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L3I néi ddu

Ly thuyét diéu khién phi tuyén ludn thu hit dudc st quan tdm cia nhitng ngudi
{em viée trong linh vite kv thudt hé thong. Nhitng phuong phdp phin tich va téng hop hé
thing trén co so by thuyét diéu khién phi tuyén dite con ngudi dén gdn hon nita trong cde
ttng dung thuc té. N6 chinh la chiée cGu nét gitta Iv thuyét va ung dung thue tién. Chinh
vi the, chi 15 ndm gdn déy, diéu khién phi tuvén dd co nhitng budc nhdy vot vé chit
liong, cd trong Iy thuyét ldn wng dung. Nén mong cho sy phdt trién nay lé phép déi truc
toa dé vt phéi (diffevmorphism) xdy ding trén nén hinh hoc vi phan, do Isidori dva ra da
tao ra khd ning nghién cdu, phdn tich, diéu khién hé phi tuyén theo huong tan dung cdc
k6t qud dd co cua didu khién tuyén tink, ma dién hinh trong $6 dé la phiong phdp thiét
ké' bd diéu khidn tuyén tinh hoo chinh xdc, phufong phdp phén tich ding hoc khong cua
hé phi tuyén .... Ciing nhy vdy, Sontag cling cde ddng sw dua ra khdi nigm ham diéu
khién Lyapunov (Control Lvapunov Function-CLF) gitip cho viée gidl quyét bai todn thiét
ké cdc bo didu kkién dn dinh dudc chét ché hon, ro rang hon, nhdt la khi d6i tuong o6 mé

hinh bit dinh (uncertainties), hode bi thav doi ngdu nhién khong biét trude ...

Bén canh sy phdt trien mdi vé chdt luong trén, tricong phdi didu khién phi tuyén
kinh dién cing duge b sung thém nhidu ky thudt thiét ké hitu (ch nhu k¥ thudt
gain-scheduling, ky thudt cuén chiéu (buckstepping technique), da tap trung tam (center
manifold), didu khién trugt (Sliding Mode Control-SMC) ... Khong nhitng thé, diéu
khién phi tuyén da duve img dung thanh cong cho lop d6i tiwong phi tuyén cé tinkh chét
dong hor ddc bist nhu ede hé thu déng, ede hé hél tiép chit tham s6, hé tidu tén ....

S tién bo to ldn do clin didu khién phi tuvén can phdi dude phé cdp, cén phdi duoe
rhanh chong wnyg dung vae thuc tién cong nghiép Viét Nam. P ciing chinh la v do da
cucn sdch da thu kit duoe sy quan tdim cua nhiéu dée gid. Nén chi chua ddy hai nim
cudn sach Ly thuyét didu khién phi tuvén nav da duwoe nhe xudt bidn KHEKT dé nghi
tdi ban. Trong lin nay, ching toi da sdp xép lai néi dung cua cuén sach mdt cdch hé
théng di L don gidn dén phic tap, dé dé dang han cho déc gid trong tit nghién ctiu,

Quyén sdch ditge b6 cuc thanh ede chuong:

—  Chuong mo ddu gidi thiéu chung vé hé phi tuyén v cde die diém cling nhit nhiém
vu phan tich va tong hap chiing.

- Chitong 2 tGp trung vio cdc phuong phdp diéu khién phi tuyén kinh dién nhu
phédn tich mat phdng pha. tinh on dinh tuyét doi, cdn bing diéu hoa, didu hhién
trifot ... :

—  Ngi dung clig chuong 3 16 toan bé Iy thuvét Lyapunov trong phan tich va tong hop
hé thing.



—  Chuong 4 trinh bay edc phuang phdp didu khién phi tuyén duoe xay dung trén nén
Iy thuyét didu khién tuvén tinh, nhi tuyén tinh hoa xdp xi, phin tich hé théng nho
da tap trung tam, didu khién tuvén tink hinh thic, ky thudt gain-scheduling ...

-  Chuong 5§ dude danh hoan tean cho viée trinh béy cdc phuong phdp phan tich,
tong hop diéu khién phi tuyén trén nén hinh hoc vi phin. Trong tdm cia chuong lg
cde phuong phdp xde dinh phép doi truc toa d¢ vi phét cang nhu thiét ké bé didu
khién phan héi trang thdi, phuc vu viée tuyén tinh héa chinh xdc hé phi tuyén.

Quvén sdch cé muc dich la gidl thiéu véi ban doc nhitng phitang phdp phdn tich cd
ban va thiét ké b6 didu khifn dé can thiép vao hé phi tuyén. Do mong mudn duge cung
ban doc trac déi tiép, nén sau moi phén trinh bay mdét phuong phdp, ching téi con viét
thém cdc suy nghi cia mink vé Rhd ndng md cia phudng phdp dudi dang cde 130 ban.
Citng nhén ddy, ching téi xin gii In cdm on chdn thank dén cdc ban doec da gép ¥ cho
cudn sdch ngay ciang duve koan thién hon. Ching tHi mong nhdn dude nhiéu hon nite
nhirmg déng gdp chén tinh ciia cde ban doc gdn xa.

Quyéh sack Ly thuyét didu khién phi tuyén dude viét vdi si cam théng, giup 49 v
ciung to ldn cia gia dinh cdc tde gia. Néu khong c6 su by sinh, si o6 v, khuyén khich cia
nhitng ngudi thin gia dinh chdc chin quyén sich khing thé hoan thanh duoce. Bdi véy,
{% cdne on ddu tién clia ching toi {a gl dén ho.

Nhitng 100 cdm on chdn thanh tiép theo xin duge dén cdc ban he, dong nghiép
nhitng ngutn da ludn ung hé, khuyén khich va chia se khd khdn vdi chlingtéi.

Rt mong nhdn dude nhiéu hon nita nhitng gop ¥ cia ban doc. Thit gop ¥ xin girt vé.

Trudng Bai hoe Bach khoa Ha NGi
B6 mén Biéu khién Ty déng

$& 1 Pai Co Vigt. C9/305-306
Tel. (04) 8680451 / 8692085

Ha N&i, ngay 6.1.2006

Céac tac gia
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1  NHAPMON

1.1 Gidi thiéu hé phi tuyén
1.14.1 Mo hinh toan hoc

Xét hé MIMO, viét tat caa nhidu viao/mhiéu ra (Multi Inputs-Multi Outputs) vay m
tin hiéu vao wq(t), walt). oo . w, (t) va p tin hidu ra vy (&), yo(t), ... . ¥,(t) nhu

hinh 1.1 mb ta, Néu viét chung cac tin hiéu violra thanh vector.

uy () v ()
ulty=| + |, Y=
L, (2 vplth

thi md hinh hé théng dude quan tam & dav la mé hinh todn hoe mé ta quan hé gita

vector tin hiéu viao w(f) va vector tin hiéu ra vi¢). tic 1a md ta anh xa T:u(t) = vit)
Anh xa (hay chinh xac han la tedn ¢) nay dude viét nhu sau:

yity= Tlult)) (1.1)

Wit —> Hathéng ky —> vi(t)

Hinh 1.1: So d6 khai mét hé théng ky : . thuéi -
thuat c6 nhidu tin higu vao va ra

.
. .

 p— ."p“i

u'.fm(f} ) Xy, ves o X

Nho ¢6 md hinh toan hee (1.1) trén ta ludon xac dinh dude vector tin hiéu dau ra
vit) cua hé théng néu nhu da biét trude vector cac tin hidu vao w(t) va (khi can thiét)

cAc trang thal tie thot x (), x4(2), .. . x,(£) cia n6. D& gon trong cach wiét, n bién

x, (8)
trang thai nayv sé duge ghép chung lai thanh vector x(t)=
x, (L)



M3 hinh clia b finh

Mot hé théng duge goi 14 tinh, néu tin hiéu ra y(t;) o thdi diém t=t, duge xac dinh

truc tiép tit tin hidu ddu vao u(#,) tai ding thai diém dé. Nhu vay mé hinh tean hoc

(1.1) cua hé tinh sé& chi 14 mét guan hé dai s6 va ngudi ta thusng viét né dudi dang ham:

AP AVY

trong dé ham fiu) cd thé 1a mdt céng thic tudng minh, song cling cd thé chi 1a mét bang

tra hode mét dudng dd thi nhu minh hoa & hinh 1.2.

Hinh 1.2: Mb ta hé phi tuyen tinh 7] ¥

bing cac ham dai so y=fwt— 5

Md hinh clia hé déng

Flu)

vig

Mot hé théng duge goi 1a dbng, néu dé xac dinh tin hidu ra y(f,) tai thoi diém t=¢,

ngudi ta cdn phai cé cae gia tri cha tin hidu dau vao u(?) ¢ tit ca cac thai diém trude d6

¢<t,. Nhu vay. dé mé ta mot hé dong, mao hinh toan hoc (1.1) ctia né khéng thé chi la

mdt quan hé dai s mé né con phai ¢6 ca cac quan hé giai tich khac nhu vi phan hay tich

phén. Khic vai hé tinh, trong mé hinh cua hé dong cé ca sy tham gia cla cac bién trang

thai, don gian la vi trang thai cua hé thong 1a dai lugng mang théng tin v& tinh déng hoc

cua hé.

Ban chat déng hoc ciia hé théng ndm trong quan hé giita tin hiéu vao w(t) va trang

thai x(¢) cua né. Nbi chung, mét hé théng. cling vl vector bién trang thail x(t) sé cé md

hinh toan hoc (1.1) dudi dang:

1) M5 hinh trang théai t tri {autenom):

JEﬁ:ﬁ:w

df
ly =glx.u)

2} M0 hinh trang thai khéng tu tri (non-autonom);

%ﬂ{(s,y_‘ t)

y=glaul)

(1.2)

(1.3)



3} Mb hinh trang thai khong tuimg minh (Implicit).

f(%f—,z,g.fhg

glxuy =0
V6i mé hinh trang thai ngudi ta c6 thé xac dinh duge nghiém x(t), y(#) mé ta su
thay d&1 trang thai va tin hidu ra cia hé théng theo thoi gian dudi tic dong cua kich
thich w(¢) va diém trang thal ddu x,=x(0) dugc gia thiét la da biét.
Vi du 1.1; Xay dung md hinh trang thai

Xét hé ¢ nhu hinh 1.3 md ta gém 1 16 xo, mdt vat ¢6 khéi ludng m va khiu suy
gidm van tdc d. Tin hidu vio cua hé la lde u (¢}, tin hidu ra li quing duong ma vat di
duge, ky hiéu lav(f).

Khi vat dich chuvén mét khoang cach y{t). 16 xo sé sinh ra mét luc F;, c6 hudng
nguge lai chidu chuyén déng cua vat. Luc nay phu thude chi vae mét minh bién ¥ nén
duge viét thanh:

Fio=fw)

Khau suy gidm van téc d cang sinh ra mét lye F; can su chuyén déng cua vat va
c6 dé 16n phu thude tuvén tinh vaoe van tde ciia vat:

dy
o= I

trong dé d 1a hing s6 dude xac dinh tit vat 1iéu cia khéu suv giam.
Nhu vay phucng trinh cén bing luc sé la:
)

dy dy _
m?ﬁgfz)"‘f@) = u

Dat tép:

L dy _
¥=x; va f(}?—x!

ta sé oo
+ »
dx, 0 y
dr
Hinh 1.3: Minb hoa vi du 1.1.
dx, 1 . i
—= = —(~f(xy) - glxy )+ u)
dt m
va dé chinh 1a phan déng hee cia mé hinh trang thai mé ta hé co di cho. )
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Bdn chét phi tuyén: Tinh khéng thda man nguyén Iy xép chéng
Mot hé thong dude goi 1a thoa mdn nguyén IV xép chéng néu md hinh (1.1} cua né la
mét todn LI tuvén tinh, tite ta;
Tiaw'+bu”l = aTiu'l+ 5Tiu") (1.4)

v& a.b 1a hai sd thuc. Nhu vay. khi da biét cac tin hiéura »', y" ctiia hé Ung vdi hai tin

hiéu dau vao u’. u” khac nhau. thi ta ciing xac dinh dude tin hidu diu ra cho trudng

hop 6 ddu vaoco g=au’+bu” vadéla v=ay'+by".

Cac hé théng ma md hinh toan hoc (1.1} cia né thoa man nguyén 1y xép chdng (1.4)
dugc goi 1a hé tuyén tink. Ngude lai néu mé hinh cia hé khdng théa man nguyén 1y xép
chéng (1.4} thi hé dude goi phi tuyén. Phéan 16n cac hé thang c6 trong tu nhién déu mang
tinh phi tuyén. Ching han don gian nhu hé ro-le. nhing hé sinh hoe, hé thuy khi, hé vat
1y ¢ ¢diu tric hdn hop, hay cac hé théng nhiét dong hoc 14 nhitng hé phi tuyén, dién trg
efing 14 hé phi tuvén ....

Vi du 1.2: Hé phi tuyén tinh
Xeét mat hé théng c6 mét tin hidu vao u(#) va mot tin higu ra v (¢}, Anh xa

T u(t) = v{£)

mé ta quan hé gita dau vao va ra cla né dudge biéu dién & hinh 1.4,

i)

Hinh 1.4: Minh hoa vi du 1.2, / \ w o d

Tt dugng ddc tinh vao/ra nayv ta thay hé théng khong théa min nguvén 1y xép

——

1

: ()
w+2u”

L8 E S

chong. That vay néu goi:
¥ =T va y7=Tw")

v61 hai diém . «” nhu & hinh 1.4. thi tng vé1 kich thich u=u’+2u" hé sé cé dap ting:
vET{u+2u™) # v +25"7

Vav nd la mot he phi tuvén,

Tit dudng dac tinh ca hé ta ciing e6 dude phudng trinh biéu didn 4nh xa T
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_ |kasgn(w) khi |uf>a
Tl khi Jy<a

véi k 14 hé s6 gac cia doan thang di qua tim gde toa d6 va sgn{u) 1a phép tinh xac dinh
déu cua u:
1 néu uwx=0

sgnfu) 2{

-1 néu u<0

Tai didm w=0, ham sgn(u) khoéng c6 mat gia tri rd rang (¢ —1 dén 1) va trong thue té
diéu dé ciing khéng cé mét ¥ nghia gi die biét. O

Vi du 1.3: Hé phi tuyén déng

Xét lai hé cg d& cho g vi du 1.1 v6i |y| tuong déi 16n cé:

3, dy dy .
- +§& 3 —~ ) = i t
Fly) = av+by™ va g & Y= r rong dé ¢, b,ceRr

Suvra:

m
u
=

dy 4
+o=+ + by = (1.5
c " ay+hy' =u 1.5)

R rang (1.5) khéng thoa man nguvén ly xép chong vi:
M (7Y™
nén no la hé théng phi tuvén. O
Chii ¥: Viéc phan biét mot hé théng 14 tuyén tinh hay phi tuyén duge thuc hién dua
vao mé hinh todn hoc (1.1} cia hé. Song trong thuc té, do thuong chi quan tam tdi ban
chat dong hoc cha hé théng nén ngud ta cling chi sit dung riéng phin md hinh doéng hoc

mb ta quan hé gifia tin hidu vao u(t) va trang thai x(¢), ching han nhu trong mé hinh
tu tri (1.3) ngugi ta chi s dung riéng:

dx

_; = f(f-‘.»E) (1.6}

Tuong ing. dé ki€m tra xem hé 14 tuyvén tinh hay phi tuvén tir (1.6}, ngudi ta sé kifm ira
no theo nghia toan t:

x(ty = T jut
¢¢ théa min nguyén 1y xép chéng hay khéng. Néi cach khae, néu ¢é:

T law +bu”! = aT fu't+ bT {u” (1.7



thi phin déng hoc (1.6) dudc goi 14 tuvén tink. nguve lai thi goi la phi tuyén. Piéu nay
thudng dAn dén viéc trong mét hé théng cé thé 16n tal cd hal loai md hinh déng hoc
tuvén tinh va phi tuyén.

Vidu 1.4: Mot hé dugc ma ta déng hoc bang ¢ hai md hinh tuyén tinh va phi tuyén

Xét hé e6 thanh phén déng hoe trong mé hinli trang thai:

i—x]— =M {oy + 2}
at
dx.
D2 _ +x,
dt

NE dang kiém tra duge ngav 1a md hinh nayv khéng thoa man nguvén 1y x€p chéng (1.7)
hav na 14 mét mo hinhdong hoc phi tuvén.

Thav bién z,= ¢ vaz.,=x. thi mé hinh trén tré thanh:

dzl
—— =z, tu
dt
a7
vi no & mdt ma hinh tuyén tinh theo nghia (1.7, a

1.4.2  Quy dao trang thai va y nghia trong phan tich hé théng

Xét hé c6 md hinh déng hoc tu tri (1.2). Goi x(/) la nghiém cda né ing vii u=0 va
x()=x, cho trudc, goi la quy deo trang thdi tie do (vi ¢6 g=0). tic la nghiém cta
phudng trinh vi phan:

dx . =

= = B = X : 1.8

i ALY -~ Fx) (1.8)
Biéu dién nghiém dé trong khong gian trang thai R" ta sé dude do th phu thude tham s
¢, nhu mé ta ¢ hinh 1.5a) vdi chifu mii tén chi chidu tang cua £, Tap tit ca cdc quf dao
trang thai tu do iing vél nhiing diém trang thai ban diu x,, khac nhau duge goi 1a Ao ede
quy dao trang thdi tv do (hinh 1.5h).

Ho cac quf dao trang thai tu do nay chia dung dav du théng Lin vé ban chat déng
hoe cun hé théng. Béi vav., mét trong nhiing phucng phap don gian dé phan tich hé
thong, khao sat cac dac tinh déng hoc vén c6 trong hé théng, 12 théng qua dang cac
dudng quy dao trang thai ty do nav. Nhung lam cach nao d& c6 thé cé dude che quf dao
trang thai tf do ma khéng cAn phai tim nghiém x(t) cua (1.8). Dé tra loi, ta xét trudng
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. “x
hop khi ma hé khong bi kich thich (1.8} chi ¢6 hal bién trang thai, hay x= ]} . Trong
X2

triiong nhu vav, nguoi ta gol qu¥ dao trang than x{(¢) don gian la quy daoc pha.

a) (o]
$
O
g 2 >% %
~ 3

Hinh 1.5: M6 tA hé phi tuyén nhé;
a) Quy dao trang thai cla hé co ba bién trang thai,
b} Mo cac quy dac trang thai cha hé cb hai bién trang thai.

Xay dung quy dao pha béng phuong phap dudng dang ta

Sau day ta sé xét mét phudng phép xév dung quf dac pha cia hé phi tuyén véi hai

bién trang thai x|, £, md ta bdi:

(-iil':fl(xl--"ﬁrﬁ)
;it (1.9)
{{;2 =fa(xyxp.0)

T ma hinh hé théng (1.9) va tin hiéu kich thich 4 (¢)=0 14 di biét ta cé:

d: . -
drtl = fl(x] ‘xi\ﬁ)lu:“ = f] (-‘(’1 _..'('2)
dx. -

%:fzfxl-xwz)lu:@: falxy.xy)

Chia hai phudng trinh trén cho nhau theo tiing vé€ réi xem né nhu mét hing 6 % ta dudc

dx, :E?:(Ib-‘fz)

—_ — =F(‘€ .X:_):}i’
dxy  fy(xy.2) b

Tiép theo ta xav dung cac dudng d8 thi biéu dién ham

f(x!,x2)=k (].]_O)

trong mat phang pha véi k 13 mét s8 thue duge chon truse. Do
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dJL' iy
dx-l = flay.x, 0=k

nén moi quy dao pha x(t}=

ESRTR T L . O .
]“J cua hé khi cat duong d6 thi cua {1.10) s& pha cé
.\ 'r"{ B

cliing mot do nghiéng ¢ thea min tang=4k . Noi cach kbac. dé thi (1.10) 12 tap hop tat ca
cac diém irang thai ma khi di gua né cac quy dao pha phai ¢6 cong mit dd nghiéng.
Chinb vi vay dé thi cha (1.10) duce go1 14 deimg a’{%ug td {eunyg mat dé nghiéngl.

Cha ¥ Dudng dang ta (1.10) ch 1a tap hop cic didm trang thad ma tni dé caw quy
dao pha phai ed eing mdl 6 nghiéng. Piéu d6 hoan 10an khéng néi rang cic diém trang
thai do phai thude cing mot quy dao trany thal

Tudng dng vai mdl gia tri £ nhit dinh ta cé mat dudng ding ta. Cho k thay déi ta
duge nhidu dudng ding ta. Lép cua nhidu dutng ding La dng voi nhitng gia tri & khae
nhau tag ra trong mat phang pha mét tap hep cac dudng ding ta. T tap cic dudng dang
4 DAV, ta c6 thé xay du‘ng. mét cach gan dang quy dao pha cta hé théng véi didim dau x,
bt ky bang cach xuat phat LI x,, . thiél ké mot dudng dudng cong et cac dudng dang ta
sac cho tai glao diém vdi dudng ding ta Gng vdl mét gia tri & nhat dinh thi phai co da
nghiéng dung bang ¢ tinh theo tang=k . D& cho viée xav dung dudng cong duge dé dang.

nén vé san trén dudng ding ta & cac vach chéo ¢ d6 nghidng 1a tang .

Vi dy 1.5: Xay dung guy dac pha theo phudng phap dudng dang ta

Xét hé ca mo hinh trang thar

rdi\"

d (1.11}
‘—T—] = —xf —0.2x, +tu

o dt -

T phuong trinh trang thin teén ta thavy ngay dude he chi ¢6 mét diém cin bang 13

gbe toa db 0. Dudng dang ta & cho truang hop hé khiong bi kich thich (=0} sé Ia:

b= dy, - xf - 0.2xy
’ d.:(l Xy
Suv ra
o
vy = néu k£ 0.2
;“r + (0.2
=0 néuk =02
xy =0 néuk ==
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Nhu vay tap nhiing dubng dang th ciia hé s& 13 cac dudng cong bac 3 khi &k = 0.2 vi
true hoanh dng vé & = . lruc tung ting véi & = 0,2, Trén cae dudng ding (A dé ta vé san

nhiing vach nhé biéu dién goc nghiéng @ 6 tang =k Chang han trén true hoanh 1a ciac

. PV oo T . .
vach vuong géc viél na {co ¢ = > ) vi tan '.;' =k = oo (hinh 1.6},

Sau khi di ¢6 cic dudng dang ta. ta xav dung quy dao pha cda hé. Gia sii ta phai vé

aqu¥ dao pha di wx diém trang thal x, nAm phia trén truc hoanh. Do x; nam phia trén

truc hodnh va —-d— = x, nén quy dao pha di qua nd phai cd chiéu 1 trat sang phal, tac la
;

chifu tang eta x,. Khi gap dudng dang ta dau tién 1a dudng eé k = 0, ta v& qu¥ dao trang
thai tai d6 c6 géc nghidéng dang bang O (sony song véi truc hoanh}. Cu nhu vav, dua vao

cAc dudng dang ta d6 ta 6 dude dav di qui dao pha chita x4 cia hé nhu d hinh 1.6 O

k=1 TS = -1

X

Hinh 1.6 : Xay dung quy dao pha theo phudng
phap dudng dang ta. Minh hoa vi du 1.5,

Xdy dung qui dae pha bdng phuong phdp tdch bién

Phitong phap tach bién duge st dung dé xav dung qu¥ dao pha cho hé théng ¢6 hai
bién trung thai mé ta bdi (1.9}, Gidng nhu da lam ¢ phuong phap dudng ding L4, néu
« (£3=0 1a cho truge thi chia hai phudng trinh trén cho nhau theo titng vé, ta 88 ¢o:

(fI] _ ;] (I] ,x-_,:)

= :}Ff.-’fhx;g) {1.12)
diy £ {x.0,)

Gia thigl cho viée vng dung duge phucng phap tach bién la vé phai cia phuong
trinh tréu phat oo dang:
Flox)= glx, VA (x,) 11.13)
tic 14 no tach duge thanh tich cis hai ham mét bién gix ) via A(x,).
PEé xay dung qu¥ dao pha xuit phat tit difm trang thai diu xq. ta phan biét hai

Lruding hop:
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d_‘t:l

1) Khigix,)=0. Phuong trinh =0 ¢b nghiém x,=x;({0} 14 hing s&.

X2

21 Khigi(x d#0 thit (1,12 va (1.13) ta co

Tich phan hai vé sé duige

x ,1'2
An _ jh[}’)d}f-*‘ B wvéi ki hing s& phu thude . (1.11)

A B

Theo ly thuyét vé phuong trinh vi phin, khi hé thoa man didu kién Lipschitz thi bao
g10 ciing tén tar trong 1An can x,, haim x;{x,) vii d6 chinh la phudng trinh mé ta quy
dao pha di qua x,, cia hé théng. Ho cic qui dao pha véi diém xusat phat x, khac

nhau cang =& thu duge ti (1.14) v61 cac gia tri b khac nhau,

Vidu 1.6: Xay dung quy dao pha theo phuong phap tach bign

Xét hé v hal bién trang thar x . 1. ¢d md hinh

9:—1 = —asgna; ~bx,
i (1.15)
dx-)
= =x) +Uu
dt
trong dé a, b>0. Thay 4 =0 rdi chia hai phueng trinh trén cho nhau theo tiing vé ta dude
—a—bhx. . .
e néu x| =10
dx; _ ~asgnx, —bx, _ X
dx., x a—bx, o
< ——= néu x; <0
53
Suy ra:
1) Khix,>0 thi
) »  {a+br,)? .
x,dxy = —(a+hx.)dx, & s (a ji“)—z k (1.16)
1
2y Khix,<0 thi
_ + (—a + bxy ¥ -
xydx, = —(—a+bxyldy, & x| +—I‘-“——-=k {1.17)
3

trong dé £ la hang s6 dudng dude xac dinh tit nhitng gia tri diu Xy,



Hinh 1.7: Xay dung guy dao pha theo phudng phap tach bién. Minh hoa cho vi du 1.6,

. _ o . foy (0
Phudng trinh (1.16} ¢6 db thi dang hinh ellipse vél cic tam la (0] va [ ] trong
. —g

doce :% . N6 duge biéu dién trén hinh 1 7a) bing dudng réi nét. Do ¢o difu kién x>0
eiia (1.16) nén chi ¢6 phan nita dutng cllipse nay nAm phia trén truc hoanh (true x,) 14

. .. dx, . _ . Vo
thude vé quy dao pha. Hdn nua, vi c6 —d-riz x,>0 nén doan guy dao pha do phai cé

chiéu tir tral sang phai (chi chiéu ting cua x.,),

£
Tuong ty, hinh ellipse nét lién vl cac tém l ‘

0 . .
ol [ ‘ la dé thi cua phudng trinh

PN

(1.17). Do bi rang bude bai diéu kién v <0 nén chi co nua phia dudi truc hoanh cia
duong ellipse nay 1a thude vé quy dao pha. N6 ed chifu tir phai sang trai la chiéu chi
chidu giam cia x4 (hinh 1.7a).

Dua vao hai niia cac dudng ellipse trén ta ¢ thé xay dung hoan chinh mot quy dao
pha xuét phat tir diém dau x; nao dé cho tride. Chang han véi x, cho trude nhu & hinh
1.7b) thi do x;, nim phia dudi truc hoanh. qu¥ dao pha khi di qua x, phal thudc vé
duang ellipse nét 1ién. Theo chiéu mii tén cho td khi gap true hoinh {diém A trén hinh
1.7b) thi qu¥ dao pha sé chuvén sang dudng ellipse nét rii dé di lén phia trén truc
hoanh. Theo dudng nét rii phia trén truc hoanh cho t6i khi gap truc hoanh (diém B) thi
gqu¥ dao pha lai chuvén sang dusng nét lién ... Qua trinh d6 duge tidp tuc cho téi khi
qu¥ dac pha gap truc hoanh nim trong doan tit -¢ dén ¢ (doan duge té dam trong hinh
1.7} thi ding lai. vi trong doan nay khong con c6 db thi hinh ellipse nao niia cia phuong
trinh (1.16) vA (1.17). 0



Ung dung trong viéce xéc dinh diém can bang cla hé théng

X6t hé c6 mé hinh trang that khong tu tri (1.3). Mat diém trang tha x, duge go1 la
diém can bang tequilibrium point) néu nhu khi dang ¢ diém trang thai x, va khéng 6
modt tac déng nao tir bén ngoai thi hé s nam nguyén tai dé. Can o theo dinh nghia nhu
vav thi diém can bang x, cua hé théng phai 14 nghiem cua phuong trinh:

da

L fauty =
Pl AE L

Piéu nav cling dé hifu. vi theo dinh nghia, difm can bing 1a diém ma hé thong sé
nam im ta 46, tie 14 trang thal caa ne khong bi thay dn {vaTZQ) ki khéng ¢6 su Lac
déng ti bén ngoat (=0

(6 Lhé thav ngav dude ving diém can bang sé dude xac dinh Ui ho cac quy dao Lrang
thai tu do cia hé thang qua: “Biém frang thdi ma toi do cde qui dao trang thdi x(t) cé

van toc bdng 0 déu I diém can bang g, ctia hé'.

Vi du 1.7: Xac dinh di#m can béng tif ho cac quy dae pha

Quav lal vi du 1 6. O dé ta thav moi dao pha cua hé khi gap doan true hoanh nam

trong doan t — dén ¢ (doan duge té6 dam trong hinh 1.7) déu dimg lai. Diéu nav ching
A

' N . - - - 5 .\'!- [ - ] ' —
to hé oo cac diém can bang LF[ “' | 1a nhing diém thoa man |1 )< c. a
X

et}

iIng dung trong viéc xac dinh tinh &n dinh tai mot diém can béng

Mol hé théng dudge goi la 6n dink itiém cdn) tai diém can bang x, néu nhu co mét
tac déng tic thoi danh bat hé va khét x, va dua téi diém x, thude mét lan can nao do cua
1. thi sau doé hé co kha nang tu quav vé duge diém cin bang x_ ban déu.

Theo dinh nghia trén thi ta c6 thé

nhan bidt dude hé ¢ 6n dinh tiém cin d} b}
hav khéng tai mét diém can bang théng /’_"“&\“ T
- . s -,
. N . ’ s
qua dang ho cac dubng quy dao trang ! « P / X
. . . - oW . .. . . —t ! -1l
thal cua no. Néu hé én dinh tiém can tai 4 ] \
. N . X . Y i ‘
mét diém cin bang i, nao dé thi mo S 7

duong qu¥ dao trang thai ti do x(#) xuat
el e e e . Hinh 1.8: a) Biém can bang n dinh,

phat tu mét diém x; thude lan ean cua . ) .

) ; bj Biém can bang khdng én dinh.

x, déu phai két thuae tai x,, ¢thinh 1.8},

]
[ BV]



Vi du 1.8: Kiém tra tinh &n dinh

Hé da xét d vi du 1.5 vd1 ho cac quy dao trang thal tu do dude xay dung theo phudng
phap duing ding ta trong hinh 1.6 cho thiv hé (1.11) chi ¢6 mot diém can hing la goc
Lo dd va hé én dinh tiém can tar gde. vi moi qu¥ dao trang thal tu do cda né déu tién vé
0 va két thue ta dé. 0

¥ nghia trong viéc phan tich khd ndng t3n tai dao déng diéu hda

Giéng nhu hé tuvén tinh, hé théng phi tuvén eling o6 kha nang dao ding didu hoa.
Chung dude thé hign ¢ dang dudng gqu¥ dao trang thai tu do khép kin. tde 1a nhiing quy
dno dng vii =0 ma néu xudl phat tF mét diém trén dé thi sau mot khodng thol guan
hire han =8 lai quay vé diém ban dau. Cac gui dao trang thdi ti do khép kin nay duge
md 14 bl nhing nghiém tudn hoan cia phuang trinh trang thai hé tu tri {1.2):

dx .
— = flx.u}
dr =~~~k
hoic hé khong tu tri (1.3%:
dx

_“t_: i(:"_{,g,ﬂ

Vi du 1.9: Phén tich kha nang tdn tai dao déng

Xét hé oo so dé khél nhu 6 hinh 1.9a). 11¢ ¢6 ddl tuong ta khau tich phan bac 2 va bo
didu khién 1a khau phi tuvén hai vy tei.

Hinh 1.9: Minh hoa vi du 1.9 vé dao déng idu
hoa trong hé phi tuyén.

P#1 tugng tich phin bac 2 Ja khau tuvén tinh ¢ ham truvén dat:

Yis 2y
,(s, :L. - Q: L)

Sy

Sis) =

¥

5 ot

—



Boi vav, néu dat

dxy
r=x 7 — =X, {1.18)
y=x; VA e 2
thi dox; =y =— nén
dx, {1 khi x; <0
—== p(f) trongdo vt} = (1.19
g v womedo wln) {—1 khi x, >0

Nhu vay hé ¢é md hinh trang thai

dx; X
T Xy
di (1.20)
d'ﬁ =y = —sgnixy)
U d¢ !

Phudng trinh (1.20) trén ¢6 nghiém tudn hoan, titc 14 hé cé dao déng didu hoa. Didu
d6 ta c6 thé nhan thay tir (1.18) va (1.19) 1a do ¢ (¢) chi nhan gia trj hing s& £1 nén khi
chia hai v& cioa ching cho nhau sé& dude (xay dung qui dao pha bang phuong phap tach
hién):

dat] Xo 2

= —= = X, = E’ + k&
dx, v 2u
N N a . . e .o _ - _ dy(U) .
vdl k 14 hang s& dude xde dinh tiy g tri dau x,(0) = ¥(0) cang nhu x,(0) = TRl Daxv

cang chinh 14 phuong {rinh mé ta quf dao trang thai dang parabol cta hé thong khi

khéng bi kich thich. Hink 1.9b) biéu didn quy dao trang thai clia hé. Dudng lién nét ing

val r=—1. dudng 151 nét tng vdi v=1. Chidu mil tén chl hudng qu¥ dao trang thai duge
- . ., dx T f g s ;

xéc dinh tit quan hé d—; = x4, tuc 1a phia trén true lung (x,>0) nd chi chiéu tang cua x,

v dudi truc tung thi chi chiéu nguoc lai.

Gia s hé dang 6 trang thai x, phia bén phai trucx, Do cd x>0 nén tiix, hé =& di
theo dudng nét lién cho t6i khi gap truc r, thi déi hudng chuvén sang dudng roi nét vi ké
tir e d6 x,<0. Theo dudng rdi nét dén khi gip truc x, thi lai déi hudng chuyén sang
dudng nét lién. C nhu vay hé sé di theo dudng qu¥ dao trang thai khép kin xac nhén sy
tdn tal dao déng didu hoa autonom trong hé. )

Mod réng bai toan xac dinh su tdn tai clia dao déng trong hé phi tuyén, ngudi ta da
di d&n bai toan 13 lam thé nio dé xac dinh dude hé 6 quf dao trang thai khép kin hav
khéng ma khong can phai xav dung cac quy dao trang thai clla nd. CAu héi nay la ¢ I
vi hai ly do:



—  Thit nhat la viée ¢6 duge ho cic quy dao trang thar mdt cach chinh xéc cho hé
thang phu thude rat nhidu vae dang mo hinh tang thai cua hé. Ta chi c6 thé xav
dung dude quy dao trang thii cua hé theo phudng phap giai tich cho médt s hé dac
biét. Ching han nhu viée xdv dung qui dao pha cho hé c6 hai bién trang thai theo
phudng phap tach bién chi thuc hién duoe néu nhu mé hinh cia hé théa man diéu
kién (1.13}.

—  Thu hai la khi st dung cac cdng cu md phong ta chi nhan dude mot s6 quy dao
trang thai riéng biét gan ding ting véi nhing diém xudt phat x, khic nhau, chu
khéng 6 dudge dang chung clia tit cd cdc quy dao trang thal. Néu nhu hé ¢6 dao
dong didu hoa. song dao déng d6 lal vt "nhay cam” v6i diém trang thai x;, duge
chon ban ddu thi viée chon ra duge x,. thich hop dé tiz do c6 dude quy dac x ()

khép kin 14 hoan toan mayv rai va md man.

Phu giup cho cau tra 161 vé kha nang tén tai quy dao trang thai khép kin trong hé
¢6 hai bién trang thai (qu¥ dao pha khép kin) ma khéng cin phai cé dé thi cua ho cic
guy dzo pha la didu kién cin ciia Bendixson phat bidu nhu sau.

Binh ly 1.1 (Bendixson): Xét hé bac 2 ¢ md hinh khdng bi kich thich:

dx . .
d—;:f}{x]‘.\'g.g)Lr:l]: Jfl(xl-_-'fg)
dx. . _ N

(;{3 :fg(x"xﬁ‘-ﬁﬂu_[): Falxy o)

Né&u trong mét mién D gidi n6i cia mat phang pha (x,.x,) hai ham £, ., lién tue

cung dac ham cua né va him
afy  of.
/1 . 7y

g(x‘jxl) = —

(1.21)
ax'l axz

khéng déi dau cling nhit khéng déng nhat bang 0 trong tat cd cac mién con 3, thude

3 thi hé sé khong ¢é qu¥ dac pha khép kin trong 3.

Chitng minh:
Gia sU rang hé ¢ quf dac pha khép kin ¢ trong 3. Gol mién duge bao kin bsi quy

dao pha dd 1a B, . Vay thi theo efng thic tich phan cua Gauss cho ham (1.21) ta cé:

; y

_\ax] E}*CJ:

|
3

[g1xy,05 i dxydx, Zg dxydx, =§(— dex, +F1dx2]
i
A

-

o = odxy “dezj NI AT
S§l A S F B Ny =l R+ AT ke = 0
ﬂ o th, i 2h +he

[
[+]}



Nhu vay, trong 3, hiun g(x, . x.} phai hoac da 481 diu hoac phai déng nhat bang 0 va

diéu nav tral voil gla thiét. Vay didu gih s 1 sal m)

Dinh Iy cua Bendixson chi 1 didu kién cén cho viée xae dinh su ton tal cua qu¥ dao
pha khép kin, song ciing la ggi ¥ cho viée khoanh nhing viang khong ed quy dao pha
kheép kin. Trén tu wisng dé vi dé khing dinh rd rang su tén tai quy dao pha khép kin. ta
5é loai ra nhiing mién D thoa man dinh Iy Bendixson va chi tap trung viic cac mién gid
nér khae kv hidu 1a £ i é dé ham g(x, x.) d8i ddu, trong do glx,.x ;) duge xic dinh
theo cong thic (1.21) cho trudng hop hé phi tuyén hai trang thai vé mo hinh khéng bi
kich thich. Piéu nav dan (s dén dinh ¥ Poincaré—Bendixson. N§ duoe xem nhu hé qua

cia Bendixson va phiat bigu nhu sau;

Binh Iy 1.2 {Poincaré-Bendixsen): Cha hé bac 2 khong bi kich thich w6 md hinh trang thai:

dx ~

d—;:f](-‘ﬁ--‘fz&}\l_,;[_]: filxg.xy)
dx-z_.(_ . - Ty .
E‘—f:z «H--“:-E)IE_[_!— folxyxy)

Né&u co mit mién £ kin, gidi ndi cua mat phﬂng‘ pha ix..x5) khing chiia diém can
bang va mat quy dao pha x{¢} xuat phat tI bén tvong £ song khong roi bo £ thi

trong & phai 16n tai it nhal mét guy dao pha khép kin (dao déng diéu hoa autonom).

Vi du 1.10: Phan tich kha nang 15n tai dao dong

Xét hé cin bang tal goe véi méd hinh:

el 2 .,.
L - —xpfxy ~xyen g 1+
(i{ : ) h - - (l ()2}
dx. " TR -
!—A =—xp —xgly] Ay +xy - 1)
bt B T

Mifn & ta vét 6 dav 1a hinh vanh khuyén ¢6 bién 1i hai dutng trén tam géc toa do

va ban kinh 1k, kL tae 1

S=ixlexi=i’l 0k, Sksh,,} ' (1.23)

min

&

R6 vang & khang chia diém can bang. Van dé bay gio 1a xac dinh £ S

mimn -

T ma hinh (1.22} ta oo

4 ‘l
fdr,  —x —x,0x) ~ XXy x5 —1)

=2z - = (1.24)
dvy g, (xy +xpx, +xy — 1)+



Mat khac tif phudng trinh 11.23) m6 ta £ ta cing co,

dry _ X (125

tlx, Xy

Bo1 vay mat quy dac pha x(f) xuat phat tir bén trong £ va khong ra khoi & phay la quy

dao £6 goe nghiéng (1.24) giong nhu (1.25), tidce la:

3 4
¥y + A la) . xxs Fag -1) x u u
L 2% Lkl Sl =1 e A Hxi Ay, —1=0

a u -
—xlxf +xpxa i -1+ x, A2
Thav
: A )
.rf‘ +x5;=k" va  x,=heose cang hhu x5 = hsing

vao phudgng Lrinly trén {dén sang ton db cuc) ta dude:

" _ _ 9
k‘(1+l5m2m)? Loas pE=__
2 24510 2
; Y. .7
T ddy suy ra P ks _‘_%‘ . .
ra .
1 A le =5 g ., L
. 2 _ [z By
klmn =N o = | - \ xy
¢ (2+smp 3 87 0 .
\ "ERW
’ = ’
9 v
Vi B = ma\ P - = .\/_T e L e
x \( +sin 2y ~d i s
e
Viasueng mib Hinh 1,10: Minh hoa vi du 1.10.

&= 4 t+t7=k |(Sk$ﬁ}

hé c6 quy dao pha khép kin 20£). Hinh 1 10014 qu¥ dao pha cua hé (1.22) thu duoe nho
eing cu mé phong. a

Vi du 1.11: Phan tich kha néng ton tai dao déng

Xeét hé c6 quan hé vao—ra duge mé ta boi phugng trinh vi phan Van der Pol:

4 A2

i;+k [ﬁ.] =1
dt* ot

trong do w(t) 14 tin hiéu vio va vit) la tin hiéu ra cda hé.

——+yv=un Va1 k=0 (1.26)

dt

binh nghia théam cac bién trang thai



. dv
Xy =Y ovaA Xa=—
et

thi quan hé vao-ra (1.26) sé duce bien déi thanh phueong trinh trang thai,

d.l‘i %
=L —x,
G'j‘ (1.27)
F2 —xy —hixl =1)x, +u
dt

Hé co diém can bang duy nhat 1a goc toa 46 ¢ Xem tich k{ x5 -1) nhu mot tham so

e = k| 1j -1} thi mé hinh trang thai (1.27) sé co dang gléng nhiwe mé hinh tuvén tinh co

o

tham s thay déi nhu sau:

c (0 1y (0
iiiz[ 2 1+t1]u (1.28)

Mo hinh "tuveén tinh" (1.28) ¢d phudng trinh dac tinh.
detis] ~A)=g"+ ks+1
nén no sé on dinh khi k>0 va khong on dinh kha k<0 Néu(l 28) én dinh thi phai ca
F>0 = |xo|>1
déng thdi quy dao trang that tu do x(¢) caa heé 1a tat dan, hay x4 (/) uén dan vé 0, Trong
qua trinh va(f) tién vé 0 sé cd thot diém ma ké v loe do ed
|v.]<1 = k<o

tie la ké ti thin diém dé hé (1.28) lar o
thanh khong on dinh va do do x(t1 tang

dan, hav g2 trn ena x,(¢) ciing lon dan.

Khi gia tri x,0¢) ) 16n dan va vugt qua
g1a trr 1. hé (1.28) lai trd thanh én dinh t W —— ”
» ia » » ! O | \ 3}
keo theo x.(t) lar giam dan, ™ ; 7 / >
, , P .
Cd nhu vay ta thav qua trinh tu do )
x(t) sé khong vuol qua duge ra ngodal B R N e

mot mién nao do co |ry| sar khac tuong

R ; ] . A1 M i 1.11
dor Ifin so vér 1. chiang han nhu (ude it Mot ey

luong gan duing)



02<]ry] <15
Theo cach tudng tu ta ciing s€ chi ra duge x(¢) khong ra khol mién nao da co (ude lugng):

22 x, <2

Nhus vay thi khi mot quy dao pha x(£) dng v61 =0 da xuit phat t& bén trong mién:

$= | xer* | |5y €205 <jx. < 1,5}

sé khéng va khoi d6 nita. Ngoai ra do & giéi ndi va khéng chida diém can bang 0 nén theo

dinh Iy 1.2 hé Van der Pol {1.27) phai ¢6 mét dao déng diéu héa autonom trong .

Hinh 1.11 1a quy dac pha cia hé Van der Pol cho trudng hap ©w=0 va k=1 thu duge
nhé céng cu mé phong. )

Chit ¥: C'a hai dinh 1y 1.1 vA 1.2 phu giup cho vide khing dinh sy ton tai quy dao
trang thai (daco déng diéu haa autonom) trong hé phi tuyén chi dude phat bidu cho hé bac
2. Su mo rong dinh 1y cho hé bac cae hon 1a khéng cé oo sd va cho téi nay cang chua co
mét su md réng nao duge chap nhan.

¥ nghia trong viéc phan tich tinh &n dinh cla dao déng diéu hda

So sanh véi diém can bing cla hé thang, ta thayv cic quy dao trang thai khép kin
ciing o6 mbt tinh chal tuong i 1a khi khong ¢6 su thay 461 tac déng bén ngeai, hé sé gid
nguvén trang thai (khép kin) da. Bai vay, cing gidng nhu khai niém vé tinh én dinh coa
hé phi tuvén tai mét diém can bang. ddi véi cac quy dao trang thai khép kin ma ¢ dav
duge xem nhu "ap hup cae difm cin bang". ta cang cé: “Dao déng didu hoa cia hé duoe
goi la 6n dinh néu hé bi tac déng tize thoi ddnh bét ra khoi ché d6 dao dong diéu hoa dd
v bi dwa t9i diem trang thdi x, khdc nhung ndm trong mét lin edn nao d6 cia quy doo
trang thdi kheép kin thi hé lai tw quay vé duoe ché do dao ding diéu hoa nay”

- T
@ O e

Dac dong &n dinh

Doc dong khdng &n dinh

Hinh 1.12: Minh hoa kh&i niém dao déng diéu héa én dinh va khéng 8n dinh.



