 01 i i 8 g
Xi 0 00 -3 1 n

o 00 0 -3

10-20. The equations that describe the dynamics of a motor control system are

r, (i) = KiiM
A (f)

ea{t) = Kae{t)

(a) Assign the state variables as X|(/) = e,,{t), X2(0 = den{t)/dt, and ~3(0 = 4(0. Write the state
equations in the form of

N = A*W + BI{<)

Write the output equation in the form >(0 = Cx(0. where y(0 = dmit).

(b) Find the wansier function G(s) = &,,(s)/£(s) when ihe feedback path from Om(i) to £(s) is
broken. Find the closed-loop transfer function M(s) = &,,(s)/&r(s).

10-21. Given the mauvix A of a linear system described by the state equation

O Ax(h) + Bath)
dt

=0
@ A=, 5
) A= =1 0
(c) A=

Find the stale-transition matrix 0(/) using the following methods:
(1) Infinite-series expansion of expressed in closed form

(2) The inverse Laplace transform of (jI - A)

10-22. The schematic diagram of a feedback conuol system using a dc motor is shown in Fig. 10P-22.
The torque developed by the motor is T,,(t) = KiiaU), where K, is the torque constant.

The constants of the system are

Ksnl R=2Ti  /i,=0.ia

If* = 5v/rad/sec A:=5N-m/A Z.,"OH
o/m+ -/t = 0.1N-m-sec” B,,s 0N-m-sec

Assume lhat all the units are consistent so that no conversion is necessary.
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(a) Let the state variables be assigned as JTi = 9y and X2 = dOy/dt. Let the output bey = OV W rite the
state equations in vector-mauix form. Show that the mawices A and B are in CCF.

(b) Let 6r(t) be a unit-step function. Find x(0 in tenns of x(0). the initial state. Use the Laplace
transform table.

(c) Find the characteristic equation and the eigenvalues of A.
(d) Comment on the purpose of the feedback resistor
10-23. Repeat Problem 10-22 with the following system parameters:

Ks = K= Ra=0.1i1
Rs=0.111Kb = iv/rad/s A, = IN-m/A
Lfi=0H Jm +JL = 0.01 N-m-sec” N-m-sec
10-24. Consider that matrix A can be diagonalized. Show that e”' = where p waDsiorms

A into a diagonal mavix, and P“ ‘AP = D, where D is a diagonal matrix.

10-25. Consider that matrix A can be vansiormed to the Jordan canonical form, chen” =
where s vansiorms A into a Jordan canonical form and J is in a Jordan canonical form.

10-26. The block diagram of a feedback conuwol system is shown in Fig. 10P-26.

Efs) a, +K=S 5 Y

V i(i +4Xj +5)

OPEN-LOOP SYSTEM

Figure 10P-26
(a) Find the forward-path transfer function Y(,s)/E{s) and the closed-loop u-ansfer function

(b) Write the dynamic equations iilthe form of
d;U)‘ = Ax(f) + Br(f) >() = Cx(f) + Di(f)
r

Find A. B. c. and D in terms of the system parameters.
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(c) Apply the final-value theorem to find the steady-state value of the outputy(t) when the input r(r)
is a unit-step function. Assume that ihe ciosed-loop system is stable.

10-27. For the linear time-invariant system whose state equations have the coefficient matrices
given by Egs. (10-191) and (10-192) (CCF), show that

adj(5l - A}B =

and the characteristic equation of A is

"+ @n-ii"" 4 ——hai5+ a0 = 0

10-28. A linear time-invariant system is described by the differential equation

(a) Let ihe state variables be defined as X\ = y, X2 = dyidt, and x-i = d"yidt". Write the state
equations of the system in vector-matrix form.

(b) Find the state-transiiion matrix OU) of A.
(c) Let>(0)= 1.dy(r)ldt= 0,&yit)Id" = 0, and r(0 = UsU). Find the siate-transiiion equation of
the system,

(d) Find the characteristic equation and the eigenvalues of A.

10-29. A spring-mass-friction system is described by the following differentialequation:

(a) Define the state variables as X](r) = y(0 and;c2(/) =dy(l)/dl. Write the state equations in vector-
matrix form. Find the state-transition matrix ou) of A-

(b) Define the state variables as jCi(0 =y (i) and X2(t) = y(() + dyU)/dl. Write the state equations in
vector-matrix form. Find the state-lransition matrix 0(0 of A.

(c) Show that the characteristic equations. [jl - A| = 0, for parts (a) and (b) are identical.
10-30. Given the stale equations chi{t)/dt = Ax(i). where O and QJ are real numbers:

(a) Find the state transition matrix of A

(b) Find the eigenvalues of A.

10-31. (a) Show that the inpul-output vansfer functions of the two systems shown in Fig. 10P-31
are the same.

(b) Write the dynamic equations of the system in Fig. 10P-31(a) as

IS0 _pix{n) + BIHIO (0 = Cix{f)

and those of Ihe system in Fig- 10-3Kb) as

N4 = AX{)*B2«2(i)  >2n) = C2X(h)
10-32. Draw the state diagrams for the following systems.

d\;!‘] “=Ax(/) + Bu(f)
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Figure tOP-31

3 2 0
@ A= -1
2 -3 -4

(b) Same A as in part (a), but with

0
1
1

o or

ID-33. Draw state diagrams for the following tansfer functions by direct decomposition. Assign the
state variables from right 10 left for Xi, X2..........Write the state equations from the state diagram and
show that the equations are in CCF.

n +8.5i2 +20.50+ 15

5(r+1)
sis +2){s+10)

JEE B
j(i+ 5)(j2 + 25+ 2)

(c) G(s)

d GG =

10-34. Draw state diagrams for the systems described in Problem 10-33 by parallel decomposition.
Make certain that Chestate diagrams contain a minimum number of integrators. The constant branch
gains must be real. Write the state equations from the state diagram.

10-35. Draw the state diagrams for the systems described in Problem 10-33by using cascade
decomposition. Assign the stale variables in ascending order from right to left. Wriie the state
equations from the state diagram.

10-36. The block diagram of a feedback conuol system is shown in Fig. 10P-36.

(a) Draw a state diagram for ihe system by first decomposing G{s) by direct decomposition. Assip
the stale variables in ascending order, Xi,X2. from right to left. In addition tothe state-variable-
related nodes, (rie state diagram should contain nodes for R{s). E(s). and  C(j).

(b) Write the dynamic equations of the system in vecior-matrix form.
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Figure 10P-36

(c) Find the state-transiiion equations of the system using the state equations found in part (b). The
initial state vector is x(0), and r(0 = UsiO-

(d) Find the outputyu) for / > 0 with the initial stale x(0), and r(/) = UsU).

10-37. (a) Find the closed-loop transfer function Y{s)/R(s), and draw the stale diagram.

(b) Perform a direct decomposition to Y(s)/R(s), and draw the stale diagram.

(c) Assign the slate variables from right to left in ascending order, and write the state equations in
vector-matrix form.

(d) Find the staie-ransirion equations of the system using the state equations found in pan (c). The
initial state vector is x(0). and r(0 = u/l).

(e) Find the output yU) for / > 0 with the iniiial state x(0), and r(t) = u,.(0-

10-38. The block diagram of a linearized idie-speed engine-control system of an automobile
is shown in Fig. 10P-38. (Fora discussion on linearization of nonlinear systems, refer to Section 4-9.)
The system is linearized aboul a nominal operating point, so all the variables represent linear-
perturbed quantities. The following variables are defined; is the engine torque; To<
the constant load-disturbance torque; Gju), the engine speed; u(0. the input-voitage to the
throttle actuator: and a. the throttle angle. The time delay in the engine model can be approxi-
mated by

Figure 10P-38

w1+0.1i

(a) Draw a state diagram for the system by d ing each block i
variables from righi 10 lefi in ascending order.

(b) Write the state equations from the slate diagram obtained in part (a), in Ihe form of

A= axiO+ b [\

(c) Write y'(i) as a function of U(s) and Tp{s). Write il(.v) as a function of o(v) and Ti,(s).

10-39. The slate diagram of a linear system is shown in Fig. 10P-39.
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(a) Assign state variables on the state diapam from right to left in ascending order. Create additional
artificial nodes if necessary so that the state-variable nodes satisfy as "input nodes" after the
integrator branches are deleted.

(b) Write the dynamic equations of the system from the state diagram in part (a).

Figure 10P-39
10-40. The block diagram of a linear spacecrait-conuol system is shown in Fig. 10P-40.
(a) Determine the transfer function Y{s)/R(s).

(b) Find the characteristic equation and its roots of the system. Show that the roots of the
characteristic equaiion are not dependent on K.

(c) When = |.draw a state diagram for the system by decomposing Y{s)/R{s), using a minimum
number of integrators.

(d) Repeal part (c) when K = 4.
(e) Determine the values of K that must be avoided if the sysiem is to be boih state controllable and
observable.

10-41. A considerable amount of effort is being spent by automobile manufacturers to meet the

haust: ission-performance standard-! set by the government. Modem automobile-power-plant
systems consist of an inlemal combustion engine that has an internal cleanup device called a catalytic
convener. Such a system requires control of such variables as the engine air-fuel (A/F) ratio, ianition-
spark timing, exhaust-gas recirculation, and injection air. The control-system problem considered in
this problem deals with the control of the A/F ratio. In general, depending on fuel composition and
Olher factors, a typical sioichiomelric A/F is 14.7; t. lhai is, 14.7 grams of air to each gram of fuel. An
A/F greater or less than stoichiometry will cause high hydrocarbons, carbon monoxide, and nitrous
oxides in the tailpipe emission. The control system shown in Fig. 1QP-41 is devised to conuot the air-
fuel riilio so that a desired output is achieved for a given input command.




Problems 763

The sensor senses the composition of the exhausi-gas mixture entering the catalytic converter.
The elecuonic conuoller detects the difference or the error between the command and the error and
computes the control signal necessary to achieve the desired exhaust-gas composition. The output
y(i) denotes the effective air-fuel ratio. The wansier function of the engine is given by

where Td = 0,2 sec is the time delay and is approximated by

The gain of the sensor is 1.0.

(a) Using the approximation for given, find the expression for Gp{s). Decompose Cp(s) by
direct decomposition, and draw the state diagram with H(f) as the input and >-(0 as the output. Assign
Slate variables from right to left in ascending order, and write the state equations in vector-matrix
form.