Theo dinh nghia trén, ta ¢6 thé théng qua dang ho quy dac trang thai cua hé dé
nhan bist tinh én dinh ciia dao déng didu hoa. Cu thé 13 dac dong sé 6n dinh néu moi
quf dao trang thai khi di qua 1an can cia quy dao khép kin dng vii dao dong dang xét
déu ¢ xu huéng tién vé quy dao khép kin dé va két thize trén néd (hinh 1.12).

Tuong tu khai niém mién én dinh ctia hé phi tuvén. tinh én dinh cha mét dac déng
trong hé phi tuvén chi ¢d ¥ nghia ‘ing dung néu di kém v6i no la con chi ra dude mién én
dinh @, e la })hfii chi ra dude 1an can ma cac quy dao trang thai khi di qua mét trong

cac didim thude 1an can d6 thi s&é déu két thue trén quy dae trang thai khép kin nay.

¥ nghia trong vigc phan tich hién tugng hén logn (chaos)

o) hé phi tuvén Judn tén tal mot tap con Z gidi ndi cla khong gian trang thai &" ma
khi quy dao trang thai x(¢) di xuat phat tit mét diém bén trong Z thi s& khéng bao gio
ra khot d6 nita. Ngoai ra, khi da ¢ bén trong Z thi quf§ dao x(¢) & khong két thuc o bat
cti mét diém trang thai nao. nd di ma va & qua mor diém Xy (hoie 1in can cua no) thudc
Z. Néi cach khac. khi da  bén trong Z thi <¢ ludn tén tal diém thdi gian £, ma qu¥ dao
trang thai x(f) sé di vao lan can eua Xy {(tham chi di qua _13), Han nita, do Z gidi ndi nén
x(#) bichén va vi x(¢) bichan nén bao gid cling tén tal dav diém ¢y, £, ty. ... déx (1),
x(ty). xalts). ... hél tu (theo dinh 1y Welerstrass-Bolzano). Nhu vay, Z Ja tap kin. lién
théng va khi di ¢ tveng Z. quy dao trang thal x(#) Judn c6 mot didv gia tri thil gian £,

1. £y, ... dé:

falt,) — gl < €
vé1 £12 mat 56 dudng nho tuy v cho trude.
Ta 6 thé thav:
—  Diém can bang x,, cua hé lad mot tap Z dac biét. tue la Z={g 1.
—  Tap cac diém trang thai thuée mot qui dao trang thai khép kin (dao déng didu
héa) ciing 1& ndt tap Z theo nghia trén.
Néu tap £ khéng thube hai trutng hop dic biét trén thi ngudi ta néi. hé ¢o hién twong
hén loan (hién tuong chaos). Tap Z cia hién tucng hdn loan o tén goi 14 tdp gidi han.
Tap gidl han 2 cua hé phi tuvén duge goi 1 #n dinh. hav tdp gidi han hdp ddn
{attractor). néu moi quy dao trang thai x(¢) caa hé khi di qua lan can ctia Z thi sé bi it

vao Z 6 lai trong dé (hinh 1.13),
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Hinh 1.13: Tap giti han hap dan (attraclor). hay
con goi tap gidi han én dinh

Vi du 1.12: Phan tich hién tuong hdn loan

Xét hé c6 mo hinh trang thai

i
.
dt
\d
s 4
—2 = ~0.1Bx, — ] + Xy +U
| et

Su dung chudng trinh v md phong Winfact dé vé quy dao trang than x(¢) cia hé
ung val gma trn diu x, =0 khi ditoe kich thiely bang tin hién w(f) = = 0.3 sin(¢) o dau vio
ta ¢6 hinh .14 Két qua mo phong nav cha thav 201} ludn di mai. khong dimg lai o bat
cu mat thém ean bang (hoae diem dung) eing nhu khang k&t thoe tar mét duong cong
khép kin nao. Han nia, néu tang thai ginn mad phong lén va cing thi quy dno x (1) sé 16

kin mor viung via do chinh la tap g0 han 2 cua hé trong trugng hop duge cudng biag

Bang tin hiéu w (t)==0,3s1n(¢) & dau vao. =

B 1 AALANZEIGE

Hinh 1.14: Minh hoa vi du 1 12 vé hién tuang
chao (hén loan) trong hé phi tuyén.

Vi du 1.13: Fhan tich hign tudng hon loan

¥ét he Lorenz vl ma hinh khang b kich thich (=0

-y, +xy) xy
fx e ;
—= = [x(26-x3)=-21, troang do r=|xy
ot

XXy =Xy | X



Hinh 1.15 biéu dién quy dao trang thai x(¢) cua hé duoe vé nhd chudng trinh mo
phong Winfact. Ta thay x(¢) khong két thue tar bat cit ¢ mét chém trang thai nao. Né
riung khong khép kin ma cd di mai trong mot mién kin, gidi ndor cua khéng gian trang

thai va mién do chinh la tap @161 han Z cua hién tugng hin loan trong hé Lorenz, 0

a)

Hinh 1.15:  a) Biéu dién quy dao trang thal trong mat phang (x, , x)

b} Bidu dién quy dao trang thal trong mat phing (x, , x3).

Cudi cang. vé hién tugng han loan va tap gdi han Z trong né. ta can luu ¥ thém:

—  Tap gi6i han Z phai chita quf dao trang thai x(¢) cua hé Chang han d vi du 1.6
va hinh 1.7 vé quv dao trang thai cua hé (1.15) ta thiv doan truc hoanh tit — dén
¢ cua mat phang pha co tinh chat gan gidng nhu tap gidi han hiap dan Z cua he
N6i ring no gin giong boi vi cac quy dao pha déu co xu hudng két thuae trén no.
Tuy nhién ban than né lai khéng phai 14 tap =zidi han Z vi khong tén tar mét quy
dao pha x(¢) nao di qua mor 1an can cac diém thude trong nd. Néi cich khée doan

thing tir = d&n ¢ trén true hoanh x. khong dude "vé" 1én hoi mét quy dao pha x (1)

nao do
—  Dé hé tu ty (1.2) ¢6 quy dao trang thar tu do x(¢) thoa man x(0)=x, thi phudng
trinh vi phan:

Z= faw| = fa (1.29)

phai cd nghiém, Du che diéu do 13 ham f{y thoa man diéu kién Lipschitz (sé
duge trinh bayv ¢ muc 1.2 dudi dav) Néu da thoa man diéu kién Lipschitz, phuong
trinh vi phan (1.29) ludn ¢6 nghiém x(¢) var x(0)=x, duy nhdt, va nhu vay quy
dao trang tha: tu do x(¢) s@ khéng thé tu cat nd. Mét quy dao trang thai khéng tu



cat nd ma lai di qua dude 1an can cla moi diém thubc tap gidi han Z chi cé thé ¢6
dudc khi tap & ndm trong khang gian cé si chiéu it nhat 1a 3. Néi cach khace, hign

tuong hén loan ing véi x=0 (hé khang bi kich thich) chi ¢6 thé tén tai & nhiing hé
c6 bac khong nho hon 2.

¥ nghia trong viéc phan tich hién fugng phén nhénh (bifurcation)

Viéc phan tich. danh gia chat lugng hé phi tuyén thusng duge bat dau bang viée xac
dinh cac di€m can bang (diém ditng). Hién nhién chat lugng dong hoc ciia hé phu thuse
vao s6 luong cac diém can biing. Song =6 nhiing diém can bang cia hé phi tuyén, lai
khéng bat bidn. O nhiéu hé phi tuvén. su phu thude nay lai dac biét téi mic chi mét thay
d61 nhé nae d6 trong hé théng. ching han nhu su thay ddi tham s8 mé hinh. &3 c6 thé
kéo theo su thav déi vé s& lugng. vi tri cac diém can bing, qu¥ dao trang thai giéi han ...
vi do do cang kéo theo su thav ddi ban chat, chéat lugng caa hé.

Hién tudng thav d61 ban chit va chdl lugng hé théng mang tinh dét bién va duge
nhan biét qua su thav ddi v& 54 lugng. vi tri cling nhu tinh chat cac diém cin bang duge
g0l 1a hién titgng phan nhanh (bifurcation) trong hé phi tuyén,

Vi du 1.13: Minh hoa hién tugng phan nhanh
Xét hé bac 2 (hé Duffing) co ma hinh trang thai phu thudc tham =&

Xy '

dx _\’(
ot | kxy —xf — Xy ril)

' \
trong dé x =t ! J va k 1a tham s6 cia mé hinh. D@ xac dinh diém can bing thi theo dinh

Ay

nghia vé n6. ta phai tim nghiém x_ cia

Khi do. hé s& cé mit diém cén bang x,;=0 nén k<0 va ba diém cén béng

0 & " ’
xt’]:l ] xt’Z:[JEW: Iu:']:[ Jr‘ néu k=0
\0, W 0

0

Nhu vayv, khi k thav d8i tit Am sang duong. s6 cac diém cin bing clia hé sé nhay vot tir 1
1én 3. Hinh 1.25 biéu dién s& va vi tri cac di€m cén bing phu thude thee tham s& & cia
mé hinh hé Duffing. Cang véi su thay ddi v& =8 lugng cac diém céan bing nav ma ban

33



chit phi tuvén hé. nhan biét duge théng qua dang cac quy dao trang thai, cing sé th
déi theo.

Hinh 1.16: S8 lugng va vi iri cac diém can bang cla hé
Duffing phu thudc theo tham s k clia mé hinh,

1.2 Nhing cbng cu toan hoc cén thiét

1.2.1  Pai s& ma tran va anh xa tuyén tinh

»

Ma tran 13 mét tap hap A goém hiiu han mxn cac sd thyc (R), hoac phice (<) k¥ hiéu

Ha;. =12, ... .om ;=12 ... n , dude 55D x&p theo hang/cdt nhu sau:

ay Gz Tt Gy,
Ao|@n oGm0 oag, hang tha 2
Wl e 77 Qg

o cot thi n

Theo cach sap xép nhu vay thi phén ti,; cia A sé ndm & hang tha i va ct thit /.

Do A ca mxa phin ti thude & (hodce C) nhy vav ma nhidu khi ngudi ta con ding k¥

e Mo nXn

hidu Ae k (hoac Ae C ) dé chi mét ma tran A cé m hang, n cot (¢ kiéu mxn).

Néu nhu cich biéu dién hang/eot § trén di duge thing nhat va khéng so bi nham ta cé
thé viét mbt ma tran A ngan gon han,

A= (a) . i=1.2. ..., m va j=1.2, ... . n.
Mot ma tran A=(a,, ) co $6 hang bang s cdt dvde goi 1a ma trdn vudng. Dudng chéo

néi cac phan tit a;; (chi s8 hang bang chi s6 ¢6t) trong ma tran vudng dude goi 1a dudng

chéo chinh. Pudng chéo con lai duge goi la duwdng chéo phie.

Mot ma tran vudng A=(a ) coa;=0 khi i/ . tic 14 cic phin ti khéng nam trén
duong chéo chinh déu bing 0, duge goi 1a ma trén duing chéo. Ma tran dudng chéo dudc
ky hiéu bei A = diagie,, ).
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Ma tran duong chéo = diag(l) duge goi la ma trdan don vi.
o

Mét vector x =| © | ¢6 n phin td dude xem 13 ma tran ¢ n hang va 1 cot, Néu ghép
s o

",
chung cac phan 10 trén odt tha fcia ma tran A=(a,; ), (=1.2. ... ., m ; j=1.2. ... =n

j

la1 v6i nhau dé thanh vector c;=| : |. goilavector cot, thi A s€ co dang:

,
T

U

A=y can o gy).

Cdce phép finh v&i ma trdan

1) Phép cong ! trir: Cho hat ma tran A=(au-) va BZ(bU) cting c6 m hang n cor. Tong
hay hiéu cua chiing dude dinh nghia 13 A:i:B:{aU- b))

K& rang la phép cong/trir chi thue hién duge véi nhitng ma tran cé ciing 6 hang va
cing sd cot. Nhitng ma tran nhu vay dude goi 13 ma tran cing kiéu,

2) Phep nhan vdi s6 thue (phiteh: Cho ma tran A={a ;) cd m hang. n edt v mot 56 v
huéng thue (phie) x tay v. Tich xA duge hidu 12 ma tran xrA=(xa;) va Ax dude
hidula Ax=(a ). Hién nhién e xA=Ax.

3) Phép chuvén viz Ma tran chuvén vi cia ma tran A=(a;;) v6i m hiang. n cot la ma
tran AT:(aJ-J-) 6 n hang, m edl, dude tao tir A qua vide hoan chu_vé:n hang thanh eét
va nguge lai eot thanh hang. Nhu vay ta lusncs (A7) =4, '

MGt mma tran A thea man A=AT duge go1 ta ma trdn d6i xing. Mét ma tran d6i
xUng phai 14 ma tran vudng.
Neéu ghép chung cac phan (0 trén hang thi § cda ma tran A={a;;) lai vdi nh:iiu

thanh vector ﬂ?— ={a,,. €2 - . ;). gol 1A vector hang. thi ma tran A s& viét

AT
duge thanh A= | ¢ | hay AT =(h,. hy. - . 2.
hT
\\_'m_,

4} Phép nhdn: Cho ma tran A=(a;};) ¢é m hang p bl v ma tran BZ(ka-) O p hang n

eft. Tiech AB=C={(¢ ;) cua chung a mét ma trin ¢6 m hang, n ¢ot véi cac phan tu



2 T
Cf_‘f = S ai-kb_;\,_} =a’ b

o =

h=1

trong d6 g, ta vector hang thii { cua A va b, 1a vector ¢t thitj ciia B (hang thit i cua
A nhén véi cdt thitj cia B). Hai ma tran A, B chi ¢6 thé duge nhan vé nhau thanh
AR néu 88 cdt cita ma tran A bang s& hang cia ma tran B,

Cé thé thay ngay duge tap cac ma tran, két hop v4i phép cong / nhin ma tran va
phép nhian v6i s8 thue (phiic) tao thanh mat des s6. D6 cing 14 1y do tai sao ngud ta
goi dai s6 ma trin.

¥

MoL ma tran vudng AER duge goi 1a ma fréan truc gico nén ATa=AAT=] Hai

veetor @ va b dude got la frige gico vd nhau néu QT{)_ZO. Vector g; chi eé phén td
thii { bing 1, cac phan ti khac bang 0. dude goy 1a vector don vi.
Phép nhin ma tran thudng khéng giao hoan. Né ¢é tinh chat:

- anT=B"AT

- A{B+CYy = AB+AC va (A+B)C = AC+BC.

~ A=AI=]TA v6tT1a ma tran don vi.

- g:‘ﬂAg_}- = @;, . tifc 12 bang phan tu thu if cua A,

- Ag, = ¢ . tuela bang vector oft thujeua A,

- g;fr A= ﬁ;r . tic 1a bang vector hang thi i cia A,

Hang cua ma trén

Xét mot ma trian Ar(au), (=12 ....m; j=1.2, ... . n bit ky (co kidu mxn)
va golh,, i=1.2. ... . m la cac vector hang cling nhu ¢, ;=1.2. ... . n la cac vector
c6t cua A, Néu trong s6 m vector hang A, ¢6 nhiéu nhat p<m vector doc lap tuyén tinh
vA trong sb n vector cot ¢, co nhiéu nhat g <n vector doc 14p tuyén tinh thi hang cia ma
trin dirge hidu Ja:

Rank(A}=min{p. ¢,

Mét 1na tran vudng A kiéu (nxn) sé dude goi la khéng suy hién néu Rank(A)=n.
Ngugr 131 néu Rank{A)<n thi A dude né1 1a ma trdn suy bifn.

Hang cea ma tran cé cae tinh chit saw

- RankiA}=min{p.g} =p = g.
— Rank{AB) < RankiAd} +i Rank(AB)< Rank(B).



—  Rank(A+B)<Ranki{A) + Rank(B}.
—  Né&u A khong suv bién thi Rank(4A B) = Rank(B).

—  N@&u A thude kiéu (mXn) vl m$n va Rank(A)=m thi tich AAT 1a ma tran vudng

kiéu (mxom) khéng suv bién véi Rank(AA )=m

Pinh thic cla ma tran
Cho ma tran vudng A={a ;). {,j=1,2. ... . n kiéu (nxn). Gia tri thuc (phic)

det(A) = ayydet(A;)) ~ apdet(Ay ) + o+ (=1)" ey, detid )
=Y (-1¥"Va, det(A,) = ¥ (-1 a;, det(A,)
J=1 ’ ' i=1 ' ’
dudc goi 1a dink thife cua ma tran A, trong do A;, 1a ma tran kiéu (n—1xn—1) thu dugc tix

A bang cach b di hang thit { va ¢t thu j, tic 1a bo di hang va cot chid ljhz”in tua;, Vi
du:

! | a1z 7 Ty | U3y oy v lyy

oy | Qw70 Qup gy Oyy o0 g,
A=l . . A=l . . i
Iy [ Gy T Oy Ty Qpn T gy

Céng thie tinh dinh thic trén duge goi 1a céng thue tong gudt. Chi cd ma tran
vudng mdt cé dinh thie. Theo cong thitc tang quat thi dinh thic cia ma tran vuéng cé n
"hang va cdt duge xac dinh truy héi tir dinh thic cdc ma tran cé s& hang it it hon Ja n-1,
Rit dau tit ma tran kidu (1x1) La c6

det(a”) =aq;

Dinh thic coa mét ma tran vudng A={a iy} thuae kiéu (nXn) c6 cac tinh chiat sau:

17 A la ma trdn suy bién khi va chi khi det(4) = 0. Nhu vay, néu A cé hai hang hoac hai
c6t phu thude tuvén tinh (vi du gidng nhau) thi det(4) = 0. Tit diy va cing vii cong
thie tinh dinh thice téng quat, ta co:

ldet(A) néu k=i

S (=1, det(A;;) =1 .
%’1 b Y 0 néu Rzt

2) Mét ma tran vubng A=(a,,). i,j=1.2. .. . nco a,; =0 khii>; (hodae i</} duge goi

14 ma tran tam giac, vi cd cac phin tf ndm dudi (hodc trén) dudng chéo chinh déu
bang 0. Dinh thiic cia ma tran tam giac bang tich cdc phan ti trén dudng chéo
chinh.



3 (Cong thifc cla Schury Néu A, A, Ay . A, 14 cac ma tran 12 nhiing ma tran o kiéu phu

hop va @ 14 ma tran cé cac phan i 0, thi

Ay AL A A
! : Icht[ l 2 o = det(d )det(A |~ A5 AT AL
Ay Ay L0 Ay -AyA Ay ' ;

det.

4) det(A) =deta”)
5} det(AB) = det(A)-det(B).

6) Goi A'1a ma tran thu dude tit A bang cach ddi chd hai vector hang hogc hal vector
et thi delt(A) = —det(4").

7} Goi A" 1a ma tran thu dude tit A bing cach nhan eac phan ti eita mbL et hode mot
hang vé1 s& thuce (hoac phide) 4 thi det(A") = Adet(A).

8) Cho ma tran vudng A o kidu (nxa) va mdt sé thue (phite) A Vay thi

det(AA) = A" det(A),

Ma trén nghich déo

Cho ma tran A=(a;). =1.2. ... m; j=1.2, .. . n, trong dé ajj la nhiing s6
. P - X 1 X i : . - .
thuc (hoac phic). noi cach khac Ae ™" (hoac Ac ¢™7"Y, N&u tén tai mot ma tran B

thoa man:

AB =BA =1 (ma tran don vi},

thi ma tran B ducc goi la ma trdn nghich ddo cua A va ky higulaB=A"".

Do phai tén tai ca hai phép nhan AA™" va A™'A cho ra két qué c6 ciing kiéu nén ma

tran A phai la mdt ma lran vudng, Wic la phai ¢6 m=n. Hon nda do det(J)=1#0 nén A
phai Ja ma tran khong suv hién.

Ma tran nghich ddo A™' ¢lia A ¢6 cac tinh chét sau:

N AR =BT7AT va @y =w,hHh

2) Né&u A = diag(a ;) va khing suy bién thi Al= diag| —|.
(N,
3 A= Aad d6 A_ . 12 An cé cac phin tu &, = " det(A 61 A 1A
) —m . trong d6 A_,; 14 ma trin ¢ cac phan td g, = (-1} “detl ﬂ-) voL A la

ma tran thu dude tit A bang cach bé di hang thit j va nhu cét thi i (phan td & vi b

d31 xing vdi ;).
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AL Ay

4) {Céng thirc Frobenius) Cho ma trin vudng A :{A A J khong suy bién, trong d6 A,
3 4

Ay Aq A, ciing 13 cac ma tran. Khi dé sé cé:
a} Néu A, khong suy bién va B = A, - A4 A]| A, cing khéng suy bién thi

R A (A7 + AT ALBTIALATY - A71A,BT
_Lm A, - BALAT B! '

b) NéuA, khéng suv bién va C=A, - A, AJ! A; cing khéng suv bién thi

-1 .
R AZW :[ c? -CTALAY _
LA,-; A, —AJ'AC! A7+ A AL CTTA A

r ks

V&t cla ma tréin

Cho ma tran vubng A=(a ;). {J=1.2. ... . n kidu (nxn). V&t cia A duge hidu la

téng gia tri cac phan i trén dudng chéo chinh ciia A va dude ky hidu bang trace(A):

7
trace{A} = > a;; .

r=1
V&t clia ma tran ca cac linh chat:

—  trace(AB) = trace(BA}.
~  trace(S§7'AS8) = trace(A). vdi § 1a ma tran vudng khong suy bidn bat ky.

Anh xa tuyén finh
Xét anhxa f:r" >R Ngudi ta van thudng viét /: x > vy, hay y = f{x) vagoix
la phan ti gde, v 14 phan t¢ anh cua /. Anh xa £ duge goi la tuyéhn tinh néu:
i{(”‘ﬁ ta,x, + o +apgp)=a]£(£1)+a2£[£2)+ +ap£(§p)
trongdéa,. ay. - . a, la nhing s thyc/phic (hoac phan tu caa mot truong K).
Baw gid ta xét hé phuong trinh tuvén tinh gdm m phuong trinh va n én
Gy Xy taguxyt et x, =y
B Xy T @ynXy ¥ - ¥ dy, X, = Yy
ﬂm1I1+(I :r12‘t2+".+0' X =V

R =n
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Su dung k¥ hiéu nhan ma tran vdi cac vector x = er’, y=| ° [er"”. hé phuong

", \ym J
trinh trén viél duge thanh

. %
s dpy L T
; X vy
D = o Ax = v
LAy VAN ¥ A
'\am] A 7 Gy P ‘—'J//—'
©x
A =

Nhi vav, 6 diy ma tran A da déng vai tvd dnh x3 tuvén tinh A:x = 3 . Cho x chay
khép trong k" thi anh cla no sé 14 mot tap hop nim trong &7 Tap hep dé dude gol la
mién anh Im{A). Cing tuong tu. la ky hiéu Ker{4) 13 tap hop cic diém x trong R ¢6 anh

la diém goc toa dé 0 treng R, Ré rang rdng hé phuong trinh & trén chi cé thé ¢6 nghiém

x néu y€ [m(A).

Hai tap hop Im(A) g &™ va KeriA) € R ¢6 cac tinh chat sau:

1} Tm{A) 1a mot khéng gian vector con trong R™. N6i cich khac néu co Y € Tm{A) va
v, € Im(A) thi ciing phai 6 ay +by € Tmi(A). trong dé a, b 14 hai s6 thuc bat ky.

2y Rank{A) = dim TmiA).

3} dim Im(AY + dim Ker{d) = n.

4) Vé ma tran vudng A kicu (nxa). Tm{A) va Ker(A) déu la hai khéng gian con ctia R”.
Moi phan ti x € R” déu phéan tich duge thanh téng x = x, + x.. trong dd x, € Im(4)
via x. € Ker(A). Hon nida viée phan tich d6 1a duv nhat,

3) NEu ma tran vudng A 6 kidu (nxn) 13 d61 xong thi Im{A) va Ker{A) truc giao v

nhau tidc la vé mol phan 1t ve ImiA). x € Ker(A) ta ludn ci yT x=x ¥=0

Néu s dung cach biéu dién A=(a,. a,. - . @,) theo cic vector 6t clia né thi
Im{A) chinh 14 khéng gian cua tat ca eac vector phu thude tuvén tinh theoa, , ¢4 . -,

a,, . Ngudol ta viét

ImiA) = span(a; . g

_— LS

°
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Ky hiéu span(e, . as . -~ , a,) la chi tap hop tat ca cac vector phu thude tuvén
tinh theo a; . @s, *+ , @, . Tap hop d6 cing la mét khéng gian vector. Nhu da néi. dé
phudng trinh Ax = v co nghiém x khi bigt trude v thi ve ImiA). tic 1a »phai phu

thude tuvén tinh theo e,

Ye Im(4) <

[

[

Ma tran vuong Ae k"
ngude lai van dé 1a anh xa tu ddng cdu f 1k

. N - i t H . . .
mob ta nd. Trude hét trong R™ co n vector dan vie; , ¢y . o

Sy g,

CoBuv ra:

YE span{a;.qy. " ,a,]}

spant g; .y .+, 0, ) = span{a;, gy,

Rank(4} = Rankid . v)

1 Gy ¥)

x N P ur . . N & L .
" 14 mét 4nh xa tuvén tinh td R” vao R” (tu déng cau). Dat

" - w" di cho trudc va ta phai tim ma tran

e, - Mol vector x trong no

déu bidu dién ducc dudi dang phu thude tuvén tinh theo cac vector don vi nay:
(1]
-

|

}:xl g]+ _\_'.2§:+ e + X1, &,

L x

nt

No dé anh caa nd sé ta
v=flxh= fget xmept et e

X1

X fle) t s fleg )t o4, fle = (fle)) fley), = fle,))

S X

A

v A lh ma lran md ta anh xa tu déng cdu / : R" = k" da cho.

Phép bign ddi tuong ducng

, . it 0. .o Ctes gex . .-
Ta di duge bigt ma tran Ae k""" Ja mot hinh thue biéu dién anh xa tu déng cau

f‘. Tuv nhién cach biéu difn dd phu thude viao bd cac vector co s6 ¢,

. g, dudc

RN

chon. Vi nhiing bo cd 56 khac nhau ta ¢é cac ma tran A khac nhau. T4t ca cac ma tr'm A

do 14 tuong duong vi chiing cing biéu dlen cho mot anh xa f.

S -, . ~ . . Bl H Lo
Gia sis,| . 8. s, l& mét co 6 khac cha R” ngodi e . e, . ... . g

vector s, lai c6 dang biéu bién theo cg sécie| . ¢y . ... . £, nhu saw
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51 S1y | {510 |
6y = L N I
\Snl_) Snu W
- n - A - n - - kN
Vigy) . 85 . .. . 8, & n vector dic lap tuvén tinh trong R nén mol vector x trong K

déu 6 dang phu thude tuvén tinh theo chang, tic 1a

Y, | n
X = dE st et e b res, = (s s, s, )
bl L A
\an s n
Bé s thuc 7y . ry . .. . 7, dugc go1 la toa d6 cia x theo co sOméi g, . sy | s

= LA
Vay mudn biéu dién x thec toa d6 mdi ta o6 phép bién déi
ks Ty
. — S.-. 1 .

W) K )

V4i cach bidu dién x theo oo 56 mdi nav. anh xa /R = =& cing ¢6 dang mdi

.

/xll
y =) fley - Fley))

A X, ) Tt

E

n6i cach khic AS ciing 14 ma tran mé ta f: R” — ®" nhung theo c6 s 8, , 85, e . &

]

”
trong R chox .
Tuv x di duge bidu dién thes co sd méi s, , 8, . ... . 5, nhung anhy cia né lai van

thegcosGclie; . €, , ... . ¢,. Déchuyény theocisés, . 8, ... .8, ta lai lam giéng nhu

da lam véi x va di dén dang tudng duong cho f: B — R” theo ¢6 s¢ méi s, , Sg - .
nhu sau
87'AS.

Cac phép bign d61 ma tran A thanh ST'AS trong d6 S 1a mdt ma tran vuong khéng
suy bign bit ky. dudc goi la phép hien déi tuong duong .
Gid tri riéng va vector riéng

Cho ma tran A. Mdt sa thue (phic) 4 duge go1 la gig tri ridhg va vector x duge goi la
vector riéng bén phal dUng vdl gla trl riéng 4 cla A, néu ching théa man:

Ax = Ax ding v6i moi x < {Al-AYx = 0



D& cho phuong trinh trén ¢é nghiém xz0 thi (A/-A) phai la ma tran suy bién, tie 1a 4
phéi lam cho dinh thic ciia ma tran (Af~4) bing 0. Dinh thue

det{ AJ-A)
cua ma tran (Af-A) dude goi la da thie déc tink cua ma tran 4.
(Gi4 tri viéng va vector riéng ciia ma tran A co6 nhiing tinh chat sau:
1) (Dinh ly Cayley—Hamilton) N&u da thiic dac tinh cua ma tran A ¢6 dang:

det{Al— Ay =p)=2"+a,_ A"+ - +a d+a;

thi eling o

plAy=A" +a”_1A“_1 + -+ aAta, =0,

trong d6 €@ la ma tran c6 cac phan tii déu béng 0.
2) Néu khai trién da thue dac tinh thanh
det(AI- A)= i"+a, A" '+ - +a,
thi
ag=(-1)"det(d) vd  a,. =—trace(A).
Diéu nav ciing néi ring det{A) va trace(A) la hai dai lugng bat bién vl viéc chon co
sd nén ching 1a nhitng dai Juong déic trung cho anhxa f-R™ - R".
3) Hai ma tran tuong duong A va S~ 'AS ludn c6 ciing cac gia tri riéng, noi cach khac
" gia tri riéng cia ma tran bat bién véi phép bién déi tuong dudng.
4} Céac gia tri riéng cua ma tran bat bién véi phép chuyén vi.
det(A — A = det(a” — AN
5) Vector riéng ung véi cac gia tri riéng khic nhau thi déc lap tuyén tinh véi nhau.
6) Né&u A khéng suv hién Lhi AB va BA cd cing cac g14 tri riéng.
71 Néu A la ma tran déi xing (AT= A) thi cac vector riéng iing vd1 nhitng gia tri riéng
khac nhau 88 truce giao vé nhau. )

N " x
8) Choma tranvudng Ae r” "

. Khi d6 cac phat bidu sau 12 tueng duong:
a) AT=A vatatcd cac gia tri riéng cia A 14 nhitng 56 thuc dudng.
b} xTAx >0 v6i morx#0.

o A=A va xTAx >0 véi moi x>0,
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1.2.2  Khéng gian ham s&
Khéng gian metiic
Cho tap hgp cac ham x (). ky hiéu la X, Dinh nghia phép tinh céng:
{x+ y)(H)=x()+ ¥8)
vir phép tinh nhan véi mot s& thuc ¢ (khéng gian vector trén trusng sé thuc):
fax))=ax(t).
Khi dé. vé rang khéng gian X 13 khéng gian vector ¢6 phan tu khéng x(¢}=0.
| Néu trong khéng gian vector X ta dinh nghia thém sd thue d(x, E) dé xac dinh
khoang cach gitta hai phan tix(¢). ¥(¢). duge goi la metrie. va s§ thue nay théa man:
1)y dix, y)¥=0 khi va chi khi x(f)= x(t)
2) dix, y)=d{y.x)
N diz. yvitd(v.z2)z dix.2}
thi khéng gian vector X dudge goi la khdng gian metric,
Hai khéng gian metric X véi dd dodix,. x,) va ¥ véi dé do d(zl.zz} thoa man:
d{x,. x4)= @ d‘{]*fg)‘ ae |k
s€ dudgce gol la twong dudng.
Viée dua thém do do metric d(x, ¥ vao khong gian vector X da lam cho X ¢d thém
tinh giai tich. Ching han nhu: _
-  Phan i ¥ duge goi 1a thude tan cén ¢ cua phan tax néu dix, yI<e
- Tap O, ={yeX | dix. ¥)<e} dude goila lan can md cha x.
—  Tap (5,. = veX [ dix. __V_)QEE dude goi 14 14n can déng cla x.
—  Day ix,! thude X duge goi 1a Aol tu thi xe X ky hidu la x,, - x. hay }1_131 X, =x

néu Ve >0, AngeN: Vndn, = dix. x,}<E

-~ Phin tixe X duge goi la diém trong ciia X néu tén tai mét lan can O, cia nd nim
hodn todn bén trong X,

— Mot tap con Y= X dude goi la tép md néu moi diém ye Y déu la diém treng cua Y.

- N&u trong khéng gian metric X c6 day {x,, | hoi tyu thi:

44



a} Phan tigiéihan lim x, =xe X la duy nhatvadix, z,)-0.

et

b) Moi day con cla {x,} cung hdi tu té x.

¢)  Cac phan tu x,, 1a bi chan. tic 1& vdi moi y € X ludn c6 d( ¥ o ¥)odix, v).

d) Neéu dav {x,} thude X hot tu thi Um d(x,,, x,
=

rang diéu nguge lai khéng ding.
Khéng gian du
Xét khong gian metric X. Néu co day lx,
lim &{(x,.. x,1=0 (rn=m)

gt T,
Ho—e

thi day jx,,} duge goila day Cauchy.

! thuge X thoa min:

y=0 trong do n>m. Chu ¥

Khac vl truong s6 thuc R ma ¢ do moi day Cauchy déu héi tu (Ldi gia tri gidi han

x nao dé cing thudc R}, thi trong khong gian metric X néi chung la chua duge dam bao.

Mot khéng gian metric X dude goi 13 khéng gian du (complete), néu mei day Cauchy

trong né déu hél tu (6 modt phan tu cing thude X). Tap con M clia X dude goi 14 tap con

du néu moi day Cauchy trong M d&u hin tu 151 mét phan ti cng thude M.

Khéng gian compact

Mot khémg gian metric X dude goi la RAdng gien compact, néu moi day {x,,} trong

né déu chita mét dav con hai tu,

V& khéng gian compact ta o6 nhiing phat bidu sau:

- Khong gian compact 128 mét khéng gian da. gidi ndi va tach duce. tide 1a trong nd cé

mét thp com teh mat, dém duge.

—  Mbét tap con A cua khéng gian compact X cing sé 1a compact khi va chi khi A

dong.

Khdng gion chudn

Trong khéng gian vector X xéc dinh trén trudng s6 thuc R, néu c¢é thém anh xa

{khéng nhat thiét phai tuvén tinh) |- |: X — k théa man:

a) Jx[|20 va {x =0 khivachi khi & 14 phan tu khéng cia X

by fJexf=|e] lxf ding vél meicer vaxe X,

Oty <zl v ] véi meix. yeX.



thi gia tri thuc {x|| dude goi 12 chufin ctia phan th x va khéng gian vector X dude goi 1a
khéng gian chun,

Do X 1a khéng gian vector nén tir chudn ||x | cia né ta ciing c6 dudc metric:
dix, y)= x|

Nguge lai. mbt khong gian metric ciing sé 14 khéng gian chufin véi | x| =d(x,0),

néu metric cna né con thoa min thém:

- d@+§.£+§)= d(i-‘l)‘ tvic 1A metric bit bién v6i phép dich chuvén vector,
- diax,a £)=|a|-d(,§, f)’ tie 14 né thuin nhit thomogen).
Trong mot khéng gian X cé thé 6 nhiéu loai chuan. Hai chuan [[x], va | x|, caa
n6 dute got 1h twong duong ndu tn tai hai 8 thue m va M € ludn oo
mlzl, < befl, € Mz,
Cac khéng gian chudn thudng gap gém cé:

1) Khong gian L, [a.b] la tip hop cac tin hiéu x{f) thuc, xac dinh trén khoang kin
[a.h]. ¢6 chuin duge dinh nghia la:

X 1
I
Il = [”x(!}|pdtw . trong do 15 p <eo,
n

2) Khéng gian L£..]a.b] 1a tap hop cac tin liéu xt#) thue, xac dinh trén khoang kin

[c.h]. 6 chuan duge dinh nghia la;

I~

w (= SUD |x{t)| .

astsh
Dac biét, chuan ||| p VOL 1S p Seo cOn thoa min:
. . b 1 . R
o Tavly sl dob, neu 2ela1 by Holden
p 4
by Jatv, <lxl,#llvll,  (dinh 1y Minkovsk)

3) Khang gian E gdm cac vector ham x (£Y=(x (£}, - . x”(:‘,)]T ¢é n phan ti cung véi
chuan Euclid, duge dinh nghia la d6 dai cia vector
n

Izl g = | Slue]

i=1
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4) Khéng gian Homi(k".R™}, la tap hop cua tat ca cac anh xa tuyén tinh tia " vio
R (homomorphism), tic 1a tap hop cia cac ma tran A=(a i) kifu mxn. cling vé
mdt trong cac chuin sau:

a) Chudn Frobenius: La vt cila ma tran A4, hav:

fA[ p= (trace(A™ A)

b}y Chudn bdc 1: La téng 1én nhat trung s& téng modul cac phan td nam trong
cing mot cft. hay:

i

IAll, = max ),
EEES

ﬂ.i;‘.

¢} Chudn bde hai: Li gia tri riéng 16n nhat ciia ma tran AflA, hay:
JA] s =maxy 4 (A% A) =F(A)

dY Chudn vo citng: La téng 16n nhit nong 6 tong modul cac phén ti nam trong
cang mat hang, hayv:

1
A= = max D ‘ai}-‘ .
I3 J=l

Khéng gian Banach
Mét khéng gian chuin X duge goi 1a kkang gian Banach, néu vé& melric duge suv ra
t¥ chuan cha nd la d(x. ¥)= ||x="y || sé co dude moi day Cauchy {x,} trong né li héi tu.
V& khéng gian Banach ta ¢6 nhiing phat biéu sau:
—  Khoéng gian Banach 13 khéng gian du.

—  Khéng gian chuan compact 14 mét khong gian Banach, diéu ngudc lai khéng ding.

Khéng gian Hilbert

Mot khéng gian chudn Banach X dudge goi 1a khéng gian Hilbert, néu chuan clia né
con thoa man thém tinh chat hinh binh hanh (parailelogram):

le= v I+t v 0= 202+ 2 17

Diéu dac biét coa khéng gian Hilbert 1a trong né tén tai phép tinh tick vo hudng, k$

hiéu la <x. v>. thoa min:

1) <x+y.z»=<x,

e

A<y z» viimolx, v . 2e X



2) <x,y>=<yv.x> trong dd ¢ 1A ky hidu chi sd phic lién hop cua c.
3) <x.ay>=a<x, y> viiae . Diéunay la tuong duong véi <ex. y>=@ <x, y>.
4) <x ., x> viix# 0 ludn 1a mdt 86 thue duong.

Giita tich vé hudng <x. ¥ > va chuin || x| ¢6 quan hé:

lxll = <x.x> ' (1.30)

V& phép tinh tich vé hudng trén thi trong khong san Hilbert con ¢d thém mit
quan hé méi giia hai phdn t x. v dude goi 1a quan hé tric giao. Hai phan ti x. v 1a
trife gigo vai nhau néu cé <x. v >=(} Ha khéng gian Hilbert X, Y dugc gol 1a truc giao
w61 nhau néu <x. y>=0 ding véimoixe X va ye Y. Khi dé ngudi ta viét:

Y=Xx"

Mat khing gian X mdi chi ¢6 tich v6 hudng <x. ¥> trén nd thi duge goi 1a khong
gian tien Hilbert. Mt khéng gian tién Hilbert sé la khéng ginn Hilbert néu nhu né con
la khéng gian du (khéng gian Banach) theo chuan (1.20).

Ngoii ra. vé khong gian Hilbert ta con e cic phat bidu saw:

—  Can va du dé mét khéng gian tién Hilbert X la khong gian Hilbert 1a vdi moi
khéng gian M con. dong cua X ludn eo M=M ™",

- Néu M 14 mdt khéng gian Hilbert con. déng cha khoéng gian Hilbert X thi sé ¢é
X=M&M . ticla ing vél mdi phiin 1 x¢ X ludn ¢6 duy nhat cip phén tix, e M.
x,€M™ thoa minx=x;+x,. Phan tix, duge goi 14 hinh chidu cua xe X 1én M.

-~ Néu A 1a mét tap 161 con, du ctia khong gian Bilbert X thi ing véi mbi xe X luén

tén tal duy nhat mot phan tlix e A théa man fx~x, | = inf |z- v [ =d. Gid tri d
_'y'EA -

nayv dude goi 1 khodng cdeh tixe X té tap A,

- GolA.B 1a hail tip con cua khéng gian Hilbert X. Vav thi:
a) A~ 14 khong gian Hilbert con, déng caa X,
b) AcA’t va al= 4ttt

¢} Néucé AcB thiséco B cA’

Khéng gion cac énh xa lién luc
Cho hal khéng gian chuin X va ¥ va i ;X =Y lid (vector) anh xa ta X vao Y. Khi dé

anh xa [/ XY st duge go1 la:
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a) Lién fwe fai xye X, néu il moi dav {x,} hdl tu té1 x; trong X cong c6 diy
{fix,)} hoi tu i [(x,) wong Y.

by Lién tuc trong X. néu né litn tue tal moi diém x thude X,

o) Théa man didu kién Lipschitz x,€ X, néu ton tai hing s thuc dugng ¢>0 dé

o

I £(x) =[xy ]| <alg-xql vé: moix thube mét lan can nao do cua x,,.

Khi f(x) théa man diéu kién Lipschitz. phuang trinh vi phin

dx
ar f__(ﬁ)

vil didu kién ddu x(0)=x, ludn co nghiém duy nhdt. Nhu vay, néu f{x) thoa
man diéu kién Lipschitz vd moi x,, thi hé ludn cé qui dao trang thai tu do va
cac quy dao trang thai dé s8 khéng cat nhau,

d} Tuvén tinh. néu

gyt +(Ip£p) = a1_£(51)+u2£(£2)+ +(IP£(EP}

flayx, ~a
trongdéay. @s. . a, lanhing a6 thl_]‘c;’phflc.
oy Bi chdan. néu nd bidn mot tap con M gidi ndi trong X thanh tap con
fMy = Ly=[l0)! xe McX |
cang g6l ndi trong Y.
Ta co6 thé thav véi (veetor) auh xa i XY gita hai khéng gian chuan X va Y. tuc
1 ¥ :f(xJ ma tri

i+ II: bup H}‘(x}ﬂ = aupM (1.31)
(& '

chinh 1 chuén ena anh xa f Hon thé nita néu £ comn la tuyéh tink thi cong thite tinh

chudn (1.31) con duge viét lai thanh dang don gian hen nhu sau:

I/ I= rup I fexn |

=4
Ngoat ra, ngudi ta con thuong phan loay f:X—Y¥ thanh:

1) Déng cbdu thomomorphism), néu né 1a tuvén tinh. Théng thudng tén goi nay chi duge

dung kht /' la anh xa gitia cac nhom.
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2y N6 xa {injective), néu x,#x, thicang s€ c6 fla) v f(z,).

3y Pon dnh (monomorphism). néu nd vira 1a tuyvén tinh. vita 14 ndi xa.

4) Toan dnh (surjective). néu {ng véi méi mot phan ti y bat ky thude ¥ c6 mét phan
{1 anh x tusng Uing trong X dé ¥=fla).

5) Song dnh (bijective), néu nd vita la toan anh, vira la ndi xa.

6t Todn edu (epimorphism), néu né vita 1la tuvén tinh, vira 15 toan anh.

7V Ding cdu (isomorphism). néu né vita 1a tuyén tinh. viua la song anh.

8} Tw déng cdu {endomorphism), néu la ddng céu (tuyén tinh) va cé khéng gian cac
phan td gic ciing la khong gian cac phén (1 anh, tdc 1a [ XoX.

9) Tu déng cdu (automorphism). néu li tu déng cau va song 4nh.

10} Vi phéi (diffeomorphism), néu né song Anh va kha vi.



2 HECOKHAU PHI TUYEN TINH VA TUYEN TINH PONG

2.1 Gidi thiéu hé thong
211 Sd do khoi, mo hinh NL va LN

Thuong gap trong thuc té la cac hé thing phi tuvén vér mét tin hidu vao, moét tin
hiéu ra (goi 1a hé SISO, chit viet tat cua single input, single output), ma ¢ do tinh ph
tuyén cia hé chi quv tu lai trong mét khiu don gian duy nhat (hinh 2.1). Tinh doén gian
ctia khau phi tuyén the hén o ga tri tin hidu ra u etia n6 phu thude vao gia tri tin higu
vao z tai cang thor diém ¢ tae 13 v = f(z) trong d6 f(2) 14 ham dai sé (khong ¢o tich
phan hay vi phan). Nhu vay tin hiéu ra ¢ (¢) phu thude tinh vao tin higu z (£) & dau vao.
Nhiung khau phi tuvén nhu vay dudge goi 1a khaw pht tuyén tinh.

w @l z ] u v
S (s) > u=f(z) S.(s) —

v

Hinh 2.1: Hé cé khau phi tuyén tinh
hoac khau phi tuyén co ban Ris)

Ngoiu khiau phi tuvén tinh nav. cae khiu con lai trong hé déu la tuyén tinh va dude
mé ta bai ham truvén dat. Chang han trong hinh 2.1 la nhiing khau voi cac ham truvén

dat S(s). S.(s), dai dién cho thanh phan tuvén tinh ¢6 trong dor tugng phi tuveén va
R(s) 1a da1 dién cho bé didu khién tuvén tinh.
Pon gan hon hé héi tiép ¢6 cau trie so dd khér nhu d hinh 2.1 14 nhing hé hd nép

thuc vé mo hinh hé hd chi gom hat khau duv nhat (hinh 2.2 va 2.3):

—  khau phi tuvén tinh

- va khau tuvén tinh.
Mé hinh ma & dé khau phi tuyén tinh ding trude khau tuvén tinh G(s) dude gor 14 mo
hinh Hammerstein, hav NL (honlinear - linear). Ngude lai néu khau tuyén tinh G{s)
ding trude khau phi tuyen, dude gor 1o md hinh Wiener, hay LN (linear — nonlinear)
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u e

—>0O—> u=f(e) _‘1,{ Gis) Yy i)(;[)iﬂ G(s) i—u>y:ﬂ”) >

Hinh 2.2: Hé héi tiép thuc vdi md hinh Hinh 2,3: H& hdi tip thuc véi md hinh
Hammerstein {NL} clia hé hd. Wiener (LN) clia hé hd.

2.1.2  M&t s6 khau phi tuyén dién hinh

Trong cace hé thong didu khién k¥ thuat ta thuéng gap mot s thanh phan phi tuvén
dac trung mang tinh phd bién. Chung duge xép vao loai cac khau phi tuyén ca ban.
Khau hai vij tri

Khiu hai vi tri chinh 1a mét khau rd-le. Mé hinh khiu phi tuvén hai vi tri (hinh
2.4a) ¢d dang:

( -
‘e khi wu=>0
¥=4 . (2.1
|—a khi w<0
St dung ky hiéu sgniu) dé lav diu cia ¢ thi v
- -2 r
{2.1) diige viet don gian thanh:
a
y = a-sgnfu) y
Khau phi tuvén hai vi tri c6 thé tim thay >
duge rat nhiéu trong thuc 18 vi du nhu bg didu -a
khién ro-le treng diéu khién nhiét dé, bd diéu
khién téi uu tac déng nhanh .... Nhude diém Hinh 2.4: Khau phi tuyén ha vi tri

chinh han ché viéc Ung dung khau hai vi i 1i

khi u# dao d6ng nhanh xung quanh diém 0. khau nay sé phai lam viéc véi tan s& rat 16n
dé lam héng thiét bi. Bdi vav trong nhitng iridng hop tudng tu ngudi ta hay thuing su
dung khau hai vi tri 6 khoang triigt. hav con goi khiu khuéch dai béc hoa.

Khau khuéch dai bao hda

Khau khuéch dai bao hoa 1a khau SISO phi tuvén tinh ¢d dic tinh vaoira thudc
nhom tuyén tinh titng doan dude mo ta trong hinh 2.5

Trong khoang |u«|S b gia tri ra y thay d6i tuvén tinh véi ddu vao u va ngoai khoang
nay y cb gia tri khong déi hoac bing a hoic —a.

Khi |&) rat nho. khdu khudeh dai bde héa cé dang gan gidng khau hai vi tri nén
khau khuéch dai bac hoa con hav duge goi la khdu hat vi tri e khodng fruof. Nhiing
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khau kifu nay thuéng dude sit dung khi phai thiét ké bé didu khién khuéch dai cé dé v
dén gidi han trén. dudi cho tin hiéu ddu vioe ctis déi tugng.

Phuang trinh toan hoc mé ta dic tinh viofra ciia khiu khuéeh dai bio hoa nhu sau:

« sgn{z} kh |u| > b

¥ = (2.2)
Zu khi ]u) <h
b
¥
@ b — — = p——
=b u
) >
-} -
Hinh 2.5: Khau khuéch dai bao hoa Hinh 2.6; Khau ba vj tri.

Khau ba vi tri

Véi nhiing hé si dung bd didu khién hai vi tri ¢¢ nhiéu nhé (xung quanh diém 0) tac
déng & dau vao 46l tusng. ngudi ta thutng dung bé difu khién ba vi tri (hinh 2.6) thay
cho hai i tri dé loai bo anh huong nhidu vio hé. Phudng trinh toan hee mé ta dic tinh
vaofra cua khau ba vi tri e6 dang:

asgn{u) khi |a1 = b

yo= (3.3)
0 khi |u[<h

Khéu khuéch dgi cdé mién chét (khéng nhay)

Hinh 2.7 md ta dac tinh quan hé vao/ra caa khau khuéch dai ¢4 mién chét (viing
khong nhav). Nhiing khéu nay ¢6 thé tim thay vi du nhu trong mé hinh quan hé van tée
v mi vat chuyén déng dudi tic dong mot luc F c6 dé ¥ dén luc ma sét tinh. Phuong trinh
toan hoc mé ta dac tinh vio/ra eta khau khuéeh dai 6 mién khdng nhay nhu sau:

{'m[u —hsgn(u)) khi |u| =h

= : 2.4
Y _0 : ki ]u’ <h @

trang dé m =tani ¢).

Khéu hai vj iri cd tré

Moi bd diéu khién ro-le hai vi tri trong thlic t& khdng ¢é tinh 1y tudng (61 mie 1a
chuyén d6i ngay duce trang thai tit —z sang a khi ddu vao u di tit -0 téi +0 va ngude lai.
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Nguvén nhin ndm ¢ tinh quin tinh, tinh ¥, tinh trd cta thidt bi. Thiét bi chi cé thé

chuvén déi trang thai khi v di da qua diém 0 duge mét “dean” & nao dé. Trong “khoang

ché doi” chuvén trang thai. thiét bi ¢ik nguvén gia tri cd. Nhu vay gia tri dau ra y cia

thiér b hal vi tri ¢é 1ré khéng nhiing phu thude vao 4 ma trong chitng muc nac dé con

phu thude vao ca dao ham a ena tin hiéu diu vio va néu biéu difén su phu thude do

chi trong mit phang (. v) 5é ¢6 duge dudng dd thi ciia mét han da tri (hinh 2.8).

Phucng trinh toan hoe mé ta dic tinh vaeira cua khau hai vi tri cd tré nhi sau:

{asgnie) khi lu*)h

du .
—asgn{—) khi |u|< &
|- sgnl le
hofic ¢6 thé dude vigt gon lai thanh:

V= asgn(u —bsgn(ﬁ) ]
| df J

s

-b ¢ i

Hinh 2.7: Khau khuéch dal cé mién chét,

Khau khué€ch dal béo héa co tré

¥ o

=b 7]

-

Hinh 2.8: Khau hat vi tri ¢6 tré.

Nhiing thiét b truyén déng cé khe ho déu thude nhém khau khuéeh dai cé tré.

Phuong trinh toan hoe mé 14 dac tinh vaofra etia khiu khuéeh dai bio hoa cé tré nhu

SAU
Fu-8) khi 50
_ dt
v =« J
Fu+b) xhi <o
dt
J'asgn(u) khi ]u] = b
vl Fiuy = a
h)—u khi |u|<b

{2.6)

12 quan hé vaofra cua khau khuéch dal bao hoa (hinh 2.9),



1
a F e
e
lgl<1 v
-b u - —=gb i
h - gb b g
‘r A
_a -_-( _a
Hinh 2.9: Khau khuéch dal bao hoa b tré. Hinh 2.10: Khau ba vi tri co tré.

Khau ba vi tri co tré

Dang tong quat cua eac khau pla tuvén har, ba vi tri ¢6 hodc khong 6 tré 13 khau
ba i tri €6 tré vér dic tinh quan hé vho/ra duge md ta trong hinh 2.10. D& thay ngay la
khi ¢g=1. khau ba vi tri 06 tré trd thanh khau ba vi tvi binh thudng. hoae khi y=-1,
khau ba v tei ¢6 tré trg thanh khau hai vi tri ¢é tré, Phuong trinh toan hoc mo ta dac
tinh vao/ra cia khiau ba vi trn ed tré nhiu saw

F(u~1:q1ﬂ ki g
y = IH if 27
Fius—%p ki ZLcp
2 dt

trong do D€g &1 va Flu) la quan hé vao/ra cua khau ba vi tri khéng ¢6 tré.

asgniu)  khi ’z.r.’ :»%h

Filu) =
‘ ]ﬂ khi ]u]<““b

2

2.1.3  Xac dinh diém can bang, diém dimg

Maét diém trang tha x, cua hé thong dude gor la diém can bang (equilthriwm point)
néu nhu khi dang o diém trang thai x, vi khang c6 mét tac dong nao tir bén ngodn th hé

“ . 2 ol4 . L o . ‘ . g ; ~ .
se nam nguven tat dd. Vé ban chat thi diém cian bang chi 14 loal diem dimg dac biét, tue
la diem ding tng véi tin hiéu dau vao w(t) = 0.

Diém can bang hay diém ditng co ¥ nghia quan trong trong viéc phan tich hé ph
Luyén, vi mét 1y do la thong thuong ngudi ta hav quan tam tdi tinh chat déng hoe cua hé
trong lan can cac diém trang tha nay

Khong mat tinh tong quat néu sau day ta chi dé cap dén phudng phap xac dinh
diém ditng cho hé thong hé tiep co khau phi tuyén tinh vér sd dé khai ¢ho 6 hinh 2.1
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Nhung trude khi xac dinh diém dimg cia todn b hé thong, ta cang nén xac dinh
diém ditng tai timg khau. Xét mét khiu tuvén tinh c6 ham truvén dat Gis). Goi u(s) Ia
tin higu vao va y(t) la tin hiéw ra cua khaw. Gia si rang kbau dang d trang thal dimg,
vav thi cac tin hiéu vao ra cia né luc d6 phai la hang 8 w{t)=u  va y(f)=y,; . Tu day

ta suy ra dugc:

Vg = ug hmGisd= u GO (2.8)

s )

Quay lai hé co sd db khoi che 6 hinh 2.1 Néu hé dang & diém dimg thi cac tin hiéu
trong hé phai dang xac 14p 6 mdt gia tri hang Gol cae gia ti hing 56 dé cua tin hiéu 1

wi{l) = wy . ety =e,y. (Y =z, wit) mug . ¥l T ¥y

thi véi edng thuc (2.8) ta dudc

ed=wd—yd R(O) Zd:Qd S](O}, _'y'ﬂl:l(nl SQ(U)
Suv ra
u :&S_L(.Q);zd_ (2.9)
S, (0)S, (0RO}

Mat khae, do khau phi tuyvén 1a khau tinh ¢6 md hinh z=/£iz) nén tai diém ding con o

ug = flzg (2.10)

L] s

. e z
Béi vay diem ding [ d

)(:’m’nh la nghidm cua (2.9) va (2.10).
Hd

Phugng trinh (2.9} ¢d dd thi 1 dudng thiang trong mat phing (z. u) va phuong trinh
(2.10) 6 dé thi u=F(z) ctia khau phi tuvén. Giac diém cia har dd thi la diém ding cia
hé théng (hinh 2.11). N&u hai dé thi khéng cdt nhau thi hé khong c6 diém dimg.

<)

e

| \\:‘?
(2.10)
Hinh 2.11: Xac dinh di€m dimg clia hé c6 khiu phi tuyén finh.
a) Hé co motdiém dimg b) Hé codba didmdimg  c) Hé khdng co diém dimg



2.2 Phuong phap phan tich mat phing pha
2.21 Nhiém vu ctta cong viéc phan tich

Nhiém vy chinh cua edng viéc phéan tich | phai til md binh hoac so dé khéi cia hé
thémg rit ra dudge nhiing két luin co bav vé tinh chat dong hoe cia hé théng cin thiét
cho viée 1ong hop sau nay. Ta s& déng ¥ vdi nhan ving kho ma cé the phin tich dé co 1at
ca nhiing diéu chua biét vé heé thang. Vi vay cong viée phin tich sé duge goi 1a tam hoan
thanh néu nhu ta da cé thém duge mot var didu bd ich chua bist vé hé théng ma nhiing
didu do sé du dé ta bat dau duce cong viée ting hop bd didu khién, Nhung nhing didu gi
6 dudc goi 12 cdn thigt va tam du cho céng viée tong hop. Do Ja:

1) Piém can bing hodc diém ditng ciia hé.

2y Tink én dink va xde dink midn 6n dinh O tfuong ing ctie hé (lai mit diém can bang
hodc diém ditng). Mot he théng dude goi la on dink (tiém can) tai diém cin bing x,
néu nhu eé mit tac dong tie thal {chang han nhu uhiéu tic théi) danh bat hé ro
khéi x, va dua téi diém x, thusc mdt 1an can O nao d6 cia x, thi sau d6 hé c6 kha
ning ty quay vé dude diém can bang x, ban dau,

3) Kha ndng ton Lol dao déng. Mot hé thhong duge goi 1a ¢6 kha nang dao déng néu né
c6 dudng qu¥ daoc trang thai khép kin. 1iie 13 nhiing qu¥ dao ma néu xuat phat tu
mot diém trang thai trén dé thi sau mét Bhodng thii gian hite han sé lal quay vé

diém ban dau.

Nhu vav, dang quy dao trang thai cia hé noéi 1én duge rat nhiéu tinh chat hé thong
v néu nhu bang cach nao do ta da xav dung ho cac qu¥ dao trang thai cia hé ung vii
u(£)=0 thi chi can dya vao dang cée duting cong qui dao trang thai dé ta cling sé cé
ngay duge nhing két luan vé chat luong hé phi tuvén. Vi du diém can béng-&, sé i diém
‘mi tal d6 téc d6 cla cac quy dao trang thal bing 0, hay hé s& 6n dinh tai x, néu tat ca

quy dao {rang thai trong lan can cua x, déu cé hudng tién v& x, vi két thue tai d6 ...

Tuy rdng don gidn. song phudng phap phan tich chat ludng déng hoe ctia he théng
trén oo 8¢ phin tich dang cic duang quy dao trang thai ¢d han ché& ¢hi idp dung duge che
nhiing hé théng cé t6i da hai bién trang thai. vi ta cang chi cé thé_' xAv dung dugc (vé
duoc) dé thi dudng cong trong mat phang mdt cich tusng déi chinh xac.

Qu¥ dao trang thal cda mdt hé théng cé sd bién trang thai khéng nhifu hon 2 duge
goi 12 quv dao pha vi khéing gian trang thai khi dé dude goi 13 mdt phdng pha.

Mue nay sé& trinh bay cde phudng phap xiy dung quy dao pha dé phue vu viée phan
tich nhiing hé thénhg ma tinh phi tuyén cla né chi ndim 6 mét khau phi tuvén cd ban duy
nhat, Nguvén tae chung dé eé duge quy dad pha cho hé 13 ta sé chia mat phdng pha
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thanh nhing ving khac nhau sao cho trong mdi viang dé, khau phi tuyén lai thay duge
bdi mét khau khuéch dai (tuvén tinh} hoac mét gia i hang s8 c¢lia tin hidu diu ra. Cach
chia mat phang pha nhu vav con dude goi 1a phitong phdp phan diém mat phang pha.

2.2.2  Hé vdi khau phi tuyén hai vi tri

Trude tién ta ciing cdn théng nhat vé1 nhau ring s& ¢ rat nhidu hé phi tuyén ma
tinh phi tuvén cta né chi thé hi#én ¢ khau hai vi tri. Ching dudc phén biét vdi nhau
khéng chi & cae khau tuvén tinh S(s). Rfs) cd trong hé ma con & ca cAu trie so dd khéi
14n 36 lugng cac khau tuvén tinh d6. Bdi vay ta khong thé dua ra duge két luan chung vé
chat lugng cua Lat ea cac hé ¢6 khiu phi tuvén hal i tri ¢hi tif viée phén tich mét hé cu
thé o6 cau trie sg d6 cho 6 hinh 2.12 dudi day. Song diéu 46 khéng phii 1a trong tim ma
gquan trong hon ca la thong qua viée phan tich hé ¢ so dd khéi cu thé nhu vay ta ndm
bit duge phudng phap chung, cac bude phai tién hanh khi gap bii toan phan tich va
khao sat hé théng eé khau phi tuvén hai vi tri bat ky nao dé.

¥ét hé cho trong hinh 212 v khau hai vi tri 1a khau phi tuyén duy nhét. cac khau

con lai déu 14 tuvén tinh va duge mé 1a bing ham tuuyvén dat:

- Ry = 1 Ja phan tuvén tinh cia bé diéu khién phi tuyén.

1 . o L
- S{s) = N 12 mé hinh cua dai tugng tuvén tinh,
&

- M(s) = % la md hinh cda thiét bi do tin hiéu phan hdi v& duge gia thiét 1a tuyén
tinh va khéng ¢6 quan tinh.

u=0 e b | ¥ - x
—f— R{(s) S(s) >
- _ ———
) . z
Hinh 2,12: Hé thong cé khau phi tuyén hai
vi tri va khdng bi kich thich. (arras ]

|_M(s) «—

Tif sd 46 khéi ctia hé ciing nhu ham truvén dat cia cde khau tuvén tinh. ta oo

1 néu e>0

v =sgn(e) =4 .
—1 néu e<0
2
T..d T =y
dt”
v ¢= U—z- = -kx - == (hx+ )
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d*x

L néu kr+ Td—x <0
T dt
P
at 1— l néu kx+7T d_x =
T dt

211y

Can c vao (2.11) ta xac dinh duge mat phing pha s& phai 1a mat phang v6i hai truc

loz dé x va d_:: . Phan chia mat phang pha nav thanh hai mién d1ém bol duong thang

kx +T£ =0
!

{hinh 2.12) thi mién phia trén dudng thang la mifn ma d dé cd

dx

thi ng 561

hx+Tx =0

Ex+Tx <0

Hinh 2.8: Phan diém mat phing pha.

Tut phuong trinh (2.13) cho phéan phia trén dudng thang (2.12) cé

f t
ﬁ:__+(~l
et T
* s w2 ,", Tz
= r:——+rlr+¢,———g~‘|—-£—+c'1 +ey + f“ :——?—‘( \
2 2y T L“ 2 2

(2.1

(2.15)
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. _ . - e a0
trong dé ¢, , ¢.. 1a nhing hang s8 phu thudc vao cac gia tri dau x(0), Gl

va nhu vay &,

cung la hiang s6 phu thude vao x(0), —d? Ho dé thi phuong trinh (2.15) cho nhiing gia

tri k, khac nhau c6 dang parabol va duge bifu dién trong hinh 2.18 bang dudng nét lién.

Chiéu cla cac parabol nav duge xac dinh tit diéu hién nhién ring khi %x-r-b' 0 thi x phai
¢d xu hudng tang va nguge lar khi o < (¢ thi x pha ¢é xu hudng giam.

Mot cach tuong gl tir (2,14} wa cling ¢6

x= 3_”-| g, (2.16)
20 dt -
. Lok - s dx(0) . . o
trong d6 %o 1& hang 6 phu thude vao x(0). o Nhiing duwing parabol rii nét trong

hinh 213 1a 44 thi cia (2.16).

Béyv gi¢ ta da o6 thé xav dung mét quy dao pha di tix diém ddu tuy ¥ nhung cho
trudc treng mit phang pha. Ching han dé 13 diém A nhu 6 hinh 2,14, Do diém A nay
nam 6 phan mat phang pha cé

fx +T£(- > {)
di

nén quy dao pha di qua né phai di theo dudng paraboel nét lién. Doc theo dudng nét lién
do cho téi khi gap dutng thang £ phan chia hai mién diém (hinh 2.14)

dx
P:hx+T== =0
e x o

tiae la dén diém B. thi quy dao pha sé phai chuvAn sane dudng parabel nét 191 vi ké ti
Wie nay nd da di vao mién mat phing pha cé

Theo dudgng parabol nét vdi, gu¥ dao pha di tir B 161 diém C 13 diém gap dudng 2

phan dlem mat phing pha thi lai chuyén sang dufing pa1abol nét lién ver. (2 theo

nguvén 1¥ chuyén tit dusng parabol nét lién sang dudng parabol nét roi vé't-ir'parabol nét

181 lai Lrg vé parabal nét lidn ... mdi khi gap dutng 2 phan chia mién diém, ta xAv dung

duge hoan chinh quy dao pha ciia hé di tit didm xuat phat A nhu 6 hinh 2.9 mé ta.
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Ex+Tx <0 ke+TX >0

Hinh 2.14: Xay dung quy dao pha.

Ti dang qu§ dac pha dan e6 xu huéng t1én vé gc toa do va két thuc tal dé, ta rut ra
duge nhing két luan sau vé chit hugng cua hé théng:

a S A - % . n - _ ] dx
- Heé co moét diém céin bang la goc toa &) trong mat phang pha (x . — ).

dt
- Heé khéng c6 dao déng diéu héa. khéng cé hidn tugng hén loan.
- Heé 4n dinh tai g8c toa dd.

~  Hé c6 mién &n dinh @13 todn bd mat phang pha (n dinh toan cuc).

Ngoai e két luan trén, ¢ hé dang x6t con 6 mdt hién tudng vt dic trung cd tén
goi 1a hién tudng trugt, hay con gol bang-bang,. hay chattering, Hién ludng nav xuit
hién khi ma qu§ dao pha di vio phin dudng phan diém £ ma & dé dudng parabol nét rdi
8 khéng con ndm phia dudi cia £ eling nhu parabol nét 1ién khéng con nam phia trén 2.
N6 chinh 13 doan thang trén 2 nam gita diém tiép xtc B cua £ vdi parabol nét lién (2.15)
va diém ti6p xic F cia £ v6i parabol nét roi (2.16) — hinh 2.15a. Hai diém tiép xic nay

duige xac dinh nhu sau:
1) Diém E 1a diém tigp xdc oia dudng parabol nét 1ién (2.15) véi dudng phan diém £

I . T . . . e _ P .
(2.12) c6 goc nghidéng tang= 7 nén tai F dudng nét hién (2.15) phal thoa man
4

de_ T de :__l-_

= .
eft k dt k

{(2.17)

Thay (2.17) vao (2.12) dugc x = —

R

T

2} Tudng tu, diém £ s€ ¢é hoanh d6 xp= —
k
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a)

F
Hinh 2.15: Giai thich hién tugng truot.
a) Xac dinh khoang trugt b) Hién tugng quy dao pha trugt vé gde toa do.

Nét doan quy dao pha & dang di theo parabol nél lién (hinh 2.15b) thi gap dudng
phin diém £ nam trong khoang EF {(duide goi La khodng truoty. Khi dd nd sé chuvén sang
duding parabol nét roi. Song doan dudng parabol nét réi nay lai ndm trong phin mat
phing pha Ung vdi dutng parabol nét lién nén ngav sau khi chuyén sang dutng parabol
nét rai. quy dao pha lai phai chuvén sang dudng parabol nét lién. Theo dusng parabol
nét lién nd quay Lrd v& duong phin diém 2 va gap lai dudng 2 tai mét diém khac ciing
irong khodng trugt EF nhung gan goc toa do hon. Tit day nd lai phéi chuyén sang
dudng parabol nét réi ... Ci nhu vay quy dao pha chuyén dong zick zack xung quanh
duting £ dé tién vé gde toa dd. Néu nhu khau phi tuvén hai vi tri cho phép chuyén dé Ui
-1 sang 1 va ngudc lay trong khoang thol gian gan bang 0 thi dean qu¥ dao pha zick zack
trén sé ¢ dang trigt v& gic toa d6 doc theo doan EF . Hién tugng trizot s& tron kbi tho
sian chuvén dai bang 0.

Dudng phan diém £. do n6 ¢ chie nang chuyén quy dao pha ti dudng parabel nét
rdi sang dudng parabeol nét lién va nguge lai, nén ngudi ta con thudng goi né 1a deing
chuvén dot.

Da dée %cﬁa dudng phan diém (hay duong chuyvén 461 £ quy dinh dé dai che

khoang trugt EF . Théng qua tham s6 & hav T ta 6 thé thay d6i dé déc eta 2. Pudng £

c6 46 4ot cang lon. khoang trugt EF sé cang dai lam cho hién tuong trugt trong hé xay
ra cang lau,

Hién tuong trugt trong hé vira xét la mot goi v cho viéce thiét ké bé didu khiba su
dung khau hai vi trd nham lam 6n dinh tuvét déi déi tudng theo nguyén tie trugt vé gér
toa . V& nguven 17 thidt k& b didu khién trugt ta sé quay lai sau trong muc 2.5,
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2.2.3  Hé vdi khau phi tuyén hai vi tri co tré

Gidng nhu da 1am vé hé 6 khau phi tuvén hai vi tri, sau day ta cling sé lam quen
v61 phugng phap phéan tich v khao sat trong mat phang pha hé véi kbhau phi tuy#n hai
v1 tri ¢é tré thong qua mét vi du cu thé,

Xét hé phi tuyén, kin, phan héi am, véi so d6 c&u trie cho 6 hinh 2.16. Hé gom hai
khau: khau phi tuyén hai vi tri co 1ré vdi dusng dac tinh vao ra

|sente)  khi |¢|>1

el<l

de .
-5 —) kh
‘ 5gn(d£) :

va khiu tuvén tinh vdi ham truvén dat

Gis) =

sls+ 1}

Tin hiéu dau vac u(#) cua hé duge gia thiét 1a ddng nhat bang 0.

Y

Hinh 2.16: So d6 khai cia hé oo khau phi - y sts+1) |

tuy&n hai vi tri cé tré.

Vi (3{s) 14 ham truvén bac hal md ta khiu ci quan hé vao ra

2
d v dv _ 2.18)

—_— =

de?  dt

nén mat phing pha dude chon ¢ day sé 1a mat phiing vai hai truc toa 46 v va

Biv gidi ta <& chia mat phang pha ra thanh tung mién diém riéng biét ma & dé tin
hiéu g ¢é g14 tri 14 hang.
Do cé y==¢ nén

1} Tin hitu g ¢6 gia tvi 1 khi

a) exl. thclakhiv<—1 (vonglI trén hinh 2.17).

b) hoac khile|<1 va %—*10, tdc 14 khi |v|<1 va %H} {viang II trén hinh 2.17).
A i
2) Tin higu g cé gia tri =1 khi
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al e<—1.tuc o khev>1 (ving I trén hinh 2.17),

b)  hoac khije|<1 va -{{%!-NL tue lakhi v|<1 va %;— < {(vang IV trén hinh 2.17)

L)
]

&)

Vi

Hinh 2.17: Phan diém mat phang pha bang dudng
phan digm 2 (duong chuyén dél).

Nhif vav. mat phang pha {v.i!‘v b da duoc phan thanh har maen: Mién tha nhat gom
it

cae vang 1, 1T img vdy g =1 vi mién tha g gom ving HEL IV aing vdi g =—1, Ranh gidi

gifia har mién la dudng phan diem (hay duong chuvén doy 2
Khig=1 thiti (2.18) taco

dv

. g=—
d'y dy _ * dy _
e Sk — '} = { : = ——— = s
4t dr dz  d°y 1~£ L uz
el ot clf .
= y = 2z = ¥ ==z =Infz=1]*k.

dy(0)

wang 4o & 1a hang s6 dude ®ae dimh 1 cac gia i dao v(0) va

dt

Tuang tu, khig=—1 ta cang va

y=—z + In|z+1|+k

(2.20)

Hinh 2.18 biéu dién dé thi cta ha ham s (2.19) va (2.20). Ching duge xay dung

bang cach cong. trit d6 thi cac dudng =2 va Injz+1|+% hay Inje=1|+k. Duding net hen

la da thi cia (2.19). tde la cho trudng hop ¢=1 con dudng nét vii la ela (2.20) khi g=—1
Nhiing dé thi nay dude danh dau chiéu theo chiéu tang caa bién that gian ¢ Phan do thi

= . . . . . < s o d_\" . - )
nam phia trén true hoanh o chiéu v tran sang phay vi vil z= d—bo 214 tn cua y phai
t

tang theo ¢ con phia dud truc hoanh thi gram.
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Hinh 2.18: Xay dung dé thi ham (2.19) va (2.20).

Sau khi di ¢6 d6 thi ciiz hai ham sd (2.19) va (2.20) ta da cé thé xdy dung quy dac
pha clia hé thong di tir mdt diém trang thai ban dau nao d6, ching han la diém A nhu 6
hinh 2.19a. Do diém A ndm trong mién tng véi g =-1 nén quy dao pha di qua nd phai la
dudng nét roi. Theo dudng nét rdi cho téi khi gap dudng chuyén déi 2 {tai diém B) thi né
chuvén sang dudng nét lién vi lie dé quy dao pha da di vao mién ¢ ¢ =1. Cit nhu vay, ta
x4y dung duge hoan chinh qui dao pha theo nguyén téc 14 mbi khi gap dudng chuyén déi
£, né 86 chuvén tit dusng nét lién sang dudhg nét rafi va nguge lai.

a y=z p b) =z

\
N

!

?

/

’

P

e
N3
L AN

L A

Hinh 2.19: Xay dung quy dao pha.
a) QuydacphaditvA b)) Quydaoc pha khép kin.

Truc quan tif qui dao pha thu dude ta thady sau mol khoang thoi gian qua d6 nhat
dinh. quy dao pha di vao dudng khép kin ching to hé cé dao déng didu hoa {autonom).
Dé khing dinh lai mét cach chinh xac diéu nhéin xét nay. sau day ta sé phai chi ra ring
tdn tai mot dudng dé thi nét lién ciia ham s6 (2.19)



y=—z —In|z-1]+k,
va mét dudng do thi nét roi en

y=—z + Inje+ i+ ks

a (2.20}

ma khi ghép lai vdi nhau, ching tao ra duge mét dudng cong khép kin (hinh 2.19b}. Né1
R

cach khac ta phai chi ra su ton taicacsda. b, k. &, cung thoa man:

1= —a =Inje—1|+k,

1= —a + Inja+1|+k,
-1= ~b =In|b-1|+k,
—1= -b + In|b+1|+k

2

(2.21)
(2.22)
(2.23)
(2.24)

trong 46 a va b 1a hoanh dé cia diém néi hai duéng dd thi d6. Tat nhién cac didém néi nay
phai ndm trén dudng chuyén dai .

Trit hai vé& caa (2.21) va (2.23) che nhau dude

ta co

(1+a)+{1-b) = lnb_l
a-1
Trit hai vé cnia (2.22) va (2.24)
(1+a)+(1=b) = /2t
h+1
Suvra
In| -1 Zlna-‘"1I =
a-1 le+1]

Thay (2.26) vac (2.25) va vac (2.24) rél so sanh véi (2.21) ta di dén

2l 904a)  va
a—1

I}o phuong trinh

“_”‘zzum)
a—1

In

k] :‘—kq

(2.25)

(2.26)

(2.27)

c6 nghiém a nén cing véi (2.26) va (2.27) cing ton tai &. k,, ky va d6 chinh 1a diu phai

chiimg minh.

Cudl cing, 1 dang quy dao pha ta rit ra duge nhitng két luan sau vé chit luong

déng hoc cia hé théng:
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—  Hé co dac déng diéu hda autonom.

-  Dao déng 13 6n dinh. Mién én dinh cia dao déng 14 toan bé mat phing pha.

2,2.4 Heé v&i khau phi tuyén ba vi tri

DE lam quen vdi viée phén tich, khao sat hé phi tuyén c6 khau ba vi tri bang
phuong phap phan tich mat phang pha, ta xét mét vi du cu thé.

' B& didu khién

¢ 1 ¥

1+Ts

X

L
w

Hinh 2.20: Hé c6 khau phi tuyén ba vi tri.

Xét hé phi tuvén voi so dd cau triic cho & hinh 2.20. Hé cé thanh phan tuyén tinh
cua bé diéu khién ghép chung véi d8i tudng cliing tuyén tinh thanh
X(s)_ 1 dx  dx

o T—+—=x,
Yis) s(1+Ts) di? dt

Thiét bi do dudc x4p xi tuyén tinh bing khau khuéch dai & ,,. Bo diéu khién ¢é khau phi
tuvén ba vi tri vé1 dudng dic tinh vao ra

|asgn(e) khi H > b

0 khi [¢[<b

¥=

ot L L1
va khiu tich phan — . Suyra
8

! dx
=~ [vdt=—x - (TE .,
¢ Y {J;‘v « - T
. dx .
a khi T—+(k, +Dx<-b
dt
. dix dx . adx
, TEo 2 =g khi T +ik, +)x>b 2.28
Vva 7 o 1 py +{k,; t1x> ( )
0 khi .T—i’;ﬂkmn)nb
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Pinh nghia mat p_h:fmg pha la mat 6 truc hoanh la x, truc tung la z :Ex? . sau do
chia mat phdng thanh ba mién diém khac nhau béi hat dutng thing

o Tz + ik ,t1)x =4 (2.2%

Py Tz 4 (k,+1)x=-b (2.30)

thi trong mdi midn nhu vay, biéu thde vé trai cua (2.28) sé c6 gia tri hing (hinh 2.21).
Cu thé la;

a trong mién I
dix dx . .
T——+—={—a trongmien IIl {(2.31)
di? dt .
0 trong mién II

Hinh 2.24: Phan giém mat phing pha.

1) Trong mién [

x = —z—aln|z—a|+k (2.32)

vdl k£ 13 hing =6 phu thude cac gid tri dau x(0) va

d.;(O) . Ho ¢éc 46 thi cia nd (phu
thudc vao k} 13 nhiing duding cong nét lién trong hinh 2,21,
2) Trong mién I
x=-=-z+k (2.33)
Ho cac d6 thj cla no la nhitng dudng thang nét gach chidm trong hinh 2.21.
3) Trong mién III

x = —ztaln|zta]+k (2.34)

Ho cac d6 thi cila no 1a nhitng dudng cong nét rii trong hinh 2.21.
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Nhiing dudng cong nét lién va ro1 nét 12 cua ham sé (2.32}, (2.34). Chung duge xay
dung theo cach cdng, trit 48 thi cie dudng

-z va aln|z+al|+k {cho dudng nét roi)

-z va aln|z=a|+k (cho duong nét 11én).
Chiéu cia cac dutng 46 thi nay dude danh dau chiéu theo chifu tang cia £. Phan dé th
nam phia trén truc hoanh c6 chiéu ti trai sang phal vi vé1 z= % >0, gia tri cua x phai
tang theo ¢, con phia dudi truc hoanh thi nguge lai.

Bay gi ta da c6 thé xay dung quy dao pha clia hé thong di tit mot diém trang tha
ban diu nao db. chdng han la diém A nhu ¢ hinh 2,21, Do diém A ndm trong mién III
nén quy dao pha di qua né phai 13 duting nét rd1. Theo duding nét rdi cho tdi khi gap
dubing chuyén déi £, thi né chuyén sang dudng nét gach chdm d& di tiép vao mién IL
Quy dao pha di theo dutng nét gach cham cho 14 khi gap /, thi chuyén sang duiing nét
lién @& di tidp vao midn 1. T mién [ theo duting lién né sé quay lai dudng chuyén déi 4,
va chuyén sang dudng nét gach chim dé vao mién IT ... Cit nhu vay, ta xdy dung dugc
-hoan chinh qu§ dac pha theo nguyén tac la mdi khi gap dutng chuyén ddi £, nd sé
chuyén tir dubng nét réi sang dudng nét gach chdm hoac nguge lai cing nhu méi khi gap
dudng chuyén déi 2, thi chuyén ti dudng nét gach chdm sang dudng nét lién hodc ngude
lai. Quy dao pha sé két thic (dirng lai) khi gap doan troc hodnh nim gidia hai dudng
chuvén déi g, va g, .
Ti dang qu# dac pha cia hé. ta rit ra duge nhiing két luin sau vé chat lugng déng
hoc cia né:
- Hé co cac diém can bang la toan bé doan truc hoanh ndm gifia hai dudng chuyén
dél pl va pz .
- Hé khéng 8n dinh tai bit cd mdt diém can bing ndo. vi khi bi danh bat ra Xhéi
mét diém can biing nao dé va dua téi mbt diém can bing khac trong lan can cla
n6 thi hé sé nim lai d6 va khong quay v& diém cén bing ban ddu.

- Moi quy dao pha khéc déu ¢ xu huéng k&t thie tal mét diém can biing.

22,5 Hé cé khau khuéch dai bao hoa

G muc 2.2.2 ta da dé cap dén hé phi tuyén c6 khau hai vi tri. Hé nay cé mét dac
difm "khéng hinh thudng” 14 khi qu§ dao pha di vao khoang EF trén dudng chuyén d#i
£ thi xay ra hién tugng (xem lai hinh 2.15 vé khoang EF ):
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- trugt doc theo duung chuyén déi vé goc toa d6 ndu nhu khau hai vi trf ¢6 thai gian
chuvén dai bang 0,

—  hodc chuvén déng zick zack xung guanh dudng chuyén déi dé vé gde toa dé néu
khau hai vi tri ¢4 thdi gian chuyén déi 16n hon 0.

Do trong qua trinh chuyén dich vé goc doc theo doan EF , khau hai vi tri phai
chuvén trang thai (ti 1 sang —1 v ngude lai) vdi téc d6 nhanh va rat nhiéu lan, gay ra
nhitng tiéng déng "khdng binh thudng” mang tinh dac trung cia hé nén hién tudng nay
trong hé van con thuong dudc goi theo tiéng dong khdng bink thuong d6 nhu:

-  hién tugng bang-hang,
—  hay hién tugng chattering (tiéng lach cach).

Tigp sau day, ta s8 X6t vai trd cua khau khuéch dai bac haa trong hé trén, dac bigt
la su Anh hudng ciza nd tdi hién tudng bang-bang (hay chattering), nhu ' mét vi du vé
khao sat hé phi tuy&n c6 khiu khéch dai bao héa bing phusng phap mat phing pha.

Xét hé phi tuvén cé khau khuéch dai bio hda véi so dé ciu trice che ¢ hinh 2.22. Hé
c6 dfi tuogng dude gia thiét 14 tuyén tinh va ¢d6 ham truvén dat dude x&p xi bing khau
tich phan bac hai

1 dix

dr -
S(s) = < — = & — = |vdtf.
(s T=y = Jy

2

1
[~N
-

-5

s
Khau khuéch dai baoc hoa dude mé ta bdi

sgnfe) néu |e| >1
¥ = sat{e)= )
[ néu |e| =1

L

Hinh 2.22: H& cé khau phi tuyén khuéch
dai bao hoa.

Tin hiéu sai léch e, déng thoi ciing la tin hiéu dau vao ciia khiu khuéch dai béo héa.
dudc xac dinh nhu sau:

y dx
= e |vdt= =[x+ —
e = - O[y (x dr)

Suv ra

70



Béi vay néu ta chia mat phing pha, la mat c¢é tryc hoanh x, truc tung z= -‘i—":, thanh ba
mién véi hai dudng chuyén ddi (hinh 2.23):

,0]: x+z=-1 .

,02: x+z=1
thi trong mién [ hé dude md ta béi

d?x

- — =1

dt®

trong mién 111 hé dude mé ta bai

ndix

-1
di?

vi trong mién I1 duge thayv bing
Hinh 2.23; Chia mét phdng pha thanh ba mién.

Phuong trinh quy dao pha trong mién I va III ¢6 dang

2
—22—+k cho mién I

+k% chomién Il

v6i £ 1a hang s6 duge xac dinh tir gid tri ddu x(0) va z(0)=

-fd—g)—). Nhu vy trong hat

mién nay. quy dao pha sé ¢6 dang parabol ngude chidu nhau. Hinh 2.23 biéu dién dang
quy dao pha trong mién I (dudng gach cham} va 111 (dudng nét rai).

Riéng trong mién II, khdu khuéch dai bio hod trd thanh khiu khuéch dai (tuyén
tinh) binh thutng nén ban thin hé thong ciing 1a tuvén tinh. H& tuyén tinh nay ¢é



dr dz

Ldt) T

2 - 1% (% A
= —x

v&i phuong trinh dac tinh
det(sI-A) =5  +s+ 1
nén 6n dinh, hay qu¥ dao pha x(2) cia né phai tién vé géc toa do. Hinh 2.24 14 quy dao

=k

pha cia hé trong mién 1. Né dude xac dinh tit cde dudng dang ta T = -
[z

x+z

Hinh 2.24; Dang quy dao pha cla hé
trong mién I1.

Sau khi da c6 div du ho cac quy dao pha cho tiing mién, ta 6 thé xay dung hoan
chinh mdt quy dao pha cia hé di vir mét diém trang thai dau tay ¥. Qui dac pha cho
trong hinh 2.23 di tir diém trang thai A thude mién I1I Ya mét vi du, Do A nim trong
mién II1 nén quy dao pha bit dau ti né phai di theo dudng parabol nét rdi. Dac theo
dudng nét rai cho tdi khi gap duong chuyén déi 2, thi chuvén sang dudng nét lién ¢
dang vhu o hinh 2.24 dé di tiép vao mién II. Theo dudng nét 1ién qu§ dao pha sé hoac
tién vé gdc toa 46, hoace s& phai chuyén sang dudng parabol nét gach chdm d8 di tiép vio
mién | néu gap dubng chuyén déi ;. Trong trudng hop chuyén vao mién I, quy dao pha
di theo dudng parabol gach chdm va sé chuvén vé dugng nét lién khi mét 1an niia gap
duong chuvén doi £, dé quay lai mién I1 ... Cil nhu vay ta ¢é dude hein chinh quy dac
pha ciia hé di tit diém trang thai A.

Can ¢ theo dang cic dudng quy daoc pha thu dude ta co nhing két luan sau vé chit
lugng hé théng:

—  Hé ¢t mét difm can biang duy nhat 1a géc loa d8.

- Heé 6n dinh tai diém cAn bang va ¢6 mién én dinh O la todn bé mat phing pha.

—  Trong hé khéng con hién tudng hang-bang (hav trugt, hay chatiering}.



2.3 Tinh &n dinh tuyét doi

Hé phi tuyén Hammerstein cho ¢ hinh 2 25 duge goi 1a én dink tuvét déi néu noé an
dinh vai mot 1dp cac ham phi tuyén tinh z=f(¢)

v

4
A u=f(e) —5»{ G(s) g
Hinh 2.25: Hé kin véi hé hd cé mé hinh i
Hammerstein (NL).

2.3.1  Khai niem ham thuc—duong va hé thu dong

Viéc phan tich tinh 6n dinh tuvét doi cia hé Hammerstein lién quan dén khai niém
ham thue—duong (positice real) mi trang nhiéu tai ligu con goi 1d ham hai cue, duge dinh
nghia nhu sau:

Dinh nghia 2.1: Mot ham phuc G(s) vér bién phic & dude goi la ham thue—duong
(postitve real) néu Re(s)>0 thi cang co Re(Gi>0. trong do Rei+) la ky hiéu chi

phan thue cia moét s6 phice. No dude gor 1a thue—duong chat (strickly positive real)
néu Re(s)20 thicing co Re(G)>0

Nhit vay. néu xem ham G(s) dud géc do anh xa s — G(s) thi ham thuyc—dudng

chinh la anh xa bién dol toan bé niua mat phang bén phai cia mat phang phue ¢6 ha
true toa dé o va o trong dd =g+ @, sang thanh mét mién thuge nua mat phé'ng hén
phal cua mat phang phie var hat truc toa dé la Re(G) va Im(G) ¢hinh 2.26).

[mi( ()

Re( ()

Hinh 2.26: Ham thuc—duong G(s).

Kv hiéu Im(-) trong hinh 2.26 la chi phin ao cia mét sd phic. Ham thue—duong
G (s) nhu vav la di duge dinh nghia. song no dai dién cho nhiing hé théng nhu thé nao,
Dé tra 101 ta hav bat dau bang mot vi du
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Vidu 2.1: Minh hoa y nghia ham thue dudng

Cho mét hé tiéu thu dién ¢6 dang mach hai cuec nhut ¢ hinh 2.27a). Biét trude gia tri
C ciia tu dién va R cia dién tra la nhang phan td trong mach dién, Hay xae dinh mé
hinh cia hé néu dong cung cap i(¢) duge xem la tin hiéu diu vio va dién ap u(f) gita
hai dau cuc cua hé 1a tin hiéu dau ra, l

a) b)
i)

w(t)

A

=
™
—

Hinh 2.27: Minh hoa cho vidu 2.1.

Dé cho tién, ta chuyén sang mién phic nhd toan td Laplace. K¢ hiéu anh Laplace
cho cac tin hiéu bang chit in hoa thi:

R . U R
! Eils) =L =
17 RCs B B = = RCa

Thay s=j @ ré1 bién doi dé c6 phan thue va ao riéng biét ta duge

4 : 2 D}
Gyw) = R — - & Cw_. = [ReG—E) +[ImG}2=[£]
1+{RCw)" 1 +(RCw)? 2 2

ReG ImG

hay dé thi cua G(y@) la duong tron co toa da tam Re(G)= % Im(G)=0 va ban kinh % ;

Nhu vay dudng trén nay nam phia phai truc ao (hinh 2.27h),

Do khi Re(s)>0 thi G(s) la ham lién tuc theo s va khi s= RlC >0 thi gia tri cua

ham chinh 12 tAm dudng trom nén phan phia bén trong dudng tron phai la mién gia tri
cua (G (s) ing véh moi s 6 Re(s)>0. Noiw cach khae (G(s) la ham thuc—dudng. m

Trong s6 cac ham thuc—duong, ly thuyét cac hé théng diéu khién dac biét quan tam
tdi nhimg ham G (s) c6 dang thue—hidu ty va hdp thiie, tac la

G(s) =

b . ‘”1 4
Bls) _bo+brst  +0ms”  10cB va msn) (2.36)
Als)  ay+ays+ - +a,s” ay



vG1 A(s),B(s) 12 hat da thiic cé cac hé s a . b; 1a nhitng 56 thyc. Nhiing ham nay déu co
gia tri thuc khi s la s thuc.

Binh ly 2.1: Néu ham thuc—hdu ty F(s) cho trong cdng thic (2.36} 13 ham thuc—duong
va hai da thite A(s), B(s) nguvén t8 cang nhau thi G(s) sé co céc tinh chat sau:
a) Khong ¢6 difm khéng nim bén phai truc o, titc 1a nghiém cia B(s)=0 phdicé
phan thuc bing ¢ hode am.
b) Khéng cé diém cuc ndm bén phai truc ao, tic 1a nghiém cia A(s)=0 phai o
phén thuce bang 0 hoac am.

c)  Phai ¢é ReG (j w20 véi tat ca nhiing gia tri @ lam cho G{f @) 14 sd hiiu han.

dy Cac diém cue va diém khdng phize trén truc ao cua G(s) phai 13 nghiém don

e} Hidu n~m giia bac cha da thite ti sé A (s) va cioa da thite miu sd B(s) phai
bing O hodic 1.