(b) Assuming that the controller is a simple amplifier with a gain of 1, i.e., u(t) = e(t). find the
characteristic equation and its roots of the closed-loop system.

Figure 10P-41

10-42. Repeat Problem 10-41 when the time delay of the automobile engine is approximated a

1-w3
1+iTdS + uy-

Td =0.2 sec

10-43. The schematic diagram in Fig. IOP-43 shows a permanent-magnet dc-motor-control system
with a viscous-inertia damper. The system can be used for the conlrol of the printwheel of an
electronic word processor. A mechanical damper such as the viscous-inertia type is sometimes used
in practice as a simple and economical way of stabilizing a control system. The damping effect is
achieved by a rotor suspended in a viscous fluid. The differential and algebraic equations thatdescribe
the dynamics of the system are as follows;

e(t) = K,[0r{t) - Ks = 1v/rad/sec
eJt) = Keit) = RM t} + *h{l) ~A=10
Kb = 0.0706 v/rad/sec

Thy) = - 0D(M] 3=11,+13, = 0.\oi-
TIt)=K,Ut) K, = 100z-in./A
f(Dfa>m() - wo(0] = Jf( = 0.050z-in.-sec-

I la Kd = loz-in,-sec
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Viscous-inenia damper
Hd

CONTROLLER-
AMPUFIER

Jfob

CONTROLLER-
AMFIFIER

Figure 10P-43

(a) Letthe state variables be defined as.X|(0 = co,,(t) and.TiiO = iOod)- Write the state equations for
the open-loop sysiem wilh e(l) as Ihe input. {Open-loop refers lo the feedback path from cu,, to e being
open.)

(b) Draw the state diagram for the overall system using die state equations found in pan (a) and
e(f) = K\aM) - wji)]

(c) Derive ihe open-loop wransier function n,,(i)/£(i) and die closed-loop wansfer function

10*44. Determine the state controllabilit) of the sjstem shown in Fig. 10P-44.
(@ «= LA=2c=2andd =]

(b) Are there any nonzero values for a. h. c. and d such that the system is uncontrollable?

Figure 10P-44

10-45. Determine the conirollabilitv of the following systems:

“1 0 Om T
(@ A= 0 -1 0 B= 1
0 -1 1
wl 0 Om 1n

®) A= H -2 (4 B- 1
0 0 -3 1

10-46. Determine the conirollabilit) and obser\abilit\ of the ssstem shovMi in Fi2. IOP-46 b\ the
following method”.;
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(a) Conditions on lhe A, B. ¢, and D mavices

(b) Conditions on the pole-zero cancellation of the transfer functions

Figure 10P-46

10-47.  The transfer function of a linear control system is

hm s+ a
Ris) “ jS + 7j2 + 14j+ 8
(a) Detemune the value(s) of a so thal the system is either uncontrollabie or unobservable.

(b) With the value(s) of a found in part (a), define the state variables so that one of them is
unconuollable.

(c) With the value(s) of a found in part (a), define the state variables so that one of them is
unobservable.

10-48. Consider the system described by the state equation

A= Al + Be(0

Find the region in the a-b plane such that the system is completely controllable.

1Q-49. Determine the condition on b], 2. Cl, and @ so that the following system is completely
conuoilable and observable.

dxji

d“) =Ax(r) + Be(l) y{t) = Cx(f)

A= L1 ¢ =[rfi d2)]

10-50. The schematic diagram of Fig. IOP-50 represents a control system whose purpose is to hold
the level of the liquid in the lank at a desired level. The liquid level is conuolled by a floal whose
position hii) is monitored. The input signal of the open-loop system is eU)- The system parameters
and equations are as follows:

Motor resistance = 10n Motor inductance La = 0H

Torque constant Ki - 10 oz-in/A Rotor inertia J,,, = 0-005 oz-in.-sec”
Back-emf constant Kf, 0.0706 v/rad/sec Gearraiiow = NVW: = 1/100
Load inertia Ji. = 10 oz-in.-sec” Load and motor friction = negligible

Amplifier gain Ka = 50 Area of tank A =50 ft-
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ea{t) = Raiail) + dt

. ) alr>, i)
T,,U)MKiU )~ {j" + nrL) dt ey{t) = ne,,[i)
The number of valves connected to the tank from the reservoir is = 10. All the valves have the
same characteristics and are controlled simultaneously by 9y. The equations that govern the volume
of flow are as follows:

qi{t) = KiNOyii) K/ = 10ft*/sec-rad
gAt) = KMO A:,-50fI2/sec
n{t= volume of tank
;aof tank
(a) Define the state variables as -Yi(/) = liii), X2U) = dmU). and XjiO = d6,,(.i)/di. Write Che Slate

equations of the system in the form ofdx (t)/dt = Ax(i) + Be,(0- Draw a state diagram for the system.
(b) Find the characteristic equation and the eigenvalues of the A matrix found in pan (a).
(c) Show that (he open-loop system is completely controllable; that is, the pair [A. BJ is conuollable.
(d) Forreasons ofeconomy, only one of the three state variables is measured and fed back for control
purposes. The output equation is V= Cx. where ¢ can be one of the following forms:
(1)c=[1 0 0](2)C=1[0 1 0](3)C=1[0 0 1]
Deiermine which case (or cases) corresponds to a completely observable system.
10-51. The "broom-balancing” conirol system described in Problem 4-21 has the following parameters;

Mft=lkg Mr= I0kg z.= Im f = 32,2fl/sec-
The small-signal linearized slate equation model of the system is

Ax(f) = A*Ax(f) + B*Ar(0

where
0 10 0 r 0
Ace 2592 00 0 o -0,0732
0 00 1 0
-236 0 0 0 0.0976

(a) Find the characteristic equation of A’ and its roots.
(b) Determine the controllability of |A”, B']-

(c) For reason of economy, only one of the state variables is to be measured for feedback.
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The output equation is written
~y{t) = C*Ax(/)

where
@c*=(1 0 0 0] @c-=[0 1 0 0]
(3)C*=:(0 0 10] (4c*=[0 0 0 1]

Detennine which C* conesponds to an observable system.

10-52. The double-invened pendulum shown in Fig. IOP-52 is approximately modeled by the
following linear state equation:

m;(‘q = Ax(r) + Bu(i)

where

*0 =

0 1 0 0 0 O u0) =
%6 0 -8 0 0 O -1
0 0 0 100 B = 0
-16 0 16 0 0 O 0
0 0 0 0 0 1 0
0 0 0 00O 1

Determine the conuollability of the states.

10-53. The block diagram of a simplified control system for the large space telescope (LST) is
shown in Fig. IOP-53. For simulation and control purposes, model the system by state equations and
by a state diagram.

Conuol rr\crr_enéyn ) Vet\\/ig? }
odynamicsdynamics icle
Lommencl o
K KA*K, 1
KIS*K, 1A

Figure 10P-53



768 Chapter 10. State Variable Analysis

(a) Draw astate diagram for the system and write the state equations in vector-mamx form. The state
diagram should contain a minimum number of state variables, so it would be helpful U the transfer
function of the system is written first.

(b) Find the characteristic equation of the system.

10-54. The state diagram shown in Fig. IOP-54 represents two subsystems connected in cascade.

Figure 10P-54

(a) Determine the conuo]]ability and observability of the system.

(b) Considerthat output feedback is applied by feeding back >2 to W, thatis, U2 = - k \2~where / is a
real constant. Determine how the value ofk affects the controllability and observability of (rie system.

10-55. Given the system

dx{t
4 IFAX() + B >(0 = Cx()
where 0 .
1 3 B= c=[l 1

(a) Determine the state conitollability and observability of the system.

(b) Letu(i) = -Kx(r), where K = [ATA2], and k\ and k2 are real constants. Detennine if and how
controllability and observability of the closed-loop system are affected by the elements of K.

10-56. The torque equation for part (a) of Problem 10-21 is

/-~=Krdm +TAm

where Kpd\ = 1and J = \. Define the state variables as X| = O'and X2 = dB/dt. Find the stale-
wansition matrix 4>{t) using any available computer program.

10-57. Starting with the state equation dx(t)ldt = Ax(0 + B0, obtained in Problem 10-22, use
ACSYS/MATLAB or any other available computer program to do the foUowing;

(a) Find the state-uansition matrix of A, 9(t).

(b) Find the characteristic equation of A

(c) Find the eigenvalues of A

(d) Compute and plot the unit-step response ofy(t) = 9y{t) for 3 seconds. Set all the initial condilions

10-58. The block diagram of a conirol system with stale feedback is shown in Fig. 10P-58. Find ihe
real feedback gains Ai, A2, and k-i so that:
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The steady-state error e,, [e{t) is Grie error signal] due to a step input is zero.

The complex roots of the characteristic equation are at -1 +yand -1 - J.
Find the third root. Can all three roots be arbitrarily assigned while slill meeting ihe Steady-Slate
requirement?
10-59. The block diagram of a conuol system with state feedback is shown in Fig, 10P-59(a). The
feedback gains k,. *2, and ki are real constants.

Figure 10P-59

(a) Find the values of the feedback gains so thal:

The steady-state evor [eV) is the evor signal] due to a step input is zero.

The characteristic equation roots are at -1 +y. -1 - and -10.
(b) Instead of using state feedback, a series controller is implemented, as shown in Fig. 10P-59(b)
Find the transfer function of the controller G,.(s) in terms of /Ti, ki, and k-i found in part (a) and the
other system parameters.
10-60. Problem 9-39 has revealed that it is impossible to stabilize the broom-balancing control
system described in Problems 4-21 and 10-51 with a series PD conuoller. Consider that the system is
now controlled by state feedback with Ar(0 = -Kx (0. where

K-1A:, k2 ki U]

(a) Find the feedback gains *1,*2, ki, and *4 so that the eigenvaluesof A' - B'K areat-1 -1 -
j. -10, and -10. Compute and plot the responses of Ax2(/). A-XjiO. and AvA(/) for the initial
condition. Aa,(0) = 0.1. AG(0) = 0.1, and all Olher initial conditions are zero.

(b) Repeat part (a) for the eigenvalues at -2 + jI, -2 - jl. -20, and -20. Comment on the
difference between the two systems.