Chitng minh:

a) N&u B(s)=0 ct nghiém s, vdi Res,>0 thi G(s,)=0 khéng thoa man diéu kién ham

thuc—dusng la ReG(s,)>0.

b} Do hai ham G(s) va Gz 6 phén thuc cing ddu nén khi G(s) 1a ham thuc-duong
5

ta ¢6 khdng dinh b).

.1 . . . 1
thi cing vy, Két hdp vl tinh chat a) nhung cho
T g VA3 ip ) g Gs)

¢) De G(s) la ham bao giac nén duing cong ({jw), —~< @Ses, chinh 13 anh caa truc ao

$=jw. chia mat phang phuic G(s) thanh hai mién ky hiéu la O va ©, trong d6 O

mién anh dng véi Rels!>0. Hién nhidn rang mién @ chi 6 thé nim vé mét phia cha

truc ao. Do ¢6 diu kién 0<G(0) nén O phai ndm bén phai true do. Tir day suy ra bién

caa né 1a G @ khong thé di sang bén trai truc ao. hay ReG(j )20 (hinh 2.26),

d)  Gia st G(s) co diém cuc sg=j ey, bdi ¢ ndm trén truc ao. Chon s8 phitc 5 ¢6 phan

thuc dudng va nam trong duong tron tdm s, =/ @, . ban kinh 0>0 di nhé. Khi dé véi:
Gis) = (s—s;)°G \(s)

b

-
tr do — < ¢ <~
reng do > @ 5

s—s, =0¢’ ¢

ta co
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Gis) = quj.qlen(Sk)l = RefG(s)] = 0%|G (s)|cos(q @)
Vay dé ReG (s}>0 véi moi & >0 di nhé va |¢|<% thi ¢ 1én nhéat chi c6 thé bing 1.

Ngoai ra, do cic diém cue eia G{s) cing la didm khéng cta ham thuc-dusng nén

ta ¢6 két luan tudng ty cho diém cuc cha G(s).

e} Do khi G(s) la ham thuc—duong thi G(s~ hy cing la ham thuc—dudng nén vii
™ Bos™ +bys™ 1+ 4B,

Gis™h = -

aps” 87T+ -+,

ciing nhu k&t qua cia d) thi hidu n=m chi cé thé c6 ba gié tri =1, 0 hodc 1. Nhung vi
n2m nén trutng hdp n=m=—1 bi leai. )
Vidu 2.2: Minh hoa ham thue dudng

¥ét mach hai cue tidu thu dién ¢ hinh 2.28a). Dién ap u(¢) giita hai ddu cuc cua hé
dudc xem 14 tin hiéu dau ra va déng i (¢#) 14 tin hiéu ddu viae. Khi dé thi

R, RBals
U =(R E 3 I(s
= TR TRy s )

.

- R]+R2R3+(R2+R3)L5+R2R3LCSZ 16s)
Ry +(L+ RyRyC)s + Ry LCs?

Nhu vav, mach hai cue d6 ¢ ham truyén dat

U(s) _ R+ R,Rs +(Ry + Ry)Ls+ R, Ry LCs*

G(S) = 1 3
i(s) Ry +(L+RsR:C)s+ R,LCs

Xét tiép v nhiing gia tri cu thé eta Ry, R, . Ry, C va L sao che cé dude

G(s) =1+ 3 = Gis) :1+——1——-2—
(1+8}) {(l+0+ jw)
trong dé s= ¢+ w. thi
. 2 2
Re(G) = 1+ (1+0) -w >0

L+ — ) 441 + o) ?

vii mol ¢ >0, —ee< @<oo, hay G(s) 14 hAm thuc—duong.



R6 rang G(s) théa man cac tinh chat néu trong dinh 1y 2.1. Chiang han nhu diém
cuc s=—1 cua G(s) khéng ndm bén phai true ao. Dudng quy dao G(jw) khong di vao
phan mat phang bén trai true do (hinh 2.28b). Hiéu n—m ¢6 gia tri bang 0. )

@ 7T GERRdeETTTTY W mse

-\ Re(G)

Hinh 2.28: Minh hoa cho vi du 2.2

Binh ly 2.1 cang nhu vi du 2.2 da cho mét ham thue—hdu ty, thue—dudng G(g) vo
nhiing tinh chit gi. Nhung dua vao do ta chua thé xac dinh dude ham thue-hitu ty G(s)
nao sé la ham thuc—duong ngoai trit mot diéu ring néu no khong thoa man bat ci mot
tinh chat nao nhu dinh ly 2.1 da néu thi na khong thé 1a ham thuc—duong.

Sé rat kho khan néu ta dua vao dinh nghia dé xac dinh tinh thuc—duong ciua mat
ham phic G(s) vi phai xét anh cia né khi s chay khap trong nita mit phing phiic bén
phai true ao. Bai vay cdn phai cé nhiing céng cu ddn gian hdn va dinh 1§ sau dav la mat
vi du giup ta thuc hién dude diéu da,

Binh ly 2.2: Dé ham thuc—hitu ty, hop thae Gis)= % . trong dé hai da thic A(s) . B(s)
s

khong e chung nghiém, 1a ham thuc—ducng thi cin va da la:
a) RelG(jw)tz0 vol tat ca nhing ga tr1 @20 lam cho G{ @) la s6 hitu han.

b) AA(s)+B(s) voi s6 thue duong A tav y, la da thie Hurwitz, tic 1 moi nghigém
cua no déu nam bén trai true ao,

Chitng minh:

Trude hét ta chung minh diéu kién can, Néu G(s) da 1a ham thuc—duong thi theo
dinh 1y 2.1. cau ¢). khong ¢6 mét doan dudng cong nao clia G (j @) khi @chay tit — dén =
la1 nam bén tra: true ao. Nhung do ¢dc hé s6 cua ham thuc=hitu ty G(s) 13 nhing so
thue nén dudng cong G{j@) c6é dang dol xung qua truc thue (nghiém cua G(s)=0 phan
b& déi xing qua truc thue) Boi vay G(jw) cing sé khéng di vao phan mat phang bén
trai khi @echi chay tit 0 dén =, hay Re!G(Jw)! 20 khi 0<@w<oe,
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Dubng cong G{j w) ciia ham thuc—duong G(s) khong di vao phén mit phang phiic
bén trai truc ao. N6 c6 thé tidp xuc voi truc do. Suv ra dudng cong A+G{(j @) sé khéng
thé tiép xiic véi truc ao, hav A+G(s) khong thé co diém khéng trén true 4o (cé phan thuc
bing 0). Mat khac. do G(s) da 14 ham thiyc—dudng thi A+G(s) cing 1a ham thuc—dudng
nén me diém khéng cia no phai eé phén thue khéng dudng (dinh 1y 2 1, cdu a). Suy ra
moi diém khéng cia
AA(s)+ B(s)

A+Gis) = Al

déu phai ¢6 phan thuc am hay da thie AA(s)+B(s) la da thiic Hurwitz.

A+G{jw)

]mGT

Re(s) eung dau

Hinh 2,29: Minh hoa chitmg minh dinh Iy 2.2.

Bay gi ta chuyén sang diéu kién du. Do cd diéu kién a) va tinh chit di xing qua
truc thuc cda G{j @) nén toan bd dudng cong G khi ~e< @<= sé& khéng di sang
phan mat phing bén trai truc do (hinh 2.29). Didu nav ciing diing véi dubng cong G{j a) .
T ddv suy ra dudng cong 4A+G{j @) hoan toan khéng tiép xic vé truc ac. Do A+G(s) 1a
ham lién tuc theo s nén dudng A+G (@) nav chia mit phiang thanh hai mién riéng biét
la cac mién diém anh cda anh xa A+G{(s) khi Re(s) cung dau, titc 1a mét mién 13 tip
diém anh cua A+G(s) khi ¢ ¢ phin thue duong. cén mién kia la tap diém anh cia
A+G(s) khi s ¢6 phan thuc am. Nhu vay dé chimg minh ta chi ¢dn chi ra ring mién
hoan toAn nim bén phai dudng A+G(fw). tinh theo chidu ting cia @, 1a mifn dng véi
Re(s)=0.

(Gia st diéu ngude lai 154 mién hoan toAn nam bén dudng A+G (@) lai 14 mién tling
vo1 Re(s)<0. Khi dé mién con lai sé dng vdi Re(s)>0. Do mién con lai niy chiza ca phan
mat phing ndm bén trai truc do nén ta 6 thé chon mot diém s, nao dé c6 phan thuc
ducng ma d d6 A+ G(s,) c6 phan thuc am. ching han A+G(s,)=—1. Suyra

A+Gi(s,)=0 & wjj:————%= 0 & AA(s)tB(s,) =0 (2.37)
Sk



Nhung két luan (2.37) lal trai véi gia thigt la nghidm cua AA(s)+B(s)=0 chi 6 thé cé6
phan thue 4m. Vay diéu gia su la sai. )

Biéu dac bidt ena ham thue—duong G{s), nhu hal vi dy 2.1 va 2.2 dd minh hoa la
né luén dugec mé phong bang mét mach hai cue cdu tao bdi cac linh kién dién trd, cudn
cam va tu dién 1y tudng. Ngudge lai ham truvén dat cia mach hai cue eé cac dign trd,
cudn cam, tu dién 1y tudng s& 1A ham thyc-duong. Chinh vi vay ham thuc—dusng cdn
dugc goi la hdam hail cuc.

Dac biét nida. cac mach hai cuc nay déu ¢d chung mét tinh chét 1a khéng bao gid tu
sinh ra nang luong. Su thay déi nang lugng bén trong né khéng thé 16n hon su thay doi
nang lugng tir bén ngoai da dua vac. Nhing hé ¢6 tinh chit gidng nhi tinh chét nay caa
mach hai cue duge goi 12 ké thu dong (passive). Nai cach khic hé thu ding tuyén tinh la
hé c6 ham truvén dat ta ham thuc—duong.

Binh nghia 2.2: Hé tuyvén tinh, ¢ s6'tin hidu ddu vao bdng sé'tin hiéu ddu ra, mé ta boi:

ﬁ=,*-‘bc+Bu
dt = = uER” | YyER (2.38)
y=Cx

duac goi 14 Aé thu dng (passive), néu ham truvén dat cua né;
G(s) = C(sI-A)Y 'B (2.39)

théa man (khi do6 duge gol la ma trdn thue-dudng):

Relv”G(s)u) = —;—L;H[G(sHG”(s)]L; >0 (2.40)

v6i moi v # 0 v moi s ¢6 Re(s)»0. trong dé ky hitu G7=G 7 chi phép chuyén vi va
U : ¥y me

1&y Hén hgp. gol la phep tinh Hermite.

Ngoai ra, giita tinh thu dong cia hé (2.38) va tinh thuc—duong ¢ia ma tran G(s) tinh
theo (2.39) cén cd mdl quan hé sauw:

Binh Iy 2.3 (Popov-Kalman—Yakubovish): D& ma trin truyén dat (2.39) ciia hé tuyén tinh
(2.38} la thuc—dudng, hay dé hé (2.38) 14 thu dong, thi cdn va du 13 tdn tai hai ma
tran P, L. tvong d6 P phai xde dinkh diong, sao cho:

ATP+PA = -LTL  (dé} xtng, xac dinh ban am) (2.41)
cT=pR (2.42)
Chitng minh:

Trudc hét ta thay P phai la ma tran d6i xitmg PT=P. Di tir (2.41) véi:



SP-ATP+sP-PA = L'L+2Re(s)P = ©
& (FI-A)'P+P(sI-A) = Q
ta thay

@ = LTL+2Re(s)P

13 ma tran xac dinh dudng vé moi gia tri 5 ¢6 phan thuc dudng. Nhén ca hai vé véi

BT [(51-A)T]"" vé phai trai va véi (sT—A) "' B vé phia phai sé dugc
BTP(sI-A) "B+ BT[(51-4)")'PB =B [(51-4)"] 'Q(sI-A})'B.

Thay (2.42) vo ding thitc thu duge, ¢6 dé ¥ dén tinh d6i xtng cia P, sé di dén:
CtsI-AY "B+ BT[(s1-A)")'cT =B (5 1-4)"]7'Q(sI-4)"'B '

o  G)+GT(5) = BT[(51-A)717'QsI-A)" 'R

o G +6H s e = BT (5 1-4")'QsI-4) By

o e+ 6T ) = wiQu

trong do

w = (s/-A) 'Bu

Vi khi w=0 thi w"”Quw>0 véi moi s c6 Re(s)>0 nén G(s) 13 ham thuc—dudcng.
Tidng ty ta cé didu ngude lai 1a khi (7(s) thuc—duong thi ciing e6 (2.41) va (2.42). a

2.3.2 Tiéu chuan Popov

a) b) u

¥

Gs) |

¥ ay

. G .
w e =) u G(S)-J—ﬂ——{ (s) as

Hinh 2.30;: Xét tinh 8n dinh hé kin vai hé hd ¢é mé hinh Hammerstein (NL).

Khai niém dn dinh tuvét déi ciia hé cho d hinh 2.30a) dude hidu 13 hé én dinh véi
mét 1ép cae khau phi tuvén u=f{e) cé cung ciu tric. Pai dién cho cac tidu chuin xét
tinh én dinh tuvét ddi 1a didu kién dit ciia Popou.
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Binh Iy 2.4 {Popov): Hé kin trong hinh 2.30a) vdi khéu tuvén tinh G(s) va khau phi

tuvén tinh =f(e} lén tuc timg doan c¢ f10)=0 sé én dinh tuyét d&l. néu:

fie)

a) Tén tai mit si £ > 0 saocho 0 <~ <k vil e# 0.
o

b} Tén tai mét s& thir ¢20 sao cho hiun phoc

Figy = l+as)G(s)+~}
4

ti ham thue—duong.

Chitng minh:

Lai chiing minh dudce trinh bay sau div ¢6 st dung mét dinh 1§ chua duge ndl téi ti
dau quyvén sach téi gid. D6 13 Lidu chudn on dinh Lvapunov s& duoe trinh bay sau &
chuong 3 (dinh 1¥ 3.1 va dinh 1% 3.3). Ban doc c6 thé tam thdi cdng nhéan chung. .

Trude hétl. do co
1
Fisy = (1+{IR)G(S)+Z
nén dav ra ¥ caa khiu cé hanm truvén dat Fis) sé 1a (hinh 2,30b):
- dy 1
VEvita-—+—u
R dt kK

Suy ra, néu ta goi

Jd—l— Ax + by n
. dt - T XER (2,13}
l'{' —ETi - du

ja mé hinh trang thai cia néd thi ti tinh thuyc-dudng cua F(s), hé (2.43) phai ¢6 tinh thu
déng. tie 1a sy thav 481 nang lugng bén trong né khéng 16n hon phin nang lugng dusc
cung cip L ngohd vio. Bdl vay. néu do sij thav déi nang Jugng bén trong hé bing ham

¥ : Ce
X Qx.  §lamatran xac dinh dusng
la =28 ¢

o T ~ dy 1
ey = oo g — 4 — {4.44
% X Qx g uy ur\‘v a FTR u.J ]

Mat khac, vi @ xac dinh dudng. ham fie) vdi e>0 cling 12 mdt s6 dudng nén ham
T 7
Vii= x QEJ—:?U‘(H)de
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vt @20 xac dinh dudng trén toan bo khéng gian trang thai, Pao ham cua né theo hé
(2.43) co dang

dV n':r

de T
T oas Qx+a-i— )f(e)de]dr (2.45)

Két hgp (2.44) voi (2.45) ta oo

dv ' dy 1 ] dy _ =flede(, fle)
ES u[_v»ra—‘ﬂrzu.]—aﬂe)—d— —k—~[k-—P—J50

fle)

'y

vie=—y va 0 <0<k hay e va f(e) luon cing diu. Dau bang chi xdy ra néu x=0 cing

nhu f{e)=0 Vay theo tidu chuén Lyapunov (dinh 1v 4.1), hé on dinh tiém can tai 0 véi

mot 16p cac khau phi tuyén co 0 < —f—"—':-)-*i R. m
'J

Dinh Iy 2.4 caa Popov chi rang hé
Hammerstein sé an dinh vél tat ca ede I«f:f(t’M.
khau phi tuvén c6 u=fle) var duong do thi K
fle) di qua goe toa do vA nadm trong phan ’
¢ hé s§ goe thuae khoang (0.4). go1 la goe Z
an dinh. nhu mé ta o hinh 2.31 i

Ngoai ra. néu hé 6n dinh vt khau ph ‘
tuvén u=f(e¢) thi no cing én dinh var khau. E
Hinh 2.31: Minh hoa I&p cac khau phi

tuyén lam hé phi tuyén Hammerstein
&n dinh lyét déi.

= f[_e’] = ke=fle)

Vi du 2.3: Minh hoa tidu chudn Papov
Xeét hé kin nhu hinh 2 30a) mé ta vin

Gi(s)=

s(l+s)

Chona =1, tarco vl s=o+) -

Fis) = {1+as)G{¢)+l———;G—+"l"”}'—:E—,,
oot ko glve
Re F ImF

Nhu vay Fis) la ham thue—dugng vét ma £>0. Theo tiéu chuan Popov, hé kin 6n dinh
vé1 mot khau phi tuyén eé #=£(¢) nam trong goc mat phang phan tu thi nhat va tha ba,
tuc la 6n dinh vc’ll k=co_ hay hé la on dinh tuydt day vé1 goc on dinh (0,~). Chang han

khau co fle)=e" thoa man difu kién nav 0



Vi du 2.4: Minh hea tiéu chuan Popov
Cho hé kin nhu hinh 2.30a) véi khdu tuvén tinh cé ham truyén dat:

G(s]‘—‘—wbo—-—— . as>0

l*ﬂ.15‘+a28h

Cau hdi duge dat ra la khau phi tuyén u=f(e) phai thoa man didu kién gi dé hé 6n dinh
tuyét dil véi goc én dinh (0. e},

Theo dinh 1y 2.4, di1 & hé n dinh véi

Oq‘f—(e—)<wkhi ez 0
[

14 co mot s6 thuc 20 1Am cho

by(L+asy _  by+abgs

1+als+a252 1+als+.:zgs2

F(s) = (1+as)G(s) =

14 ham thue-dudng.
Lail theo dinh 13 2.2, F{s) 12 ham thuc—dugng khi va chi khi:
1} Rel!F(je !> 0 vél moi 0<€ @< DPiéu nay dan dén

—boay)w® + b
RelF(jot = {abom ;ciz)w,. >0 & abpa; - beay >0
(1-ayw* ) +afw”

2 {1+als+a3.sz')+(bl}+abus) = (1+¢‘J¢J)+(c1,'H::bo)sﬂ-azs2
14 da thic Hurwitz

T day ta suy ra dude mot diéu kién du dé€ hé Hammerstein dude 8n dinh tuyét déi
véi goe 6n dinh (0,e) 1a cac hé sd'by. ¢, a, phai dudng. a

2.3.3 Ban thém vé tiéu chuin Popov
Diéu kién dai v&i khéu tuyén tinh
Tidu chuan Popov déi hoi tinh thyc—dudng ctia ham
Fis) = (1+as)G(s}+ %

B(s)

Gia st ham truvén dat eta khau tuyén tinh ¢é dang thye hitu ty G(s)= Als)
s

. Khi

doé thi
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Fig) = k{1l ~as)B(s)+ Als)
kRA(s)

Vav. theo dinh I¥ 2.1 vé nhiing tinh chdt phai ¢6 coa mdt ham thuc—dudng, ta thav
da thic A(s) khéng dude ¢6 nghiém nam bén phii truc ao. tie 1a F(s) khéng duge co
diém cue ndm bén phal truc do va cic nghiém phic cua A(s) nam trén truc ao phal la
nghiém dan.

Dang hinh hoc cla tiéu chudn

Sau day, ta xét riéng trudng hop ham truvén dat G(s) c6 G(0)=0 cua khau tuvén
tinh thoa man:

1Y La ham hgp thue chat (strictly proper),

2) Li ham bén (stable), hav khiu tuvén tinh la én dinh (khéng cé diédm cuc nam tréu
cling nhu ndm bén phai truc aol.

Véi nhiing gia thidt nay thi dudng cong F(j @} cho ~eo< @<~ 1i lién tue. vi F(s)
khéng c6 diém cuc trén truc ao. Né bal dau tir diém him han

FO) = G0y = Lovs

vi clng k&t thiic tai diém hiiu han

[0 héu me<n-—1
=! ab,,

Gy

File) = hm(l —as)Gis) +

N

R‘.“]r—‘

néu m=n-1

do do sé khong di ra v cting (vé hal phia ¢ia truce ao).

Mién mat phiang ma khi di doc trén F(j @) theo chifu tang coa @ ludn ndm phia
phai eda F{j ) 13 midn gia tn cua F(s) fing vé s ¢d phan thye dudng (s nim hén phai
truc ao jw). Rl vav dé F(s) 1a ham thuc~dudng. ta chi cdn xdc dinh £ va ¢ d€ mién nav

nam hoan tofn trong nia mal phang phiic bén phai la U, tde 1a phai chon k. a sao cho

RelF{jan, = Re-:(l+ja(:)]G(j(s))+%}- =)

(= Rei(l+ja e G(ja) | >—_£ & aX(w)-Ria) <% (2.46)
trang dé
Xiwr = IlmG(Gw vai R{wm =ReGya (2,47

Né&u ta dinh nghia (@) theo {2.47), tic la

84



G(jw) = R+;X = ReG(j o) +j 0ImG(;j ) (2.48)

thi ro rang dé c6 duge didu kién (2.46). dudng db thi G(jw) phai nAm bén phai dudng
thang (hinh 2.32a)

aX-R =2 (2.49)

. : L 1s . x . a0 =1
Duong thang (2.49). co tén & duwdng thang Popor. Né cat truc R tal diém & va ch

do nghiéng 1a tang = L (hinh 2.22). Dudng 44 thi é(j(ﬂ), 0<w<e dinh nghia theo
o

{2.48) duoe got 1a dde tinh tdn s6 Biéh dang hay ddc tinh tin s6 Popou. Dudng dac tinh
tan <0 hén dang (E(_ja)) c6 phan thue trang véi dac tinh tin 8 G{jw) cua khau tuvén

tinh. phan ao bing phan do cia (G ) nhin véi w.

Hinh 2.32: Mé ta tiéu chuin Popov bang da thi.

(Cufl cling, ta di dén:

Binh Iy 2.5: Hé Hammevstein trong hinh 2.304) véi khau tuyén tinh c¢é ham truyén dat
G (s) hop thic chat vé bén. s& én dinh tuvér dél vai moi khau phi tuyén tinh u=/(¢)

fle)

lién tuc tizng doan e f(0)=0. thoa man 0 <L <k khi e # 0, trong 46 % la giao
e

d1ém gitta truc R voi mot duong thang (2.49) nao d6 ¢ hé s goc ducng via né phai
dude chon (théng qua k) sao cho dudng dac tinh tin bién dang G (ja), 0<@<eo cta

khau tuvén tinh. xae dinh theo (2.48). ndin hoan toan bén phai dudng thang nay.

Tat nhién ring tinh én dinh bén viing cia hé cang cao ndu hiing =4 & tim duge cing

16n. Goi k., l& hing <6 k 16n nhat cd thé ¢é duoe tir tién chudn Popov thi dé 6 &, ta

R AVELRY
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phai xac dinh dudng thing (2.49) vdi hé s& goc duong c6 giao diém vl true R gan
muax

truc X nhét bing céach chon dudng thing {2.49) tidp xuc véi dudng G {f &) nhung phai

d4m baa G (@) vAn con hodn toan nim bén phai né (hinh 2.32b).

aX=-R =
Hinh 2.33: Xéc dinh hai héing 6 k va
a tif §d thi dac tinh tén bign dang,

Vi du 2.5: Minh hog dang hinh hac cdia tiéu chudn Popov

Xét hé Hammerstein & hinh 2.30a) vé1 khau tuyén tinh ¢é ham truyén dat

i 1 , 1-4e° . 2w
Gls) =——— = G(u) = e B e
1+28+4s (1-4ew*)” +4w (1-4w™) + 4w

Nhu vay G(s) théa man cac didu kign dé c6 thé ap dung duge dinh 1y 2.5 14 hop thue
chéit va bén.

Ham F(j @) co
- 2
Re{F(j@)} = Re{(1+ja @G+ —} = —Zamde +1 1
Bo (1-40®Y +40° K

Boi vay néu chon a22 thi Re{F(fw)}>0 vdi mai £>0. hav gia tri k,, 1dn nhét 14 =
Diéu nay chi réng hé én dinh vdi moi u=F(e) lién tuc tiing doan va nim trong goc (0, e},
tide 12 trong géc phén tu thit nhat va thi ba;

max

0<L(fl<u, e#0.
é

K&t qua trén ta cing co thé thu duge thong qua ham dic tinh tin bién dang
1-4e? . - 202

Glw = J —
(1-40?)% +40? (1~40%)? +40)?

= R+jX
Hinh 2.33 biéu dién d8 thi ham G (ja) v& mb ta cach xédc dinh hai tham s6 & va g tit 46

thi dudng G {Ja) trong mat phﬁng phitc vdi hai truc toa d6é R va X. Tit day ta ciing <6
AUGC k= oo, ' )
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Vi du 2.6: Minh hoa dang hinh hoc cla téu chudn Popov

¥ét hé Hammerstein ¢ hinh 2.30a) vdi khiu tuyén tinh cé ham truyén dat:
1

Gis) = —
(s+1¥s™ +5+1)

Nhu vay G(s) thoa man cac diéu kién dé co thé ap dung duge dinh 1§ 2.5 1a hgp thic
chat va bén.

Thay §=/ w vao ham truyén dat trén, sau do tach phan thyc va phén do cta G{j o),

nhan phan do véi tan sé @ &€ thu duge dac tinh tin s6 bién dang G(jw)

_ o 2% 5
Giwy = 1-2 L@ {w” —2)

2 P u =R+/X
1-2w° + 3@ 12" + 3w

Bidu dién é(,;’{u) trong méat phing phic véi hai truc toa dé B va X ta duge hinh
2.34. Tiép theo, tif bén trai clia biéu db dic tinh tin s8 G(jw) ta ké mét dudng thang 6
dd nghiéng dudng thich hgp sao cho dusng thing nay tép xic vél biéu dd dac tinh tin sd

é(jw} va cit true hoanh tal mét didm o6 klhicdng cach nhé nhit so véi goe toa dd. D6 1a

diém —

w =25
IMmax
Suy ra, hé sé 6n dinh tuyét ddi vdi nhimg bd diéu khidn (tinh) ¢ dudng dac tinh 1a
ham phi tuyén fle). di gua diém 0, lién tuc timg doan, cang d&u vél A6l s6 e, va cd hé <&

k thoa man O<k< k., ~4. )

Hinh 2.34; Xac dinh hai hang s& k va e tif

. N )
dd thi dac tinh tan bién dang.

Vé goc 6n dinh va phucng phdp bién dai

Viéc st dung truc tiép tiéu chuin Popov déi hdi ham truyén dat G(s) cia khau
tuvén tinh phai théa man mdt s6 difu kién. chdng ban G(s) khdng duge ¢6 diém cuc
niam bén phai truc do. Pidu nav lam han ché kha nang ing dung ciia tiéu chuan.

Nhim md réng mién dng dung cho tiéu chuan Popov cho ca mét s§ ham G(s) o
diém cuc nAm bén phai truc 4o, ngudi ta da nghi dén phuong phap bifn déi géc 6n dinh
tit (0. 4) thanh {k,.k5). ¥ tudng ctia phudng phap nhu sau:
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a) b) [ a ke
o
f"

w=0 2 uw=[fle) y: >

— )/ ‘
u.%/

c) d)

. s u=f(e) S0 Gls) —a—s

e)

w=0 e

= 7 u Gls) 5 Hinh 2.35: Bién déi gée &n dinh dé ap dung
A =/le) ' téu chuan Popov cho khau tuyén tinh

co diém cuc nam bén phai truc ao,

L A

1) Buce 1. Timi mét hang s & | (¢6 thé am hoae duong) sao che eing vdi no Lrang vai tro

bi diéu khién phan hoi, khau tuvén tinh trd thanh (hinh 2 35a)

Sy = —G[.c)
14 ;?-]G[S]

hidp thie chat va bén

2) Bude 2. Sd dung dang hinh hoc rus tiéu chuan Popov dé xae dinh w=f1e) lien tue

2

. . \ o Te) y o .
ting doan co f10)=0, thoa man 0 4;‘—[ < kvir ex 0, dé he Hammestein vai khau
.

tuvén tinh Sts) 6n dinh tuyer do1 véy goe én dinh (0.k) nhu hinh 2.35b) mé ta

Buwoe 3 Chuvén b diéu khién phan hdy diu ra &, cia khau tuvén tinh thanh bé bi
cho khau phi tuvén (hinh 2.35¢). tic la né dude nol song song vil khau «=fle). Kin

Ao gitta tin hidu e va 7 =wtk e 5@ co quan hé mai
u= fledtke = fle)

v vé b difu khién nav, hé kin (hinh 2.35e) c6 mién 6n dinh la gée (k 1 ko). trong

dé ko= k+k, (hinh 2.35d).



a)

Eljw}

Hinh 2.36: Minh hoa vidu 2.7

Vi du 2.7: St dung liéu chudn Popov cho déi tuang khéng én dinh

(ia st hé Hammerstein d hinh 2 30a) vdi khau tuvén tinh 6 ham truvén dat
' 1 l
Gis) = - T 5
(s=Dis+3)" =" 458" +35 -4

Vi G(s) c6 diem cue s,=1 nam bén phai true ao nén ta khéng ap dung dude true tiép

tiéu chuan Popov, Chon k ;=10 thi

§is) = Gis) _ 1

L4k Gls) 57 4557 +8e+1

va ham truvén dat nay thoa min cae difu kign cho phép sit dung tieu chuan Popov

Bien dor S()e) thanh

SGw) = 1=5w" ¥ (e~ — 3w

(1= 5e?) +(Bar—w’)* (1 —ni ) +(3w—w’)*

ta i dueng dic Linh 1an bién dang cua na

~ | - 5w’ (e —3)e”
Syw) = e ) - = - —
(1=5w" ) +(B3w—w")" (1-5w")" +Bw-w’)"
R X

Riéu dién .§I'_‘J'w) trong mat phang phie rol ap dung dang dé thn cua tigu chuan
Popov ta thu duge mat ga el k (hinh 2.36a)

“looa = k=10
k

Vay hé kin ¢o khiu tuvén tinh G(s) di cho sé én dinh tuyét ddi var moi khau phi
Luvén F[el_ hén tue tiing doan va nam trong goe (k. k+k ) = (10 . 20). nhu mé ta o

hinh 2 36h). a

i)



Chu v rang khéng phai luc nae ta cing ap dung dude phitdng phap bién ddi trén dé
xac dinh goc én dinh (k. %.) cho hé véi khau tuvén tinh G{s) c6 diém cuc nAm bén phai
true ao. NG chi st dung dudge néu tdn tai s6 thuc &, sao cho ham truvén dat

G
S(S) = _—(s.)___
1+ ki (GFis)
trd thanh thich hgp véi tidu chuin Papov,
Ngoal ra. cing tIf ¥ tudng phuong phap bién dé1 goc én dinh trén va sy minh hoa

truc quan ena hinh .37 véi bén hé tudng duong nhau ta con cd duge két luan sau;

Pinh Iy 2.6: Hé gom khau phi tuvén u=f{e} va khau tuyén tinh G(s) on dinh tuyét dai
véi goe 6n dinh (0,k) khi va chi khi hé gbm khau phi tuyén & = F(e) =fle)—k e va

khiu tuvén tinh §{s)= -—&)— én dinh tuvat déi vl géc 8n dinh (—k |, k—k ).
1+E5Gis)
a) b)
w=9 u=f(e) __.{ G(s) o> w=9 Gls) N
c) . d)
k., ‘*ﬂ by
= - ={ - -
w=0 u=f{e) G(s) > w i=Ffie) G(s) >
r
—> k,

Hinh 2.37: Cac hé tugng duong nhau. Chitmg minh dinh Iy 2.6

2.3.4 Tiéu chuan dudng trén

Tiéu chuan dudng trén 14 mét sy md réng cua tiéu chuin Popov cho hé ¢6 cdu troe
nhy trang hinh 2 38 véi khau phi tuyén

u = Alxdy (2.50)

ném trong nhanh phan héi. Khiu tuvén tinh SISO ¢6 mé hinh trang thai
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dt . xer” (251

v clng tit 46 14 ham truvén dat dang hop thie chat

Gis) = ¢ (sI-A)Y"'h

B
;L
|
-
|ft
.

Hinh 2,38: HE cé khau phan hdi A ()
trang thai phi tuyén.

Gidng nhu tidu chuin Popov. tiéu chuin dudng tron cfing chi 1a didu kién di. Né
xac dinh tinh én dinh tuvét déi cia hé cho mét 16p cac khau phi tuyén d nhanh phan hoi.
Mat tién bé cua tiéu chuan dudng trén so véi tiéu chuan Popov 1a nd khéng can dua vao
bidu dé dac tinh tdn s& bién dang G{jw) ma dua true tép vao biéu dd dac tinh tin =6

G (j ) cua khéu tuvén tinh.

Binh ly 2.7; Hé phi tuvén ¢ hinh 2.38 véi khau tuyén tinh (2.51) va khaw phi tuvén tinh
(2.50) trong nhanh phan héi sé n dinh tuvét 481 tai 0 néu:
a) Téntalhaisdk, vaky décédk < hix)< ko voi moix

)+, Gs)

b) H: hic Fis)y =
) Ham phic F(s) T E,G)

la han: thye—duung.

Chitng minh:

Tudng tu nhu da lam vl dinh 1y 2.4 cua Popov, 101 chidng minh duge trinh bay sau
dav ciing su dung tiéu chuin én dinh Lyapunov (dinh ¥ 3.1 va dinh Iy 3.3) chua duge
néi téi tit ddu quyén sach tdi gio. Ban doc ¢6 thé tam thdi chng nhan chiing.

Ham F{s) duge xem nhu ham truyén dat eqa khiu tuvén tinh ¢6 mé hinh

d
J“é:(ﬂ—kz beDx+b oo
dt - (2.32)
‘? = (k) —kgdc x4

trong d6 cac tin hiéu v. ¥ ¢6 quan hé vil nhiing tin hiéu khac trong hinh 2.38 khi w=0

nhu sau
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v oedk,y. VI etk v

Do Fts) ta ham thue—duong nén hé (2.52) 1a thu dong. Do dé phai tdn tai ma tran
xac dinh duong @ dé ¢o

TQx sv¥

d
—x
off
Vol @ nhu vav, him VL,L)Z.iTQg viac dinh duong v
dV . 1w
—r shry skl Fawvs krl= k- rol k- aaly
€0 ({diu bang chi xav ra khi y=0)
nén thee tidu chuan Lyvapunov. hé 1a én dinh. O
Van dé con 1ai 1a khi nao F(s) =8 1a ham hai cuc?. D@ tra it ta sud dung dinh 19 2.2,
Trude hét RelFijeiz0 ki oz 0.
Gol ham dac tinh tan khiu tuvén tinh 13
Gw) = Riw+7]- X (2.53)
ta sé dude diéu kién thi nhit can phai ¢d

RelFij 20 & ki hJRUX k. +hOR+120 {2 54)

Biéu dién (2.53) trén mat phing o6 hai true tou 46 R, X cling véi duimg Lrdn

2 ; i
ok, | o (ke .
[}_1’+———h_'—k'1 +X‘=‘———k‘ ! ] {2.55)
- zk]}f-_; ) 2]6]}1’3 !
g -4 z 4
o R2+I1‘ f‘i’] ‘r'k‘)‘ +‘ }E] +k2 ‘ +X2:~ k:{ "'kl ]
r‘l\?]kz \ 2}?]}?‘_) N ) 2!{1],?'3 K
o RixtephrR 1 o
k]kz k]k2

réi so sdanh vél didu kién (2.54) ta dén duge cac két luan sau:
—  Khi ¢6 mot diém G(jwy) cna G(jw) nam wén dudng tron (2.55) thi didu kién
(2.54) dugc thon man tai dé véi dau bang.
—  NE&u ¢6 mot didm G(jwy) cda Ge nam bén trong dudng tron (2.55) thi didu
kién (2.54) duge thoa man tai do khi ki k. <0,
- Néu ¢6 mét didm G @) cva G @) nam bén ngeai dudng tron (2.55) thi didu

kién (2.34) duge thea man tai dé khi &, £.>0



Hinh 2.39 mé ta trudng hdp khi ma £, /%.>0. bat ding thic (2.54). tic la didu kién
thii nhat. s& duge thoas man vél mo1 e > ¢ néu nhu dudng guy dao G(j @) ndm hoan toan

bén ngoal duang troén {(2.55).

Hinh 2,39: Minh hoa tigu chudn dudng tron,

Gy

Dusng trén (2.535) nhu vay da duge chon 1a cd sd d@ kiém tra didu kién tha nhat

ky — ks ky, —k
B 7% x,.=0 vaban kinh la Bk (hinh 2.39).

Duong (ron nay ed tam la R ,= - =,
2k k. 2k k)

Tiép theo, dé kiém tra didu kién thu hal ria dinh 15 2.2, ta ky hiéu B(s) la da thiic
ti =0 va Als) 1a da thie mau s cta Gis). Vay diéu kién thi hal tugng duong véi viée
kiém tra xem tang da thue td &0 vi mau s& cla Fs) co phai la da thie Hurwitz hay

khéng (A=1}. T day La dude

Als)+k B(s)

F(&,) = A
Als)+ FoBs)

va do d6 dé Fis) la ham ha cuc. thi da thue
(ki +hDB(s1+2A(5)
phai la da thie Hurwitz, Piu nav tuong dvong voi su 6n dinh cla hé

2ALls) | -
~ = - {206]
(ki ~ ki )B{s}1 2A(s) 14 &y -‘i} ky Gls)

Néu thém gia thit 1a G(s) khong o dién cye nim bén phai true do va diém trén
truc o chi la nghiém don =0, thi theo tiéu chudn Nvguist, hé {(2.56) s6 8n dinh khi
3

duting G(j @) vél D<wm<e khdng bao diém — . Nhung vi diém nhy s& nam trong

)+ ka

dugng trom (2.55) khi k£ k., > 0 nén két hgp diéu kién 1. hé <& on dinh Luyét d61 néu quy

dao duong G (fw) vii 0< @<= khéng bao dudng trén (2.55). Tudng tu nhu vay hé sé én
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dinh vdi £, k.,<0 khi dutng dac tinh G{je), O€S @<= khong ra khoi dudng trén (2.55) vi
N @ | . . .
diém ———— hic nay nam ngodl dudng trim.
El s 22

Tang két lai. ta dén duce khiang dinh sau:

Binh ly 2.8: (Dang dé thi cla tieu chudn dudng tron): Xét hé phi tuvén 6 hinh 2.38 véi khau
tuvén tinh (2.51) vh khau phi tuyén tinh (2 50) (rong nhanh phan héi. Gei G(s) 1a
ham truyén dat cua khau tuvén tinh. Néu G(s) khdng o6 diém cue ndm bén phdl
truc do. diém trén truc ao chi 1a nghiém don s=0, thi hé sé én dinh tuyét déi voi
mét 16p cac khau phi tuvén w=k{x)y thos man didu kién k ,<h(x)<k,. trong dé
hai hang s& k. k. dude chon sao cho duong dac tinh tan s6 G(j @), 0S @< cua doi
tudng (hinh 2.40):

a) Khdng bao dudng tron (2.55) néu k&, =0 hoac

by Khong va khoi dugng tron (2.33) néu k k., <0,

Hinh 2.40: Minh hoa dinh ly 2.8,

Vi du 2.8: Minh hoa tigu chudn dudng tron

Xét hé cho g hinh 2,38 véi khau tuvén tinh

de (0 1% (0] _
= = 'I‘*’[ !y‘ :..n:xlz{l 0y
ot 0 -1 W1 M
—V—’ — {_T
A b L

Nhu vév, nd c6 ham truyvén datl

kY

_ i =1 vl (0
G{_.}): QT(S]—A) ]_ = (1 0)“‘ ]: 1
L0 s+l 1) s(s+1)

V&i ham truvén dat khéng c6 diém cize ndm hén phai truc 2o nayv, ta dudc:
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. -1 . -1 .
Ga) = ———4j S = R+jX
@™+ wlw® +1)

Hinh 2.41b) biéu dién dé thi cua G/ w). Dung mét dudng trén tuy y vé phia trai

5 . =1 -1
cua G{jw) vh gol — .
( k] }\’2

. 0<k <k, 14 hai giao diém cia dudng trém dé voi truc thue

R=ReG. Vav thi theo ndi dung dinh 19 2.8, hé kin ¢é s6 38 ciu trac 2.41a) s& én dinh

tuvét dai v4l moi khiu phi tuvén u=h (x}y théa min & | <h{x)<k,.

Tuy nhién. dé nang cao tinh bén ving cho hé. ta cAn phai chon mdt dudng tron nao
d6 tao ra duge khodang cich k,—k | Ién nhat Ta eiing ¢6 thé chon dudng lron tiép xuc voi
(G (@) va cé ban kinh bang s Do c¢d ban kinh bang e nén phan cung dudng trén xung
gquanh diém tiép xude sé ¢6 dang nhu mét dudng thang tiép xac (hinh 2.41b) va tu 46 ta

doc ra dudgc

-1 it

—_— = =

. -1 = =0 va k.=1.
Ry fy

Vav hé dn dinh tuvét d&i v6i moi khau ph tuvén cé & (x} thon man:

G<hix)<l1.

a B) N

AN AX=Im(

]

R=ReG

Hinh 2.41: Minh hoa vi du 2.8.

Ching han ham

h(x)=h(x,)=h(v)= e

thoa man diéu kién trén. Suv ra. khau phi tuvén trong nhénh phan hot cé dudng dac
tinh:

w = flv) = hiyyy =e My O



Vi duy 2.9: Minh hoa tigu chuin dudng tron
("ho hé mé ta d hinh 2 42a). Biét ring

(32 (0 (1
A= I b= ‘ vit (= ]
o 1) 1)

4

Hav xac dinh 16p cée khau phi tuvén gix. i) thich hop dé hé dn dinh tuyét d&i.

Ta sé si1 dung dang dé thi cta tiéu chudn dudng tron dé xac dinh khau phi tuyén
g(x.u) va mudn lain duge nhu vay thi pha cé gia 1hiét ring khong o6 diém cuc nao cia

ham truvén dat

1

Gis) = el (sI-A) b

cua khau tuvén tinh duge phép nam bén phai true do.

khong thoa man diéu kién

!

Nhung do khiu tuvén tinh cho ban dau var A :‘ o

nav. vi A ¢d hai gia tvi riéng la

(§-3 —2°
det(sf—A) = det S(s—3Ms+t 1y =0 & 5,=3 va 5,=-1
L0 s+l ‘

nén cdng viéc diu tién phal lam 1a xac dinh bd diéu khién phan hdi trang thai R dé dich
chuvén tdt ea cac diém cuc cia A sang phia tral true do (hinh 2.42h),

a) b)

Rx=8x,+dx,

fi
glx u)-Rx
\—Y_/
Kh&u phi tuyénma ung v&i né
c) T e khau tuyén tinh |a én dinh,
! G o)
Ra; Hinh 2.42: Xac dinh khau phi tuyén

lam cho hé &n dinh tuyét déi.
Minh hoa vi du 2.9.
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S dung phudng phap modal d€ chuyén s (T3 tdivitrimdila A, =-1tacod
R=(8 4)
Nhi co bé didu khién phan héi trang thai R. khau tuvén tinh trd thanh

300290 (0
ax _ (A—bR)x+hw = e+ |w
dt -8 -5 1
vdi ham truvén dat méi

fo_n 5] .
Csy= Q 1)‘383 2) [O) __s-1
N

s+5) \1) 7 (s41)?
¢6 ca hai diém cue déu ndm bén trai truc ao.
Mat khac. vi G(j @) ¢d phﬁn_thl_il: 1a (hinh 2.42c)

-1+3aw°
RE{GU(H}} :—*2—-52 -1
(1+ e}

nén chéc chin dudsng quy dao bién—-pha cia né s& nam hoan toan bén phai dudng tron cé
. . .2 -1
LAm trén truc thuc va edt true thuc taj . =, . =-1
1 2

Tir day. ta suy ra dude theo tiéu chudn dudng tron la hé sé 6n dinh tuyét déi vdi moi
khéu phi tuvén co

Bxu) = glxu)-Rx —h(x)u trong dé k =0<hi{x)<k,=1
hay khau phi tuvén can tim c6 dang

glx.u) =h(u +(B8x,+4x,)  vdi  O0<h(x)<l. [m)

2.4 Phuong phap can bing diéu héa

Phitong phdp cdn bdng diéu hoa, hay cén goi 1a phuong phdp tuyén tink hoa diéu
hba trinh bay sau day 1a mét cong cu cho phép khao sat sy tén tai ctia dao déng cé trong
hé Hammerstein cho d hinh 2.43a). Hon niia. néu cé dao dong, né cing gitp ta xac dinh
duge tinh én dinh cha dao déng d6 theo nghia: “Mét quy dao trang thdi khép kin mé td
ché' dé dao déng didu hoa cia hé dude goi la on dinh néu sau khi hé bi tde déng tite thai
ddnh bt ra khéi ché'dé dao déng diéu hoa d6 va bi dua tdi diém trang thdi khde nhing
nam trong mdt lén cdn nao do ciia dao déng thi hé c6 khd ndng tw guay vé duge ché db
dao déng didu hoa nay”.
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a} b}

0| u=fle) 5 G(s) 13 ¢ w=fley | 4
- 4ol N(A) [Je/ WEH®

Hinh 2.43: Xap xi khau phi tuyén bing hé s& khuéch dai phic.

2.41 Hé sé khuéch dai phuc

X¥ét hé c6 s6 d6 khdi cho 6 hinh 2.43a) va gia si rang trong hé cé dao déng diéu héa.
Né&u hé dang ¢ ché dé dac déng diéu haa thi khéng ridng bién trang thai x(#), cac tin
hiéu khac trong hé nhu e(t), w(t), ¥{t). ciing phai 14 nhiing ham tuin hoan theo bién
¢, do d6 ching déu biéu dién duge dudi dang chudi Fourier. Ching han:

u(t) = ag + Y {a,sinnat+b, cosnar). w =—2T£ (2.57)
n=1
trong 46
1 7 2 ¥ 2T
ay :?l_]fu(.t)dr. a, F{ u(O)sin(nat)dt  va ,—ﬁj) ult) cos(n ax)dt (2.58)

(Gia thist ring khau tuveén tinh trong hé eé kha nang loc cie thanh phén tin higu co
tan s& cao, khi d6 tin higu vao rae(t), u(t) cua khiu phi tuvén véi cong thite khai trién
chudi dang (2.57) ¢6 thé duge x&p xi bdi

e{f) = Asinwt (2.59)

ult) =f(e) =ag+a,sinwt + b, coswt (2 60)

Binh ly 2.9: Néu khau phi tuvén u=£(¢) ¢d f{e) dbi xing qua gic toa d6 thia =0,
Ching minh:

Do f(e) e6 dang di xing gua géc toa dé nén fle) = —fi—e). B& vav, véi tin hiéu diu
vao e(t) = Asinat enia khiu phi tuyvén ta sé co

1 27

== ju(t}dt = j flAsmrndr (thay ot =71 véi @T=21)
{ 0
T 2r
= j (Asmndr+ [f(Asint)dr
<7 0 r
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:;L[If(Asin rdr+ I FlAsin(u + X})dﬂ] . {thay u=r1— 1)

o i\

=_l_[_[f(As'mr)dr+j’f(—Asin,u)d,uJ =0, |
irlg o

Sau day ta s€ gidi han sy quan tam & cac khau phi tuyén ¢é fle) dél xing qua gic
toa do.

Khi ¢6 @ ,=0. tin hiéu dau ra (2.60) ciia khau phi tuyén dng véi dau vao (2.59) sé 1a
wit) = a;sinwt + b, coset = Usin{wi+ @) {2.61)
trong do
a,=Ucosp. b, =Using.

Nhim tdng quat héa han nita hai céng thitc xap x1 (2.59) va (2.60) cho ca truding hop
khac, chang han nhu khi tin hifu ddu vao ciia khau phi tuvén la

et} = Acosat
ngust ta da phic héa chiing thanh
Z(ty=Ac’” (2.62)
a(y= e’ Y (2.63)
V51 hai tin hiéu phie trén, cac ¢ong thife (2.59), (2.62) vigt duge thanh

ety = Imi ey} = Im{Aejm} = Asinmt

ui(ty =Imlai)} = Im{Ue J.[&)H"o)} = Ucosgsinat + Using cosat

=@a,sinwt + b, coswt

va trong truong hop e(t) = Acosai thi

1l

e(t) = Rel ()} = RE{AEJWE} = Acoswt

]

u(t) = Rel ()t =RefUe '™} = Ucospcoswt — Using sinwt
=a,cosadt — by sinant

Nhu vay. 8 rang la tit hai hang s8 ;. b, ta ludn xac dinh dudc tin hidu ra ¢ (¢) cia
khéu phi tuyén tif tin hiéu vac e(#) cha né. Cu thé hen nita, néu nhu di biét bién 46 A

cia ¢ (1) va hai hing s8 a; . b, ta luén xac dinh dude tin hiéu ra u (¢}. Nhu vay hai hang
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s0 @ . b, mang dav du tinh chat cua md hinh md ta khau phi tuyén trong ché do dao
dong diéu haa.

Binh nghia 2.3: Hé sd khuéch dai phue

-

1‘;“‘?_ U‘?_me'-h‘.l‘l U'P,Ju’ a -

= = e— J

N(A) =—= +
: eit) Apl A A

.AL: NatiN;

14 mé hinh xap xi trong lan can dao déng diéu hda cia khau phi tuyén u=f(e) co
fle) dé1 xtng qua goe Loa da, trong do Ny 1a ky hiéu chi phén thue va N, 1a phén ao
cua N(A)

Binh Iy 2,10: Xét khau phi tuvén u=f(e) c6 fle) doi xiing qua gde toa db va duge mo ta
biing hé 56 khuéch dar phuc

a b
N(A) ==L+ L= Np+iN
(A) 1 J_‘ rtiN,

a) Néu khau phi tuyén 1a tinh va khéng c6 tré thi N(A) la s6 thue.
b)  Néu khau phi tuyvén la ed tré ding thii f(¢) bao mot mién ¢é dién tich bang S
thi (hinh 2.44)
8

@

N, =Im|N(A)} =

T A
trong dé dau + cho trdong hop chiéu tré theo chitu kim déng hé va dau — kh
chiéu tré nguge van chiéu kim dang hdé.

fle)

Hinh 2.44: Khau phi tuy&n co tré.
Minh hoa dinh ly 2.10,

Chirng minh:

a) Néu f(e) la don tri (khiu phi tuvén 13 tinh va khong ¢6 tré) thi khi e (¢)=Asinat va
vdi pheép the bién @t= rtrong (2.58) ta ¢co

b= — [flAsint)cosrdr =—— [fle)de =0
g AJTA

by Néu f(e) la dudng dae tinh da tri (khdng co tinh chat ham), ¥ du nhu khau phi tuyén
kiéu tir tré (hinh 2 44) va vdi gia thiét la tin hiéu e ()= Asin@? co bién db dao dong che
kin mién tré (doan tir —a dén a), thi do dugng 1ay tich phan tao thanh vong kin ta sé c6
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¢ fe)de =8

trong d6 8 1a dién tich bao bdi dudng cong f{e) va ddu + che trudng hop S luén niam bén
phéi khi di thee chiéu cia f(e). tite 14 theo chiéu kim déng hd, con diu — khi S Tuén nim
bén trai khi di theo chiéu cia f(e}. hay ngude chidu kim déng hé.

T div va vdi phép thé bién @t= 17 trong (2.58) ta suv ra duse

_l_gfr (Asinr)cosa’dr = “'Ltﬁf(e)dezii
7 0 Ax TA
b )
N, =ImiNtA =2 -4 ' D
= ;= ImiN(4)} - —

2.4.2 Xac dinh hé s khuéch dai phirc cho cac khau phi tuyén cd ban

Muc 2.1.2 da trinh bay ro tiing khau phi tuyén cg ban, trong dé khau phi tuyén ba
vi tri ¢6 tré mang nhidu nét dar dién tiéu biéu cho nhitng khau phi tuyén ce bin khac
Bé&i vay ta nén bit diu véi viec xac dinh hé s6 khuéch dai phie cda khau nay.
Khéu ba vi i ¢o tré

Gia sl trong ché d6 dao dong difu hoa, Xhau phi tuyén cd tin hiéu dau vio

eft) = Asmnwt v Azh.

Do ham f{e) dé xng qua gdc toa dé, cO phan tré dude bao kin boi dusng cong ngude
chidu kim ddng hd (hinh 2.45) nén theo dinh Iy 2.10 ¢ ngay

8§  2alb-gb) _ Zabll-g)

N; =Im{NiA)} = — = = = -
! ¢ T A? T Al x A?

Nhu vay. ta chi con phai xac dinh phan thuce etia N(A) 1a Np. Tit dinh nghia 2.3 va
hinh 2.45 cé

a 2 T 1 2r f ]
Np =— ="—|ult)sinokdt =—— AsinTlsintdr
B7A TA !I TA “ '
1 i 1y )

=— jasin rdr— [asinrdr =2 {cosg — cos@et COSE, — COSP3)

T A - A
@ e3

2a . 3 '

s——l(cosg tcosgy). Vi @mrt@ VA @ = te,
n

. . b b U
Ngoai ra do sing, =Z . SIngy :EA— nén eudi cang ta dugc:
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. P 3
2a by gb\” - 2ab(l-q)
N{A) = — 1-(_ 1—(— -] — 2.64
“ m‘j %) +\’ 2 269

4 s51n

L AN

3 ,:A "
! f
e(f)I=Asint \\\ 4

Hinh 2.45; Xac dinh hé s8 khuéch dai phitc
cho khau ba vi tri ¢ tré.

Khéau ba vi tri

V61 hinh 2.6 mo ta dudng dac tinh f(e) caa khau ba vi tri ta thav né chinh la mét
trudng hop riéng cia khau ba vi tri ¢é tré d hinh 2.10, hav hinh 2.45 khi ¢=1,

Béi vay tit hé s6 khuéch dai phue (2.64) cia khau ba vi tri ¢6 tré. 6 day ta suy ra
duge ngav

da by
= —_ —_ —— 2
N(AY ~ A 1 [AJ {2.65}

Ta thdy céng thite (2.65) phii hop vii nédi dung dinh 1y 2.10 ¢ chd phén a0 cua N(A)
bang 0 vi dudng f(¢) cua khéu ba vi tri khéng khép kin.

Khéau hai vi tri c6 té

Hinh 2 € 14 dudng dac tinh u=f{(e} cua khau hai vi tri ¢é tré. So sanh véi dudang dic
tinh cta khau ba vi tri ¢6 tré da cho 6 hinh 2,10 hay hinh 2.45 thi rd rang khéu hai vi tr{
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¢ tré chi 13 mdt trudng hdp riéng dng véi ¢ = ~1. Do dé, dé ¢é hé & khuéch dai phitc
N(A) ctia khéu hai vi tri ¢6 tré ta chi cdn thay g==1 vao cong thiic (2.64) 13 dudc:

2

N{AY = _ia_ 1-— i] - 4‘1{? (2.60)
T A ;{Az

Khéu hai vij tri

T hinh 2.4 biéu dién dudng dac tinh u=F(e) ctia khiu hai vi tri thi r5 rang noé la
trudng hop dac biét ciia khiu hai vi tri ¢6 tré (hinh 2.8) khi 5=0. Thay b=0 vao cdng
thitc (2.66) ta co duge hé s& khuéch dai phite ciia khéau hai vi tri:

4a
N(A)= — 2.67)
( Y (
Khéu khuéch dgi bao hoa cb 1ré

Xét khiu khuéch dai bdo hoa cé tré véi dudng ddc tinh cho 6 hinh 2.46, trong dé

d=%+b, e="%4p (2.68)

va k la hé 8 khuéch dat.
Nhu vay thi
kle—B) néu c<e<d
. B . de
@& néu d<¢ hodc -csesd va —<0
kie+d) néu —-d<eg—c
de

-a néu e<-d hoiac -d<es<c¢ vda —>0

elt

Vi f(e) theo chiéu ngude kim ddng hd bao mét mién 6 dién tich dung bang
S = 2aict+d)= 4ab
nén tir dinh 1y 2.10 ta cé ngay duge phan do cua hé s& khuéch dai phiic

-8 _ -dabd

Ny=ImiN{a)! = = -
rA? 1Al

{2.69)

Do dé chi con phai xac dinh phan thyc cua N(4) 13 Ny, Véi tin hidu dau vao cia
khau khuéch dai bao hoa

e(t) = Asinat . A2d.

thi tif cac quan hé @ =1+ ¢, . @, =7+ @, ta duge:
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25

Ngoai ra, do cd sin(g+7)= —singf nén:

g T _
Np=34= = [ult)sinardt =—— [flAsint)sinrdr
A TAQ 0
1@ @ g 2 |
‘———A _"—asinrdr [ {e~b)sinrdr+ jasmrdr+ _{k(e+b]smrdr+ J—aqlnrdr
4 0 ™ o Py @a
1 [ : o] . ¥ .
" (@ —kb)cosp, ~cosgy) +(a+kb)cosg, ~cos@y) + [kesintdr+ [kesinrdr
L " P
1 i 2 5 £ 3
=-—Z 2(a -~ kb)cosy) + 2{a + kb)cosps + J'kAsin“ Tdr+ IkAsin (u+maydy
T L i L
trong doyw =v—n1
[}
| o ﬂl Asin
-5 : e & id f:"
1 ! ~ TR
AR 7 A A
: / \
¢
} N @V @2 (p\\.. cos
: | A
! e(T=AsinT Y /
LY £

Hinh 2.46: Xac dinh ha s& khuéch dai phirc
cho khau khuéch dai baa hoa cé tré.

@

(a-kb)cosep +{a+hb)cosp, —J—k—;(msx(sinx + 1)]5’; ]

-

}COS&T’I (a+kb—kA kAsing, JCOEG’QJ

p p

I ®)
Np :% (a—kbicosg +ia+hiblcosp, +RA jsinz rdr

g
2]

TA|

o [
_ 2 [a kb+kA kA sIn gy

A\ 2 2

Thay tiép
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j
J"

vao cong thie trén vi ciing véi quan hé (2.68) ta di dén

2 EA ke EA  kd ay
Ng —;z(“ R ?]\/1 [ J *\“ ‘“"7_‘7] "[ZJ
_ k& _ eV, d
“TA ‘-A‘”HJ“[:&] *‘“‘”‘W“[I) @1

Cudi cung. ghép chung (2,70} va (2.69) lai vl nhau. dudc:

N(AY = A-c d Alfl- — {(2.71)
U u er

Khou khuéch dai bao hoa

e

singy = c . & cosey =,/ 1 (
1= EERYE
A \

o | e

cosg, = l—[

b

|0
g

sing, =

T dudng dac tinh #=f{¢} ciua khau khuéch dai bae hod cho ¢ hinh 2.5 ta thay né
chinh la mdt trudng hop riéng cua khiu khuéch dai bio hoa b tré ding véi b=0. Thay
b=0 vao céng thice (2.71) va dé ¥ ving d==c ciing nhu a=kd ta sé ¢6 hé s6 khuéch dai
phite clia khau khuéch dai bao héa nhu sau:

Za dV
N(A 1-f —
(4= TA (A}

2.4.3 Xac dinh tinh &n dinh cla dao déng diéu hoa trong hé kin

Xét hé Hammerstein cd sd d& cho & hinh 2.47, trong dé khiu phi tuyén dugce gia
thiét 1 c6 f(e} dé1 xiing qua goc toa do.

Néu trong hé co dac dong diéu haa thi khong mat tinh téng quét néu ta che ring db
14 dac ddng difu hoa autonom, tuc 13 iing véi w=0. Trong 1an can dao dong didu hoa
khau phi tuvén u=f(e) duge thay x&p xi bai hé sd khuéch dai phic ciia né

Ni{A} = M— Ng+jN,
e)



w=0 e u=fle} u ¥
N(A) Gis) >

Hinh 2.47: Thay khau phi tuyén bling hé s& khudch
dai phic trong lan can dao dong diéu hoa.

Tiép tuc, tl quan hé

F= ¥ = AOCGw = ~-N(AYAL G w)

ta suv ra dugc

Rel #(£)} = Re{-N(A)AG (j w)e’ ")

= Acoswi =— A [RE(N(A )G(jrz)))]cosat + A [Im(N(A)GUa)})]sinat

Do ding thic trén phal dung vdi moei ¢ nén qua so sanh cic hé s6 cua hai v& trong
dang thilc trén vdi nhau ta dude

0=1+ReiNAG !
0=Im|{NAIGy )
hav

. 1
1+NAGGw) = 0 = G{jw = ———— 2.72
(AYG( & NA) (2.72)
Céng thic (2.72) 1a diu kién d€ tén tai ché dé hé tu dao dbng (dao déng diu hoa
autonom). N&u hé tit dao déng thi phai tén tai wva A thoa man (2.72}.

Binh ly 2.11: Hé Hammestein choe ¢ hinh 2.47 vd khau phi tuyén u=F(e) co fie) dot
xiing qua géc toa do va khiu tuvén tinh lgc tan sd cao cé ham truvén G(s}, sé dao
dong didu hoa vai bign 46 A vA tan s @ thoa man (2.72),

Nghiém A, cia phuong trinh (2.72) ¢¢ thé tim dude theo phudng phép dé thi
trong mat phéng phic nhu é hinh 2.48 mé ta. trong d6 dudng nét roi 1a dé thi caa

"N véi chifu mii tén chi chifu tang cua A, dudng nét lidn 13 46 thi cla G w) vin

chidu mii tén chi chifu tang cia @. Giao diém cua hai da thi la nghiém cua (2.72).
Chéng han trong trudng hop & hinh 2.48 thi phudng trinh (2.72) ¢6 hai nghiém la
(A @) v (Ay. ws).

Diéu kién (2.72) ¢6 dang giong nhu tidu chuan Nyquist, trong dé diém -1 trong tiéu

chuah Nyquist nay duge thay bing - . B& vay néu co gia thidt thém 1a khau tuyén

106



tinh G (s} khong nhiing loc duge tin sd cao ma cin khdng cd ede diém cue ndm bén phal
truc do. diém trén truc ao chi la nghiém don s=0, thi ta ¢6 thé st dung tidu chuin
Nvquist dé xét tinh én dinh cua dac d6ng didu héa autonom trong hé.

GU{H) W Im
w—/% o
1 s

. C
dao déng (A, ;) on dinh 1!‘

Azl .-,
Hinh 2.48: Xac dinh ché dé twdao déng 1 _____.-- - :
va tinh &n dinh cla né theo phuong NA)
phap can bang digu hoa. dao dong (A, w,) khéng n dinh

Nhim munh hoa ta hay xét dao déng diéu hoa (A, w,). Gi su hé dang 6 ché d6 dao
déng diéu hoa nay thi bi mét nhiéu tic thdi danh bat né ra khoi ché dé dac dong d6 va
dua t6i diém By ¢6 bién d6 dao déng 16n han (hinh 2.48). Nhung do dudng G (j @) khi do
khéng bao diém B, nén hé kin én dinh, tite 1a dao ddng tai B, ¢6 xu hudng tit dan, hay
bién dé cha dac dong giam dan trd vé A Nguge lai néu nhidu lai dua hé to A, 61 C) co
bién d6 dac ddng nhé hon thi do G(j @) bao diém €, nén hé kin la khong én dinh, tic 1a
dao déng tai C, ¢d xu hudng ldn dan dua hé trd lai trd vé A;, Nhu vav rd rang dao déng

diéu hoa tai (A,. @) 14 dao déng én dinh.

Ly luan tudng tu cho dao déng diéu hoa tai (A, @,) ta sé thiy dao déng dé la
khéng 6n dinh. Chang han nhiéu titc thoi da danh bat hé ra khdi A, vh dua t6i B, thi do

G{j ) bao ditm B, nén hé kin la khéng én dinh. Piéu nay lam cho bién dd cua dao déng

ngayv cang tang. Thes chidu mai tén cua dusng -

chi chiéu ting cua bién d6 dao

déng. diém B, s& dan dich chuvén ngay cang xa A5 va k&t thie tai dao déng 6n dinh A |
chit khéng quay lai diém A, ban dau.

Tang két lai ta di dén két Juan:
Binh ly 2.12: Hé Hammerstein cho ¢ hinh 2.47 vdi khau phi tuyén u=f(e) cé fle) déi

Xing qua gde toa do va khau tuvén tinh loc tin s6 cao c6 ham truyén G(s) khong cé
diém cie nao nim bén phai truc ac. diém trén truc ao chi 14 nghiém don s=0, s€
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1
N(A)

dudng G (j @) néu J giao diém d6 —N"'(A) cit G(jw) theo hudng tif trong ra ngoai.

dao déng diéu hoa 6n dinh tai glao diém cha dudng dd thi =N~ (4)= ~ véi

Nguge lai, dao ding sé khong én dinkh néu ¢ giao diém d6 =N~ '(A) cit G w) theo
hudng ti ngoai vao trong (hinh 2.48).
Vi du 2.10: Minh hoa phuong phap céan bing diéu hoa
Cho hé Hammerstein véi khau phi tuvén 14 khau ba vi tri c6 dudng déc tinh:
asgn{e} néu lel=b
u = fle) = . i
0 néu le<b
va khiu tuvén tinh c6 ham truvén dat

k

& =
() s{l+T8)(1+T,s)

Thav (7{s) nay va hé s§ khuéch dai phiic N{A) cia khau phi tuvén ba vi tri duge
lay tit (2.65). vao phudng trinh (2.72) s& c6

Jo{l+ T jen(1+ Ty jw) . _4a 1_[_6-)2
k A
7

1 P . 3 4a by
4 — =T, +T; 1-TYTow*Y =——— 1 - —
Z (T} + Ty + jall- T Thw )] A (A]

sau dé cdn bang hat vé theo phén thuc va phin o riéng biét, duge:

9 1
. W =
{I-T]T)‘@j =0 Tsz
—
Lr AYT) + Ty o’ = dakd A® - bY Az +41-442p?
24
ver 2=Z0 ) Goo 4igu kien dé hé c6 dao dang didu hoa la
40‘.le'}-‘2
1-44%%20 e _1_2 A o kgm
' 2b 2aT\T,

va v difu kién nav, hé sé c6 hai dao dong ciing tin sd

W =
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nhung véi hai bién dé dao déng khac nhaun

A= 1-y1-447b7 vi As= 144144252
' 242 ? 242

Hinh 2.49: Xac dinh tinh 8n dinh ciia dao
déng diéu héa cho hé & vi du 2.10.

Cac nghiém trén ciing c6 thé duge tim theo phuong phap dé thi nhu hinh 2.49 minh hoa,

vh cia G(j @) 16l tim

tuc 12 trong mat phang phiic ta dung hal dudng 46 thi cua — N;-A)

giao diém clia chung. Do hé sd khuéeh dai phic N(A) cua khéu ba vi tri la s8 thuc nén

duong d6 thi - luén bam trén true thuc.

T

. o -1 -1 . N %
Cang tu hinh 2.49 va do ca ba diém cue 5, = 0, 5, = 7 §3 = == cua ham truyvén

1 @
dat G(s) dBu khong nim bén phai truc Ao, nén theo tinh than dinh 1§ 2.12, ta con nhan
thay chi cd dao ddng diéu hoa ung véi bién dé A, 1a 6n dinh (A,>A ). 0

2.5 Diéu khién trugt
251 Gdiy ban diu: Diéu khién déi tugng tich phan kép

Diéu khién phan hdi trang thai

Hién tugng hé théng trudgt {sliding) vé gdc toa dé dA duge biét d&n muc 2.2.2. Sau
day, ta sé xét bai todn ngude clia né la thiét ke bo didu khién u=r(e) dé dua vector trang

thaix={x,, x,) T cha 461 tugng tuyén tinh. tich phan kép cé md hinh trang thai

dx [0 1] [0]
—_ = X + . ¥= X,
di 0o 1

véi |u|S 1. vé dude vi tri miu mong mudn z,,,.
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Vector trang thai mau x,, c6 thé 12 vector hang néu trang thai dich mong muén di
duge xac dinh cu thé, song ciing cd thé 1a mdt vector ham theo thii gian néu bai tean 6
nhiém vu téng quat hen 1a dua trang that x () ei1a hé bam theo mét quy dac miu x,, (¢)

mong mudn naoe d6.

1=

L 4

Hinh 2.50: Thiét k& bé) diéu khién truot
cho dai tugng tich phan kep.

D€ dat duge muc dich dé ra la x(¢)—x

111

() thi bg diéu khién u=r(e) can phai tao

radude e(f)—0. Ngoai ra, do gifiz hai phan ti v (2} v& x,5(¢) cia vecter trang that

x{f} ¢6 quan hé E}- =x, nén gida hai phan i cua vector tin hiéu chu dao x,, = [ ml]
-+ 42

. hai e hé tuone tne 1: dx,, _ 4 didu niv kéo th hé phai cd

cing phai ¢0 quan hé tuong ing la T rme va diéu niy kéo theo quan hé phai co

de . . C . . - ..
d—] =, gida hail phan tue, () vae, () cua vector sal léch trang thai.
t

Xeét ham

s{e) = ke +e,= ke1+—£ vél k=) (2.73)

ta thav do c6 >0 nén phuang trinh v1 phin s(e)=0 ¢6 da thic dic tinh
Ap) = k+p

la da thic Hurwitz. Do dé nghiém ¢, (¢) cing nhit ¢(¢) cia nd luén tién vé 0 (nghiém én

dinh). Béi vay, cudi cung bd diéu khidn u=r{e) ciing chi cdn 1am cho s(e)}—0 la du.

Hién nhién ring dé lam dudge didu nav. bs diéu khién phai tao ra duge dédu ctia him

dsle)

s(e) ludn nguge vl diu cita dao ham cua no la , n6i cach khac khi s{g)>0 thi phai
X dS oy s .. . . . . . PR . .
tao ra dugc 540 dé lam giam gia trt cua nd. neguge lai khi s(¢)<0 thi phai tang gia

cya 1d . f5
né 1én bang cach tao ra % >0, hay

ey + dey
dt df

%sgn{s] <0 = (k ysEn{ke (te <0 (2.74)
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Bat phuong trink (2.74) chinh 12 didu kién dé thist k& bd diéu khién trugt u=r(e)

sao cho trang thai x(¢) cta hé théng bam duge theo qu¥ dac mAu x,, (2).

Tit (2.74) ta c6 thé d& dang cé dudce cac bé didu khién khac nhau. Ching han nhu

{kﬁ+%)sgn(s)<0 o {kﬁ-{%& dxg” sgn(s}<0

dt dt dt dt

- {kﬁJr[dxmz —uﬂsgn(s)ﬂ’) o pla dr. :{<D néu s(e)>0

dt dt dt dt >0 néu s(e)<0
A
> { d 22 J néu s(e)>0
= u=rie) = 4 (2.75)
[ b I W néu s{e) <0
dt J -
va néu nhu khong bi rang bube bai diéu kién |« |1 thi tit (2.75) ta con cé
u = r{e)= [ ‘{:tl +d2;’]+ Asgn(s(e)) . vdi moi 4> 0 (2.76)

Vector tin hiéu méu & héng s6
Khi vector tin hidu miu x_, (¢} cé dang héng s& thi khéng mét tinh tdng quat ta co

0\
thé gid sit d6 1a gée toa 49 x =[ J

=it 0

Tt didu kién (2.74) ta b

(k d;;l + d;z ysgn{ke +e)>0 @  (kx,+u)sgn(ke,+eq)>0
= kxgsgn(kel+yg)+usgn(ky1+92) =0 (2.77)

v& néu két hop véi didu kién Ju|€1 ta c6 thé chon u nhu sau

-1 néu sle)<0 -
w=rig)= sgnl ke, +e, ) = . = (2.78}
_— 1 néu stei=0
s(e) -

Chi ¥: Khong phai luc nao diéu kién (2.77) va b diéu kbién (2.78) ciing Lidng
ducong nhau Riéng vdi bai toan dbi tuong 1A tich phin kép thi tif (2.78) va sau mét
khoang thdi gian di 1dn ta eting suy ra dude (2.77) nhd co:
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That vay, ching han véi
s(e} = keyte, >0
tite 1a khi #=1. gia trj clia x, sé& ludn tang vdi tée do khong déi nén sau mdt khodng thai
gian du 1dn sé cd x,20. Diu nay kéo theo
kr.sgn{s) >0
hav cing cd (2.77},

Ngoii ra, t mé hinh trang thai cia d6l tugng va vdi mét gid tri u 8 dinh (u=%1),
x, ¢6 quan hé vdl x, xac dinh theo phiuong phap tach bién nhu saw

dxy _ x, x3 -
el BN = X = Z2 4 (2.79)
drx, u 2

trong dé ¢ 1a hing s6 phu thudc vao gia tvl ban diu cua x; vax,.

T phuong trinh (2.79) va véi quan hé x| = - ¢;.x, == e, ta dude

ey =— L ¢ (2.80)

Hinh 2.51: B thi qui dao sai léch trang thai, Hinh 2.52: Hién tong trugt vé géc toa do.

Hinh 2.51 la cic dudng parabol ro: nét (ing v6i 1 ==1) va lién nét (ing véi u=1) md
ta phuong trinh (2.80). Cac parabel réi hodc 1ién nét nay déu cd chidu mai tén chi chidu

tang gia tri cua e néu nd nam phia trén truc hoadnh (cé es= dtl >0} hodc chi chiéu giam

de,

gia tri cua e, néu nd nim phia dudi truc heanh vi lic d6 cé e = <0. Qu¥ dao sai léch
N i




trang thai cta hé 14 sy ghép ndi cua cac doan parabol roi nét va lién nét mai khi né di
gua dudng ranh gidi phan chia mién gia 11 1 cua v 1a s(e)=0. Khi quy dao trang thai
+di vao doan PP, gida hal diem tiép xuc caa dudng truct vél cac parabol (2.80) thi nd sé
trugt doc theo dudng trugt vé goc toa d6 thinh 2.532). Hién tudng trugt vé géc toa dé con
duce gol la hién tudng bang-bang hav chattering (xem lay muc 2.2.2). Bé déc k cha duong

trugt xac dinh dé dan F’z D6 déc £ cang ldn. khoang trugt PP, sé cang nho.

Ro rang quy dao sai Jéch trang thai cia hé luén cé xu hudng tién vé gic toa dd va
k&t thic tai d6. Difu nay chi rang hé én dinh tiém can tai 0 véi mién dn dinh la toan bo
khéng gian trang thai (én dinh tuyét déi).

Pé ¥ ti€p quan hé gida tin hiéu ra ¥(¢) vé61 hal trang thai x ({t) va x,(¢) ctia khau
tuvén tinh. tich phan keép

dy _dx
dt ot

¥ = xg .

R . d ! R - L L2 - . - . n K u
tic la e,= % . thi hé dieu khién trugt dér tugng tich phéin kép theo nguyén tac phan

hdi tin hiéu ra (chii khong phai phai hé1 trang thai) véi ciu trae cho & hinh 2,53 s& c6 bé
diédu khién theo cong thue (2.78) 1a

de
u=rie) = sgnlhe +—)
i gn( 7

—_—

s{ed

trong dé ¢ ;=¢. have=w-y

. . . i e
Hinh 2.53: Biéu khién trugt doi tudng

tich phan kép theo nguyén tac -
phan héi tin higu ra.

de 1
ke +— — —
sgnl ke + 7 3 2

Biéu khién phan hdi fin hiéu ra

Dé ¢iéu khién trang thai x(Z) rua hé thing bam theo dudc vector tin hidu chu dao
x,, (1) khi khong bi rang buge bdi diéu kién |w|<1, ta d& c6 b di€u khién (2.76) lam viéc
theo nguvén téac phan hdi trang thai x¢¢) nhu sau

s

b= | kﬁ+—dr’”2 1

+ A sgn(s(e)), vor mol A>0
(ot ot J - '
Nhim chuvén bo didu khién trén cho viée diéu khién phan hdi tin biéu ra, ta su

dung cac mé1 quan hé
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tiic 1a
d(:.‘l _ E,E_ dImQ _ d2xml - dzw
dt dt' dt dr*  di®
v
s(e) = ke+(—i—e-
dt

thi sé& di dé&n (hinh 2.54)

) ,
u=[k%+%}+isgn(ke+%}. A>10

Hinh 2.54; Bigu khign trust bam déi
tugng tich phan kép.

252 Toéng quat hoa: Nguyén tic chung cla diéu khién truot

Sau phan tim hifu nguyén 1§ diéu khién truct cho d6i tudng tich phan kép ta da cd
thé tong két lai va rut ra duge ba diém co ban vé bai toan thidt ké bd didu khién trugt
cho ddn tugng SISO nhu sau (hinh 2.55):

1) Muc dich cia didu khién la tao ra e—=0 vdi e(#) 14 sai léch gifta tin hiéu cha dao
w(t) va tin hidu dau ra y(2) caa hé thong.

2) DE dat duoc e —0, trong diéu khién truct ngudi ta st dung ham (goi 14 kam truor)
=2 n-1

. d" e 4 d" e

de
sle} = age+a, §'+ et an—z&'tﬂj ol

(2.81)

trong dé n 14 bac cia mé hinh 461 tugng diéu khién va caché sdag , @, = . @,y

phat dude chon sao cho phudng trinh vi phan s(e)=0 c6 da thite dac tinh

- Rl |

A(P) = ﬂg+(11p+ et “n—an “+ £ (282)
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14 da thic Hurwitz, Didu nay s& dam bao ring khéng phu thude vio gia tri ddu «(0),

dei®)  d"%e(0)
df ’ il

nghiém e(#) cia s(e)=0 ludn tién vé 0.

Phuong trinh mé t4 mat phing s(e)=0 o tén goi 1a mdt truot (sliding surface) trong

_ N . de d* n-l
khéng gian n chiéu ¢d cac truc toa do e, —e, —fg A _d_e .
dt dfz dtn—l

3) V6i ham trudt s(e}, nhiém vu cila ba diéu khién lic nay nay dude cu thé ré rang hon
14 phai tao ra duge s =0 dé c6 ¢— 0 va difu nay tudng dudng vdi

% sgnis) < 0 (2.83)

Diéu kién (2.83) van con thuong dudce goi 1a diéu kién truot (sliding condition).

w e | Mattiugt | s(¢) | biéu kign trugt| « | DSitugng Y
(2.81) > 283) [ 1 digu khién

v

Hinh 2.72: Minh hoa nguyén ly chung clia digu khién trugt phan héi tin hiéu ra déi tugng SISO,

Nhung van dé khé khan thuc chit nhu ta da thay trong bai toan diéu khién déi
tugng tich phan kép ¢ muc trude 1a 1am thé nao dé tim dude bd didu khién u=r(s} 6 cau
triic don gian mé lai thoa man (2.83). Tiép theo day, va cing dé minh hoa nhiing két
luan trén vé bai toan thiét k& bd didu khién truct, ta sé xét bai toan diéu khién d6i tugng
8IS0 bac n ¢6 md hinh truvén ngude qua cac khéu tich phin:

dx]
et IV

dt ‘
dx, _, {2.84)
— =X

dr "
dx,

=flay, ko x, Uy
o flagxy
v ¥=x {2.85)

Goray , @y, = . @,-y ]a bd cac hiing s& lam cho da thuc A (p) trong (2.82) 14 da

thie Hurwitz, khi d6 ta s& co ham trugt xac dinh theo (2.81) 1a



n-1 ' =1 i on-1 i
se)= 3 a2y g W ¥, LY Vi a,-y= 1 (2.86)
ico dft [Zh o dit ion dt’
Pat
- n=l di .
) = Y a4 2.87)
=0 df

11 citng v6i mé hinh cia déi tugng, ham truct (2.86) trd thanh
. n—1
s(e) = @(t) — ¥ ax; {2.88)

=t

Thay (2.88) vao diéu kién trugt (2.83) ta di dén

[dﬁ' AR dxy,

adal . . <0
| J.:U.:L, o ]agn(s)

o~ =2
[% = Yz - flxy.xa, ,x,,)&u} sgn(s) < 0
FE)]

Néu co thém gia thiét tin hidu chii dao w(t) 14 hing s8 (khéng phai 1a bai toan diéu
khién tracking) thi theo (2.87) ta sé& cé

@:O
et

Suv ra
n—z
daix,,p+flx) x9. 0, ) +u | sgnis) > 0 (2.89;
=0

vh mét trong nhiing bs diéu khién théa man didu kién trugt (2.89) néu trén 1a

i

(=2
]—t Sax;,y g, x,) \ néu s(e)=0

P /
“= n— 3
-1 —( Saxiotflxgoxy, )J néu sier<0
=it
=2 A
= u = —-[ Zafxnz +flay - x, ) |+ sgnis) (2.90)
=0 4

R diéu khién (2.90) r5 rang 1a ¢6 ciu trie rat phie tap, Tuy nhign néu cén ed them

duge gia thiét 1 |ufSu . v& tin hidu vao cia dé61 tugng cing nhu
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IFixy, o x| S b, -6 trong do 4>0 (2.91)
thi ta cé thé chon bé didu khién don gidn hon nhu sau
U=, sgnis(e)). {2.92}

Vi chang han khic6 s(e}>0. ta sé c6 u= u,, - Piéu nay kéo theo

%:f(x1_ e x ) tu 2 630

tic 14 x,, ludn tang vdi van toe duong. Do d6 sau khoang théi gian du lén sé cd x,,>0. T
day, vi1 cac quan hé o = x,,; cua do1 tugng va v3i diéu kién phal c6 @,>0, thi sau

mdt khoang théi gian du 16n ta cang ¢6 x,;>0. hay

-2
Saixi g xxy o x, ) Fu>0
i=n
Suy ra
=i
Yax;, +flag.xg. - x, ) +ulsgnis) > 0.
=0

Ta di dén dinh Iy:

Binh ly 2.13: D51 tudng mo ta boi (2.84) va (2.85) vol |u|Su .y .
kién (2.91) thi sé didu khién trugt duoc bang bo didu khién (2.92).

néu thoa méan thém diéu

Chu ¥: Dinh I¥ trén chi 1a mot diéu kién du. Diéu dé néi ring ¢ thé c6 nhing 461
tugng (2.84), (2.85) vdi ju|Su ., khéng thoa min difu kién rang buée (2.91) song van
didu khién trugt duge bang bo didu khién (2.92).

Vi du 2.11: Minh hoa phuong phap diéu khidn truot
Xét d51 tugng 6 mé hinh trang thai

dxy
dt

dx, .
—= =sin{x; +x,)+u
7 1 2

trong dé |u|s2.

Do do61 tuong 1a bac 2 nén ham truct {2.81) cd dang:
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se) =ke+£

dt
trong dé £ >0 dé phuong trinh vi phén s(e)=0 6 da thiie dac tinh:
A(p) = k+p
la da thie Hurwitz. Ngoai ra. do
flx). xs) =sin(x +x,)

thoa man didu kién {(2.91) nén ta cd thé chon b didu khién trust (2 92) 1a

de
=2 ke + —)
i sgnf e+d£)
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3 LY THUYET LYAPUNOV

3.1 Ham Lyapunov va ham diéu khién Lyapunov
3.1.1  Tinh &n dinh Lyapunov va ham Lyapunov (LF)
Xac dinh diém can bang va diém lam viéc

Xét he thong khéng tu tri (nonautonom) mo ta béi:

dx

—= = flx.u.t) (3.1}
7=

trong 46 xe R™ 13 vector cac tin hidu trang thai (hé c6 n bién trang thai) va ue R 1a

vector cic tin hidu difu khién (hé cg m tin hidu dAu vaoe).

Nhu da giai thich 6 chudng truge, diém trang thai x, ¢4n bang cia hé (3.1) la diém
ma h# sé nim nguvén tai 46 khi khéng bi mét téc dong nao ti bén ngodi (u=0). Nhu
vay, che frang thdi xde lip cta hé (3.1) cang la diém can bang x, cia né. Can ci theo
dinh nghia trén thi diém trang thai cin bang x, phai la nghiém cla:

dx .
= = t
> Flau, )

[t

(x,t) = 0 (3.2)
u=0

Do phusng trinh (3.2) ¢6 thé c6 nhiéu nghiém hoac ciing €6 thé vé nghiém nén hé
phi tuvén (3.1) c6 thé cé nhifu diém can bang, nhung ciing ¢6 thé khéng ¢6 mét diém can
bing nao. Diéu nay la hoan toan mé so vdi hé tuyén tinh, Ta cé thé thay hé tuyén tinh
tham s6 hang vaéi mo hinh trang thai:

ﬂ = Ax+Bu 3.3
df - =
luén can bing tai goc toa d6 x,=0. Ngoai ra, néu ma tran A suy bién thi né khéng nhiing
can bang tai géec 0 ma con tai tat ca cac diém thudc khéng gian nhan Ker(A). Néu ma
tran A con 13 khéng suy bién (kha nghich) thi hé tuyén tinh (3.3) chi cd mét difm can
bing duv nhat 15 goe toa d6.
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Vi du 3.1: Xac dinh diém can biing
Heé phi tuyén bic 2 (c6 hai bién trang thai):

s

dx _[ Xy

It

trong do x

; Xy ‘1
i Iz(xl +2)+H-’,. "\XQ/'I

cén bing tai nhiing di€m trang thai 1a nghiém caa:

x?':O . _
= xy=0.
(% +2)=0

Néi cach khac hé can bang trén toan bé truc x,

Vi dy 3.2: Xac dinh diém can bing

Xét hé va1 mé hinh trang thay

dx; .

dt ¢

dxy )
—= = kyxy —hyxl —kyxy, v u
i 11 21 a2

Hé c6 cac diém céan bang 1a nghiém cua:

Xa =0 kay, =0
3 = 3
kyxy —koxi —kyxg =0 Ry ~kyxi =0

0

= uT B g kg va x=0
ky Ry

Nhu vay 56 cae diém cAn bang sé la:
. . Ry )
- mitkhi —<0 va
2
- ba trong trudng hop nguge Jai.
Vi dy 3.3: Xac dinh diém can bang

Hé Lorenz v61 mé hinh trang thau

3(—x; +x,) ( z
a'_f: x1(26 ~x3)—x trong do X =| xy
XXy —x3 L X3
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¢6 cac diém can bang la nghiém caa:

'.’3(—;\:‘ +x,}=0
Jxl(QG—x;;)—.‘Cz =0

{x!xl:: — X3 =1}

0} R (5"
= E('] =0 : E(’Z =1° —=ed T =5 D
= oe
U L 25 25

Tuong tu nhu khai niém vé diém can bang x, nhung ing véi mét tac déng u(£)=u,
& dinh khéng déi va cho trude ta con cé khai niém vé diém dizng duge dinh nghia nhu
sau: "Mot diém trang thai x ; dude go1 1A diém ditng cda hé (3.1) ndu nhu hé dang 6 diém

trang thalx, vA véi thc déng wft)=u, cd dinh cho trudc thi hé sé nim nguvén tai do."

Ré rang. diém dimng theo dinh nghia vita néu s& 13 nghiém cla:

dx

gAY

=fxu,.0 =0

h’ =u s
trong dé i 4 14 cho trude.

Vi du 3.4: Xac dinb diém dimg

Hé phi tuvén véi mé hinh trang thai:

dr | ot b {x
220 1 _ wrong do x=| "
d X; + s8I, Xz

khi duge kich thich bing tin hiéu u(#)=1(¢) c8 dinh va cho trude sé co diém ding la
nghiém cua

’:li+l:0 x]:_]
Ao .
Xy +sinx, =0 sinx, = -1
X =-1
Aad (2k+1)r  val heZ. &)
Xy = —
2

Binh nghia én dinh Lyapunov

Mat trong nhitng diéu kién. hay tiéu chudn chit luong ddu tién ma bé didu khién
cén phai mang dén duge cho hé théng la tink ér dink. Day 14 tinh chat ddong hoc dam



bao rang sau khi bi mét tac ddng tiie thai danh bat hé ra khadi ¢idm eén bing x, thi sau
dé hé ¢6 kha nang fw tim vé diém cén bdang ban ddu (hoic it nhat thi ciing vé dudc 1an
can khac cla nd). Néi cach khae, néu sau khi bi nhiéu tic thoi danh bat ra khéi diém
can bing x, va dua t6i mét diém trang thai x, khong mong mudn nao dé ma hé:

- Tu quay dude v& mét 1an can cua x,, thi dudc gol la én dink tai x, (stable).

- Tu quay vé dugc diing diém cin bang x, ban diu thi duge goi 1a 6n dink tiém cdn

tai x, (asymitotically stable).

Vi du 3.5: Xac dinh tinh dn dinh tai cac diém can bang

Xét hé bac nhat ¢6 md hinh

dx 4
st o)+
= xlx It

Hé c6 ba diém cén bang 1A nghiém cua

1 Hinh 3.1; Xac dinh tinh 8n dinh tai cac

1 P : .
0 diém can bang. Minh hoa vidu 3.5
1

x(x*-1)=0 = X,
xL‘\_

Il

a
N A - . frd n L - 2 dx ‘ -
Hinh 3.1 bidu dien cac diém cén bang trong mat phang (E ., X) va qu¥ dao trang
thai tu do (Ung vdi tac déng u=0). Chiéu mii tén trén quf dao trang thai dugc xac dinh
2 _ . . dx v, . . Co. dx
t sy hién nhién rang néu Eﬂ} thi x phat ¢ xu hudng ting va nguge lai khi 540
thi x ¢6 xu hudng giam gia tri. Theo chiéu mil tén nhu vay, ta cé thé thayv dude rang hé
on dinh tiém can tai diém can bing x,,=0 va khong &n dinh tai hai diém céan bing con
lai. C-héng han sau khi bi danh bat ra khoi x,» v dua té1 A thi theo chiéu mii tén, hé
lai quayv trd v& x_,. Ngoai ra. tai x,, hé 3n dinh v6i mién én dinh:
©=1xer | x] <1} a
Quay lai khai niém én dinh viia trinh bav. O do. diéu kién ti tim vé dude diém cén
hing ban ddu co ¥ n6i ring khing cn bat k¥ mét tac dong cudng bic nao tit bén ngoi
dé dan nd vé x, . tie 1a khong cAn tin hidu didu khién, hay tin hidu didu khién dude xem

14 bang 0. Diéu nay cho thav, hé 1a 6n dinh néu nhu nghiém x(¢) cia phudng trinh vi
phan (3.1) dng vé1 £ =0. goi la quy dan trang thdi tit do, tic 1a nghiém cla:

ZE =fiaun = (3.4)



théa man diéu kién dau z(0)=x,c O, ludn cé xu hudng tién véx,.

Do hé phi tuvén (3.1) c6 thé co nhifu diém can bing, nén khai niém én dinh cia hé
phi tuyén ciing phai gin lién véi diém can bing x, duge xét. Hé (3.1) c6 thé én dinh tai
difm cén bing nay, song lai khéng 6n dinh ¢ nhiing diém cdn bing khac. Diéu nay cing
1a méi so véi hé tuvén tinh. Mot A8 tuyln tinh dé on dinh tai mot diém can bdng ndo dé
thi ciing sé én dink tai moi diém cdn béng khdc.