10-61. The linearized state i of the ball i control system described in
Problem 4-57 are expressed as

Ax(f) = A-Ax(f) + B-Ai(f)

where
0 1 0 0 = =0 =
1152 -0,05 -18.6 0 B- = -6.55
0 0 0 1 o 0

-37.2 0 37.2 -0.1 -6.55
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Let the control cuireni Ai(/) be derived from (rie state feedback Ai(/) = -K Ax(0. where
K=[4] k2 ki 4]

(a) Find the el ts of K so that the eig of A”- B’Kareat-1 +7.-1-7.-10.and - iO.

(b) Ploi Ihe responses of A.Yi(0 = Ayi(0 (magnet displacement) and AXid) - \V2i1) (ball
displacemeni) with (he initial condition

Ax(0) =
(c) Repeat part (b) with the initial condition
Ax(0) =

Comment on the responses of the closed-loop system with the two sets of inilial conditions used in ib)
and (c).
10-62. The temperaiure -V(/) in the electric furnace shown in Fig. I0P-62 is described by ihe
differenlial equation

Mu;) = -2x{t) + uft) + n{t)
where u{t) is the control signal, and H(/) the constant disturbance of unknown magnitude due to heal
loss. 1l is desired that the temperature x{t) follows a reference inpul r lhat is a constant.

(a) Design a conuol system with state and iniegral conirol so that the following specifications are
satisfied;

lim x{t) = r = constanl

The eigenvalues of the closed-loop system arc al —10 and —10.

Plo(theresponsesof.r(Oforf >0 will>f= land«(/) = -1. and then wilhr = land «(0 = 0. all with
-1(0) = 0.

(b) Design a PI controller so (hat

E(T} - R{s) - X{s)
where Ris) = Rls.

Find /ip and K/ so that the characteristic equation roots are at —10and - 10. Plot the responses of-V(0
for f> 0 with r = 1 and «(0 = -1. and then with r = | and «(/) = 0. all .v(0) = 0.

Figure 10P-62
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10-63. The transfer function of a system is given by
G =] o
{S)—_llsﬂ)(s + 2){s + 3)

Find the slate-space model of the system if:

X =y
X2 =X\
X3 =X2

Design a state control feedback u= -Kx so that the closcd-loop poles are located at
5=-2 +J2y/3.s"-2 - jl\/3,and | = -10

10-64. Fig. 10P-64 shows an inverted pendulum on a moving platform.

Assuming M = 2kg, m = 0.5 kg, and / = 1m.

(a) Find ihe state-space model of the system if X\ = 6,X2 = 6,x-i = x ,xi = X, yi= X\= 9, ad

y2=xi=x

(b) Design a state feedback control with gain -K so that the closed-loop poles arelocated at
s=-4 +4j.s=-4-4j.s =210, and 5= 210

Figure 10P-64

10-65. Consider the following state-space equalion of a system;

-6 -5
(a) Design a state feedback controller so that;
(i) The damping ratio is < = 0.707.
(ii) Peak time of Ihe unit-step response is 3 sec.
(b) Use MATLAB to plot the step response of the system and show how your design meets the
specificalion in part (a).

10-66. Consider the following state-space equation of a system:

X1 1 -2 -2" XV 2!
2 o -1 1 w» + O
3. 10 -1 3. 1

(a) Design a state feedback controller so that:
(i) Settling time is less than 5 sec (1% settling time).

(ii) Overshoot is less than 10%.

(b) Use MATLAB to verify your design.
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10-67. Fia. 10P-67 shows an RLC circuil

(al Find die state equation for the circuit when »10is an input. ;! is an outpui. and capacitor \oliage
and the inductor curreni are the state variables.

(bi Find the condition wiat the system is controllable.
<c) Find ihe condition that the system is obsenable

idi Repeal pans (a), (b). and (C) when itM is an input, ihe voliaae of the /?; is output and capacitor
\oltaee and the inductor currem are ihe state variables.

Figure 10P-67
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triennal system properties and. 179

Comer frequency, 37
Comer plots. See Bode plots
Coulomb friction, 150. 158

coefficient 150
steady-state errors and, 273-274

Critical point. 432. 434
Cross-section view

brushless PM dc molor, 201
hot oil forging in quenching vat, 238
iron core PM dc motor, 200
moving-coil PM dc motor. 201
surface-wound PM dc motor. 200

Current, units for, 172

Current Law. 165

Cutoff rate, 413

Cylindrical container, fluid flow into. 182

D

Damping

Qg factor

PI

pi for, 137
with wansfer functions and amplifier
characteristics, 105
Dead zone
amplifier with. 272
gear trains and, 164
Simulink Library Browser and. 349
Decades. 34
Decibels (dBj. 26. 32. 33. 452

Decompositions (of uansfer funccions), 678,

707-714
cascade. 712-713
direct. 707-712
parallel. 713-714
Delay lime. 257. 283-285. 488

Derivative conuol, 176, 496. See also PID

conuollers
Design aspects of root loci. 385-393
Design projecis. See also Conlrol system
design
quarler<ar model. 357-367
robotic arm. 354-357

Diagonal canonical form (DCF). 704-705
Diagrams. See also Block diagrams: Free-
body diagrams; Modeling; Signal-fiow

graphs
Bode, 77-78

gear trains. 162

motor-load system, 232

Nyquist. 29

op-amps. 173

rotary incremental encoder, 196
rotational mechanical system. 159
state. 133. 673. 676-681
state-flow. 138. 145. 231. 234
sun-seeker control system. 218

second-order system), 277-278

Damping term. 315. 499

Dashpot. far viscous friction, 149, 150

dB (decibels). 26. 32, 33, 452

dc motor model (virtual experiments). See aha

Robotic arm
amplifier in. 340
interfacing and, 340
open-loop sine input and. 347-350
open-loop speed, 345-347
position control and. 352-354

position sensor/speed sensor in. 339-340

simulation and, 345-354
speed conuol and. 350-352
system paramelers, 339

dc (direct-current) motors. 198-205- See also

Permanent-magnei dc motors

armature-controlled. 222. 289-293, 338-
339. 358-359

operational principles of. 199

bun-seeker control system and. 218. 220

torque production in. 199

de signals, 191
dc-motor contra! systems, 12-13. 245. 246.
247. 248

block diagram, 105. 203

equations, 49-52
characteristic equations from, 695-696
first-order. 50

high-order, Slate equations and, 691-693

integro-. 49
linear ordinary, 49, 62-67
nonlinear, 49
for pendulum. 49
problems/exercises for. 94
RC circuit and. 171-172
RLC network and, 49
second-order, 49
state diagrams from. 67S-679

Differentiation (theorem). 54. 56

Digital autopilot, for guided missile conrol. 14

Digital conirol systems, 14
Dirac della function. 68
Direct decomposition. 707-712
10 CCF. 708-709
10 OCF, 709-712
Direct-current motors. See dc motors
Discrete-data conuol systems. 14

Displacement. 148. See also Translational

motion
angular, 157
Distance (symbol/units), 151
Distributed mass systems, 148
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Disturbance, 105
heat loss. 104
multi-input systems (block diagram) with.
115-117
noise and. 10-11
Disturbance input, system with. 260
Dist 1. 487
Disturbance vector, 682
Disturbance-open loop response. 289
Divider, voliage. 171-172
Dominant poles/zeros of ransier functions,
311-314
Dominant roots. 301
Double-tank liquid-level system. 186-187. 242
Drive-by-wire technology. 3
Driver assist systems, 3
Dry friction, rolling, 150-151
Dual-channel incremental encoder, 197-198
one cycle of output signals of, 198
signals, in quadrature, 196, 197
Dynamic equations. 682
Dynamic systems, 147. See also Elecuical
systems; Fluid systems; Mechanical
systems; Modeling; Pneumalic systems;
Thermal systems
wiih vansponaiion lag. 205-207

Eigenvalues, 697
Eigenvectors, 697-698
generalized, 698-699
Electric ci 't representation, of
pKrtentiomeler, 190
Electric friction, 204. See also Back emf
Elecuic train control (block diagram). 138
Eleclrical circuits, 235
Electrical elements
active, 172-177
passive, 165
Electrical networks
examples. 165-172
modeling of. 165-172
problems, SFGs and. 141-142
state equations of, 167. 168-169
state variable analysis of, 134
Electrical schematics. RLC network, 166
Electrical systems. See also Operational
amplifiers
equivalents, fluid systems and. 215-216
equivalents, mechanical systems and, 215
equivalents, ihennal systems and. 216
modeling of. 165-172
Op-amps. 172-177
properties, 172
simple, 165-172
Electrical time constant, amplifier-motor
system and. 217, 294
Eleciro-hydraulic valve, four-way, 606-611
Electromechanital systems. 235-236. 289
Electromechanical transducer. 189. See also
Potenliomeiers
Electromolive force. See Back emf
Elementary heal transfer properties. 177-180
capacitance and, 177
rectangular objeci and. 180
references for, 224

Encirclemenls
defined, 428
number of, 429
Enclosures
defined. 428
number of. 429
Encoders, 189. See also Sensors
incremental, 195-198
sensors and, 189
Energy (units/symbols)
elecuical system, 172
heat stored, 179, 189
rotational mechanical system, 159
Engine, turboprop, 135
signals of. coupling between. 143, 144
Equation of state, 182. See also Stale equations
Error, quanlization, 273
Euwor constants, 265. See also Steady-state
errors
Error signal, 108
Estimator. 489
Euhler formula, 17
Evans, w. R,, 372, 377. See also Rooi-locus
lechiiique
Experimeot control window, 342
Experiment menu. 342
Experiments. See also dc molor model
1; Speed Control, 350-352
2: Position Control. 352-354
3: Open-Loop Speed. 345-347
4: Open-Loop sine Input. 347-350
5: Con&ol System Design, 355-356
External disturbance, 15 -]1