Dinh nghia 3.1: Gia st hé (3.1) cin bang tai g toa d& 0, titc la £(0,0,£) = 0. Goi O la
mat 1an can nao dé 4 16n cia 0. Khi daé hé (3.1) s& la:

a) On dinh tai O (stable) néu vél £> 0 bat ky bao gid cling ton tai § phu thudc £

sao cho quy dao trang thai tit do ¥ (¢) ela né, tie 1a nghiém cua (3.4), vdi diéu

kién ddu x(0)=x,e @. thoa man:
lzs] <8 = fxOf <¢. viz0

b} On dinh tiém edn tal U (asymtotically stable) néu né on dinh tai 0 va thoa mén:

lim x(t) =0
t—e

Lan ean @ khi dé dude goi 14 mién én dinh. Néu mién 6n dinh @ 1a toan bd khéng

gian trang thai thi tinh 8n dinh con duge goi 14 én dink toan cue (global).

Dinh nghia 1rén néi ring néu cho trude mdl 1an can £ ena 0, tidc 1a tap cac diém x
trong khéng gian trang thai théa man || x(¢) | <€ v6i £1a mét 88 thue duong tuy ¥ nhung
cho trudc, thi phai ton tai mét lan can § cang cua 0 sao cho moi dudng quy dao trang
thai tai thoi diém £=0 di qua mét di€m x,, thudc lan can & thi ké tit thai diém dé sé nam
hoin toan trong 1an can £ (hink 3.2). Vi x,=x(0) nén dé c¢ duge | x(0) | <. lan can &
phai nAm trong lén cin £,

Tuy rang khai niém én dinh Lyvapunov chi phat
biéu cho trutng hop difm cin bing 1a goc toa dé O,
song dAifu nay hoan toan khéng han ché€ tinh tong
quat cua né. Chang han dé xét tinh én dinh cia hé
(3.1) tai mét difm can bing x #0 nao dé. thi théng

qua bién mén

=

=

dx _
: —_ =
[4

X -

lEeF)

x,

Ny

Hinh 3.2: Minh hoa khai niém
én dinh Lyapunov.
viéc xét tinh 6n dinh cta né tai x, nay & trd thanh



viéit xét tinh an dinh cla:

i [E+x.0) = hED (3.5)

tai diém goc toa dé =0,

Vi du 3.6: Minh hoa viéc xét tinh 8n dinh tai diém can bang khéng phai la géc toa do

Cho hé ¢6 mo hinh trang thau

¢ . k)

J:j—l ‘
Xolxy + 1)+ )

dx

9X 2 pgu) = L (3.6)

dt

Khi khong bi kich thich (2=0). mé hinh cua hé trg thanh:

. 2 ) )
g‘i:ﬁ(z}:{ 2ol J

tplay +1}

kY

Hé ¢6 cac diém cédn bang 1a nghiém cia

x5-1=0 (=1 -1
v = Ko = J - X, _'
xz(xl+].)=0 1 1 - \—]
Nhu vay thi viéc xét tinh én dinh cia hé (3.6) da cho tai diém can bang z, sé tuong

duong véi bai toan xét tinh §n dinh tai 0 caa:

d_ng (%, + D% -1 - 72407, |
dt @ +naE -n+n) @& +1)§1J

va tinh én dinh ciia (3.6) tai x, & tuong dudng véi tinh &n dinh ciia h@ sau tai 0:

(%, -1)7 -1 ]:{ﬁw@} A

(F -DUE -V +1)) (F -DE,

di _
dt

.

Tiéu chudn Lyapunov

Dé viée tiép can téi tidu chuan Lyapunov duge don gian, ta sé bit ddu véi hé tu tri
{autonom) c6 md hinh trang thai khang bi kich thich (2=0) cta né la:

— =f(xu) = E(g) (3.7

Gia thidt rang hé can bing tai goc toa d6 0. Khi dé. dé xét tinh 6n dinh cta hé tai
0, dinh nghia 3.1 vé tinh én dinh Lyapunov tai 0 da ggi § cho ta mot hudng kha don
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gian théng qua dang quy dao trang thar ti do x(t) cua né. tic 1a nghiém caa (3.7) vai
mot gid trn dau x(0)=x,€ O thich hop. Chang han bang cach nao d6 ta da c6 dude ho cac
dudng cong kheép kin v bao quanh goc toa do 0. Vay thi dé kiém tra hé cb 6n dinh ta 0
hay khéng ta chi cAn kiém tra xem nghiém x(f) cia (3.7) di tit diém trang thai dau x,
ch cat cac dudng cong v nav theo huéng tir ngoar vao trong hay khéng (hinh 3.3), Néu
x(¢) cit moi dudng cong ho v theo chiéu tit ngodi vio trong thi hién nhién x(t) 1én vé
va do do hé sé on dinh tiém can tal 0.

Hinh 3.3: Mot goi v vé viéc kiém tra Hinh 3.4: Tao ho cac dudng cong kin
tinh &n dinh cta hé i 0, bao diém can bang 0

R& rang la can va di dé quy dao pha x(f) cua hé khéng cat bat ci mot duong cong
khép kin thude ho v theo chiéu tif trong ra ngoai la tai diém cat do. tiép tuyén cia x (1)
phar tao vé1 vector V, . duge dinh nghia la vector vuéng géc vér duong cong do theo

hudng by trong ra ngoal, mot gde » khong nho han hon 90" Néi cach khac, hé sé on dinh
tal 0 néu nhu co dude diéu kién:

dx Td.l‘ A
U ’gj\ cosgp= V| R (3.8)

tal mot giao diém cla x(¢) véi cac duong cong thude ho v.

Van dé con lai 1a lam thé nao dé cé duge ho cac dubng cong v sao cho viée kiém tra
diéu kién (3.8) duge thuan nén. Cau tra loi la su dung ham xde dinh duwong V(x), duge
hiéu la mét ham tron, thoa man

nizh s Vio) $ w(xp (3.9)

vay mar x, trong dé ¥y (r) va p(r) la ham thuoe ldp K, tide 14 nhing ham pr) thue,
khing am. don diéu tang, thoa man ¥ 0)=0. caa bién thue r>0, Néu con cd thém
lim Ar)=e. thi ham Ar) duoc goi la thuoe ldp K. .

=



Hinh 3.4 ]a mét vi du vé ham xde dink diuvng tu tri trong toan bd khong gian trang
thai. Him xfc dinh dudng V(x) nay cé phuong trinh mé ta

. 0 .
V(§)=axf+bx§=a_cT {((I) sz vil a, b la hai s0 thuc ducng
Q

va té tinh chdlt 1a khi ta cat nd bing moét mat phang V=Fk song song vdi day (khéng gian
pha) va chiéu thiét dién xudng dav thi ta sé duge mot dudng cong khép kin v, chia diém

goc toa dé 0. Puong cong v, Ung vdi k£ nho hon thl ndm bén trong dudng cong vy, Ung v6i
% 1an hon. Néi cach khac:

<k, & Uk nam bén trong Uy -

Vi dac diém nay eaa ham xac dinh dusng V(x) thi vector ¥, cha ho cac dudng cong
v 56 ducce xac dinh mét each don gian nhi sau:

wY (av w
V, = gradV = .
ax ox; o, |

vi vector gradient gradV luén vubng goe véi dudng cong vy va chi chiéu tiang theo gia tr1
k cha Vixy=+k, tuc la chi chidu 11if trong ra ngoai ciia dudng cong v, .
Tut dav. diéu kién (2.8) trd thanh:

dx r dx AV dx _ oV = dV
0 VT_,.:. = vy = == =
2 Vi dt (erad¥) dt  dx dt  ox ) dt

trong dé k¥ hiéu %{ F(E) d6i khi con duge vidt thanh
dx —

fay=1L;v (3.10)

‘
v goi ]a phép tinh Lie (Jav theo tén cua nha toan hoe ¥ Sophus Lie).

Mét cach téng quat. ta di déh dinh 1y phat biéu chung cho hé phi tuvén khong tu tri
nhu sau:

Binh ly 3,1; Hé phi tuyén khoéng tu tri. cin bing tai gbe toa 46 va khi khéng bi kich thich
thi duige mé ta bdi md hinh:

=== fn (3.11)



sé on dinh tai 0 véi mién én dinh © néu.
a) Trong  tdn tal mét ham xac dinh dudng V(x.4).

b} Pao ham cua no doc theo (3.11) ¢6 @14 tri khong dudng trong @ | tic la:

%Z%’*%E(E’” <0 vdimoixe ©. (3.12)
LV

Ham V{x,#) khi d6 dudc goi 1a ham Lyapunov (CF, Lyapunov function).

Ngoai ra. néu diu bing trong (3.12) xAv ra khi va chi khi x=0 thi tinh 6n dinh dé
con la én dinh tiém cin tai 0.

Chitng minh:
Vi V(x,t) xac dinh duong nén L tinh chat hop thitc udn tdn tai hai ham y(2).
¥a(2) thude lap K dé cb-
Nz Vet ple|)  9ezo

Suv ra, doc theo qu¥ dao trang thai x(#}, ham V(x,#) khong tang theo . Vay cing phai
ch vGi mal £

Vix(t).£) S V(x(0).0) = Vix,.0)

Bav gid ta chon mdt s& duong € luv §. Vi #,(2). % (z) thuéc 1dp K nén ludn ton tai mét

hing & duong &khae théa mén:
iie) z pta
G sit x() 12 mdt quy dae trang thai co diém dau x, thda man || x,[|< 6. Vay thi:
nle) 2yl 2Vie. 0) 2V{x(t).£)

Néi cach khae. quy dae trang thai x(¢) di t x, khong thé ra ngoai lan can £ dude nia,
vi néu khéng, v6i |x|>¢ ta sé thu duge diéu nghich 1y
Viz.ty 2 »jz]) = nie

Vay hé 6p dinh tai 0 (d.p.c.m). a

Vi du 3.7: Kiém tra tinh 6n dinh nhd tiéu chudn Lyapunov

Xét hé khéng by kich thich vdi moé hinh



[~%

vy —axy(xi +x3)

xr = .
—== fitx) = - g o vir a>0
dr = | —xy —ax,(xi +x5)

Su dung ham xac dinh dudng Vix) = x{ +x3 ta co

L

!— = .F =—2a [I;’J i xf <0 vel mol x#0 va x .20

fi’lé

Vay hé an dinh tiém can Lyapunov tar 0. Hé ed mién én dinh O la wan bo khong gian

trang thai nén né 14 6n dinh toan cuc O
vi du 3.8: Kiém tra tinh &n dinh nhé tiéu chuan Lyapunov
Xét hé khong bi kich thich vd méa hinh

dx _ = __'—x1+‘2.xfx2w
d" ££ [ — Xy /

Su dung ham xac dinh ducng

Viz) = xf +x}
ta ro
av = ;
LyV =31—f =21 —2xduy )~ 2wk
e f —a

Boi vav hé sé on dinh hiém can tai 0 néu co

1=2x7xy > 0. Né1 cach khac, mot quy dao

trang thal xuit phat tu mat difm bén trong
mién (hinh 3.5):

Hinh 3.5; Mién an dinh cda hé che
trong vi du 3.8,

o=ixer” | 1-2cfx, > 0

& k&t thuce tai 0. O

Vai diéu ban thém xung quanh tiéu chudn 6n dinh Lyapunov

1) Phudng trinh Lyapunov

Ta xét dang dac bét cla tiéu chuan Lyapunov, phat bigu cho hé MIMO tuvén tinh
tham s hing (3 3). 6 mé hinh trang thai khéng bi kich thich (£=0):

d—’r—" = Ax (3.13)
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véi A la ma tran n hang, n cdt 6 phan ti 1a nhiing s8 thue, tifc la Ae R

Sit dung ham xac dinh dudng:
Vix) = x Px (3.14)

.- = . . . - n s . A + . .. L -
voi PeR""" 14 ma tran xde dink dwdng (ma tran d61 xitng, cé tit ca cac gia tri ridng la

nhiing s8 thuc duong). Khi dé sé cé:

’ T 5 "
ﬂ:tﬁ] Px + ,jp[ifé = (An)'Pr + xTP(AD)
dt dt | .ot )
=xT(ATP+PAIY

Vay, hé tuyén tinh (3.13) sé 6n dinh tiém can (tai D), néw:
ATPePA= —Q (3.15)

la ma tran xac dinh am. hay § 14 ma tran xac dinh duong.

Mét trong cdc cdng cu kha tién ich dé kiém tra tinh xac dinh dugng cia mét ma
tran la dinh ly Svlvester. N6 phat biéu nhu saw: "Cén va di dé¢’ ma trdn d6l xing xdc
dinh duong la toan b6 n ma tran con ném doc theo dwing chéo chinh ciia né co dinh thic
diong”. Nhu vav, dé kiém tra tinh xac dinh duong cila ma tran déi xiing:

(qll Gy Q|
Q= q}z G2z = oy
Vi Yo o Y

ta chi can kiém tra:

q“‘)‘O, det[

det| g1y oy g3 [P0 o (3.16)
@12 oz

(G @2 G
d11 e ] =0
' By ey )

Phuong trinh ¢3.15) cua an =4 P khi 4 va @ 14 cho trude, dude goi la phudng trink
Lyvapunov.

Binh iy 3.2: Phuong trinh Lvapunov (3.15) vdi @ 1a ma tran xéc dinh duog (461 xing. co
cae gia tri riéng 12 s6 thuc dudng) sé c6 nghiém P duy nhat xac dinh duong khi va
chi khi A la ma tran bén (c6 cac gia tri riéng ndm bén trai truc ao).

Chitng minh:

Trude tién ta ching minh difu kién cén, tie 14 khi phuong trinh Lyapunov (3.15)
vl @ xac dinh ducng ¢6 nghiém P cing xac dinh dugng thi A phai la ma tran bén.



St dung ham xac dinh dugng V(x) xac dinh theo (3.14). Khi d6, do c6 (3.13) véi @
xac dinh dudng nén dao ham % doc theo quy dac trang thai ty do x(#) cua hé tuyén

tinh ¢6 md hinh khéng bi kich thich (3.13) 13 xac dinh am. Vay theo tiéu chudn
Lyapunov (dinh 1¥ 3.1). hé tuvén tinh (3.13) 1a du dinh tigém can. Suy ra A phai la ma
tran bén.

Chuvén sang difu kién dd, ta phai ching minh khi A 13 ma tran bén thi phuong
trinh Lyapunov (3.158) vd1 @ xdc dinh duong s& ¢ nghiém P duy nhat ciing xéc dinh
duong. Trudce tién ta dat:

aJe) _

ATI+JA (3.17)
ot

théa min diéu kién ddu J(0)=@. Khi dé, tir Iy thuvét phudng trinh vi phén tuvén tinh
hé s6 hang thi phudng trinh trén ¢é nghigm:

J(t) = EATthAf

Tich phan hai v& cua (3.17) theo t vh & ¥ tdi tinh bén cia ma trén A, tdc la

lim e =0, trong dé O 1a ky hiéu chi ma tran c6 tat ca cic phédn ti bang 0, s& dudc

e

Wy - - = AT jﬂdn gt a
4] dr o] df 0 dr

Bdi vay, qua so sanh véi phuong trinh Lyapunov (3.15), ta dén duge nghiém P:

dt = [e* Qe (3.18)
I\

P=

S —

4
dt

va dé dang thay nghiém nay la xac dinh duong.
Dé ching minh nghiém (3.18) 14 duy nhit. ta gia su ngoai nd ra cdn ¢6 mét nghiém
P, khac. Khi dé, véi:
ATPO"'PUA: -Q

ta cling cé dude tif (3.18) cing nhu tinh giao hoan dudc cua Aeti=efia

=oaT ; = T T
P =—JeA 3(ATP(-,+PUA)9AEdt = —J(eﬂ EATP(,eAr+eA tPUAeAtJdt
[} 4]

= T T < T
_ _J(ATeA Pt 4 oA ‘PDAeA'}dr _ —f%[e"‘ ‘Poe*‘“)dr - p,

4] 3

va d6 chinh 13 diéu phai ching minh. a
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2) Khdi niém on dinh déu (uniformly stable):

Khai niém nay duge bat ngudn tit dang qu§ dao trang thai ty do ctia hé tuyén tinh
tham s& hang (3.3} c0 A 14 ma tran bén (hé &n dinh), tic 13 nghiém cua (3.13) vdi:

At

x(t) = My = |u)] = [

ol < o412y ] < Jxy) (3.19)

Chuvén sang hé phi tuyén (3.1) ngudi ta néi: "Hé la 6n dinh déu trong mién © néu co
[x()]s H|xol) vl moi t20, x,e @ vad X"

Nhu vay, hé (3.1} sé 8n dinh déu trong mién © néu khi tién vé 0, khoang cach gilla qu§

dao trang thai tu do x{t) so vii diém géc 0 15 khéng tang.

Ky hiéu thém £ 1 1dp cac ham thuc mét bign 8(r). re R* don diéu giam va thda

man hm &rt=0. Cing nhu vayv ta k¥ hidu KL 1a 19p cac ham hai bién f(z,t), z,t¢ r"

néu khi ¢ ¢& dinh thi né thudce lép K va khiz ¢d dinh thi nd thude ldp £ . Vi cac ky hiéu

nay thi ré rang hé (3.1) s& on dink déu va tiém cdn vé O (uniformly asymtotically stable)

trong O néu d do cé:
jx(g) € Blxo|.t) vl mgi t20, x(M=xqe @ va fe KL (3.20)

Néi cach khae, hé sé 6n dinh tiém can déu trong mién @ néu khi tién vé 0, khoang cach

gitta qu¥ dao trang thai ty do x(£) so v gée 0 luén don didu giam theo théi gian.

3) Khdi niém on dink theo ham mi texponentialy stabley:

Khai niém nay cing duge bt ngudn tiz dang qu¥ dao trang thai tu do (3.19) cua hé
tuyén tinh 6n dinh tham s& hing (3.3). Chuvén sang cho hé phi tuyén (3.1}, ngudi ta
dinh nghia: "Hé (3.1) duoe goi la on dink theo ham mi. néu né on dinh tiém cdn déu theo

nghia (3.20) va d do ¢d ﬁ(igol,t)=a|£0|e“h! weit a, b la hai s6' duong”.

4y Tinhk du ctia tidu chuin Lyapunov va mién én dinh ©:

Vé v nghia sif dung thi tidu chuiin Lyapunov phat biéu trong dinh 1§ 3.1 ¢hi la mét
cong cu di. Didu do néi rang khi ta tim duge mat ham V(x ¢) nhu yéu céu thi sé khang
dinh dugc hé én dinh tai 0. Song néu ta khéng tim dude mét ham nhu vay, ma rdt c6 thé
& né vdn tén tai. thi didu do chua du dé két luan ring hé khéng 6n dinh.

Tuong tu v& mién on dinh tiém can ©. Ta chi khéng djnh;."ﬁuqc moi gu¥ dao trang
thai xuit phat tir bén trong © sé két thuc tal Q chid khéng thé két lusn duge 1a mét quy

dao xudt phat tir bén ngoal @ sé khéng tién vé Q va két thic tai dé.
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5) Tidu chudn kiém tra tinh khong on dinh;

Mac di khéng khéng dinh dude hé (3.1) ¢6 én dinh hay khéng khi ta khong tim ra
dude mot ham Lyapunov V{x.t) cu thé song hoan toan tudng tu nhu ta ¢6 thé dua ra
mot didu kidn dn 4€ kiém tra tinh khéng én dink cia hé.

Hé (3.1} s& khéng én dinh tai 0 néu

co it nhat mot qu¥ dao trang thal cia né gradV(x)
xudt phat tf lan can 0 nhung khéng két
- . " . Eive at l/
thie tai 0. Hinh 3.6 lai cho thav néu dao Puing déng_, L+
v ] . v
ham (j;—r cia bam xac dinh duodng miie cua Vix) :;\lf -

Vix,t). tinh doc theo quy dao trang thal Ve
ty do x(f) cua hé, ciing xac dinh duong. -
tuic Ta: Hinh 3.8; Giai thich vé diéu kién dé
kim tra tinh khéng 6n dinh,

E—‘{- = £+L~.V >{ (3.21}

dt a L
thi khéng nhing ¢6 mét ma 1a moi qu dao trang thai xudt phéat tit 1an can 0 déu khéng
k&t thue tai 0 (cit cac dudng ddng midc ctia V{x, ¢) til trong ra ngoai). Néi cach khac: "Hé
(3.1) sé khéng on dinh Lyapunov tai Q néu tén tai mét ldn edan © cue Q sao cho trong @

tén toi mét ham xdc dinh duong Vix. ) va dao kam (3.21) clia né cing xde dink duong
trong trong O "

6) Mot hé qud cua tiéu chudn Lyapunov: Dinh v LaSalle;

Tuong ti nhu dinh 1y 3.1. LaSalle da dua va két luan saw

Binh Iy 3.3: Xét hé tu tri md ta bdi md hinh khéng bi kich thich

f(x)
B - Fg =] (3.29)
dt = =
fula)
Goi V(x} 1a ham tron. xac dinh dueng theo nghia (3.9). tiic la:
yiflz]) € Vo) € pllx]y  vil p .o pe K (3.23)
Khi do:
a) Néu ham V(x) théa man
L:v = Y Fa « Wi <0 (3.24)
! dx — 7~
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trong dé Wix} la mét ham Jién tuc, thi hé da cho la 4n dinh (theo nghia
Lyapunov), déng théi nghiém x(¢) 14 bi chan v

lim Wix(t)) = 0 (5.25)

tam

b) Néu ham W(x) trong (3.24) con la xac dinh ducng thi tinh én dinh =& 13 én
dinh tiém can toan cuc tai goc Q.

Ching minh:

Ré rang ndi dung cua dinh 1y trén dugce suy ra tu dinh 1§ 3.1, riéng két luan (3.25)
khi d3i c6 diéu kién (3.24) 14 con phai chiing minh.

Trude hét ta thay ngay dude tif tinh dn dinh cia hé ¢4 mé hinh khéng bi kich thich
(3.22) 14 quy dao trang thai tu do x(¢) tng véi gia tri ddu x4 hitu han phai 1a mét ham bi

chan, hay |x(¢)|€a. ¥t20. trong d6 a>0 1a mét s& hitu han. Két hop vai (3.23) thi Vix)
ciung la ham bi chan vai moi x(t). Suv ra:

oo © 4V
Wixdt = — | —dt = V{xg)-V..
{ = { dt 0

cling 1a mét s6 hitu han, hav tich phan v4 han IW(E)dt héi tu. Vay thi theo dinh 1§ eiia
0

Babalas, ham dudi dau tich phian W(x) phai tién tdi 0 va d6 chinh 1l diéu phai ching
minh (3.25). 0

3.1.2 Mot s6 phudng phap tim ham Lyapunov
Cé thé thav y nghia ting dung cua tiéu chuin Lyapunov 1a khéng nhing kiém tra
duodc tinh dn dinh cta hé phi tuvén, ma con chi ra dugc mién 6n dinh @ cia hé. Tuy

nhién dé c6 thé ap dung duce tidu chuan Lyapunov ta can phai di tim ham V(x.¢) xac
dinh dusng theo nghia (3.9), pha hgp véi hé da cho.

Sau day ta s& lAm quen véi mét s phuong phap dién hinh thutng dude st dung dé
xac dinh ham Vi(x,t).

Phucng phap Krasovski

Xét hé tu tri khi khong bi kich thich thi dudc mé ta boi md hinh (3.22). Gia su rdng
hé can bang tai goc toa d6 0. Dé tim mét ham Lyapunov. Krasowski da dé nghi sd dung
ham xac dinh duong

~T —~
Vi) = F QFf
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trong dé € 14 ma tran nxn xac dinh dudng. Khi dé

;e T -~ T ~

d . .7 {d 2 o o1 (oF dx
L;v { q Qf+fTQ( f] [—ﬁ—d——’i] Q{+£TQ[ fﬂ]
- /

de | 13x dt 3z dt
/ /
a7 =) of i) of
- - T ~
—{gf) QI+/ Q(gﬁw— ! {IW Q+Qa—f_
v oo LT =
vl
o
a}? 0%, .ax.n
==l (3.26)
S AT V'S
\ax] a'xn }
14 k¥ hiéu chi ma tran Jacobi caa E(__x:). Nhu vav L;V thoa man (3.24) khi va chi kln
_ma tran
T
8 af
Kix) = Q+Q M (3.27)
_/

xac dinh ban dm trong O.
T diy ta duge:

Pinh Iy 3.4; He vdi mé hinh khéng bi kich thich (3.22) sé &n dinh tai géc toa d6 0 véi

mién 6n dinh @ néu tén tai ma tran § xac dinh duong va 1am cho ma tran (3.27)

xac dinh ban Am trong ©. Néu ma tran (3.27) con xac dinh am thi hé sé én dinh

tiém can ta1 0,

ChU y: Mién 6n dinh tiém can la tdp diém trang thai © ma tai d6 ma tran K(x) xac
dinh am. Vé1 nhiing ma tran @ khac nhau ta cé cac mién on dinh © khac nhau. Ma tran

@ tét nhat sé 14 ma tran cé mién én dinh @ 16n nhat.

Vidy 3.%: Minh hga dinh Iy 3.4

Cho hé ¢6 mé hinh khéng bi kich thich

134



T md hinh ta co

ft;)=[ *2 d] = i=af—[0 1].

— X5 =X} dx dx -3xF 1

Néu @ = (ql qs} 14 m6t ma tran xac dinh dudng thi
93 42
Y (oF : 0
_ 9yl 1

K= | L] grq ot :(O leNm Q3)+[f11 fIs][ , ]

ox dx ] {1 -1 flgz a4 g3 gy \—3x7 -1
z_[ 6(:’3-"12 3‘1’2in2 e +Q:i}

3gaxf —qr +gs  20gy—qy)

Nhu vay, theo Sylvester (3.16). dé @ xac dinh dudng va K(x) xac dinh am, ta phai

chong,. gs . ¢ thoa man

. _ . ,
g1> 0,  qiga-g: >0, g3>0 va 12g5(q, —gy)xi —(3gxi—qy +g5)° >0

Chéng han céac gia tri

Suy ra
1 5 4 1
—xy—-x; >0 = ==
b feil< 2
Vay hé én dinh tiém can tai 0. T4t ¢ cic quy dao pha, néu di qua mét diém thude mién

O xac dinh boi |x 1|€% déu két thue tai goc toa dé. O

Vi dy 3.10: Minh hoa dinh ly 3.4

Xét lal hé vd1 md hinh khéng bi kich thich

flxy = {_xl +2xfx2} = i = [Gx%xz"l 2x?]

ta co



K(x):{e"?xr] 09 O\F{QI 0Yestr —t 27
- 2} -1l g} L0 g 0 -1

: 2 3
:_Q[Ql(l‘sxlxz) _‘1’111}
"Q1xf: oy

Theo Sylvester (3.16) thi da dé @ xac dinh dudng va K(x) xac dinh dm la

q1=])0
gy =1>0 g =1

. = L=
4y(1-62%x,) >0 LT
.2 3o 1-6Gx7xy > xy
G192{l—6xixy)~{gyxy)" >0

Vay moi quf dao trang thai, khi bat dau ti moét diém trang thai bén trong mién &n dinh
©0=|xer” | 1-6xix, > 2P |

thi sé két thuic tai 0. m

Phuong phap Schultz—-Gibsan

Phudng phap Krasowski xuét phat tir ham xac dinh duong V(x) d€ tim mién én
dinh tiém can (? trén cd sd ap dung tiéu chuin Sylvester sao cho LfV xac dinh Am
trong @. Ngude lai. phueng phap Schultz—Gibson mé ta duédi day lai di tit ham LFV xac

dinh 4m dé tim mién dn dinh tiém can © sao cho trén &6 6 V(x) xac dinh duong.

Cho hé tu tr can bang tai gic 0 ¢é md hinh khong bi kich thich mb ta bdi phucng
trinh trang thai (3.22). Néu Vix) la ham Lyapunov cua hé thi

LV = il fla) = (gradVy’ f(x)80
LA dx — -

vél moi x€ @, trong 46 dau bang chi xav ra khi x=0.

D¢ kiém tra tinh dn dinh tiém can cia hé tai 0. Schultz va Gibson da xét 1dp cac
ham nhidu bién V(x) ¢6 vector gradient dang

5 IR * 3 P X
gradV = Qx = ° . : {3.28}
Gn1 v D ) Xy ) '

trong dé @ khong bat budc 14 ma tran hang nhung phai thoa man:
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1) LFV =(gradV} r E(E) 14 ma tran xac dinh am.

v v

2) =
dr;ox;,  dpox;

dung v6t moii k.

Nhu vay ta sé chon € 13 ma tran 481 xiing QT=Q. Sau khi da tim duge §, ham
Vix} dude xac dinh theo

Vi) = TgradVdg

11

vl mot dudng lav tich phan thich hop. Thong thudng va dé cho ddn gian, ngudi ta hav
1inh V{x) tif gradV bing phuang phap tich phan trye tiép theo timg bién. Cudl cung, xac
dinh mién én dinh © sao cho trén no ham V(x) xac dinh duong.

Vi du 3.11: Minh hoa phirgng phap Schultz—Gibson

Cho hé khong kich thich mé ta béi

d ~ x, |
_-:-E = f(z) :[ é_
dt = —Xg —sinx |
Hé can bang tai 0. 81 dung ma tran déi xiing Q :{ql an thi theo (3.28) ta cd
g3 43
aV /ox Xy + gz, )
gradV = =) O T {3.29}
oV /ax, GaX) + G52y
Suv ra
aV = T %, . X2
— flx) =({gradV)’ [z} = lgyny +gsxs . gaxy +q2x2) :
dx — - —xy ~sinx
SN x ; sinxy
={q] -y~ gy — }x:xz +lay =g b — gy =L
n Xy 29
Néu chon
o 8in x, . L O =
gy =gyt g ———. ¢:=2, va ¢, la hang s0 va thoa man O<g,<g,=2 {(3.30)
x
av o~
thi B—V f(x) sé xde dinh Am khi
[
2N 50 = Jayl<2w (3.31)
X

Dé tinh V(x) ta di tu



aV

—— = ga3Xyt ke = gax t 2x
vy X7 GaXs = f3Xy 1
va duce
. av d
Vix) = gaxyx,+ x5 + k(xy) = — = gaxet——k(x}
dx, dxy

thay ngude lai vao (3.29) rdi so sanh véi (3.30) ta di dén
d _ _ . 1 3
—k(x,) =g x;=¢gyx;+ 2sinx; => kix;) = —2—q3x1 +2(1—cosxy),
1

Suy ra

1 \
Vi) = guxxpt 2+ Squxd + 20— cosxy)

[

i

) |E§

2
x +x2] +%[1—%)+2(1—cosx1]

va ham nay xac dinh dudng vdi moi x. K&t hdp cung véi (3.31) thi mién on dinh © cha hé

sé gbém cac didm trang thai eé |x1]<2x O

Vidy 3.12: Minh hea phuong phap Schultz-Gibson

Cho hé khéng kich thich mb ta bei

A

ax _ E(E) =[ Xy J

dt —xix, —x}

41 43

Hé cédn bing tai 0. Chon ¢ =[
R

} 12 ma tran 461 xing co céc phan ti ¢, go.

g4 14 nhiing ham theox taséeco

g3¥) ¥ Xy

oV = . )
Ly = gx_ﬁ(ﬁ) = (g1 ~ g3%; — qgx{ )% 1x,H (g - Gaxi ) X3 = qyx]

xac dinh 4m ta cd thé chon
g3=0,¢gy=1 va g,=xf.

V@1 cac gia tri nay thi ti
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av _ _
ST gaXa T gaxy = Xy
ax-z

ta suy ra dugc

1y av d
1% = —xj + kix)) = —= Ei(x
{x) 2I3 (x]_ ax] dxl ( 1)
Thayv vao
eV _ o
P gr X1t gaxy T XN
X
ta di dén
d 3 1 4
k(xy) =x) = Rixy) ==xy.
dx, xy ] {xy) il
Vi két qua nav. ham
1 5.1 4
Vv =" yi+ =
(x) gXet o m
xac dinh duong véi moi x, nén hé 1a 6n dinh tiém cén toan cuc. (]

Phuong phép Aiserman

Trong khi hai phudng phap cila Krasovski va cda Schulz-Gibson ¢6 thé 4p dung cho
mot hé phi tuyén bat ky thi phuong phap Aiserman c¢h ing dung duge cho hé c6 md
hinh khéng bi kich thich dang

L - Fw = (atE@x (3.32)
di ==
trong d¢ A 14 ma tran héng va E la ma tran phu thudc tham sb x. Gia thiét thém la
vector E (x)x trong mét Jan cin cda 0 cd modul rat nho. Gia thiét nay s& duge thoa min
néu nhu
lim E(x)=© {3.33)
x—l
vl @, nhu da néi. 12 ky hiéu chi ma tran cé cac phan ti 0. Nhu vay, b rang 14 trong lan
cin gae toa d6, hé ¢6 thé dude xap xi bing mé hinh tuyén tinh tham s6 hing

d_ét‘.:A£ (3.34)

Gia su hé cin bang tai goc. Goi V{x) 12 ham Lyapunov cia (3.32), tc 14 ban than
né xac dinh duong va xic dinh am. Khi dé dudng déng mic V(x)=£ sé chinh 1a
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bién mot lan cin géc toa d6 (diém can bing) va lan cin nay 13 tap céc didm trang thai
thoa man (hinh 3.7)

Og ={xer"| Vixy<e | (3.35)

Hinh 3.7: M6 ta phuong phap
cla Aiserman.

Hé (3.32) s& on dinh tiém can tai 0 khi vector Ax+Eyx, 1a vector tip tuyén cia quy
dao trang thai x(£), ludn cé hudng chi vao phia trong duong déng mitc Vix)=¢, tiic 13 tal

giao diém cua quy dao trang thai x(#) vdi bidn cia ¥ vector Ax+Ex phai ndm hoan
toan bén trong O .

(ia thiét ring hé tuyén tinh tham s& hiing (3.34) &n dinh. Vay thi cac gia tri riéng
s; cia A phai cé phén thuc 4m va didu nay tudng duong véi viéce tai giao diém véi dudng

dbng muc V(x)=g vector dinh huéng Ax ndm hoan toan bén trong mién @. Ta chon
Vix) = 2 Px
trong doé Pe R la ma tran xac dinh dugng. Theo dinh 1y 3.2, vector dinh hudng Ax
ném hoan toan bén trong mién @ khi va chi khi ma tran @ dinh nghia bdi
Q=-ATP+PA) : (3.36)
citng xac dinh dugng.
Do c6 gia thiét (3.33) nén véi moi £du nho vector Ax+Eyx cling sé ndm bén trong O

giéng nhu Ax hav hé (3.32) 1a én dinh tiém can tai 0. Vin dé con lai 14 Ogduoe phép 16n

bao nhiéu dé Ax vd Ax+Ex cing ndm trong né.

Thav A= A+E vao (3.36) thi diéu kién dé vector vector Ax+Ex nam duge bén

trong Qg vdi £bat ky 12 tinh xac dinh 4m eua ma trin

ATp+pPA (3.37)
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Tit dav ta co duge hai bude cua thuit toan Aiserman nhdm xdc dinh mién 6n dinh
@ cho hé (3.32) nhu sau:

1) Cho truéc @ xéc dinh dugng. Giai phugng trinh (3.36) dé tim P xéac dinh dugng. Né&u
phudng trinh vé nghiém thi hé khéng én dinh tai Q.

2) Thay P vita tim duge vao (3.37) va 4p dung tiéu chudn Sylvester (3.16) dé tim tap
diém x ma d d6 ma tran (3.37) xac dinh 4m.

Vi duy 3.13: Minh hoa phuong phap Aiserman
Cho hé khéng kich thich mé ta bai

d_£ :E(E) :[ - +I§ J

- x'f -2xy

Hé cdn bing tai 0. Tach mé hinh thanh hai phén thee (3.32)

dx (-1 ) -1 0 0 xy
dt l-xi -2 0 - -x; 0

sé thav do co

. 0 x4 (0 07
lim 2 =
._t—)Q - X3 D 0 OJ

nén ta ap dung dude phudng phip Aiserman.

8]

[ I 2
By Py

A o (Al | Pt A

ta duge nghiém
-~ -p: -4 0 2
ol TP P :{ = p= 0 _
2p, -2p,) L0 -4 01

Thay ma tran P xic dinh duong vira tim duge vao (3.37)

-1 —xf [2 0J+[2 0] -1 xq:_ 4 xl -2x,
vw -2 )0 1) o 1)l-xf -2 (sP-2x, 4

sé thay, d& ma tran trén xac dinh am thi theo tidu chuan Sylvester (3.16) phai ¢é

4 0 . .
Chon @= [0 4] xac dinh dudng va gia su P= [ ], thi tir {3.36) v

—

. ; 1,
lG—(xf—?xQ)z =0 = ;xf

. 1
+2>x2 3‘537]2'—2
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hay mién 6n dinh @ la tap diém (hinh 3.8).

©={xer” | éxi‘!+2>x2 >%x'|3—2 { m)

Hinh 3.8: Minh hoa vi du 3.13.

3.1.3 Ham diéu khién Lyapunov (CLF)

Mac d o6 xuft xd ban dau 1a dé kiém tra tinh dn dinh cua hé phi tuvén (3.1), song
ngud ta lai bigt dén 1y thuvét Lvapunoy nhiéu nhd y nghia tng dung ctia né trong viée
thiét ké bd diéu khién phan héi trang tha lam dn dinh déd) tugng phy tuyén, gor la
phitong phap thiét ké Lyapunov  Cé thé noi, cho téi nay phuong phap thiét ké Lyapunov
nav khéng nhiing la mét céng cu don gian nhung toan ning dé thiét ké bo diéu khién,
ma con 14 mot ggi ¥ tién dé cho nhiéu cac phuong phap diéu khién phi tuyén khae nhu
diéu khién on dinh ISS trong diéu khién thich nghi hiéu khién thu dong (passive), thiét
ké b quan sat trang thar

Dé minh hoa phuong phap thiét k& Lyapunov. trude tién ta xét doi tudng tu tri:

dx

? = f_[i“_“.) 1338)

va gia su no duge diéu khién bang bo diéu khién phan héi trang thar u(x) Khi dé hé
kin (hinh 3.9) trong truong hop khéng b kich thich (¢ =0) & ¢6 mo hinh:

%—f— = flxulx))
w v oldx x
Go1 Vix) 1a ham trdn. xac dinh duong _—?:i({'g) >
thich hop. Nhu vav. theo dinh ly 3.1, dé hé
kin on dinh tiém can vé mién on dinh @ thi ulx) <

bo diéu khién can tim w(x) phai lam cho: : .
: ale)p Hinh 3,9; Ung dung tiéu chuan
i Lyapunov dé thiét ké ba diéu khién.

Vo .
fx.u(x)
dx =

LrV =

xde dinh am vai mot x€ @, tite 1a phat tim mot quan hé u(x) dé 6 (dinh 1y 3.3):



aV
LV —fxulx)) <-Wix)
(V=5 flenio) = (3.39)

xS W) < po(z) voL prppe K va x€©

Mét ham tron, xéc dinh dusng V(x) niac dé6 ma véi no tdn tai it nhit mét quan hé
u(x) théa man (3.39), dudc goi la ham dicu khién Lyapunov (CLF-Control Lyapunov
Function). Néi cach khac, mét ham tran, xac dinh dudng V(x) bat ky sé dude goi la ham
CLF ctia dé61 tuong (3.38) néu nhu noé théa man:

inf L,V = inf(%?f(f,g)} <0 vxe @ va xz0

u M.

Pinh nghia nay cing cho thay cdr va di dé mat 461 tugng didu khicn on dinh tiém
cdn dude tai géc bang bd didu khién phan héi trang tha: 1a véi né tén tai mdt ham CLF,

Pinh ly 3.5: Xét hé nhiéu diu vaoe ¢é ciu truc affine:

dx

prile f)+H (o {(3.40)

trong d6 we R 1a vector tin hiéu didu khién va H(x) 1a ma tran ham véi cic vector
cOt A (x), Ay{x). ... A, (x). Gol V(x) la mét ham tron, xéc dinh dugng, hgp thuc
tay y. K¥ hiéu:

alx) = (Ly Vix), . L,

RN
va

z={zer" | )] =0} 3.41)
Né&u trong mién Z ham L;V{x) xac dinh &m. tifc la:

xeZ va xx0 = L£V(£)¢0 (3.42)

thi né ciing s& 1a ham CLF cia (2.40) va mét trong céc bd didu khién phan héi trang
thai u(x) tudng dng lam 46i tuong 6n dinh tiém cin toan cuc la:

wl© =1 jaf T - (3.43)

thy ¥ néu xe Z

trong dé 7(x) la mét ham xac dinh duong duge chon bat ky.
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Chitng minh:

Ngoal didu kién (3.42) xic nhan tinh xac dinh Am cia L;V(x) khi xe 2 thi khi
xg Z tacling co ti (3.43)
—Hx)~ LV

LJ,:V +{L, V.- I V)—-—i«——c_x(@
L =) it |E(£)l

‘Z—: [ fx) +H(x)u]

~77(x) m)

Vi du 3.14: Minh hoa khai niém ham diéu khién Lyapunov

Cho d6i tudng phi tuyén véi mé hinh:

¢
dx =Xty
—-= = flx,u) = )
dt - —x7 +u
Chon ham Vix) = 1:]2 +x‘j xédc dinh dudng. ta cé:
R RS 2.
LV =20, x) . =-2xy+2ux,
- —Xy +u

Vay, dé co duge LV xac dinh 4m (trong toan bé khong gian trang thai), ta c6 thé chon

u=-x, hay bd diéu khién lam &n dinh @61 tudng da cho s& la u(x) = —x, v do d6 ham
V{x) da chon cing 1la mot ham CLF caa doi tudng. a

Vi du 3.15: Minh hoa khai niém ham diéu khién Lyapunov

Xét ddi tudgng ¢6 md hinh trang thai

g=ﬂ.~».au)=[ DS J

t ~x () +4) + i

Hé can bing trén toan bé truc x, tic 12 can bang tai x,=0, x; tiuy ¥ Nhu . v Lién

nhién hé khéng én dinh tiém c4n tai 0.

Sud dung ham Vix) =

K4 2
BN D h>o

™

{ 3
Lr,v :an: (kx, xz)t X+
il ax -

= — kx +xo(kx tu)— x%(x,+4)
—xp{x, +d}t+u

A

Bdi vav néu ta chon bg diéu khién 14 & (x)= —kx, thi do ed

LV =—kx}—x§(x,+4) xacdinh Am khi x,>-4
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nén hé sé én dinh tiém can tai 0 véi mién 6n dinh

O={xer? | x,>-4}

va do dé V{x) da chon 12 mét ham CLF ciia d6i tuong. )

3.2 Phuong phap thiét ké cudn chiéu (backstepping)

Tuy réing dudc biét dén trong diéu khién phi tuyén nhu mét céng cu toan ning dé
thiét k€ bé didu khién lam hé 6n dinh tiém can, song cho tdi nay van chua cé mol
phudng phap téng quat nao giup ta xac dinh duge him CLF mét cAch nhanh chéng va
don gian. Ngud ta méi chi ¢é duge mét sd it cac phucng phap danh che nhiing hé cé ciu
tiic dac biét va cudn chidu (backstepping) 134 mit phudng phap thude trong nhitng 56 it
d6. Phuong phap nav cho phép ta xac dinh duge haim CLF cia hé tit ham CLF cia hé con
nam hén trong hé da cho.

3.21  Cuédn chidu hé truyén thang qua khau tich phan
Che d61 tugng phi tuvén dang truvén thing qua khau tich phan (hinh 3.10):

%=£(§)+f_2(£)v
t (3.44)

do

ot

=i

Hinh 3.10: B&i tuong truyén thing véi

mt kha tich phan va mat Khau phi “ P E 4 e |
tuyén affine mac néi tiép. dt =

1]

Gia su v3i khAu phi tuvén affine con bén trong né la:
dx . H -
d—;zﬁ(g) +h(x)jv  trongdd xer'.vek. f(0)=0 (3.45)
ta da c6 ham diéu khién Lyapunov V(x) ciing nhu bd diu khién v=r(x) tudng lng. Van

dé dat ra ¢ dav 1a tir V(x) va r(x) d6 ta phai tim ham diu khién Lyapunov V, (x.v)
ciing nhu bd didu khién uix, v) cho ddi tugng truvén théng (3.44) ban ddu.

Binh ly 3.6: Xét d6i tagng truvén thing (3.44). N&u khau phi tuyén con (3.45) bén trong
né cé ham diéu khién Lyapunov V(x) va bd diéu khién én dinh. kha vi v=r(x)



tudng ung thoéa min r(0)=0 thi mét trong cac ham diéu khién Lyapunov V_(x,0)
cé thé c6 ctia d6i tugng (3.44) ban dau la:

Volx,e) = ‘lf’(£)+—]2—[t--*r(zg)]2 (3.46)

Tuong itng vé1 né 1a bé diéu khién phan héi trang thai:

ar(x)

wix.v) = -kfv-rig))+ —= [f(x)+h(x)u]— L Vix) (3.47)

trong d6 k>0 la mdt hing =8 tuy ¥,
Chitng minh:

Néu Vix) la ham didu khién Lyapunov va v=r(x) 1a tin hiéu diéu khién tueng tng
cua hé con (3.45) thi sé cé;

BV(:c)

[Ff@)+hx)r(x)] <0 khi 10

Tiép theo, dat z=v-r(x} thido

va

ta s& o6 vol (3.46) khix#0:

dV. (x. u] _ d(b
ar +{v-r)

ﬂ/—-(,1“+}_:r+hz)+ z[u—a—r{f+h(r+z))]
dx = - dx = ~

= é1—]—(}“+'§L_r)+:e[u —ai(f+ﬁ{r+z))+£h]
x dx = T——  dx "~

o -
<0 LV

L

Nht vay, dé chi V,(x.v) 12 ham diéu khién .Lyapunov cho d81 tugng (3.44) ban dau. ta
dV (x,v)
dt

chi ¢An chi ring tdn tai it nhat mdt tiv hiéu 1=r(x.v) 1am cho <0 va do chinh

la u xac dinh theo (3.47), vi vdi né cé:

dVe(x,v) :a_V(f+ér)_k2240 khi x#0 (dp.cm). a
dt dx —

<0
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Vi du 3.16: Minh hoa phuong phap cudn chiéu qua khau tich phan

Xét déi tuong truyén thang bao gdm mét khau phi tuyén affine con:

dx _| =%t %%y 0
_ + u
dt —x]z 1
f{x) hix)
.. o . dv p e e
va mdt khau tich phan ’n =1 mac nd1 hép.
Theo két qua ciia vi du 3.14, khau phi tuyén c6 ham difu khidn Lyapurnov
Vig) = xf +x2
v tueng ing véi n6 1a bé didu khién phan héi trang thai:
U= rix) = =x..