Feedback. 8-11, 105. See also State feedback

bandwidth and. 11, 15

frequency responses and, 11

impedance and, 11

negative, 8

noise and. 10-] |

overall gain and, 8-9

positive, 109

stability and, 9-10, 15

transient responses and, 11
Feedback compensation. 489, 490
Feedback control systems (closed-loop conlrol

systems), 7, 108-109. See also Linear
conuol systems

block diagram of, 109, 136-137

classifications of. 11-14

conditions for. 108

contiguration. 8

frequency response of. 410-412

gain-phase characteristics of. 412

linear V. nonlinear, 11-12

with noise signal. 10

nonunity. 258. 265-272

open-loop control systems V., 7

with PD controller. 314-316. 493

SFG of. 124

state. 715. 728-729

time-invariant I time-varying, 12-14

torque-angle curve of. 273

with two feedback loops. 9

unity, 260-261

Feedback controller, minor-loop. 601-604
Feedback loops
negative. 109
positive, 109
unity. 109
Feedback-patfi transfer function mantu of
muldvariable feedback coaool system. 676
Feedforward compensation. 490-491
Feedforward com”nsators. sun-seeker system
and. 589-590
Feedforward controllers, 588-590
Fin posiiions, of aircraft. See Position-conirol
system
Final-value theorem. 55-56
Firei-order differential equadoDS. 50
Fifst-order linear system. 62
First-order op-amp configurations. 174-177
Fiist-order prototype systems. 63-64
time constant and, 274
time response of, 274-275
unil-step response of, 274
Fixed-configuraQOD desigD, 489. See also
Compensation
Flow rate
fluid volume, 185
heat. 177. 178, 179
mass, 181. 182, 184. 185, 187. 189
volume. 181, 182. 189
Flows, laminar. 184, 185
Fluid capacitance. 181, 182
Fluid continuity equation, 181
Ruid forced through friciionless pipe. 184
Fluid inductance. 184
Fluid ineftance, 184
Fluid systems. 180-189. See also Pneumatic
systems
electrical equivalents for, 215-216
incompressible, 181
parameters in. 180-181
properties. 180-189
references, 224
Fluid viscosity, 185
Huid volume flow rate, 185
Fluid-boundary heal convection. 178
Fly-by-wire conuol system, 216
Force (symbol/uniis), 151
Force-mass system, 149
Force-spring system, 149
Forward compensators, sun-seeker system
and. 589-590
Forward conuoilers, 588-590
Forward path, 122
Forward-path gain, 122
Forward-path vansier function
Bode plots of. in ihird-order sun-seeker
control system, 552
pole added to, 305-307. 424-"26
of second-order aircraft attitude control
system, 498
(hird-order syslem with, 425
unii-slep responses of second-order system
with, 423
zero added to, 309-311.418-424
Forward-path Wansfer function matrix, of
muitivariable feedback conirol system.
676



ly elecuo-hydraulic valve. 606-611
voitage/main spool displacemeni
aiionship in. 610-611

ilized flow equations for. 608-610
valve schematic in. 608

e equation and. 607-608

Igular valve-pon georaewy in, 609
Cage valve block diagram. 611

dy diagrams (FBDSs)

n-balancing system. 233

ical drcuiis (exercise), 235. 236
scale, 251

cd pendulum on can. 227, 228
spring-damper system. 154
spring-friclion system. 151

w-load system. 160

on’s law of motion and, 148

anal system. 158. 159

«-supported pendulum and. 209
exercise. 226

F spring-mass system, 156

cy

:rossover. 453

-crossover, 451

cy response function. 26

cy responses, 487

)sed-loop systems. 410-412

ack and. 11

esponses/Nyquis! plots, correlation
ong. 450-451

cy-domain analysis, 409-486

of, 410

sQey response of closed-loop systems.
yAil

ivity studies and. 470-472

domain analysis V.. 409

er function and. 409-410
cy-domain design

ency-domain characteristics in. 492
conuoller and. 586-588

Dntrollers and. 496797. 503-511
rmance specifications, 487. 488
-lag controllers and. 563-566. 569-

-lead comrollers and. 535-537, 543-
I. 651-554

ntrollers and. 514-516. 526-528
iero-cancellation and. 580-581
d-order aircratft attitude control

lem. 503-505, 520-523

order aircraft altitude control system,
5-511.526-528, 531-532

order sun-seeker control system and.
1-554

domain design V, 488. 492
cy-domain plois. 26-48

uter-aided construction of. 26-27
sms/exercises for. 93-94

cy-domain specifications. 412-413
vidih. 412413

rrate. 413
ant frequency H>. 412. 413716
antpeak 412 413716

See also Mass-spring-friction system
)inb. 150. 158. 273-274
ic. 204

gear train with. 163
rolling diy. 150-151
for rotational motion. 158-159
siatic. 150. 158
for vanslaiional motion. 149-150
VIMOUS, 149-150. 158
Functions (of complex varidjle). 19-26. See
also Poles: Transfer funciions; Zeros
analytic. 20
frequency response, 26
single-valued. 19
singularities of. 20

G
Gfs)
trequency response function of, 26
polar plo‘is of, 27-32
polar representalion of, 22-24
Gisms)
addition of poles to, 385-387
addilion of zeros to. 387-393
Nyaquist criterion and. 434-435
C(i)-plane. 19
G2is)H2{s), 394, 396, 399. 400
Gain crossover, 453
Gain formula. 124-127
block diagrams and. 128-129
output nodes/noninput nodes and, 127-128
SFGs and. 124-128
simplified. 129
Gain margin (GM). 46. 86. 451753,
487 488
on Bode plot. 456
definicion of. 451-452
of nonminimum-phase systems, 452-453
physical significance of, 452
Cain and Phase Calculator, 350
Gain-crossover frequency. 453
Gain-crossovcr point. 46. 47
Gain-phase characteristics
of feedback coQtrol system. 412
of ideal low-pass filter. 411
Gain-pha-se plots
of aircraft posilion-conuol system. 468
ofUs). 462
Gains. 109
Gas flow, into rigid container system. 187-188
Gas law. perfect. 183. 187
Gas systems. See Pneumaiic systems
Gear backlash. 164. 216, 340. 368
Gear trains, 162-164
backlash in, 164, 216. 340. 368
dead zone in. 164
diagram. 162
wiih friction/inertia. 163
moior-load system and, 230
Generalized eigenvectors. 698-699
Grain scale. 251. 252
Guided missile
attitude conuol of. 232-233
conlrol, digital autopilot for, 14

H
Hardware in the loop simulation. 2

Heal conduction flow, one-direciional, 178
Heal convection. See Convection

Heal exchanger system, 239, 250
Heal flow raa. 177. 178, 179
Heal loss, 104
Heal radiation system, with directly opposite
ideal radiators, 179
Heat wansier problem, between fluid/insulaied
solid object. 180
Heat transfer properties (elementaiy),
177-180
capacitance and, 177
rectangular object and. 180
references for. 224
Heating system (block diagram). 104
High-order differential equations, state
equations V., 691-693
High-pass filter charactenstics. of PD
conuollers. 496, 497
Horsepower (hp). 204
Hurwiu criterion. See Routh-Hurwitz crilerion
Hybrid powertrains, 3-4
Hydraulic capacitance (symbol/units),

Hydraulic conuol system. 605-i17. See also
Robot-ami-joinl system
applicMions. 613-617
double-acting single rod actuator in,
605-606
four-way eiecuro-hydraulic valve in,
606-611
modeling. 612-613
p coniroilers for. 617-621
PD conuollers for, 621-626
PI conuollers for, 626-628
PID conuollers for. 628-630
roiationai system and, 615-616
vanslational motion and. 613-615
variable load and. 616-617
Hydraulic diameter. 185
Hydraulic generator system. 240-241
Hydraulic resistance (symbol/units), 189
Hydraulic servomoter, 242

|
Ideal gas. air as, 215
Ideal linear actuators. 606, 612. 613. 618
Ideal low-pass filler. 411
Ideal op-amp. 173
Ideal radiators, heat radiation system and. 179
Idealized models, linear feedback control
systems as. 11
Idie-speed conirol system. 5
auiomobile. 4. 239-240
block diagram. 5
closed-loop. 7
open-loop. 7
ilaplace command. S3
Imaginary axis, interseciion of root loci with
380. 382
Imaginary component, of complex variable,

Impedance, feedback and. 11

Impulse response. 67-69

Incompressible fluid systems, 181-187
inductance and. 184
open-top cylindrical container and. 182
resislance and. 184-185



Incremental encoders. 195-198. See also
Encoders; Sensors

dual-channei. 196-198
linear, 196

rotary. 196
single-channel. 196. 197

Inductance. See also RLC network
fluid, 184
incompressible fluids and. 184
units for. 172
Inductors. 165
Inertance, fluid. 184
Inertia, 157. See also Load inertia
gear train with. 163
symbol/units, 159
Initial states, 51
Initial-value theorem. 55. 56
Input node. 121
Input vector, 682
Input voltage/main spool dispiacemeni
relationship (four-way valve). 610-611
Inpuis. 2, 104
Insignificant poles, steady-state response.
313314
Insulated solid objecufluid, heat wansler
problem between. 180
Integral controllers. 176. See also Pl
controllers; PID controllers
dc-motor control system with. 738-740
state feedback with. 735-741
sun-seeker system and, 737-738
Integration (theorem). 55. 56
s and.
677
Integrator output magniiude. 177
Integrodifferenciai equation. 49
Intelligent systems. 2
in automobiles, 3-4
Interfacing, dc motor model and. 340
Intersect of asymptotes. 379. 381
Intersection, of root loci with imaginary axis.
380. 382
Invariance properties, of similarity
trdnsformationi. 700-701
Invariant theorems, on controllability/
observability. 723-725
Inventory-control system, 103
Inverse Laplace transform, 54
MATLAB and. 64
by partial-fraction expanbion. 57-62
problems/exercises for. 97-99
Inverted pendulum, on can. 227-228
Inverting op-amp configuration. 175
Invening op-amp irunsfer functions, 175-176
Iron-core PM dc moiors, 199-200
Isentropic process, 184
Isobaric process, 183
Isoihennal pniccsi. 183
Isovolumetrit process. 183

J

(ny, 34-36

Jerk function. 256

Jordan biock>., 7(J6

Jordan canonical iorm (JCF). 706
Junciion points, Scr Nodes

K=+ X points, on root loci. 377-378. 381
K= @ points, on roQt loci. 377-378. 381

K values on TQO loci, calculation of. 382
Kalman. E.. 714

Kkchoff's laws. 147, 165

L
Us) plot
Bode plot and. 457
gain-phase plot and. 462
Nyquisi criterion and. 434-35
Nyquist plot and. 444-449
poleb added to. 445-448
zeros added to. 448-449
Laminar flows, equations of resistance for.
184. 185
Laplace operator. 52
Lajslace transform. 52-57. See also Inverse
Laplace transform
definition of. 52-53
features of, 52
linear ordinary differential equations and.
52. 62-67
MATLAB and, 53
one-sided. 52-53
problems/exercises for. 94-97
references for. 92
Grieorems of. 54-57
Laplace transform table. 53. 54. 57. 62. 65. 97,
276. 295. 298. 758
Laser printers. 289
Lead screw, 161
Lead-lag controller. 574-576
Lever
gear train and, 162
thermal. 237, 238
thronle. 242
Lever arm (ball and beam system), 228. 483,