Vav, thec ndi dung dinh ly 3.6, d8i tugng truvén thing da cho s& ¢6 ham difu khién
Lyapunov

Vo{x.t) = V(_)+— [v-r()]” = x? +¥2+—(U+Ir))
vA tudng ung v4i no 1a ba didu khién phén héi trang thai:

u=rdxu= —k[v f(g}]’f [f(‘t)*'h{gvl LyV(x)

—(h+ 1 u=(k+2)xy+ x? (k>0). )

3.2.2  Cudn chiu hé truyén thang qua khau tuyén tinh

Tiép theo va ciing tong quat hon, ta sé xét mot déi tugng truyén thing khac ma & dé
thay cho kbau tich phin 12 mét khau tuyén tinh c6 mét tin hiéu viao vA m6t tin hiéu ra
fkhau SISO). Néi cach khae, d61 tugng dugce xét bao gdm mét khau phi tuyén affine

]

%:£(£}+Q(;)U trongdé  xe R, veR , f(0)=0 (3.48)
va mét khau tuvén tinh SISO, hop thie chat

-—*‘=A§+f_3u "

trong da ZER . LUER (3.49)

v=c’z

méc néi tiép hinh 3.11}.
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Hinh 3.11; B&i tugng phi tuyén

. d
tfruyen thang vai mét khau u gz Az+bu| v | dx _, i X
tuy€n tinh va matkhauphi  ——1 ¢ . » o T v —
tuyén affine mic ndi tiép. v=c z

Gia sl khau phi tuvén 6n dinh tai 0. Bai toan dit ra la xac dinh ham diéu khién
Lvapunov V_.(x,z) cho dfi tugng truvén thang td ham Lyapunov V(x) cta khau phi
tuvén con (3.48) bén trong nd.

Bai toan ndu trén. ¢é tén goi 1 bai toan cudn chiéu qua khéu tuyén tinh (3.49), hién
mdi chi ¢é 181 giai cho trudng hdp khiu tuvén tinh la thu dong (passive) va én dinh.

Nhu di duge bidt tir chudng 2 trude day. néu khau tuyén tinh hgp thic chit véi mé
hinh (3.49) la thu dong (passive) thi:

1} Ham truvén dat eia né:
Bis)

G(s) = ¢ (sI-A) ‘b =
(s} = ¢ (s Vb Als)

trong dé A(s), B(s} la hai da thic theo bién s, phai la bam thuec—dudgng (positive
real), tuc 1a khi ¢d Re(s) >0 thi cing cé6 Re{(G}>0.

2) Ham truyén dat (7(s) cta né phai c6 bic tugng d6i bang 1 (vi 13 ham thye dudng va
hop thic chat), Didu nay tudng ducng voi e’ b=0.

3) Da thic A{s)+B(s) 1a Hwwitz va Re[G{j e} ]20 véi moi @

4) Cac diém khong va di€m cuc cia Gis) phai ndm bén trai hodc ndm trén truc Ao
Nhiing diém khéng va diém cuc ndm trén truc ac phai la nghiém don.

5 [uvdt =ri jU(—jw)V(_,fm)dm:-l— [U iU jorGjw)dw
0 2r - 2r

—o

N |

T|U( jo) RelGUm)dw 2 0.

6) Tén tai ma tran xac dinh duong @ dé cé:

% 7Qz) < uv (3.50)

=1

) Luén tdn tai ma tran xac dinh ducng, d&i xing P va ma tran L dé cé (dinh ly
Kalman—Popov—Yakubovish):

ATP+PA = —LTL (ma tran xac dinh ban am)
c=Pb
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Dinh Iy 3.7: Cho d&i tugng truvén thing, bao gdm mot khau phi tuyén (3.48) 6n dink va
khau tuyén tinh thu ding, vi ciing én dink (3.49) mic néi tiép (hinh 3.11). Goi V(x)
14 ham Lyapunov (LF) cda khau phi tuyén thi mét trong cic ham diéu khién
Lyapunov V (x.z) cd thé 6 cia déi tugng truyén thang ban dau sé la:
Voxz) = Viz) + 2 Pz (3.52)
trong dé P la ma tran xac dinh duong thoa man (3.51) cia khau tuvén tinh.

Mat trong cac bd diéu khién phan héi trang thai lam né &n dinh 1

u = 0= -2 VD) (3.53)

Chitng minh:
Vi khau phi tuvén 1 én dinh va V(z) 14 ham Lyapunov cla né nén V(x) xac dinh

duvng va L V(x) xacdinh 4m. Ngoai ra, vi ma tran P xac dinh dudng nén ham V.ix,z)

tinh theo (3.52) cling xac dinh duong.

dV (x, .. N )
Tinh dac ham %ﬁ) doc theo quf dao trang thai cua doi tugng truvén thang
khix=#0:
dV, (x.z) 31/ z

d2\T rod
= — +h i+ | — P + P_—
dt paUCy [d.r J T

= :—Vl F+hic" )| +(Az+bu) Pz+z P(Az+vbu)
pild

LV +(e"L, V2 (ATP+PA)z+(ub Pz ruz P

LV +e )L, V-2"LTLz+2ub Pz (vi P d6i xting)

LV ez (-LTLyz+(eT2 LV +20TP2u)

=LV 2 (1T Lz +cT2( 1,V 420 (vie=Pb) (354
o= L
<0 £0
ta thav, do tdn tai tin hi¢u w=— % L,V lam cho Ve (x aVelx2) <0, nén V,(x,2) 1a ham diéu
khién Lyvapupov cua déi tugng cascade da cho. |

Pinh 1y 3.7 cho thay, khac v& ba: toan cuén chiéu qua khéu tich phin, d day phai
cé gid thiét rdng khiu phi tuvén la én dinh. Nho dé, thém gia thiét thu déng va én dinh

cia khiu tuyén tinh, ta ludn tim duge mét bo didu khién phan héi trang thai u=r_ (x)
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khéng sit dung cac bién trang thai z cua khau tuvén tinh (phan héi trang thai khéng
hoan toan} nhung vin lam én dinh duge 461 tugng truyén thang da cho.

Vidy 3.17; Minh hoa phudang phép cuén chiéu qua khau tuyén tinh thu déng. 8n dinh

Xét 461 tugng truyén thdng, gdm mot khau phi tuyén:

dx _ X2 [1]
—_— + v
dt |z, +1)2x, ~ &3 0

va mdt khéu tuyén tinh
dz

—_—= —-z+u, uv=z .

dt
méc ndi tidp.
Tit ham truyén dat clia khau tuyén tinh:

1
s+1

Gis)=
ta thiv, nd la mdt khau tuyén tinh 8n dinh va thu déng (ham truyén dat G(s) la ham
thuc—dudng). Céng thite {3.51) ¢iia khéu tuyén tinh nay ¢é6 P=1, tic la

ATP+PA=-LTL tngvéi A=-1, P=1wva L=+2

¢=Pb tdngvél ¢=1, P=1va b=1

Ngoai ra, ta ¢6 thé d& dang kiém tra duge rang khau phi tuyén con la 6n dinh véi
ham LF

Vi =

4,1 3
x1+Ex2

da )

Do vay, khi ap dung dinh 1y 3.7, ta d&n duge ham diéu khién Lyapunov V,(x,2) cta ddi
tugng truyén thang di cho:

V,(x.2) = V(x)+2 Pz =

ciing nhit by di€u khién phan hdi trang thai 1am én dinh 461 tugng:

o

1 1 1 ;
L¢:=rc(::c)=—§4[._;_I ='—-2—(Jc13 xz)[0J=-f‘;— 0

MG rong ra, ta thay chit lugng On dinh {tail goc toa dd Q) cna mdt hé thong s& duge
goi la t8t néu quy dao trang thai hé théng co téc dé tién vé § cao. Theo ndi dung tidu
chudn Lyapunov, thude do cho t8c 46 tién vé Q cla cic quy dao trang thai hé thong chinh



la

dvﬁf’é) . Gié trs dvffg) tai mot diém trang thai c dinh {5] cang 16n. tée d6
2

.tién v& 0 clia qui dao trang thai tai d6 cang cao.

Mat khac, tit mét ham diéu khién Lyapunov V,.(x,2) co thé cé rat nhidu bo didu

dV, (x.2)

khién tuong ung lam cho ham xée dinh dm, tice 1a lam cho hé kin 8n dinh (tai

g8c toa d§ 0). Bd diéu khién u=r_(x) dugc tinh theo (3.53) chi 14 mét trong s& do.
Hai nhén xét trén cho thav kha nang tén tai mét bo diéu khién khéc ¢6 chat luong
én dinh t6t hon b didu khién (3.53). Dé tim bé diéu khién 46, ta bt ddu tix (3.54):
dVeix.2) .

el 2 +2"(~LTLyz+¢ 2 ( LV +2u)

va thay néu chon:

LV +2u = —k(g_Tz_)P v@i p la sb nguvén lé vapz—1
-1 T 27 o1 B
L= u——'g[LhV+ k(gz_) ]——E(LhV‘i' ku )
S€ O
dV,x.2)

=LV + 2T -LTz + —k(c" P!

<0 <0 <0

dvﬁf’?—) nav 16n hon 12 khi si¥ dung bé diéu khién (3.53).

Ta di dén két luan:

dt

R rang gia tri

Binh Iy 2.8: N&u khau phi tuyén (3.48) cia d8i tusng truyén thing & hinh 3.11 la én
dinh vdi ham Lyapunov V(x) va khau tuvén tinh (3.49) 1a thu déng, 6n dink thi
ham diéu khién Lyapunov ctia d6i tugng truyén thing d6 sé la

Volz.2)= Vo + 2 Pz (3.55)

trong dé P la ma tran xac dinh ducng thoa mén (3.51) cua khau tuyén tinh. Bs diéu
khién phan héi trang thai tudng ing a;

u = ?‘(-('E‘U): -

(L,V + kuv®) (3.56)

o

v6i p la sb nguvén 1& (pz—1) va %20 13 hang s& chon tiy ¥ Hing s6 £ cang lon,
chat lugng én dinh ctia hé cang cao.

151



Tiép theo, ta 58 md rong ndi dung dinh 1y 3.7 va 3.8 cho truong hop khau tuvén tinh
(3.19) chua &n dinh va eiing chus thu déng. Téng quat thi phudng phap cuén chiéu
khéng ap dung dude cho moi khiu tuyén tinh bat ky ma chi duge gidi han che nhiing
khau co thé thu déng dwge bdng mdt bo diu khién phdn héi R (khau FPR—feedback
positive real), tic 12 nd tac ra hé kin

Jgé:(A+bR)z+bw
dt - -

o=z

12 mét hé tuvén tinh dn dinh va thu déng. Khi d6, theo tinh chit (3.561) cia hé thu déng,

én dinh thi

[(A+bR)T P+P(A+bRY=~LTL 1a ma tran x4c dinh am

15 _ PQ {(3.37

Pinh ly 3.9: Néu khau tuvén tinh (3.49) cé kha nang thu déng, dn dinh duge bang bé
diéu khién phan héi trang thai R (khau FPR). tic 12 tén tai R dé ca (3.57), va khau
phi tuvén (3.48) la én dinh vdi ham Lyapunov V(x) thi ham diéu khién Lyvapunov
¢ia ddi tugng truvén thing 6 hinh 3.11 s& 14

Voixz) = Vo) + 7Pz (3.58)
véi P 1a ma tran xac dinh duong thoa man (3.57). B diéu khién tudng ting la:
1
u=rfee) = Rg = (LV +hv™) (3.59)
trong d¢ p 14 86 nguvén 1é (p2-1) via k20 13 hing sé chon tay y.
Ching minh.
Trudc hét B phai 14 mét vector hang vi kbau tuvén tinh chi ¢6 mét tin hiéu vao. Bay
. . 2V, R .
gid ta tinh dao ham —-% doc thee quy dao trang thai cua dé1 tugng.

Bat ddu tir (5.14a);
dV. (x,z}) _ JV

f v+ (Az+bu) Pz4z P(Aztbu)
At dx — ~

= LV v LV +2 (ATP+PAYz+ T Pz+2T Phyu
h Qu
= LV 4v( LV +2u)+2  [(A+bR)TP+P(A+bR)]2-

~zT[(6R)TP+P(bR)]2



LV (=L Lyz+e( LV +2u)-2(RTcT+e Rz

Lev+zT(-LTLyz+0( L,V +210)-22"¢Rz

1l

LV +2 (-1 Lyzte( L,V +2u-2Rg)
Do dé néu chon:
LV +2u-2Rz = —ku”

1
2

& wmr(eu)= Rz - L (LV+ k) = 2LV + ko)

sé dude

V. +
dVi(x.z) X2 p v LTy ke

dt A =

<0 <0 <0

va d6 chinh 14 diéu phai ching minh. 0

3.2.3  Cudn chiéu hé truyén thing qua khau phi tuyén

Khdi niém hé phi tuyén thy dong

Khai niém hé phi tuyén thu dong {passive) duge lav LU tinh chat ban chat (3.50) cia
hé tuyén tinh vii dinh nghia nhy sau:

Binh nghia 3.2: Cho hé phi tuvén alfine. cin bang tai 0 mé ta hoi:

dx
FTRA R (3.60)
y=g)

Goi Q@(x) 13 ham khong am théa mian @ (0)=0. Khi dé hé (3.60) sé& dugc goi Ja:

a) Thu déng (passive), néu

Q@ _ 99 o e Ty (3.61)
dt gx — T = 7

h)  Thu déng chdt {strickly passive). néu

W 99 gy« v Ty khi x20 (3.62)
dt dx — - o= 7

So sanh véi tinh chat (3.50) cia hé tuvén tinh thi ¢ dinh neghia trén c6 mot thay déi
la ham Q(x) chua cin phai la x4c dinh duong. Su thav déi nay la dé phix hgp véi ban



chit thu déng cla hé. Mot hé thu déng chua chiic da 6n dinh tiém can-theo nghia
Lyapunov. Chéng han 6 hé tuvén tinh, n&u né 1a thy déng thi ma tran truyén dat cia né
1 thuc—ducng (positive real) nén nd van c6 thé ¢t cae diém cue ndm trén truc ac (hé &
bién git 6n dinh).

Tuy nhién, néu hé phi tuyén thu dong, 6 ham @{x) khdng nhitng khéng dm ma
con xde dink duwong, thi hé d6 sé 6n dinh tai géec toa dé theo nghia Lvapunov, vi khi
khéng bi kich thich (z=0) bal ding thite (3 61) tré thanh:

dQ{x)

g7 = L{Q(E) <0

Cung nhu vav néu né la thu déng chat va ham @(x) xac dinh duong thi né én dinh tiém
cin tal gée 0, vi tiX (3.62) c6:

fi_%%—) = LpQ(x) <0 khi x#0

Bay gid ta xét hé gdm hai khau phi tuvén K, va K, méc hdi tiép (hinh 3.12):

d—i—]—"f {x );H (x)
=4 [REARLSI

Kl: dl‘o
y=g,lxp
d£2 .
K.\ a L Hany
¥, = &,(%s) Hinb 3.12: Ha gdm hai khau

phi tuyén mac hdi tiép.
Khid véi uy=u- v tacé:

Binh Iy 3.10: Hé phi tuyén gém hai khau phi tuvén con K| va K, néi hdi tiép 4m nhu g
hinh 3.12 sé:

a)  Thu déng, néu ca hai khau K| va K., déu thu dong.
b} Thu dong chdi, néu ca hai khiu K| va K, déu thu déng chat.
Ching minh:

Gia sy K, va K. déu thu déng. Goi @ | {x) va @.(x) la nhilng ham khéng am xic
dinh tinh thu déng cua ching theo dinh nghia 3.2. Vay thi:
d
&, (x) < },T(

sz(_{) e T
dr 2 BT =2y

= dt

Do 46 néu cong hai bat ding thic dé lai véi nhau theo timg v sé dude:
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d
—lae+e,w] < v

Q(x)
Vi ham @(x) khéng am giéng nhu @ (x} va @,(x) nén ta co6 dudc d p.c.m a). Két
luan b) cling duge chitng minh tuong ty. a
Hé& phi tuy&n thy déng duoc

Cho khau phi tuyén SISO mé ta bdi:

dx
v =glx)
vl g(0)=0. Gei:
u = rix,v) = clx)+dixiv (3.64)

12 bd diéu khién phan héi trang thai cia né (hinh 3.13). Khi dé hé kin s& ¢6 mé hinh:

adx
N = [lx) + A(xie(x) + Alx)d(xi (3.65)
v=g(x)

Binh nghia 3.3: Hé phi tuvén (3.63) dude gol 1a thu déng dude (FP—feedback passive)
bang b didu khién phan hdi trang thai (3.64) néu hé kin (3.65) 1a mdt hé thu dong,
Néu hé kin {3.65) con la thu déng chat thi hé ban dau (3.63) dugc goi la thu dbng
chat dudc (FSP—feedback strickly passive).

P ) +d (e Y

¥

Hinh 3.13: Giai thich khai
niém hé FP va FSP. — l

[t

Cudn chidu qua khéiu phi tuyén

O bai toan sau ta sé xét hé c6 n bién trang thaix = {x,, :Lg)TE R™ gdm mét khéu

phi tuyén thu déng dudc:

dx,
H,: { dr _£1(£1) Ay trong dé 2,(0=0 (3.66)
y=glx;)



mac né ti6p (ca tin hiéu ra va trang thai) véi mét khav phi tuvén én dinh (hinh 3.14):

dx. .
22 :£2(£1~£z)+.}12(£1'£2 iy trong do fo(x,.0)=0 (3.67)

H,:
coodt

—r—— x X [ £ -
Y i T Ep Ay, L Xy

L@ b

! .”.":gl(_:fl)

Hinh 3.14: B4} tugng nghign ¢l elia phuong phap cuén chidu qua khau phi tuyén,

Céng cu dé tim ham CLF cho dé1 tugng cing nhu bé didu khién phan héi trang thai
tudng ung cho hé trén 1a dinh ¥ saw
Pinh Iy 3.41: Xét d6i tuong gdm hal khau H | va H, mic ndi tiép (hinh 3.14). Goi
w=rix;,v) = clx))+diz v (3.68)
14 ba diéu khién phan héi trang thai lam cho khau pbi tuyén thi nhat (3.66) la H
trd thimh thu dong va &n dinh, tic 12 tdn tai hiim xae dinh dudng @ (x ;) thoa min:

5 dQ(x,)
ot

Né&u khau phi tuyén tha hai (3.67) 1a H, én dinh vdi ham Lyapunov Vig,). tic 1a
Vix.) xac dinh duong va
oVix,)

ix, £2(3:_1.£2)=LE_)VS 0 (3.69)

thi déi tuong gdm hai khau phi tuvén d6 méac ndi tép (hinh 3.14) s& duce én dinh
bang bd diéu khién phan héi trang thai:

relxy 22)= clay)—d(x) Ly, Vixy) (3.70)

va hé kin én dinh dé ed ham Lyapunov:
Velzx0)= V@) +Qixy)

Hé kin s& 6n dinh tiém can néu hodc ¢6 khau A, 1a thu dong chat dude, tic 1a:

uy > dQx,)

A khi x,#0
dt

hoac 6 khiu H, 13 8n dinh tiém can. tic la



THIE £y ) =LV S0 khi xpe0 (imeixy)
X, - - =

=F @+ Ay (xy —>

=g1(£1)

rolXy.xa)

A A

Hinh 3.15: Minh hoa dinh Iy 3.11.
Chitng minh:
Bat

thi b§ diéu khién (3.70) tré vé dang (3.68). Do d6 hé kin & hinh 3.15 c¢6 mé hinh:

aTtl =£1(£1)+§1(£1)C(£1)+E1(£1)d(51)“
dx,
dt

y=glxy)

u= "thv(£2]

=[xy Xa )+ Ry (xy 2y )y

Hé kin trén cé thé dige xem nhu mach héi tiép Am (hinh 3.12) cia hai khaw:

dx
K d_[l _’f (xy)+hy Cxydelx )+ Ay (g ddla e

¥ :gl(_x_])
dx
[ GT; =£2(£] XAy, )y

trong dé z=—v.

Do c¢é gia thidt vdng khdu phi tuvén (2.66) 14 thu dong duge bing bd didu khién
{3.68) nén khau K| la thu dong. Negoai ra. ti (3.69) con co:

Ef,}.’___.a‘_lf )_LV+Lh\/1-<zv
dt E)x; - e

<0 z



nén khau K., cang thu déng. Tir day suy ra. theo dinh 1y 3.10, hé kin ¢ hinh 3.15 la thu
dong cung ham xac dinh dudng:

Voixy xe) = Vi) +Q(xy)

Hon nita.vi V_(x,,x.) xdc dinh duong nén hé kin la an dinh. )

Vi du 3.18: Minh hoa dinh Iy 3 11

Cho dé) tugng gém hai khau M, va H., mac né1 tiép theo s¢ dd cho ¢ hinh 3.14. Hai
khau do ¢é mo hinh nhu sau:

Edi = —x‘f -v-xf + 1 . dx, "
H]. df va H.‘:: W: —I2(1+Ir}+11y
__1!':,'(;

Khau H, li thu dong duoc, vi theo dinh nghia 3.2, 6 day ton tai bé diéu khién phan
héi trang thai (3.64)

u=rixgu) = elx)+d(xy)v = -xf +u

dé bién né thanh (3.65) e T

d:( ) x oFﬁ Foa e ;”-_.J 3
J 1 =—.a:;3 4 NG L 1 .E;gj
dt o v T s !
- I I e )
X0 BECT i \ A ' =
P s/l ;_} b i b i
¢d ham xae dinh duon x,)==L thoa ma I IO A IS (A - ST -J &
mh duong @ (x,) 2 thoa mén ey et S ikl S
T, BT et Hinh 3.16: Minh hoa vi du 3.18

dt
€ xyv = yu
Khau H, 1a dn dinh tiém can ta1 0 vi n6 ¢6 ham Lyapunov:

Viea) =2 = V200040  Khi 2,40
2 dr :

Vav, thes dinh 1y 3,11, déi tugng dude on dinh tiém can tai 0 bang bo didu khién
phan héi trang thai (3.70):

Felxyoxy) = elx)—dix ) Ly, Vixy) =-x|? —X Xy

Hinh 3.16 la d6 thi trang tha: di tif diém daux, (0)=1 va x.(0)=-1, thu dude bang
mo phong. No xac nhén tinh én dinh tiém can tai 0 cia hé. )
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3.24 Cudn chigu hé truyén ngudc

Phuang phép thiét ké chung

Hé truvén ngudge dude dinh nghia 12 hé ¢é mé hinh:

x
= = flx %) = @)
dx?i
— = glx)+tu
dt '
trong dé
-
PR & ST I S
X T (X Xy e x,,)T =X,

F@) = (A fo@) e e @)

(2.71)

Nhu vay. d hé truvén ngugc. trang thai x,, eé vai trd nhu tin kidu ddu vio do ciia hé

con (3.71) bén trong né va hé con nav cd cic bién trang thailax,, x,.

: xn—l'

Pinh 1y 3.12: Goi V (x, -} 1a ham CLF cua hé con (3.71) cang nhu x,=v(x, _;}. thoa

man v(0)=0. 1a bd difu khién phan héi trang thai lam né on dinh tiém can toan
cuc tai géc (bd didu khién GAS - global asymplotic stable). Khi dé;

Viz) = Vix,-1.x,0) = Vg, -t ax)

voi g(x) la ham khéng dm thoa man:

g, =0, P g oy s

—_rt

al—ﬂ

-1)

5€ 12 ham CLF cta hé chung gém (3.71) va (3.72). dong thi:

\axn aﬁn-l o

’ -1
[ Ay vy,
uix) = [_\ } {H(EH ()~ flaa0)»
h::ft ky khi xe V
trong dé

V=lxer" | x =vix

Iy

i

f(x)
glx

(3.73)

)H khi xe V (3.74)

va f7{x) 1a ham dugc chon tuy ¢, mién 14 khéng am va théa mén

&0 (g, - D=0

12 mét bd didu khién phan hdi trang thal GAS tugng ing cia nd.
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Ching minh:

Trude tién oo thé thiav dudge ngay ring ham Vix) xae dinh theo (3.73) 1a xac dinh
duong,

Theo gia thiét ¢6 V(x,_;) 14 ham CLF ctia (3.71) va x,=v(x, -,) 1 bo diéu khién
kha w1 tueng dng. nén cang phai cé
av. .
- : i(;{n—t‘u) < _W{‘I—n—l}

dlu—t

trong dé Wix, _,} 14 him xaec dinh dudng.

Khixe Vthidoed (273 néncang ¢d V{x} = V {x, -). hay

v [ [ ‘-': v,
ax L gladvu ! dx

filx, ) 2 -Wix, -}

vél moi #. Dau bing cta bat dang thie (vén chi xay ra khi x, | =0 va lac d6 cling vé
1, =u{0)=0. Vav hé truvén ngude (3.71), (3.72) 1 én dinh tiém cAn tai gde 0.

du{x)

Viixe V. do —= =0, ta dugc:
ax}}
dv aV, J . %)
T T : fla, jag)+ -(# f({,,_;‘k'n)'i’fﬁ[g(.g)*“u]
dif ax,_; ~ dx, o~ dx,,

3 aVy N1y 0 (FLY e
A R e VA R R b (g(y)+ o,

14

W, ) n) P [ f) - fla, 0 ]+ [@W 2
rjEJ.---] - - ai E(E) ax!r

.

Bal vav. cing véi bo didu khién (3.74) cing nhu ham n{x) dude chon thos min difu kién
da néu trong dinh ly. thi s duge tinh xac dinh dm cua:

dav .

'Eg "W(in"l)-n(y <0

Piéu nav chiing té rang V(x) 13 ham CLF cda hé truyén nguge da cho. a
Thi€t ké bé diéu khién cudn chiéu nhd phép déi bién vi phéi

M6 hinh (3.71). (3.72) ca hé truvén nguge. khi viét ra mét cach chi tiét cho ting hé
con bén trong (3.71} cing ¢6 dang truyén ngude, s L

160



dx,
— = filx; ¥+ x,
dt f]( 1 2
dx, 1 . (3.73
—E = XXy X, X,
dt ! Ihvle~d 1-1
dx,
“‘d—trzﬂ?(-‘f],xz, RN R

Nhu vav, ta ¢6 thé thay la ting bién trang thai x,, £=2.3, ... .n cha né gidl vai tro nhu
mbt tin hidu diu vae do cia nhitng hé con bén trong no.

Trudc tién, ta xét mét hé truyvén ngude don gian ¢d mé hinh:

di: -2+ 2,

dt =

2y o, 4, (3.76)
df. n—1 n

dz,,

— +

ot o(z)+u

o T
vl 2= (2y. Za. e . E2,)

D& dang thav dudc 1a hé truvén nguge nay ¢d ham CLF:
Viz) = 2{+ oo 2+ 2
va bo difu khién phan héi trang thai 1am né on dinh tiém ean todn cuc tai goc:

uiz) = i}"—(p( ) (377

vi vdl né, ta ¢d tinh xéac dinh am cta:

’ -2y + 2z, 3
av . :
'd_"‘z(zl, . ,-ZR_I.Z”_)

t —Zpo1t iy
Pzl +u

. . z
= _zf‘_(z1_z‘_’)z‘ o _(Zﬂ‘lhzrr)2+2zﬂ[?n+¢{z—}+u]

2 2 2
2 (21=2y) = e Mz, -2,

Ngoai ra, ta cén thay bo didu khién (3.77) da bién dbi déi tugng (3.75) cho ban dau
thanh (hinh 3.17):
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2

-
o |
[

L
- o
o o
oo
o o

)

—

Ea=)r " et | e (3.78)
t 0 0 0 .0 -l 1 0

]

va nhu vay, no 44 lam hé kin trd thanh tuvén tinh. Khi do, nguol ta goi né 1 b didu
khién tuyén tink hoa chinh xde.

w D&itugng z
_ (3.76) |
Hinh 3.17: B& diéu khién GAS tim dudc con & mét
bé digu khién tuyén tinh hoa chinh xac. Bé diéu khidn
(377

Quay lai bai toan thiét k& bo didu khién phan hdi trang thai GAS (0n dinh tiém cdn
toan cuc — global asvmptotic stable) cho hé phi tuyén truvén ngude (3.75). Dua vao két
~qua da c6 (3.77) cho hé (3.76), ta sé thuc hién bai toan nay gqua hai buéc:

- Xac dinh phép d8i bign vi phdi z=m(x), tic }a mét anh xa tron va kha nghich, dé
chuvén hé truyén ngude (3.75) ban diu vé dang (3.76).
- Xac dinh b didu khién phan hdi trang thai GAS v (x) theo cdu tric (3.77).
Binh Iy 3.13; Ky hiéu:
X, = (xq. xa. e xg)
’ 5
f] (E] ) + x2
£ (xp.) = : C R=LZ. . on-l
el +xp,y )
Khi d6 phép ddi bién z=m (x):

X

Xp +a14%y) (3.79)

Xp T8y [Lt—l ),
e

mix)

vdicae hama,(x,), k=1,2, ... ,n-1 dugc xac dinh truy héi theo:
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ay{x,) = x; + filx,)

a(x)=x +a_j{x;, )+ LE—,-_lai_l +flx), i=2, . .n-1 (3.80)
12 kha nghich va sé chuyén hé truyén nguse (3.75) vé dang (3.76) véi: .
plz) = flxh+ Li'”_lan—] (3.81)
Do dé b diéu khién phan héi trang thai:
u= gy = SatE f -1y (3.82)

s& lam hé (3.75) dn dinh tiém can toan cuc tai 0.

Hon nita (3.82) con 1a bd didu khién tuyén tinh héa chinh xéc d8i tugng (3.75) khi
dudc biéu dién theo bidn z, ma cu thé 1a hé kin ¢lia né & hinh 3.18 8é ¢6 mé hinh
tuyén tinh theo cong thiic (3.78).

Chung minh:

Bit ddu tit z,=x, cia phép dai bién (3.79) ta cé:

dey _dxy

o o =filx)tx, =~z 42,
& zg = 2 Hlx)try = xet x+ flxy)
al(E])

Tiép theo. ti:

d22 de aal dxl
e o e 71 =1 o +f. s+ Lz = —z.+
d " dt ox, dt xatfoleg)t Ly @ = —25%2,

ta lai co:

24 = x3+f2(£2)+ L;lal +22 = x3+ fg +Lb:1(11 +x2+ﬂ1

ay(xy)
Va cii tiép tuc nhu vay sé di dén:
dz-g dxq 8(12 dxg .
Rk BT . S {xqa)+x,+ L = —z.+z
a T dt ax, ar TR Ly e =z
= Z;:x4+f3(.£_3)+ L.:— (12+23:I_;+f3 +L5 @y t X3+ a9
2 =
ay(xy)
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vdicde hamay(x,). £=1.2. ... .n—1 cho trong (3.80).

Hen nita, do ma tran Jacobi cla phép déi bign (3.79) c6 dang tam giac:

10 -0
o x 1 - 0 . . s . .
’g(i} = . ) x 13 ky hiéu cua mdt ham nao dé cua x,
x :
X % -1

¢ dinh thitc bing 1 (khong suy bién). nén phép déi bién (3.79) 1a kha nghich.
Negoai ra, tu:

dzn ___dx aan—l din—l =

n.+

dt dt dx, , dt

falo+u+ L. a, ;) = gplz)tu
=l

ta cling co (3.81}.

Cuéi cung, theo két qua (3.77) cua hé (3.76). thi bé diéu khién GAS cho hé truvén
nguge (3.75) chinh 13 (3.82) va né lam cho hé 6 hinh 3.18 trg thanh tuyén tinh vdi mo

hinh trang thai (3.78) khi dugc biéu dién theo bién trang thaiz )
w Péltuong | x | D3I bidn z
. , {3.79) L {(3.79 -
Hinh 3.18: B6 diéu khién GAS va phép dbi :

bign tim dugc da tuyén tinh héa chinh -z,
xac déi tuong phi tuyén truyén ngude. u= 2 —plz)

[y
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4  PIRU KHIKEN CAN TUYEN TINH

Do thoa man nguyén 1y xép chéng nén viée khao sat, phae tich hé tuyén tinh né1
chung 1t tién lgi, chdng han chi can dua vio tinh chat ham trong lugng, ham qua db ...
14 ta di xac dinh dude dic tinh déng hoc cta toan bs hé thong. Su dung mé hinh tuvén
tinh dé mé ta, phén tich ciing nhu tdng hop b didu khién ¢é rat nhidu yu diém nhu:

—~ Mo hinh cing don gian. cang ton it chi phi. Cac tham s8 md hinh tuyén tinh dé
dang xéc dinh dudc bing cae phudng phap thuc nghiém (nhian dang) ma khéng
cAn phai di tir nhitng phusng trinh héa 1y phiic tap mé ta hé,

—  Tap cac phuong phap téng hep bd didu khién tuvén tinh rit phong phn va khéng
t&n nhifu thoi gian 48 thuc hién. .

- Ciu truc don gian cia mé hinh cho phép dé ding theo d&i duge két qua diéu kbién
va chinh dinh lai mé hinh cho phi hop.

Tit nhing vu diém néi bat &6 clia mé hinh tuyén tinh ciing nhyu véi mong muén su
dung duge cac thanh tuu coa Ly thuvét didu khién tuyén tinh. nén trong kha nhidu
trudng hop. khi diéu kién cho phép. ngudi ta thudng tim cach chuyén thé mé hinh phi
tuvén sang dang cd thé ap dung dugec cac phuong phap phan tich va thiét k& ba diéu
khién cia Ly thuvét didu khién tuvén tinh. Dé ciing 14 ndi dung cia didu khién cdn
tuvén tink.

4.1 Tuyén tinh héa trong lan can diém lam viéc
4.1.1  Tuyén tinh héa mé hinh trang thai

V& ban chit clia tuyén tinh héa xap xi md hinh hé thong xung quanh diém lam viéc
x, ta 6 thé hinh dung giéng nhu viée thay mét doan dudng cong f(x} trong lan can
diém x, bang mdt doan thing tidp xic vé dudng cong do tai x,. Nhu vay, viéc tuyén
tinh héa mdt hé phi tuvén xung quanh diém lam viée ddng nghia véi su x3p xi gn ding
hé phi tuyén trong lan cin diém trang thai can bang hodc diém diing bing mét mé hinh
tuvén tinh.

Sau day, khai niém diém lam viéc x, s& duge hiéu chung 14 diém can bing x, hodc

diém dimg x,. Diéu nav cé nghia la khi khong bi kich thich, tite 12 khi tin higu vao



w(2)=0 thi diém lam viée x, sé chinh la diém cén bing z, va trong trusng hop ngude lai

vl u(t) =1, 1a hiing 86 thi z, chinh 1a diém dingx 4.

. R
Sau day ta sit dung ky hiéu (‘L

] dé chi diém lam vide. V6i ky hidu nay thi diém
L]

cAn bing sé 13 [?F;]

Cho mét hé phi tuyén tu tri c6 md hinh:

at flew (4.1)
y=glxu
trong dé
- x(t) = (xy, X5, e, :c"_)T 14 vector bién trang thai
- uity = (u, Uz, .., um)T 1a vector céc tin hidu ddu vae
- D=y ¥,)7 1 vector céc tin hidu déu ra

- _}i(f’g) =(f1(§_’£)- f2{:£t§_)‘ AL fn(LQ)T Vé

gxw) = (g1 (2w, L2010, .., g€,4x,1))7 13 cac vector he thong

b L1 en 3 . e | X e s oms
Gia thiét rang hé e6 diem 1am viée [_L].tu{: 1a tai d6 co:
Uy
flx,ug)=0
vt
o= (a2l o 2T A o=l . DT

13 nhitng vector hing (phén tif 14 hing e8). Chi ¥, k¥ hidu v hay 0 & vi tri lug thiia cta

x, v u? khong phai 14 88 mii ma chi don gidn mudn néi ring né 13 phén ti cla cac

vector x,, vaug.

Khai trién cée ham f, (gf_,g_). e s Frple. ) thude vector fix.u) cling nhit cac ham
g1(x.u), go{x.), . , g.(x,u) cla (4.1) thanh chudi Taylor tai diém x_,u,, sau dé

voi gid thi€t sai léch z-x, vd u-uo 14 44 nho 48 co thé bd qua tét ca cdc thanh phin
bac cao trong chudi, cling nhu f(x,,u,) =0, ta s dugc:
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Lo (x-x)+Blu-uy)

dt

{4.2)
y—8(x,.u0) = Clx—x,.)+ Dl —up)
trong db:
f \ ey o, af du, i,
)y, (e |, T A
x ox,, duy du,
eru(J ~ E{,"EO
% ‘3‘5‘1\ 9 %
dg dx, dx, g oy du,
e T FC N IR B
o, | s O Mnuy | B B
ax; o, dut o,
XUy XUy

va dudc goi chung la ma trdn Jacobi cia cac vector ham f(x,u), g(x,u).

Néu dé y tiép rang x,. 1a vector hiing (phin tit clia ching 13 hing s6), tic la:

d£ _ d(ﬁ _EL-)

dt dt

cung nhu su dung céc ky hidu:

[Eat

Sx-x, ., E=u-u, va ¥ =y-gin.ig)

thi tit (4.2), ta sé trd vé dang md hinh tuyén tinh dang quen biét trong Ly thuyét didu
khién tuyén tink [19]:

{4.3)

Chi ¥: Dé ¢6 duge mé hinh tuyén tinh (4.3) tit mé hinh phi tuyén {(4.1) bing cach x&p

a - - A a .- xi- - . M = A - x .
X1 trong lan can diém lam viée nhi trén thi can thiét cac vector ham f{x,u) va
g | FAYSY
iy

K

g(x,u) phai kha vi taix, . u.

Vi du 4.1: Tuy&n tinh héa mé hinh trang thai

Xét hé Lorenz khéng bi kich thich vdi hai tin hiéu vao w, va u, mé ta boi:
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-

J 3i—xp +xy)tiy %1 |
d—f = | x{26-x3) - x5 trong 46 x =[xy {4.4)

X1Xg =Xy Ty \I:;/

(} vi du 3.3 clia chuong trude ta da duge biét hé Lorenz nay cé cac diém cin bang:

s

0 3 -a
X1 T 0. ey =| 2 Leg 5|70
0, 25 25

rd

T phuong trinh trang thai cua hé ta cd cac ma tran Jacobi

dh ¢ oA

Bxl axg' ax:.} - 3 3 0 1 0
o ; " 2]
(f afz .a_r.:a... ﬁ = 26_x3 -1 — x4 v ...i: 00
81 dx, duy oxy _ ) du

af3 afs af3 Xy Xy -1 J 01

dv, dv, fxy

Suv ra hé Lorenz (4.4) ban diu 6 cic md hinh tuvén tinh gan dung tai cac difm cin

bangx,,. x,s. £,3 nhu sau:

—_—
. -3 3 0] 10}
Tai i"‘] Eolee -1 0 |F+[0 0 g = A X+Byg
L0 dt = = ==
Lo 0 -1 0 1
(07
vii X =aexg=x-0|Fx. €Tu-uo=w
0
. . -3 3 07 1 0]
X, - ~
2) Tai[*z 82211 -1 -3]i +|0 ol& =A,x+Bu
L0 ae | L B I
o ] _]-/' \0 l}
5\
vl EFx-xp,=x-|5 U= u—to= &
25
. . -3 3 0 1o
X, X ~ — - —
3 Ta [""g : SX_11 -1 5 |% +|0 0f& =Azx+Bu
Lo dt _ = - ==
-5 =5 -1 01
Vil X=x~X3=x- U=u—ug=u
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Vi du 4.2: Tuyén tinh héa mé hinh trang thai
Xét hé khéng autonom cé mét tin hiéu vao u(¢) va hai bién trang thai x,(¢), x.,(1)
V(1 mo hinh
dy  [x +(xy+trx,)

dt L x, ~tu

C6 thé thay ngay 1a hé chi ¢6 mét diém can bang x, 1a goc toa do 0. Thay gia tri diém
can bang x,=0 c@ing nhu u ;=0 vao cac ma tran Jacobi

Of {1 2w, 4+t af (0
A= _-f- = ‘ = Vi B=-—== ‘ N

dx 10 1 et ¢
cua hé ta duge mé hinh tuyén tinh tuong duong thuéc 1an can x, =0 nhu sau (méd hinh
tuyén tinh khing ding)

£-{, o2

2= = by . | &
dt 10 1) i)

trong doé
X=X-x,=x VA ITu—u,= u. a

41.2 Phantich hé théng

Phén tinh tinh &n dinh nhé ma hinh tuyén tinh tuong duong

Véi md hinh (uvén tinh tuong dudng (1.3) trong 1an can diém lam viée thi viéc phan
tich chat lugng hé phi tuyén cé mé hinh trang thai (4.1} cé thé duge thuc hién bang cac
cOng cu quen bi1ét va don gian cua Ly thuvét didu khién tuyén tinh.

Tuy nhién do ¢4 sy han ché ring mé hinh tuyén tinh (4.3) chi thay thé duge cho mé
hinh phi tuyén (4.1) ban dau trong mdt lan can @, du vhé nao do clha diém lam viéc nén

cac két luan rut ra duge wf edng viée phin tich trén cing chi ding trong 14n can O, dé.

Pinh Iy 4.1: Cho hé phi tuvén (4.1) véi diém can bang x, ¢6 mé hinh tuyén tinh tuong

dudng trong lan cin x, 1a (4.3). Khi dé. tinh én dinh ctia hé phi tuyén (4.1) tai x, 58

dudc xac dinh tit vi tri cde gia tri riéng cua ma trédn A cua md hinh (4.3) nhu sau:

ay Hé phi tuyén (4.1) 4n dinh tiém can tai x, khi va chi khi ¢d cd céc gia tri riéng

cua A ném hén trdi truc do.
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b) Hé phi tuyén (4.1) khong én dinh tai £, néu c6 it nhat mét gia tri riéng cha A
nam bén phdi truc do.

¢) 8& khéng dua ra dugc mét két luin gi vé tinh 6n dinh tiém cén cia {4.1) taix,
néu ma tran A ¢é it nhit mot gia tri ridng ndm trén truc o va che gia tri
riéng con lai nam bén trai trze ao.

Chung minh:

Khéng mit tinh téng quat néu ta cho Tang diém can bing x_ 12 géc toa 46 (x,=0).

Khi dé sé ¢& ¥ = x. Nhu vay, khi phan tich f(x) = f{z.1) , thanh chudi Taylor ta cé:
- - u=y

dJ

b

J 2+0(x) = Ax+0(x)
=0

X

{x)

x

flo =

o)

r
kY

trong d6 O (x) 1a da thuc theo x ¢6 bac thip nha't 1a 2. phdn cén lai cta chudi Taylor.
Goi §,.85. ... .§, lh cac gia tr) riéng cia A. Khang mét tinh tdng quat néu ta gid si

A cd dang ma tran dudng chéo A=diag(s;). Khi d6 thi véi ham xac dinh dudng

!

Vi) = £T£= r,ﬁ
k=1
ta co
_ . T S 3 T
LV = 22" [Ax+O(0)]=2 Fsexp +2x° O(x)
£ P
plx)
Néu tat ca gia tri s;.8,....,5, déu nim bén tral true 4o, ham p(x) sé xac dinh am.

Trong lan can D, gia tri cia da thiic bac thap nhat ta ba JLTO(;) la c6 thé bé qua so véi

gia trl cua da thie bac hai p{x) nén LFV eiing x4c¢ dinh Am, hay hé 14 6n dinh tiém can
(theo nghia Lyapunov).

Tusng tif ta cing cd dudckhang dinh th hai vi ba. 0

Vi dy 4.3: Minh hoa dinh ly 4.1

Che hai hé phi tuvén khong bi kich thich ¢6 mé hinh

20 .
Hel: 2 = Fao=| "] v Hex a F(z):[ le
dt - xlxg—xg/ ¢ - xlx‘z

Ca hai hé nay déu can biing tai 0 vi tai d6 cting c6 md hinh tuyén tinh tudng duong



Ma tran A clia mé hinh tuyén tinh tuong ducng cta chiing ¢6 mot diém cuc 0 nam
trén truc ao, diém cuc con lai 1a —1 nAm bén trai truc ao.