Library Browser. Simulink. 349
Light source iroiar>' incremental encoder), 196
Linear actuators
force balance equation for. 612
modeling. 605-606. 612-613
Linear control systems. ! 1-12- See aha
Nonlinear coinro! systems
block diagram of, 109
characteristic equation of. 71. 74
as idealized models. 11
maihematical foundations for. 16-90
nonlinear control sysiems r.. 11-12. 15
observability of. 714, 715. 719-725
roiar>"-io-linear motion conuol systems, 161
stability of. 72-73
Linear incremental encoder. 196
Linear motion potemiomeier. 189. 190
Linear ordinary differential equations. 49
firsi-order protoivpe systems and. 63-64
Laplace iransform and. 52. 62-67
procedure for >.olving. 62
Ucond-order protoispe systems and. 64-67
Linear spring. 149
Lineiir variable differential tran"forDer
(LVDT). 359. 360
Linearizalion lof nonlinear systems). 206-213

state space approach and. 207-213
Taylor series and. 207. 208
Liquid-level system
double-tank. 186-187
single-iank. 185-186
Load menia. 160.244.246.247.290.344.765
armature-conuolled de mmor and. 289.338
priniwheels and. 599
variable, posilion-conuol system and 599
Load torque. 4. 5
Loop gain. 122
Loop Method. 165
Loops. 122. 123. See also Feedback loops
noniouching. 122
phase-locked. 245
Low-pass filler, idea], 411
Low-time-constani properties. 198
Lumped mass models
LVDT (linear variable differendal
wansiormer), 359. 360

M
Magnetic-bail-suspension system. 211-213
725728
state feedback and. 731-733
Magnification 1. normalized frequency, of
prototype second-order system. 415
Magnitude phase, 9
Magnitude-phase plane, constani-w loci ().
463170
Magnitude-phase plot, 26. 44—46
gain-crossover point and. 47
phase-crossover point and. 47
stability analysis with. 462—163
Main spool displacementrinpui voltage
relationship (four-way valve). 610-611
Manipulation rules/algebra, for SFGs. 123-

124
Marginally stable/unstable. 76
Mason, s. J.. 119- Seealso Gajn formula;
signal-flow graphi
Mass
consen‘aiion of. 181. i82. 185. 188. 626
defined. 148
distributed mass systems. 148
lumped inas:s models, 148
in polytropic process. 183
symbol/units, 151
Mass flov. rate. 181. 182. 184. 185. 187
symbol/units. 189
volume flow rate V., 182
Mass-spring-friciion system. 151-153. 224
block diagrams. 152. 153 155. 156
FBD of. 151
SFG. 155
Mathematical equalions. block diaframs and.
109-1n
Mathemalical foundations (for linear conuol
systems). 16-90
Mathemaiical modeling. See Modeling
MATLAB. See also Toolboxes
aircraft amiude-conirol system and. 632-

block diagrams/SFOs and. 129-132
-bode" funciion. 33. 41. 43
complex variables and. 25



pment/availability of. 488
icy-domain plots and. 26

: Laplace u-ansfoim and. 64

e transforms and, 53

ils" function, 45

Il diagram and. 29

fraction expansion and. 58-61

gain margins and. 46

ne and, 288

.2

T time and. 288

Jesign Tool. 363, 366,367.371,634.
636. 638. 642

y tools. 85-90
iker contra! system and, 645-647
lie Tool. 53. 64. 83. 84, 741, 748
ool. 54. 77. 84-85. 86. 744. 748-750,

:sponse and, 67
ipulse response and, 69
y-control system and. 259
Yle-gain models and. 21

liability, 702
ck-paih transfer function matrix, 676
d-path ttansfer function mairix. 676
wmansition matrix. 684-686

mauix representation of state

ltions. 682-684

gebra. 16

novershoot, 256-257. 280-283, 487,

of PM dc motors, 201-205
references, 224
tachometers, 195
thermal syscems. 177-180
Modulus, bulk. 182
Moment equation. 158. 210
Morning sickness. 9-10
Motion
Newton’ssecond law of. 147.148. 156.157,

rotational. 157-161

oanslational, 148-157. 161
Motion equaiions, of aircraft, 229-230
Motor blocks. SIMLab. 344
Motor electric-time constant, 290, 359
Motor-conuol system

open-loop. 244

with tachometer feedback, 102

torque-angle curve of, 273
Moior-load system. 159-160

gear train and. 230

schematic diagram of, 232
Motor-mechanical time constant, 291
Motors. See also dc motors

ac, 12. 193, 198

servomotors. 13. 198. 242, 328. 331. 477

voice-coil. 247
Moveabie-plate capacity. 235, 236
Moving-coil PM dc motors. 200-201
M.. See Resonant peak M,
Mulli-input systems witri disturbance (block

diagram). 115-117

variation. See Root

Multiplication by a constant (theorem), 54. 56

al systems Multipte-order poles. 59-60
sion between Multipl

ions in. 161 contours

:a] equivalents. 215

ains. 162-164

g of. 148-164
n's second law of motion and. 147.
156. 157. 184
nal motion in. 157-160
Isfunits/conversion factors. 151
tional mocion in, 148-157
:al lime constant, moior-load system
217. 294
ians. 258
set. of variables. 51
1-phasc transfer functions, 47-48
S criterion for. 435-437. 440-444
op feedback controller. 601-604
‘tive filter, 603-604
edback and. 601-602
sker system and. 603-604
leter-feedback control and. 601-602
irameler'. window. 362
Seealso Block diagrams; dc motor
lei; Signal-flow graphs
lators, 289
:al elements (active). 172-177
:al elements (passive). 165
:al networks. 165-172
:al systems. 165-177
ystems. 180-189
ilic control system. 612-613
actuaiors. 605-606. 612-613
nical systems. 148-164

Multistage phase-lead conuoller. 555. See also
Two-stage phase-lead controller
Muliivariabie feedback conuol system
block diagram of. 675
feedback-path transfer function matrix of.

forward-path wansier function marix of.
676

Multivariable systems, 4, 71-72
block diagrams of. [17-118. 674-676
transfer functions of. 4. 71-72. 117-118.
673-674

N
Natural undamped frequency. 278-280
Negative feedback. 8
Negative feedback loop, 109
Net masb flow rate, control volume and, 181
Newton's second law of motion. 147, 148. 156.
157. 184
Nichols chan. 44. 463-170
of aircraft posiiion-conirol system. 468
nonunily feedback control systems and.

469470
“nichols” tunciion, 45
Node Meihod. 165-166. 170
Nodes. 119
inpui. 121

ouiput, 121. 127-128
Noise, feedback and, 10-11

Nonfeedback systems. See Open-loQp conuol
systems
Noninpui nodes/output nodes, gain fonnula
and, 127-128
Nonlinear control systems, 49. 223. See also
Linear control systems
linear control systems v, 11-12, 15
linearization of. 206-213
Nonlinear differential equations, 49
Nonlinear system elements, steady-state etror
and, 272-274
Nonminimum-phase systems. GM of, 452-
453
Nonminimum-phase ransier functions,
4718
Nontouching loops. 122
Nonunity feedback control systems. 258,265~
266

Nichols chan applied to, 469-470
steady-state eudrs and. 266-272
ized frequency V. ification, of
prototype second-order system. 415
Notation, See Units/symbols
Notch controllers, 581-588. See also Speed-
control system
frequency-domain design and, 586-588
pole-zero-cancellation design with. 582-
584
Notch filters, 576-588
Number of branches, on root loci. 378. 381
Numerical conuol machines. 289
Nyquist diagram. 29
Nyquist path. 433-434
Nyquist plots
advantages of. 455
disadvantage of. 4S5
gain crossover on. 453
L(i) plot and. 444-449
phase crossover on. 451
root loci and, 437739
step responses/frequency responses,
couelation among. 450-451
Nyquist stability criterion. 29, 48. 77. 426-
444. See also Root-locus technique;
Roulh-Hurwitz criterion
critical point and, 432. 434
fundamentals. 426-435
generalized, 437
C(SIH(S) plot and. 434-35
L(J) plot and. 434-435
minimum-phase transfer functions and.
435-437. 440-444
origination of. 429
principles of lhe argument. 429133
root-locus technique V. 426. 437-439
stability problem aad. 427-428

o

Objectives. 1, 2

Obsen‘abiliiy. 714. 715. 719-725
conirollabilitv- and. 714. 7)5
definition of. 719-720
invariant Iheorems on. 723-725
lesting methods for. 720
transfer funciions/controllabilily.

relationship among. 721-723



Observability canonical form (OCF),

703-704
direct decomposition to. 709-712

Observer. 489

Octaves. 35

Ohms. 172, 289. 339

Ohm's law, 165

Oil well system, 241

One degree of freedom (1-DOF) quarter-car
model, 220, 221. 252. 357, 358

One-directional heat conduction flow, 178

One-sided Laplace ttansform. 52-53

One-tank system. See Single-tank liquid-level

Passive suspension, quarter car model and.
364-365

Path gain. 122

PaihsT 122

Payload, of space-shutlle-pointing control

op-amp-circuii realization of. 543
pole-zero configuration of. 534
single-stage. 555

sun'seeker control system and. 537-548
third-order sun-seeker concol sysiem and.

system, 102. 103 548-554
PD (prop: ) 314- time-d design of. 534-535.537-543.
316 548-551

as anticipatory control, 496
Bode plot and. 497

design principle of, 496
design with, 492-511

system

One-to-one mapping. 19

Open-loop base excitation (quaner-car
model). 221

Open-loop control systems (nonfeedback
systems), 5-7. 109. Sfe also Feedback
conurol systems

Open-loop motor-control system, 244

Open-loop response, disturbance-. 289

Open-loop sine input (virtual experiment)
347-350

Open-loop speed (virtual experiment), 345-
347

Open-top cylindrical container, fluid flow into
182

Operational amplifiers (op-amps), 172-177
configuralion, inverting. 175
exercises, 236-237
first-order. 174-177
ideal, 173
inpul-output relationship for. 173
issues with. 173
PD conuoller and, 493
phase-lead contfoller and. 543
PI controller and. 512-513
realization, of transfer function, 176-177
schematic diagram of. 173
and sums/differences of signals. 173-174
vansier functions, invening, 175-176
uses for. 172-173, 177
Orifice equation. 607-608
Output equations, 51-52
state diagrams from, 680-681
Outpm nodes. 121
noninput nodes, gain fomiula and. 127-128
Output sensor, 108
Output vector, 682
Outputs. 2. 104
state variables V.. 51
Overall gain, feedback and. 8-9
Overshoot. Sei* Maximum overshoot

p (proponional) controllers. 617-621
Fade approximation, 206
Parabolic-funciion input, 256
sleady-slate error and, 263-264. 268
Parallel ilecomposition. 713-714
Paraineier variations, sensitivity to, 487
Partial-fraction expansion
inverse Laplace transform by, 57-62
refcrences for, 92
Passive clcclrical elcmenis. modeling of. 165

of, 496
feedback control system with, 314-316,493
frequency-domain interpretation of, 496-
497,503-511

high-pass filter characteristics of, 496. 497

op-amp circuit realization of. 493

for robot-arm-joini system, 621-626

second-order aircraft attitude control system
and, 498-505

summary effeccs of, 497

third-order aircraft attitude control system
and. 506-511

time-domain interpretation of. 494—496,
498-505

Pendulum
differential equation for. 49
inverted, on carl, 227-228
spring-supported, 209-211

Perfect gas law. 183, 187

Pennanent-magnet (PM) dc motors
brushless, 201
classifications of, 199-20]
control system. 763-764
iron-core. 199-200
modeling of. 201-205
moving-coil, 200-201
surface-wound, 200

Permanent-magnet technology, 198

Phase crossover, 451

Phase margin (PM). 46. 86, 453-455, 487,

488 See also Gain margin
on Bode plot. 456
definition of. 453

Phase-crossover frequency. 451

Phase-crossover poini, 46. 47

Phase-lag controller, 533. 561-574
Bode diagram of. 565
compensated system, 564. 571
design straiegies for, 562
frequency-domain design of. 563-566.569-

572
n of. 561
speed-control system and. 584
sun-seeker system and, 566-572
ihird-order sun-sccker system and. 572-574
lime-domain design of. 561-563. 566-569
uncompensated system. 564. 571

Phase-lead controller. 532-561
Bode plot of. 535-536
effects of. 554
frequency-doniain design of, 535-537.543-

548. 551-554
limilalions of. 555
muliisiage. 555

two-stage. 555-559
Phase-locked loops. 245
Phase-variable canonical form (PVCF). 692
Physically realizable system. 53
PI (proportional-integral) canuollers. 316-319
advantages/disadvantages of. 516
Bode diagram of. 515
control system with. 317
design wili, 511-528
frequency-domain design of. 514-516,520-
523

op-amp circuit realizalion of. 512-513
pole-zero configuraiion of. 317-318. 514
proioiype second-order system with. 511-
512'

for robot-ann-joint system. 626-628

second-order attitude conurol system and,
516-523

spced-control system and. 584-585

ihird-order attitude-control system and.
523-528

time-domain design of. 513-514. 516-520,
523-528

PID (proportional, integral, derivative)

controllcrs, 176, 492

design with. 528-532

implementation of. 176-177

for robot-arm-joint system. 628-630

role of. 304-305

third-order atiitude-control system and,
529-532

Pinion, rack and. 161

Pipe
with fluid resistor, incompressible fluid flaw

through
frictionless. fluid through. 184
with orifice, air flow through. 187

Piston system, spring-loaded. 182-183

Planl

Plotting tutorial, 647-648

Pneumatic systems. See also Fluid systems
capacitancc in. 182-183
conservation of mass and. 182
conservation of volume and. 182
gas How into rigid container system. 187-

perfect gas law and, 183, 187
properties. 180-189. 224
resistance anci. 187
spring-loaded piston system. 182-183
time constant of. 214-215
wiih valve und spherical rigid tank
(analogy). 214-215
Polar form, of complex numberN. 17
Polar plots, 26. 27-32
gain-crossover poini and, 47
phase curve of. 48
phase-crossover point and. 47



resentation. of G (j). 22-24
emeni. 730

ement design, 715

>state feedback, 730-735
conRguralion

1)H2(s), 394. 396, 399, 400
le-lag conuroller. 561

«lead conuoller. 534

ontroller. 317-318. 514
~cancellation design. 576-588
ancellation. 576

icy-domain design and, 580-581
canceitations. 577. 578

tch controller. 582-584

«order active filler, 579-580
‘ontrol system and. 581-588

0 Us) plot, 44578
loop transfer function wilh, 307-308
onof. 20
mt, of transfer functions, 311-313
i-paih transfer function with. 305-
424-426
al representation of, 21
n, 3436
tic. 39-41
20
V(L +jwTi. 39
: exponent. 183
: process. J83. 189
“onurol
ature-controlled dc motor. 292-293
or model and. 352-354
Tontrol (virtual experiment 2), 352-

ndicator, polentiometer as, 191
ensor, dc motor model and, 339-340
‘ontrol system (aircraft). See also
ude-control system

liagrams of. 467

udy. 216-217

loop frequency response of, 469
lase plots of. 468

s chart of. 468

state response and. 298

jmain analysis of. 293-304

:p response’ and. 294-297

‘ontrol systems

tronic word processor. 136
conuollere and, 599-601

chomeler feedback. 195

e load inertia and. S99

eedback, 109

leters. 189-194

trol system with, 192, 193

iiagram representation of. 191

or position-conurol system wilh, 192
 clreuil of, 190

equation form of, 431
NyquisE crilerion and. 429-433
statement of, 430
summary of outcomes of. 433

Primers, laser, 289

Priniwheels. 197, 198
conurol system, 231. 246. 329

load inertia and. 599
td I

Index 781

Reactor tank, 97

Real axis, oot loci on. 380. 381

Real component, of complex variable. 18

Real convolulion (complex multiplicalion),
56,57

Real See Complex

Rectangular form, of complex numbers,
3. 17

g | system
and. 763, 7M
velocity of, 198
Proper wansfer functions. 71
Proportional control, 492

object, heat uansfer problem and,
180

Rectangular output waveform, of single-
channel encoder device. 196, 197

Rectangular valve-pofi geomeiry, 609

Proportional

Proportional gain, 176

Proportional-derivanve controllers. See PD
controllers

Proportional-integral controllers. See Pl
conuollers

Prototype firsc-order systems. See Firsl-order
prototype systems

[Prototype second-order systems. See Second-
order prototype systems

Pulley, belt and, 161. 162

Pure time delays. Bode plots and, 42-43,458-
459

See p

Quadratic polesizeros, 39-41
Quadrature, dual-channel encoder signals in.
196, 197
Quantization ewor, 273
Quantizer. 272, 273
Quaner Car Modeling Tool, 360-364
absolute acceleration convol system, 361
backlash and. 361
conool window, 362
Model Parameters window. 362
saturation and. 361
Quaner-car model. 220-222, 335
closed-loop acceleration conttol, 359-360,
366-367
closed-loop position conuol, 221-222, 359
closed-loop relative posilion conurol. 365-
366
design project 2. 357-367
inroduction to, 357-359
1-DOF. 220, 221, 252, 357, 358
open-loop base excilalion, 22)
parameter values, 357
passive suspension and, 364-365
2-IX)F. 220, 221, 358

Rack and pinion. 161
Radiation. 179
Ramp function. 255

motion. 189. 190
tion indicalor. 191

189, 190

lits for, 172

pply, within enclosure. 238
ins. hybrid. 3 A

drop. 185

20f Ihe argumenl. 429-433

p-function input, 255-256

sieady-state error with. 262-263. 268
Rate-feedback, 601-602
Rational functions, lime-delay funciion and.

RC circuit systems
capacitance and. 63. 171-172
differential equation of, 170-171
unit response of. 63

block diagrams, 133. 134
complex variables. 92

elemeniaiy heat transfer properties, 224
fluid/gas system properties. 224
Laplace ffansform, 92

modeling. 224

panial-fraction expansion, 92

SFGs. 133, 134

stability, 93
slate variable analysis, of electric networks.
134
Regulator system, 7
Relaiive damping ratio. 313

Relalive Position Time Response plot, 366
Relative stability. 72. 449-455. 487
gain margin and. 46, 86. 45]-4S3
phase margin and, 46, 86, 453-455
slope of the magnitude curve of Bode plot
and. 459-462
Relocation
branch point. 113, 114
comparator. 113, 114
Resistance. See also RLC network
equations, for laminar flows, 184, 183
incompressible Huids and. 184-181
pneumatic systems and. 187
RC circuit systems and. 63, 170-171
thermal. 178
tufbulenl. 185
units for. 172. 179
Resistance-inductance-capacitance network.
See RLC networic
Resistors. 165
Resonant frequency HV
prototype second-order system. 413-416
specification, 412
Resonant peak Mr. 487, 488
prototy” second-order system, 413-416
specification. 412
Results. See Outputs
Reversible adiabatic process. 184
Rigid container system, gas flow inio,
187-188
Rise time. 257. 283-285. 288. 487. 488
RLC (resistance-inductance-capacilance)
network. 49. 165-166. 213, 772
analogies and. 21216
block diagram representation. 166
differential equation for. 49
electrical schematics, 166
modeling of. 165-166
SFG representation. 166



Roboi-arm-joint sysiem, 249
p controllers for. 617-621
PD controllers for. 621-626
PI conuollers for, 626-628
pro conuollers for. 628-630
schematic diagram. 605. 612
Robotic ann (design project 1). 354-357
conuol of, 354
side view of. 355
Robotics. 1. 2
Robots, 289
Robust conuollers, 590-601
position-control system and. 591-601
sun-seeker system and. 591-599
Robustness, 487. 590
Rolling dry friction. 150-151
Root contours (RC). 373. 393-100
of sun-seeker control system. 540.541,570
Root loci (RL). 86. 372
angles of asymptotes of. 378-379, 381
angles of depamire/arrival of. 380. 382
basic propenies of, 373-377
breakaway points (saddle points) on, 380-
381.382
calculation of values of K on. 382
of compensated phase-lag system. 564
design aspects of. 385-393
graphical consvuction of. 375-377
and iniersect of asymptotes. 379. 381
intersection of. wiiri imaginary axis, 380, 382
/T= % oc points on. 377-378. 381
/=0 points on, 377-378. 381
number of branches on, 378, 381
Nyquisi plot and, 437-439
properties of, 377-385
on real axis. 380, 381
summarization of

Rotational motion. 157-160
friction far. 158-159
wanslational motion. coDversioD betweeo.

Routh-Hurwitz criterion. 77. 78-84. See also
Nyquist stability criterion: Rooi-locus
technique

problems/exercises for, 9. 100. 101. 102.

foot-locus technique and. 426
Routh-Hurwitz stability routine. See tfrouth
Routh’s tabulation. 79. 80.81

Saddle points (breakaway points). ODroot loci.
380-381.382
Sampled-data conttol systems. 14
sampler. 14
Saturation. 11-12. 216. 272. 337. 340. 346,
347. 348. 349. 351, 352. 368. 369
dc motor model and. 346
Quarter Car Modeling Tard and, 361
Schematic diagrams. See Diagrams
Screw, lead. 161
Second-order active filter. 579-580
Second-order attitude conu-ol system
(aircraft). 295-296. 498-505. See also
Attitude-conurol system
forward-path ttansfer function of. 498
frequency-domain design. 503-505. 520-
523
PD conuoller and. 498-505
Piconuoller and. 516-523
time-domain design, 498-503. 516-520
Second-order differential equations. 49
Second-order linear system. 62

381-382
of sun-seeker system, 567
symmetry of. 379
of third-order attitude-conirol system. 302
of uncompensated phase-lag system. 564
Root sensitivity. 382-385
Rooi-locus diagrams
addition of poles to G<S)H<S). 385-387
addition of zeros 10 C<s)HIs). 387-393
Rooi-locus technique. 206. 372"08. See also
Nyquist stability criterion; Routh-
Hurwitz criterion
Nyquist stability criterion 1. 426, 437-439
Rouih-Hurwitz criterion and. 426
ROOTS command, 99
Rotary disk. 196
Rotary incremental encoders
diagram. 196
pans 1%
Roiary potentiometer. 189. 190
Rotary-to-linear motion control systems. i6 1
belt and pulley. 16!
lead screw, 61
rack and pinion. 161
Roiaiional mechanical system
diagram. 159
hydraulic control sysiem and, 615-616
moior-load system. 159-160
propenies. 159
SFG represenlalion. 160

der prototype function. 61
Second-order prototype systems. 64-67
BW and, 416-"18
damping ratio/damping factor and, 277-278
delay lime/rise time and. 283-285
magnification . normalized frequency of.
415
maximum overshoot and. 280-283
natural undamped frequency and. 278-280
with PI conuoller. 511-512
resonant peak/resonant frequency. 413-416
settling time and. 285-288
iransient response of. 275-288
unii-siep responses of. 276
Second-order system, 49
with forA-ard-path wansier function, unit-
step responds of. 423
Sensing devices of control systems (block
diagramj. 107
Sensitivity
conuol systems and, 9-10
to parameter varialions. 487
bpged-conurol system and, 585-586
studies, in frequency domain. 470-472
(riird-order sun-seeker system and. 559-561
Sensitivity function. 9-10. 470, 471.472. 474.
Sensors. 104,107, 189-195. Encoders
encoders and. 189
output. 108

potennometers. 189-iy4
m rotary incremenul encoder. 196
lachometers. 194-195
Series compensation, 489. 490
SerieS'feedback compensanon. 4A9. 490
Servomechanisms. 289
Servomoiors. 13. 198. 242. 328. 331. 477
Sealing time. 257. 285-288. 4«7. 488
Shift in time (lheorem). 55. 56
SI units. See Units/symbols
Signal-flow graphs (SFGs). 119-129. Seeaiso
State diagrams
algebra/manipulation rules fix. 123-124
block diagram, of control system. 129
block diagrams V.. 119. 125
of dc-moior system Aith DonzCTO (ritiai
conditions. 203
electric nerworic problenis and. 141-142
elements of. 119-120
of feedback conlroi system. 124
gain formula and. 124—128
mass-spring-&iclion system. 155
MATLAB tools aod. 129-132
problems/exercises for. 138-146
properties of. 120
references for. 133. 134
RLC network. 166
rotational system. 160
Slate diagrams and. 673. 676
step-by-step construction. 12]
sums/differences of signals in. 173-174
terminology for. 121-122
Signals
dual-channe] encoder, in quadrature. 196.
197

sums/differences, op-amps aD| 173-174
suppressed-cairier-modulaied, 193-194
tesu for time-domain analysis. 254-256
Similarii)' vansiormations. 699-706
CCF and, 692. 701-703
DCF and, 704-705
invariance propenies of. 700-701
JCF and. 706
OCF and 703-704
SiMLab. 223
experiment coowo) \kindow. 342
Experiment menu. 342
motorblocks. adjustable parameiers for. 344
Speed Conuol Simulink model. 343
Simple pole, 20
1/(139
simple zero. 1+>T. 37-38
Simplified gain formula. 129. See also Gaui
formula
Simulation, vimial experiments and. 345-354.
See also dc motor
Simulink
Library Brottier. 349
rote of. 2
Speed Conool Simulink model. 343
Single channel incremental encoder
recuingular output wavefonn of. 196. 197
sinusoidal output waveform of. 196. 197
Single-input, single-output systems. See SISO
sviiems
Single-stage phase-lead coooiler. 555



ik liquid-level system. 184-185
es for, 215-216

lued function, 19

lued mapping, from 5-plane to G (i)-
519

ies. of function, 20

Nyquist criterion and, 427-428
references for, 93
roots of characteristic equation V, 74
zero-input. 74-75

Suble system, conditionally, 459-462, 555

State conuollabUity. 716-717

Joutput of single-channel
der Avice. 196, 197

lign Tool. 363, 366, 367, 371, 634,
636, 638, 642

gle-inpui, single-output) systems,

1

:he magnitude curve, of Bode plots,
462

isportation systems. 3-4, 5
ector field, 4-5
I control system, block diagram of,

‘er. water extraction and, 4-5, 6
le fomi- See State space fonn
Ittle pointing control system, 102,

i systems, ball bearings in, 151
sl

iture-conuolled dc motor. 291-292
or model and, 350-352

nuol (virtual experiment). 350-352
nool SimuLnk model, 343

isor, dc motor model and. 339-340
Itrol system. 581-588

liagram of, S81

:onooller and. 581-588

ag conuoller for, 584

roller for. 584-585

ro-cancellation design with notch
roller. 582-584

ity and, 585-586

)main performance attributes. 584
ip responses of. 585

X 19
ane and. 19
*9. See also Mass-spring-friction

pring system and. 149
149
a), 158
nstant

149
Junits, 151. 159
stem, torque torsional, 158
aded piston system. 182-183
ass system, 2-DOF. 156
ass-damper. 22. 110
pponed pendulum, 209-211
Seealso Bode plots; Nyquist stability
rion: Relative stabiliiy
e 72
otic. 75-76
73-74
ik and. 9-10, i5
if control systems. 72-73
ude-phase plot and. 462-464
al. 76
AB tools for. 85-90
Is for determining, 77-78

State 7
Stale diagrams, 133. 676-681
differential equations to, 678-679
integration Qperation and. 677
output equations from. 680-681
SFGs and. 673, 676
state equations from. 680-681
scate-transition equation from, 689-691
vansier functions to. 679-680
uses of. 678
State equaiions. so. SI
characteristic equations from, 696
of electtical networks. 167, 168-169
equation of state. 182
high-order differeniial equations V., 691-
693
stale diagrams from, 680-681
uansier functions V., 693-695
vector-maurix representation of, 682-684
State feedback, 489
control system, 715. 728-729
with integrai conuoller. 735-741
magnetic-ball suspension system and, 731-
733
pole-placement design Grrough. 730-735
sun-seeker system and. 733-735
State feedback compensation. 489, 490
Slate space approach
linearization and, 207-213
magnetic-ball-suspension system and, 211-
213
spring-supported pendulum and, 209-211
Slate space fonn. 51, 152, 167
Stale space systems, 16, 50. 741
Sute variable analysis. 673-772
of elecoic networks. 134
transfer functions and, 673-674
State variables. 50-51
conditions for. 51
outputs V. 51
State vector. 682
Siate-flow diagrams. 138. 145. 231. 234
Staie-Space Analysis Tool (statetool), 741-
748

inputting values in window. 744
window. 742
State-transition equation. 687-691
definition. 687
from Slate diagram, 689-691
State-transition matrix, 684-686
properties of. 685-686
significance of, 685
Statetool. See State-Space Analysis Tool
Sialic friction. 150. 158
Stationary mask (rotaiy incremental encoder),
19

Steady-state accuracy. 487

Steady-state errors, 257-274. 487
closed-loop transfer function and, 266-270
Coulomb friction and. 273-274

Index - 783

defined, 257. 258

error constants and, 265

linear continuous-data control systems and.
258-272

nonlinear system elements and. 272-274

nonunity feedback and, 266-272

parabolic-funciion input and, 263-264,

ramp-function input and, 262-263, 268
step-function input and, 261-262, 267
system configuration and, 25S-259
unity feedback systems and. 260-266
Steady'-sute responses, 253, 254
insignificant poles and. 313-314
position-conuol system and, 298
of third-order attitude-control system. 304
Steel-rolling process, 231-232
Steering control, of automobile, 4
Seep responses. See Unit-step responses
Step-function input, 255
steady-state error with. 261-262, 267
Stephan-Boltzmann law. 179
Stiffness. See Spring constant
Sum and difference (theorem). 54, 56
Sums/differences of signals. 173-174
Sun-seeker conuol system. 217-220,
548-554
ACSYS/MATLAB tools and. 645-647
block diagram of, 220. 537
BexJe plots Qffonvard-paih transfer function
of. 552
Bode plots of phase-lead conuoller in
552
compensated. 557, 568
coordinate system of, 218, 219
dcmotorin. 218, 220
error discriminator of. 218-219
feedforward compensators and, 589-590
forward compensators and, 589-590
frequency-domain design, 551-554
integral controller and. 737-738
lead-lag coniraller and. 574-576
minor-loop feedback conuoller and. 603-
604
phase-lag controller and, 566-574
phase-lead conuoller and, 537-554
robust conuroliers and. 591-599
root contours of, 540. 541. 570
root loci of. 567
schematic diagram of, 218
sensitivity considerations. 559-561
servoamplifier of, 218. 220
state feedback and. 733-735
lachometer of, 218, 220
Ihird-order, 548-554
lime-domain design, 548-551
two-stage phase-lead conuoller and, 556-
559

uncompensated, 557. 568
unit-slep responses of. 538, 551. 560, 568
Sun-Iracking control sysiems. 4-5
Superposition principle, i 1.71. 73. 115, 173,
176, 222. 291.358, 674
Suppressed-cairier-modulated signal. 193-

194
Surface-wound PM dc notors, 200



Symbolic Tool
MATLAB. 53. 64, 83. 84. 741, 748
Transfer Function. 54, 77, 84-85. 86. 744,

748, 750, 754

Symbols. See Unils/symbols

Symmeuy of root loci. 378

Syslem with disturbance input, 260

System error, 258. See also Steady-stale errors

T
Tachometer constant, 195
Tachomecer-feedback control. 601-602
Tachometers, 194-195
modeling of. 195
posilion-control system with. 195
sun-seeker control system and, 218. 220
tfansfer function of, 195
velocily-control system wilh, 194
Tayior series. 17. 182
liberalized flow equations and, 608
linearization and, 207. 208
Temperature, symbol/units for, 179, 189
Temperature control, of air-flow syscem. 243-
244

Ten-lum rotary potenliometer, 189, 190
Testing methods

for observability, 720
tfcal (Transfer Function Calculator), 86, 741,
751

tfrouth (Routh-Hurwilz Stability Routine), 77,
86-90
tfsym (Transfer Funciion Symbolic Tool), 54.
84-85, 86. 744, 748-750, 754
Theorems
complex convolution. 56, 57
complex shifting, 56
on controHability/observability, 723-725
differentiation, 54. 56
final-value, 55-56
initial-value. 55, 56
inlegralion, 55, 56
of Laplace vansiorm, 54-57

real convolution, 56. 57
shift in time. 55. 56
sum and difference, 54, 56
Thermal expansion coefficient, 182
Thermal lever, 237. 238
Thennal resistance, 178
Thermal systems. 177-180
conduction in. 178
convection in. 178-179
elecoical equivalents for, 216
propenies. 179
radiation in. 179
Third-order attitude-control system (aircraft).
300-304. See also Attitude-control
system
frequency-domain design. 509-511. 526-
528.531-532
PD conlroller and, 506-511
Pl controller and, 523-528
PID controller and. 529-532
root loci of. 302
sieady-staie response of, 304

time response of. 300-304
time-domain design, 506-508. 529-530
transient response of. 301
unit-step responses of. 303
Third-order system, with fonvard-paih uansfer
function
magnificalion of. 425
unil-step responses of. 425
Throtlle angle, 5
Throttle lever. 242
Time constant, 63, 171, 188
electrical, amplifier-motor system and. 217,
294
low-lime-constant properties and, 198
mechanical, motor-load system and. 217,
294
motor elecuic, 290, 359
motor-mechanical, 291
of pneumalic system, 214-215
prototype first-order system and, 274
symbol/unil for, 180. 189
uansient response and. 320
Time delays. See also Delay time
Bode plots and, 42-43. 458-459
systems with, 205-207
Time responses, 64, 67, 253
continuous data systems, 253-254
of prototype firsl-order system, 274-275
test signals for, 254-256
of Ihird-order anitude-control system, 300-
304
to unit-ramp input. 298-300
Time-delay function, approximation of. 206
Time-domain analysis. 253-336
ofaircraft position-conlrol system, 293-304
frequency-domain analysis V.. 409
parabolic-function input and, 256
ramp-function inpuc and. 255-256
step-funclion input and. 255
lest signals and, 254-256
unic-slep response and, 256-257
Time-domain design
frequency-domain design V., 488, 492
PD controllers and. 494-496. 498-505
performance specifications. 487, 488
phase-lag controller and. 561-563.566-569
(3nhase-lead controller and, 534-535, 537-
543, 548-554
Pl conurollers and. 513-514, 516-520. 523-

second-order aircraft attitude control
system. 498-503,516-520

speed-conurol system and, 584

third-order aircraft altitude control system.
506-508. 529-530

third-order sun-seekerconurol system, 548-

time-domain characterisiics in, 492
Time-invariant feedback control systems. [2-

13
Time-varying feedback conlrol systems. 12-
13

Timing bell, over pulley, 161, 162
Toolboxes. See also MATLAB
1

2-1-2.25

8-9-1, 448

9-2-1.498
9-2-2, 502
9-2-3. 502-503
9-2-4. 503
9-2-5. 506
9-2-6, 510
9-2-7.511
9-3-1,519
9-3-2. 520
9-3-3. 522
9-3-4. 527
9-4-1.529
9-5-1.539
9-5-2. 340



542-543
545
546
550
553

157. 159
onstam, 202.204,216.223,245, 247.
339. 599. 659, 666. 668. 738. 757.

:mf constant V,, 204-205
Yroduceion, in de motor, 199
orsional spring system, 158

feedback and. 11
of prototype second-order system. 275-288
of ihird-order atiitude-control system, 301
time constant and, 320

Translational mechanical system propenies.

151

Translational motion, 148-157
acceleration and. 148
displacement and. 148
force-mass system. 149
friction for. 149-150
hydraulic control system and, 613-615
rotational motion, conversion between. 161
velocity and. 148

Transportation lags, dynamic systems with

205-207

Turboprop engine. 135
signals of, coupling between, 143. 144

Turbulent resistance. 185

Tutorial, ploning, 647-648

Two degrees of freedom (2-DOF)
quarter-car model. 220, 221. 358

mgle curve of mo loop
tem. 273

nertia system, 157

J spring. i58

il spring constant, 158

system, wain in. 248-249

vehicle and, 227

I waction system. 248-249

mntroller

diagram, 138

se. 226

tear. See Gear trains

Function Calculator (tfcal), 86. 741.

Function Symboiic Tool (tfsym), 54.
84-85, 86. 744. 748-750. 754
functions. 26. 67. 68, 70-72. 106. See
7PID conuoilers

block diagrams, MATLAB and. 129-

neristic equations from. 696

pring system. 156

Two-stage phase-lead controller. 555-559

Two-tank system. See Double-tank liquid-
level system

u
u tube manometer. 240
Uncompensated phase-iag system
Bode ploi of. 571
root loci of. 564
Uncompensaied sun-seeker system
Bode plots of. 557
unit-siep responses of. 568
Unit impulse response. 68. 69. See also Dirac
delta function
Unit-ramp input. 298-300
attirude-conirol system and. 299
time responses to. 298-300
Units/symbols
acceleration. 151
anguiar acceleration. 159

ong. 721-723

Ipositions of. 678. 707-714

tion of. 70

jam polesizeros of. 311-314
TTicy-domain analysis and. 409-410
se response and. 67-69

ing op-amp, 175-177

lum-phase’ 47-48. 435-437
lariable systems. 4. 71-72. 117-118
(674

IQimum-phase. 47-48

ip realization of. 176-177

allei. block diagram of, 108

r.71

ies of. 71

ies. block diagram of. 107. 108
-input, single-output systems. 7()-71
diagrams from. 679-680

fqualions I.. 693-695

variable analysis and, 673-674
homelers. 195

H responses. 253. 254. 487

angular

angular velocity, 159

Bmish. 148. 204

capacitance (electrical systemj. 172

capacitance (fluid/pneumalic system), 189

capacitance (hydraulic). 189

capacitance (thermal system), 179

charge. 172

distance. 151

eleciricai system propenies. 172

energy (eiectrical system). 172

energy theac stored). 179. 189

energy (rotational mechanical sysiem
propenyi. 159

force. 151

heal flow rate. 179

inductance. 172

inertia. 159

mass. 151

mas-, fiov. raie. 189

power. 172

resistance (elcclrical system). 172

resistance (hydraulic). 189

resistance (thennal system). 179
spring constant. 151, 159
temperature. 179. 189
riermal system properties. 179
time constant. 180, 189
torque. 159
translational mechanical system propenies
151
veiociry, 151
viscous friction coefficieni. 159
voluge. 172
volume flow rate, 189
Unit-step responses
of artimde-conuol system, 295. 501
delay lime and. 257
frequency responses/Nyquist plots.
correlation among, 450-451
maximum overshooi and. 256-257. 280-
283
posiiion-comrol system and, 294-297
of prototype firsl-order system, 274
of prototype second-order system. 276
rise time and. 257
of second-order system with fonvard-paih
wansier function. 423
settling time and. 257
of speed-control system. 585
of siin-seeker system. 538. 568
of third-order attitude-contro! system. 303
of third-order sun-seeker conurol system,
551.560
time-domain specifications and. 256-257
Unity feedback loop, 109
Unity feedback systems
poles added to forward-path ffansfer
function. 305-307
steady-state error and. 260-266
Unstable. 76

Vanable load, hydraulic control system and.
616-617
Vector-matrix representation, of stale
equaiioni;. 682-684
Vehicle, with trailer. 227
Vehicle suspension syMem. 225. 336
Velocity
anfular. 157. 159
symbol/uniis. 151
translational motion and. 148
Velocity-control system
MATLAB and. 259
with lachometer feedback. 194
Vibration absorber, 234
Virtual experimenls. See dc motor model;
Experiments
Virtual ground. 173
Vinual Lab, 12 223, 340-344
Experiment menu for. 342
Virtual proioiyping. 2
Virtual shon. 173
Viscous fnclion. 149-150. 158
clashpol for. 14V, I5fl
graphicai representiicion. 150
Viscous friction toeftieiem. 151. 157
Voice-toil mi'tor. 247



Voltage, units for, 172
Voltage divider. 171-172
Voltage law. 165-166, 170
Volume, conservation of, 181
Volume flow rale. 181
mass flow rate V. 182
symbouunils, 189

w

Washing machine. 6

Water extraction, solar power and, 4-5, 6
Word processor

posiiion-control system of. )36
printwheel of. 197. 198

Zero initial conditions, 70
Zero-input response, 73
Zero-input stability. 74-75
Zero-pole-gain models. 21. See also Pole-zero
configuration
Zero-state response. 72
Zeros
added to Us) plot. 44879

closed-loop wansfer funcaon and-
308-309
definition of. 20
dominant, of iransfer functioTi'
31J-314
forward-path wansier function and.
309-311.418-124
graphical representation Iif. -1
at origin. 3-1-36
quadratic. 39-11
simple. 1+>T. 37-38
zpk. 21.45, [31.259. 265.4-"