Hé 1 én dinh tiém can tai O vi tén tai ham xéac dinh dusng V(x)=x{ +x3 véi:

¢ 2
| oy = x5
LiV = 20y x)

g,
N 2xy = 2xy
~ L XXy = Xy

£

xac dinh 4m trong toan bd khéng gian trang thai. Trong khi d6, hé 2 lai khéong én dinh

tiém can tai O vi ngoai diém 0 né cdn can bing tai moi diém trang thai khae ¢6 x;=0, do
. - .. g \ .. oy . A 1a
d6 néu bi nhiéu tic thdi danh bat ra khor diém 0 va dua téi x,= ( } cd a#0, thudc lan
' a
¢in 0, thi hé s& nAm lai 46 ma khéng quay vé 0 vix, cﬁné 14 mét diém can bang. )

Vi du 4.4: Minh hoa dinh Iy 4.1

Quay lal hé ¢6 mé binh trang thail dang phuong trinh vi phin Lorenz da duge xét
dén 6 vidu 4.1 la

3—x, +x0)+uy { xy

x .
—£—= xq(26—x,)—x, vl x=|xe
X)Xy —Xg +Ug J ]

Hé c6 ba diém cén bang

1
41}

[

1
[l
[N

M5 hinh tuyén tinh tucng duong ciia hé tai diém cén bang thit nhit x,, la

_ (-3 3 0 10
dx - - - -
d—;= 26 -1 O |X+|0 0|lu=-A,x+Bu
0 0 -1 01

Do A, c6 da thic dac tinh
det(sI-A ) = (s+1)(s"+45-75)

khéng phai la da thiec Hurwitz {(cac hé s6 khong cang dau} va cling khéng ¢6 nghiém
trén truc 0. nén tat ed cae nghiém cia né sé khéng cing ndm bén trai truc Ao, Vav hé
Lorenz khéng dn dinh tai X,
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Tuong tu. tif mé hinh tuvén tinh tuong duong taix,, va x4 cua hé:
L [ 0y (Lo
Lol o sl elo ojz=a,iena
2 5 _1/’ \0 A
e (380 10
d_?: 1 -1 i} £+0 ngA;qi"'Bg
-5 -5 -1 RUD

véi  det(sI-Ay)= det{sI-A,)= s'+557+205+150
khéng phai 14 da thite Hurwitz va cang khéng cé nghiém trén truc o (¢ thé kiém tra lai

nhd bang Routh), nén hé Lorenz khong 6n dinh tiém can tai Xou VB X, q. O

Vi du 4,10: Minh hoa dirth Iy 4.1

Xét hé c6 md hinh trang thai

Hé c6 cac diém can bang

X, =10 ‘f‘o] (z] (—21
. = x4 = . X,a= R P
4.‘(1 —xf—x:z =0 =el \0 e -0,. =ed 0}1

va cac ma tran Jacob:

of (0 1 \ af (0}
3 _t_—s.w:'fm -1} {J

|=

Tuong dng 14 cde md hinh tuvén tinh tudng dudng cung nhitng két luan ti dé:

1 0
b i S

=  det(sf-A,)= s +s—4 khoéng phai Ya Hurwitz nén hé

khéng 6n dinh tiém can taix .

0 1% {0
2) Taix,, va x,4: %:Az.sé'_"'zl”:[ q 1‘£+L1)u
- s

=  det(s]-A, ;)= s°+s+8  khéng phai la Hurwitz nén hé khéng

6n dinh tiém cantaix,, v £, a



Phén fich tinh 8n dinh nhé da tap trung tam

Quay lai hé phi tuyén can bang tal 0. mé ta bdi (4.1} va trong trudng hdp khéng bi
kich thich. né ¢4 mé hinh:

dx
— = = = + 4.5)
’y flx.u - flx) = Ax+0(x) (4.5)
trong dé

T

af (x) . X e L0
A= —} vii O(x) 1a da thée co bace thip nhat la x

X
ST =i

O day ta chi xét trudng hgp ma dinh 1y 4.1 chua giai quvét duge 1a ma tran A eo cac
gid Iri riéng ndm trén hode ndm bén trdi tryc do.

Khéng mat tinh téng quat ta gia st rang ma tran A co ciu tric:

; e | . . -
A - AU )_ \:(AU @ + [@ 8_\ (46)
o A7) le o) lo a7

A A,

trong do

R - -. P . .. - b -
~ AjER 14 ma tran con ciia A ¢é LAL ca cac gia tri riéng ndm trén truc ao,

- (h—mi%lw—ml 4, . - .
- A esr’ l& ma tran con bén cua A.

Vay thi khi viét tach vector xe " thanh

:[—'] vl x;ek™, xye®” " mé hinh
Xy
{4.3) sé trd thanh:

dx . . . y -

d;tl = Apx +0(x;.x4). gia tri riéng cua A, ndm trén truc ac

dx. - . _ . . - s : .

d;zz A x,+0,0(x,.x,). 214 tririéng cua A nam bén tral true ao
t

Binh nghia 4.1: Mot da tap M dudce goi la da tap trung tAm néu:
a) Chita goc toa ds 0 .

b) Ba&t bién dia phudng véi hé (4.5), tic 1a tai moi xoe# ludn tén tai khoang thdi

gian T dé nghidm x(¢) cua hé (4.5) ndm trong # khi -T=¢<T.

. , (4, ©
e} Nhan Im(A |} 1a khéng gian vector 1iép tuyén tai 0, trong d6 A | =L @0 1
4
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) b)
. Im(A ] )

A

Hinh 4.1: Mé ta da tap trung tam.

Theo dinh nghia nhu trén thi mét hé phi tuvén (4.3) ¢6 thé ¢ nhidu da tap trung
tdm. Hinh 4.1b) minh hoa mét s6 da tap trung tim #f co thé c6 cia hé.

Vilm(A ). Im{A5) 14 hai khdng gian vector con bt bién trong R”, theo nghia

\.

.x X k
E:{‘SJE ]_m(AI) = A{'—'A[}}JE 11T1(A1)

N 10
:52[9 € ImiA,;) = Aa_c=A£‘]EIm(A3)
LY

Xy

nén di khi nguti ta cén ky hiéu x,. x., cho cdc truc toa d§ thay vi Im(A ), Im{A,).
Hinh 4.1a) minh hoa viéc tach mét phan ti ciia khéng gian vector Im(A) thanh tdng cia

hai phén ti thudc khéng gian vector con ImiA ;) va Im(A,). Ngoaira, vi
ImiA Y Im{A,) = {0

ic 14 tap giao chi c6 mot phan ti 0 duv nhat. nén viée tach thanh téng trén cing la duy
nhat {téng truc LEp):

Im{A)= Im(A )& Im(A.)

£
: = S E]
Tai moi diédm x =L
X,

cia da tap trung tam M ludn cé quan hé nhat dinh giiia x,
4

va x,. Ky hidu quan hé d6 1a vector ham
Mo oxy = a(x,)

ta =€ ¢d:



Dinh Iy 4.2: Vector ham x,=a(x,) mé ta da tap trung tam thoa man:

a} AQ=0
by aaL(Q_): G (ma tran cé cac phan ti bang O
X
ax
c) a’x [Apx +O(x,. zx, N = A Al )+ 0q{x, . mlx )
X
Chitng minh.:

a) Vi# chia goc toa dé nén hién nhién cé 2(0)=0.

b) Do ti€p tuvén véiH tai 0 la khéng gian vector Im(A |) nén moi vector cot cua
ar(x,)
a 1 X, =i

v s } 0 ,
phai nam trong Im{A ;). Nhu vay thi véi x ;=0 hay x ——( - J moi vector cit sé 1a
Z.

0
X2

¢) Xét quy dao trang thai x(¢) caa hé (4.5) co mdt doan iing véi —=T<t<T ndm trong #.
Khi dé thi véi (4.6) cd

dx. _ _
“%: A x,+04{x,.20) = A mx V0, (x,, 7{x,))

Mat khac ta laiea

dx. dr  dx ¥4 ax .
*d_f—:éz d—:lzé%]_[A w1t 0 (xy x))= ax] —=[Apx,+0{x,. 7{x, )]
Suy ra
_ J
A mixy)+0(x,, a(x,}) :‘é‘f—[x"iniﬁ'ol(&l,lf&))} O

X
Binh 1y 4.2 xAc nhan su ton tai cda da tap trung tam #M, ddng thoi 14 tién dé cho viée
x4y duyng vector ham x,=7(x,) mé ta # phuc vu viée xét tinh on dinh cua hé (4.64) sau
nay. Chu ¥ ring vector ham x,=7(x;) khong bat bugc phai kha vi vé6 han lan nhu f(x)
hay nhu O (x,.x5) va Op(x,.x,)

Tiép tuc. khi thay vector ham x,=z{x,} mé ta da tap trung tAm # vao md hinh hé
théng ta sé thu dude



ox

?_;': p1 0 (x).22) = A O lx, Tl ) 4
dx, _ -
C;,} =A 20t 0u(zy.2)= A x,+0,(x, 1)) : (4.8)

Ré& rang. do tat ca céc gia tri riéng ciia A~ nam bén trai true ac. nén hé con (4.8) la én

dinh tiém can tai x,=0. Bdi vay:

Pinh Iy 4.3: Hé phi tuyvén biac r (4.5) 6n dinh tai gdc toa 46 x=0 khi va chi khi hé con

(+.7) ctia nd vl bae m<n cing an dimh tai gbc toa db taix; =0.

Hon niia. vi hé con (4.8) 14 6n dinh tiém can. nén moi qui dao trang thal x(¢) cia
hé (4.3) phal ¢6 xu hudng quy tu vé qu¥ dao trang thal tuong dng ega hé con (4.7). Noi
quy tu dé chinh la da tap trung tim #. Néi cach khic, sau mét thal ky "qua d§". hé (4.5}
s€ "xac Map” trén da tap trung tim # nhu dude minh hoa ¢ hinh 4.2,

Hinh 4.2: Cac quy dao trang théi cla hé
{4.5) ludn cd xu hudng tign vé da
tap trung tdm va ket thuc tai ds.

Theo dinh Iy 4.3 thi viéc xét tinh 8n dinh tai goc toa dd 0 cua hé phi tuvén bac n 6
mé hinh khéng bi kieh thich (4.5 sé duge chuvén vé viée xét tinh &n dinh cing tai goc
toa dd 0 cua hé c6 bac thap hdn m<n la (4.7). Van d€ con lai 14 xac dinh vector ham

xe=7x(x;) cho da tap trung tAm 4.

D& xic dinh ham x.=x(x ), dinh 1¥ 4.2 cung cip cho ta nhing théng tin dau tién.
Tuy nhién cac théng tin do ta chua dav dd, phdn cing 1a do mot hé (4.5) ¢6 thé ¢é nhidu
da tap trung tam. Bdi vav. trong iing dung, ngudi ta thudng chi ap dung phudng phap da
tap (rung tdm cho mdt =8 hé (4.5) ma 6 dé s cac gia tri riéng cua ma trin A nam trén
truc ao ta khéng nhidu, tic 12 ma tran A, cé s& chifu m nho, hav bac cua hé con (4.7)

tudng lng cita né la thap, cing nhu s6 cac phan ti cua vector x, 1a tuong do it

Mgt cach lam khie ciing hay duge si dung 14 xdp x1 x,=£(x ) dudi dang da thic 6

bac thap nhat cua x; phai la hai. Ly do cho didu 46 1a:
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1Y Thu nhat. thanh phan
O (xy.x0) = Oy{xy alx,))

cua hé con (4.7} ¢6 m bién trang thai. chi dude phép chiia nhiing da thie theo &, t
bac hal trg 1én.

2y Thi hal, da thiic Z(x,) phai théa min ndi dung dinh 1y 4.2, tie la phai kha vi it

nhat Ia mot lan va 7(0)= 0 . —t-:ii_r- = 0.
‘-)El x, =0
Néu ky higu
(x] [ omx) 0
xp=| vhoogx)=| ‘
-\xm k\‘f'r}r—m (E] ),'
thi ¢6 thé thay
m(xq) = 5?@;,5‘ L k=120 0 n-m (4.9)

14 mét trong nhing da thilc ¢é bac thap nhat eds x; biang hai, théa man hai diéu kién
vira néu. Ma trén @, sé dugc chon sao cho toan b n—m da thic (4.9} thoa man thém
diéu kién ¢) cia dinh Iy 4.2. N6i cach khae, difu kién ¢) 13 difm bit ddu dé xac dinh cac

ma tran ¢, cho da thae (4.9).

Xét riéng truong hop m=1 vA n=2, 1 la hé phi tuvén (4.5) véi ma tran A chi ¢d
médt gia Lri riéng ndm trén truc do. gia tri riéng con lai nAm bén trai truc do. Vay thi v
céc phin (i cia ma tran A 1a nhiing & thue, ban than hai ma train A, , A~ cing phai la

56 thic (Aye R, A" e R), hon nita A,=0. Hé con bac m vdt mé hinh (4.7) trd thanh:
— =0 (x,;.x. =0 (x| . 2lx D (4.1
trong dé x,. x., . &x,;) da duge thav bang nhitng k¥ hidu khéng c6 ddu gach chan x,.
vy . mlx,} d&€ nhin manh riang chuing 13 cac dai lugng v6 hudng khim=1, n=2.
Néu st dung da thic 7(x ;) ¢6 bac thap nhit cia x; bing hai véi cAu trae
2(X)= g x5 (1.11)

thi tir diéu kién ¢} ciua dinh 1y 4.2 ta dugc:



a—RO](xl,Jr(xl)‘; = A plx )+ 0,(x,. . mx )
axl

o iqulO](xl,qxf) :A_qxiz+02(x]\qx'f'} 4.12}

Tudng ti, néu sit dung da thiic 7(x ) cb bac thdp nhit cda x,; bing hai véi cau tric
A= g1 x+ go xy (4.13)
thi

S—X-Ol(xl.zr(x]}) = A alx Y+ 0s(x . x(x )
*1

< (2q1x1+3q2xf)01(x1‘(q]x?*'q:’x?)):

= AT(g af + s I+ 00(x, .0, 1] + g2 27 ) {(4.14)

Tii phuong trinh (4.12) hosic (4.14). bang cach can bing hé 6 bac thap nhit theo x,
cta hai v& ¢6 chita ¢, hodac ¢ . ¢ va bé qua nhiing thanh phan bée cac ella x, la sé ¢6
duge cac tham s8 g, hoae ¢, g.. Viée bo qua cac thanh phan da thiic bac cao cia x|
khéng lam thav d&i k&t luan sau nay v& tinh 6n dinh tai ge toa d6 0 cua hé théng, vi dé
xét tinh 6n dinh. ta chi cin xét x trong ln can 0 1a du (cé |x | vi |x2| tuong déi nhe),

Tuy nhién. su bé qua nhiing thanh phin bac cac nay cua x, ciing sé 1am thay déi
xap xt md hinh hé théng, tuc 1a khong ¢d duge thye su x»=m{x;) ma chi la x,=7(x ).
Diéu nay kéo theo la ta khing thie si ¢6 dugde (4.10) ma eang chi 1a

dxl

o =0 (xy,7(x )

Do d6 dé bu, ta phai dua thém vao cho mé hinh (4.10) thanh phén sat léch (¢ thé
khéng cin phai xac dinh) tién vé& 0 nhanh hon ban than mé hinh x4p xi. Néu md hinh

xap xi ti&n v& 0 nhanh nhu x£ thi thanh phan bu d6 s& duge ky hiéu bing 07 (x,). 1a
da thic cé bac thap nhat bang x{. M hinh dugc bu c6 dang nhu sau:

dx, _

— O (xq,.2(x)) + OP(x)

Nham lam rd hon § tudng trén, ta xét mdt s& vi du sau,

Vi dy 4.6: Xac dinh mé hinh bl

Cho hé phi tuyén khéng bi kich thich v6i ma hinh

1

=1
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dxl 3

— =gxiX, ~-X
at 1Xy =~ Xy

dx2 3

£ = —x, +bxyx, +oxi
dt 2 142 1

Hé co
Ag=0. A=-1_ Oixy, x4)= axlxz—x?. Oy(x,, x3) = bxjxs + ¢ xiz

Dit mix ;)= ¢ x thi tit phuong trinh (4.12) duge
2y x'f (ag—1) = {c—q) xi2+bq x?

Cén bang hé s8 clia x7 & hai v& va bo qua cac thanh phén bac cao x} va x ta co
c—q=10 & c=q & alxy) zcxf

Suv ra mé hinh hé con (4.10) ¢6 cung tinh 6n dinh tai 0 la

d
—;% =0(x;,mx)) = (ac—l)x?+03(x1)
va O%(x,) la thanh phén bi sai léch, né phai tién vé 0 nhanh hon . O

Vi du 4.7: Xac dinh mé hinh bu
Xét hé co md hinh

dt

dx. ;
——2= Xy +I1I2 +‘I!2

dt
Day 1a trudng hop déc biét cia hé di cho 6 vi du 4.6 \ing véi e=b=c=1. Do dé néu
dat 7(x;)=g xj thi theo k&t qua cna vi du 4.6, tinh 6n dinh ca hé tai 0 s& tuong ducng
véi tinh dn dinh ciing tai 0 cua

&

7 = 0%x,), da thic cé bic thdp nhit bing x13

Nhung vi 0%(x,) 14 thanh phan bu sai lach chua dude x4c dinh va ngoai théng tin
ring né phai tién vé 0 nhanh hon x? ta khéong dude biét thém gi v€ n6, nén ciing chua

thé xac dinh duge tinh 6n dinh cta hé. Bdi vay cén phai c6 mdt da tap trung tam
xy=m(x ) khae thich hdap hon,

Thii véi 7(x1)=q, x>+ g x¥ thi theo céng thiic (4.14) ta cé:



(g i t3qu xD) (g -V xi + go27) = (1-¢ ) 2] +(g1—go+1) &f+ gy 2]

= g1=1 va gu=1 (cAnbing hé s6cla ¥ vA x 6 ca haivé)
hay
"glxq)= x'jz+x’;’
Suy ra
Bz a0
va 0*(x,) 1a thanh phén bi sai léch. né tién vé 0 nhanh hon ¥ . a

Vi du 4.8: Xac dinh md hinh bu
Xét hé

ofx XX . (x
—_—— = 1+2 y Vi £: 1
di — Xy — Xy IZ/

kY \

Hé¢ trén cd
Ag=0 . AT=—1, O{x,. 22} = x1x5. O,(x,. 25) = —x%
bat x(x)1=q xiz . Vay thi tix phuong trinh (4.12) duge
2¢* xf = —(g+1)xf
Céan b@fmihé s6 ciia 2 & hai v€ va bd qua cac thanh phéin bac cao x} ta cd
g+1=0 & ge=-1 &  mlx)) = -xb

Sux ra mé hinh hé con (4.7) c6 cing tinh én dinh tai 0 véi hé da cho la

ﬁzol(xl,x(x,))z—xf+03(x]) 0

dt

Sau khi da sii dung da tap trung tam # vii vector ham x,=z{x,) mb ta né dé dua

bai toan xét tinh én dinh tai 0 cua hé phi tuvén bac a véi mé hinh khéng bi kich thich

{4.5) vé bai toan tuong dudng 14 xét tinh 8n dinh cing tai 0 cia hé bac m<n vdi mé hinh

{4.7) thi viéc thue hién giai bai toan dé sé trd nén don gian hon nhidu. L do mét phan 1a

vi hé con (4.7} ¢é bac m thudng nhd hon nhiéu so véi hé goe (4.5) ban dau, phén nita md

hinh hé (4.7} ¢6 dang rat tién cho viéc khao sat tinh én dinh nhu cac vidu 4.6, 4.7 va 4.8
da minh hoa,
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Dinh Iy 4.4; Gia su hé phi tuvén bac n (4.5} can bang tai 0 vdi ma tran A chi ¢6 mdt gia
trl riéng ndm trén truc ac (m=1), cdc gia tri riéng con lai déu ndm bén trai truc ao.

Vay thi vdi da tap trung tdm x,=x{x ), mé hinh ha bac (4.7) ctia né sé c6 dang

d _
—:T]: axP+0P(x)) va pew, aer. (4.15)

Khi da:
a) Heé (4.5) s& 6n dinh tiém can tai 0 khi <0 va p la sd'le.
by Heé (4.3) sé khong an dinh tai 0 khi ¢ >0 hodc khia<0 va p la s6 chan,
¢} Khéng két luan duge gi néu a=0.

Chitng minh:

Ta khéng xét dén trudng hap ¢} vi khi dé ham b sai léch O7 () 14 chua duge xac
dinh. Khi @#0 thi do O"(x,) tién vé 0 nhanh hon ban than xf nén trong lan can goc
toa dd, quy dao trang thai cua hé con (4.15) sé c6 dang cua x{ cho ¢ hinh 4.3, {ing vdi
nhiing trudng hop khac nhau nhu a>0 hay <0 hofic p 1& s& chin hay s6 1&. Chiéu cua

quy dac trang thal duge xac dinh tir diéu hién nhién rang néu ?tl“ >0 thi x| phal tang

d;: <0 thi v, phai giam. V& hinh minh hoa 4.3 46 ta thiy dudc ngay rang hé

va khi

{4.15) 6n dinh tai 0 khi va chi khi a<0 va p 14 s§ 18, Theo ndi dung dinh 1§ 4.3 thi két
luan nav cing ding cho hé {4,5). a

ay b} c}

>,

N x

T RS

Hinh 4.3 Xét tinh én dinh hé ha bac bang
phuong phap mat phang pha.
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Ti dinh 17 4.4 ta théy:
- Hé xét § vidy 4.6 ia 6n dinh (tiém can) tai 0 khiae-1<0.
-  Héxétd vidu 4.7 la khéng én dinh tai 0.
-  Hé xét ¢ vi dy 4.8 la 6n dinh (tiém can) tai 0.

Vi diéu ban thém

Vi da tap trung tdm # ta da c6 thé két luan duge tinh én dinh tai 0 cho mét s6 he
phi tuyén ma mé hinh tuyén tinh tusng ducng cua né tai 0 & bién gidi én dinh. Tuy
nhién viéc xac dinh x4=2(x,} cha da tap trung tdm # lai duge thue hién "kha moé mam"
va dya nhidu vae "kinh nghiém". Chéng han, théng thudng ngudi ta hay bt ddu bing
gia thiét da thiic bac hai (4.11) cho x,=7(x ;). Song néu gia thi€t dé lai dua dén md hinh
(4.15) ¢6 =0 thi lai phai bit ddu lai vdi dang da thic béc ba (4.13) phite tap hon. Tiép
tuc, néu dang d6 eda x,=x(x,} lai vin cho ra két qua =0 thi lai phai thd tiép véi dang

da thitc bac cao hon niia cia x,=7(x ).

Bdi vay, cho mot kha nang Ung dung hidu qua thi d day con thiéu su ggi ¥ vé céu
tric ¢6 thé ed cha x,=#(x,) tit md hinh (4.5) ¢5 hiét cla hé théng. Thist nghi, sy thiét
hut d6 ciing 1a mdt vén dé mé cho chiing ta nghién citu tiép vé da tap trung tdm Chéng
han nhu tim clu trd 18i cho: "Nhing hé phi tuyén ndo mdi cé thé cé da tap trung tém
xo=x(x,) dang da thic va néu cé thi bdc 161 thiéu cia da thie phdi la bao nhidu". Cau
héi trén 13 hoan toan cé 1y vi khang phai moi hé phi tuyén phing nao cang c6 da tap
trung tAm dang da thitc nhu ta thay d vi du dudi day.

Vi dy 4.9: H& khéng ¢6 da tap trung tam dang da thic

Xét hé
,d'_£ = ¥y vl x= *1
dt =Xy Xg !

AQ=0 ' .'A.':—l, Ol(xl,x2)=x1x2, Og(xl.xz)=0
(Gia sl ring ham x,=7(x,) cua hé cé dang da thic. Khi d6, véi mue dich ring tich
d_tl =x,x, cia hé ha béc ¢6 chu tric dang (4.15) thi ham x,=7(x,) phai la
m(x)=a xf véi  p23 vh awod

Thay céng thile trén cta m{x,) vao diéu kién c) trong dinh 1% 4.2 ta di dén:
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2 Hp-1] -1
ap-1 iV = g P77

Song ding thic trén khéng thoa man véi moi pz3 vh aw0.Vay didu gid =i 14 sal, hay

ham mé ta da tap trung tam x,=(x,) cia hé khéng thé l1a da thuc. O

4,1.3 Thiét ké bd diéu khién

Theo két qua cta dinh 1y 4.1, hé phi tuvén (4.1) 6n dinh tiém cin Lyapunov tai x,
khi va chi khi mé hinh tuyén tinh tudng dudng tai x, cua né 1a (4.3) e6 cc gia tri riéng
cda ma tran A nim bén trai truc ao, tic la khi va chi khi (4.3) 1a 6n dinh. Néu mé hinh
tuyén tinh tudng duong (4.3) khéng 8n dinh, ta cé thé ap dung céc phudng phap thiét ké
b diéu khién R, tinh, phan hdi trang thai dé 6n dinh héa hé (hinh 4.4a), tic 14 xac dinh
R, sao cho A—BR, la ma tran bén.

pé tim R tacd thé: v

— 51 dung cac phuong phap gan diém cuc § 89, wn &, cho trude nim bén trai truc
ac nhu modal, Roppenecker.hay Ackermann {xem thém tai liéu [19]).

- Si dung phuong phap thiét k& bs didu khién t81 wu cha bai toan LQR (linear
quadratic regulaior).

a) b)

Hinh 4.4: Thiét k& bo diéu khién finh, phan hdi trang thai lam &n dinh hé phi tuyén.

Van dé con lai la bg didu khién tuyén tinh R, d6 ¢6 thue su lam 8n dinh hé phi
tuyén (4.1} da cho ban dau hay khong (hé & hinh 4.4b ¢6 én dinh hay khéng),

Binh Iy 4.5: Néu hé phi tuyén (4.1) diéu khién duge trong lan cdn x, va bd diéu khién
phdn héi (dm) trang thai R, lam cho hé tuyén tinh tuong dugng clia né tai x, la

(4.3} 6n dinh thi né ciing sé 1am cho hé (4.1) 8n dinh tiém can tai x,.
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Chitng minh:
Trude hét ta thay ngav duge 1a hé kin gdm khau phi tuvén (4.1) va bo didu khién
phan héi trang thai B, (hinh 4.4b) khi kbéng bi kich thich s& dude mé ta bai:

dj—f = flx.-R.x) (4.16)
If -

Hé kin nav ciing ¢6 diém cin bang x,. ddng théi tai diém cin bang dé né ¢6 mb hinh
tuvén tinh tugng ducng (khi khéng bi kich thich)
dx -
fX-(A-BR)X (4.17)
dt
Do hé tuvén tinh 4.17) &n dinh nén theo dinh 1 4.1, hé (4.16) ciing én dinh tai X,

va d6 14 difu phai chitng minh. 0

Chia ¥: Do bo didu khién R, dude tim trén co so su dung mé hinh tuyén tinh tuong
duong (4.3) trong l1an ¢én x, cha hé phi tuyén {4.1) nén tinh &n dinh ma né mang lai cho
hé phi tuyén (4.1) ciing chi dude khing dinh trong lan can x,. N&u 1n can dé qua nho
thi ¥ nghia n dinh d6 cang khéng c6 gia tri gi. Bdi vay. dé danh gia chat ludng thuc su
méa bé didu khién R, da mang lai cho hé phi tuvén (4.1), nhét thiét ta phai xac dinh

mién én dinh © kém theo. Mién 6n dinh © cang 1dn. y nghia sit dung cha bé dicu khién

R, dén vél hé phi tuyén (4.1) cang cao.

Vi du 4.16: Minh hoa dinh Iy 4.5

Xét hé 6 haj bién trang thai mé ta bai:

dx .
= = flau) = ! 2
dt = Xpfxy + 2} +u

Hé cin bing tai goc 0. Hé ¢4 ma hinh tuvén tinh tudng dudng tai gée toa dd 0:

% 0 o1v . {0
d—-:A +RY 4 x+(
dt -0 2]

o34

\l ~—

Ma tran A clia mé hinh tuvén tinh tuong dugng nay cé mét gia tri riéng ;=2 nim
bén phai true ao nén theo dinh 1¢ 4.1, hé phi tuvén di cho la khéng én dinh tai goc 0.

St dung phudng phap Ackermann (xem thém tai liéu [19] v& céc phuong phap thiét
k& bo diéu khién cho trude diém cuc) dé chuvén cae diém cue 4;=2, 1,=0 cia md hinh

tuvén tinh tudng dudng tdi nhitng vi tri mdi las,;=—1, s,=—2 ta dugc bd diéu khién:
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V61 bé didu khién nav. hé kin ¢ hinh 4.4b) gdm bé didu khién R, tim duge va dii
tuong phi tuvén da cho. ¢6 mdé hinh khéng bi kich thich (ing vdi w=0 va do dé o
w=-R x=—2x,-hx,):
dx (
—= = flx.-R x) =
dt Iz - L

A
—-X 1 Xy

OX, — 2x1 - 3'\2 |
2
v

S dung him xic dinh dudng Vix)= 2_1:1 +x7 ta thay
LV =— flx-Kx) = (d4x, . 2xy)
L fx —

s

i
—X +.T2

W

= —4x] + 2x§(.t:] -3}
vy —2x) - 3x,
xac dinh am khi x,<3. Vay ba didu khién R, tim dugc 44 lam hé phi tuyén on dinh tiém
can tai gbe toa dé voi mién on dinh
o= rer” | v, <3|

Vidu 4.11: Minh hoa dinh ly 4.5

a
Cho d61 tugng phi tuvén
dv [ ala, v l+u
dt |«

ful
Xy — X, — X +H,),

(4 thé thiv duce ngay ring d6i twong can bing taj gic toa dd

M5 hinb tuvén tinh tuong duong trong lin can géce toa dé cia no la;
dx

Tu mé hinh tuyén Unh tudng dudng 46 thi theo dinh ly 4.1, dél tugng phi tuyén da cho la
khéng 6n dinh tai diém can bang 0. vi:

det(s]-A)=0

o
= 5 -1=0
cd nghiém A;=1 ném bén phai truc ao.

Béing phuong phap Roppenecker [19] ta xic dinh bé diéu khién phan héi trang thai
R, =1(6. -1}

dé én dinh d& tugng théng qua viée gan hai diém cye s =—2, 5,=-3 va di dén:
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V6i bd diu khién nay thi hé kin d hinh 4.4b) bac ghm d6i tudng phi tuyén da cho
cing vdi bé didu khién phan héi Am trang thai R, tim dudc, trong trudng hop khéng bi
kich thich 6 ¢6 m6 hinb (dng vé1w =0 va do dd cd u=—R x=-6x,+x,):

= —_ =

dr [ xlxy+1)—6x) +x, dx [x]x2—5x1+xg]
dt

PR i _ g 2 _ .3
dt | xj —xy—x) —6x) +xy ) | xi —xj ~6xy

S dung ham xac dinh duong Vi(x)= 6x; +xf taco:

™
[}

XX — DX, + X,
av e ! iJ = xf(lGxQ-GO)— ij

LV =—= 2(6x, . x ){ .
£ dt ] 1 \xf—x?-(ﬁxl

. . . . 15 .. N L . T . - Ry :
xac dinh &m khi x, <T. Vav bo diéu khién R, tim duge di lam hé phi tuyén én dinh

tifm can tai gbc toa dd véi mién 8n dinh:

@:Wlxekzlxzq%} o

4.2 Phuodng phap gain-scheduling
421 Tutudng chinh cia phuang phap

Muc 4.1 vita trinh bay nguyén Iy thiét ké bé didu khién R, diéu khién phan héi
trang thai cho déi tugng phi tuyén (4.1} théng qua mé hinh tuyén tinh tusng duong (4.3)

£
i

. e x) D
cua no trong lan cin diém can bing \‘bf |. hay diém lam viéc (—‘
U LAY
Tat nhién rdng nguyén 1y st dung ré hinh tuyén tinh tueng duong (4.3) dé thiét ké
bd diéu khién cho d6i tugng tuvén tinh (4.1) nhu 6 muc 4.1 khéng chi diing lai 6 phan hii
trang thai ma hoan tean con dude mé réng ra cho ca viée thiét ké nhitng b didu khién
khac nhu phan héi dau ra, hodc bd didu khién ¢ mach truvén thing (hinh 4.5a).

Song do hai mé hinh (4.1} va (4.3) chi duge xem la tudgng dudng trong mét lan can
{x,.0) . } . .

= |r1ér1 khi ap dung cho 61 tuong phi tuyén goc (4.1} thi
Wy .

©, dua nho cua diém lam viéc

chit lugng cua hé théng ciing chi duge ddm bao trong lan can dé. Difu nay néi ring ¢
s g \
! X ‘. P - " 3 o4

. \ . ... ta phai thigét k& nhing bd diéu khien
Vo) W Hooy

4
- At . . . X
nhing diem lam viée khac nhau =

R,;. R,,. ... khac nhau. N&u nhu s8 diém lam viée 1a hitu han thi tit hitu han cac bd
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didu khién ving véi timg diém lam viée dé ta phai ghép ching lai chung lai véi nhau nha
khéa chuyén dai (hinh 4.5h) dé c6 duge mét b didu khién thong nhat.

Q) b)
i péitugng
L 1 didu khién

Hinh 4.5: Ghép nhiéu bé diéu khién
lai thanh mét b diéu khién théng
nhat nhé khda chuyén géi.

Khoa
chuyén doi

e
béi tugng
diéu khién

¥|

o

Tuy nhién viée st dung khéa chuyén d6i nhu trén ¢iing ¢é nhuge didém cua né:
Thit nhit 14 khoa chuvén d6i phai lam viée cling véi trang thai thue d8 xac dinh
diém lam vigc tic thdi hién cé cha 461 tugng nén trong noé phai 6 bé quan sat
trang thai. Didu nay lam cho ciu trie bd diéu khién trd nén phuc tap.
—  Thi hai la khéng thé ap dung dudc cho trudng hop d6i tugng co rat nhidu didm
lam viéc, chang han la vé 5.
Vi du sau xac nhén trudng hop mot 461 tuong ¢ cau tric don gian nhung da cé v s6

diém lam viée.
Vi du 4.12: Hé phi tuyén cé vo s& diém lam viéc

Xét déi tugng phi tuvén co md hinh

dx _{
2l

—2x; +xy
1-¢ "2 4u

] va ¥=x, {4.18)

Ung v8i mét gia tri tin hiéu vao u=w>—1 ¢f dinh nao d6 thi ti

- 2x) +xy =0 Jx] =—x,
—Xu Aad 2 )
1-e ™ +u, =0 ~x2:—ln{l+u0)
™
ta ¢6 dude diém lam viée [ J Vel
Uy
e
—In,fl+u
x, Z(xl_ = N “W, u=pg >-1
\xé —*ln(l‘i—liu)/.
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Xem

2y = —Inafl+uy =t {4.19)

ld tham s6 tav ¥ thi diém lam viée trén trg thanh

v k —bp
. :(‘ ] A (4.20)
L2

4

Nhu vav, diém lam viée eda d8i tuong duge bidu dién thanh ham ctua v theo cong
thic (4.20). V6t nhitng gia tri ¢ khéc nhau ta ¢6 nhing diém lam viée (4,203 khac nhau

va tham s0 ¢ nay c6 quan hé (4.19) véi diém lam viée cia hé (4.18) . 0

Quay lai bai todn thiét k& b didu khign. Nhu da néi. viée sit dung khéa chuyén déi
dé tao ra mdt bd didu khién théng nhat tit v sé cac bd didu khién R ;. R4, ... 1A

khéng thé. Nham khic phuc nhude diém dé. ngutn ta di nghi téi viée xae dinh mét bo

diéu khién thong nhit chung k=r(w.x. ¥}. sao cho tai cac diém lam viée ["{1 J ) [_M .
- WMor oL Hoz,

ué sé chinh b R,,. R,,, .... Phuong phap thiét ké by didu khién phi tuyén

w=riw.x. v} nhu vay duge goi 1a goin —scheduling.

4.2.2 Thidt ké bo di€u khién tinh, phan héi trang thai gan diém cyuc

[ . . . g .. X -\' . P
Trude LEn ta gia su 14 da xde dinh duge ho cac diém lam viée (‘" } cia déi tuung
iy
phi tuvén (4.1} théng qua viée giai phidng trinh:
[ i) =4 {4.21)

cing nhu di tham 8 héa ho cic diém lam viée dé thanh:
I.’ . I, N . N
ES J PR ‘

. (4.22)
L LHplL))
vii veclor tham sd g phu thube trang thal x | tin hiéu vao ¢ hoac ra b cua dd1 tugng:
LT utru. v (4.23)
Khi dé. bing phudng phap tuyvén tinh hoa xap xi hé (4.1) trong lan can diém lain

viée (4.22) theo cac bude da trinh bav 6 muc 1.1.1 trude dav, ta sé dén duge md hinh
tuvén tinh tueng dudng gidng nhu (4 2}, nhung phu thude tham s6 ¢ nhu sau:
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‘dF
?—A(U)x + Blwu (1.2

EZC[L)T + D

trong do
F=x-x.. d=u-w, ¥Eyoglay ) (4.25)
dx (v
vi 2, @) =0 (1.26)
ot
t dt t

Tiép theo. s dung cac thuat toan thiét ké bo dieu khién gan diém cuc cha Ly thuyét
didu khicn tuvén tinkh, ta xac dinh duge bé didu khién phan hoi trang thai B, va bé tién
xi Iy B, dudi dang cac ma tran (bd diéu khién tinh). T4t nhidn cdc bd diéu khién nav

ciing phu thude tham s8 v (hinh 4.6a}.

o) b)

w —=_Af1]x+B(Lm w i E_ ¥
—R t I rlw.x) Lyl gy A I
Y=CloE, + Do ey = g
i x S
Hinh 4.6: Thiét ké bd diéu khién tinh bang phugng phap gain—scheduling
Hai bé diéu khién R ;. R, phai thuc hién cac nhiém vu:

—  Gan cho hé kin 6 hinh 4.6a) cac difm cuc s,. $o. ... . s, cho trudc nam bén tra

truc d0. Diu nay ddng nghia v

det(sI-A(e}-B(v)R |} = (s—s)ts-5.) - (s-s,)} (1.27)

—  Tao ra hé kin khong ¢d sai léch tinh. hay ¥ — @ . Néu ky hiéu & =w-w, gidng

nhu & eéng thiic (4.25) thi didu nay tudng tudng véi:

w, = g{x.u, (4.28)

~  Chung phai la nhiing gia tri cua b didu khién chung u=r{w.x} ¢ hinh 4.6b) khi
duge tuvén tinh hoéa tai diém lam viée. tdce L ching phai thoa man:
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du _ or{w, x) du dr dw  or dx

= R =) e e —t = =
dv v dv dw dv dx v
o M _p W 9K (4.29)
o - ag dg

Tu day ta di dén cac budc thiét k& bo difu khién gain—scheduling y=r(w.x) bao

ghm:

el . [ X '\1 o at . N -
1} Xac dinh cac diém lam viée (‘L | cua d61 tugng (4.1) tir phuong trinh (4.21).
Wy

2y Tham s héa tit cac cac diém lam viée do theo vector tham s8 p ¢6 ciu tric (4.23).

3) Xac dinh mé hinh tuvén tinh tuong ducng (4.24) cia d6i tugng tai diém lam vide,

4) Sit dung cac phuong phap thist k& bd didu khién tuyén tinh dé xac dinh cac b didu
khién R ,. R, phu thuéc tham s¢'y thoa man (4.27), (4.29)

5) Thav lai quan hé (4.23) va (4.28) vio R |, R, dé c6 bd didu khién chung:
= wg tRy(w-w )+R (x-x,) (4.30)

chi con phu thudc vaeo w va x.

Vi du 4.13: Thiét ké bé diéu khidn gain-scheduling

Quay lai déi tugng phi tuvén da xét trong vi du 4.12
- ] va ¥ = x,

mA J do ta da c6 duge diém lam viée bifu dién theo tham s§ v nhu sau

v —y .
x, = QL‘ ug=e -1 w, =§{_5,go]=u (4.31)
vél quan hé
v =x, ) {4.32)

Déi tugng 6 cac ma tran Jacobi
of (-2 1%y of _ ( 0
dx 0 e_"DJ’ du 11

nén md hinh tuvén linh tuong duong cha né tai cac didm lam vide sé 1a
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dx, -2 1 ) - [O]
= -
of 0 o=t J - bl
Ale) B{v
(3ia sU céc diém cuc cua hé kin (tai diém lam viéc) da cho trude 13
5= 89 = —4

Vay thi véi cac didm lam viée (4.31). ta co

du duo L2 d;

Suv ra, cac phuong trinh (4.27) va (4.29) chinh la:

( 2 1
sl'[
N

~2¢7% Rz-rR{

det

i J-(q+4 2485416
\‘
Do déi tugng cé mét tin hidu vio, hal bién trang thal nén R, 14 dai lugng v6 hudng

vaA R| 1d ma tran mét hang hai cdt. Dat B =(e . #). Khi d6 hé phuong trinh trén wd
thanh:

s+2 -1y,
det . =5 +8:416

L s—e T —h)
—2¢7% = R, +a+2b

va nd cd nghiém:
R.=16 . R,=(a.h = (=4.-6-¢ "

Vay, cong vl didm lam viée (4.31) vA cong thie tham s6 héa (4.32). bé didu khién
gain~scheduling (4.30) cin tim sé la;

u = ug + Rolw—w,) + Rylx—x.)

¢ o1+ 16(w- v, ) *+ (-4 'G_E_ELI)HH]_(U H
x2 2u

= e %1 4 168{w—-v) = 4(x,-v) - (B+e )M xu—20)

:9—2.\'] -1+ 16(!1»'-3’1) - (6+ e_2X] )(x'.)._-gxl) D
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Vi du 4.14: Thiét k& bd didu khién gain-scheduling

XéL dAi tuong cé md hinh:

dx | Xy-u .
—— = 4 va v =y | + X
of |l —x7 +x,+u

No ca diéin lam viée iing véi tin hiéu vio e=«, trong ché d6 ding 1a nghiém cua:

|x) —uy =0 Xy =1y ) 4
: 4 L= s va  y=a,tx, T,
1—1’1 +a, ruy =0 Xy S Uy — by

Néu tham s6 héa diém lam viée Lrén thanh:

fow ]
X, =1 . M, = U, ¥ =
o)
ta sé co hai cong thic biéu dién su tham so hoa do 6 ché do ditng nhu sau:
) e=x, (4.37)
2) y = w (khéng 6 sai léch tinh) = =¥ {1.34)
Tuvén tinh héa déi tugng trong lan can cac diém lam viée, duge
dx . 1 0y (-1 . L
=, i (4.33)
eft -3 - L=
vh gia s cdc diEm cue mong mudh cda hé kin a5 = -1 v §,= -2 Vay thi vii cac difm

lam viée trén ciing nhy mé hinh tuvén tinh (4.35) cla dbi tugng ta cd cac phuong Lrinh

(4.27) va (4.29) nhu sau:

A B A A
S| ‘— B, |= s +3s+2
3" l,, L 1 ? |

det

|
E

4 B

. X 1
1= R:ZSL-‘z + R, ‘ )
L3 -1

10 -3 (141507 4
& Ry=—7 "~ wa R,= Lo ]
e (2-3u) Lo2- e 2— 3
Suv ra
u =u,+ Rjw-w,)+Rj(x-x,)

_(14-150%)(x) —v) , —v? + 1)

10 - 3u:° 3
vt (w- v — =
3eT{2 -3 L T 2 —3wp*
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Cudi cuing, thay mdt trong hai céng thiic tham s8 héa (4.33) hoac (4.34) vao {4.36) ta

sé dudc hai bd didu khién gain-scheduling khac nhau la:
2 4
10— 3x] (wexy + 4xy —ay +xq)

Y oa= Xy +ﬁ m
3x2(2-3x%) 2~ 3y}

o 00=3Yw? Wy —w) | Axy ~w+ )
D u = Y- : + ‘ m
Hw? 2 -3%w?) 2= 33w’

Két qua cua vi du trén cho thay thém rang bd didu khién gain—scheduling thu dugc
ein phu thude vao cdng thiic mé ta tham sé ¢ goi 14 cong thile tham sé héa, Vit nhing
kifu tham sé hoa khdc nhau, ta ci cde bo diéu khién khdc nhau.

4.2.3 Vai diéu ban thém vé phuong phap gain-scheduling

Chat higng dang hoe chung cla hé théng

B% diéu khién gain-scheduling 1la mét bd diéu khién phi tuyén duge thiét ké tit ho
cac bd didu khién tuyén tinh da thu dugdc bing cac phuong phép téng hdp tuyén tinh cho
nhiing md hinh tuvén tinh tuong duong cta d6i tugng tai cac diém lam viée. Chinh vi
thé ky thuat gain-scheduling da thira hudng duge tinh uu viét cia 19 thuyét diéu khién
tuvén tinh vdi rat nhiéu cac phudng phap thiél k& khae nhau.

Viée xac dinh bé didu khién (phi tuvén) gain-scheduling ti mét ho cac bé dida
khién tuvén tinh 1a khéng mot-mot. T mot ho cic bo difu khién tuyén tinh ta ed thé
thu duge rat nhiéu cae bd diéu khién gain—scheduling khic nhau. Y&u td quvét dinh cho
didu nay 14 céng thic tham s héa diém lam vide ca d8i tueng. Cac bo diéu khién nay
ciing khéng mang lai cho hé thong mét chat lugng dong hoe giéng nhau. Bigt duge diéu
dé, song cho tdi nay ngut ta van chua dua ra dude bat ¢l mét sy chi dan nao vé ciach
tham s& héa diém lam viée dé vai no ta sé thu duge moét bs didu khién gain—scheduling
e chat lugng dong hoc t6t nh&t. Viée tham s6 héa diém 1am viée thudng van duge thue
hién theo kinh nghiém la chinh.

Ngoai ra, ta cén thay difu kién (4.26) can phai duge théa mén 14 hoan tean khing
duge xét t6i trong qué trinh thidt k& bd didu khién (hoac khong thé xét duge). Piéu nav
Jam cho bd diéu khién gain—scheduling thu dude, vé mat 1y thuydt, chi c6 thé dam bao
duge chit luong dong hoc cho hé théng khi ma sy “dich chuyén diém lam viéc” x,.(t) 1a
bitong  déi cham. Song qua kinh nghiém dng dung thuc 1€ coa phucng phap
gain-scheduling, ngudi ta thay. chat lugng déng hoc cia hé théng cé sit dung bd didu
khién gain-scheduling néi chung 1a chap nhan dude, ngay ca khi d6i tugng c6 tinh phi
tuvén 1dn va qua trinh chuyvén di trang thai tuong 48 nhanh (theo [3]).

193



Tinh 8n dinh todn cue (global)

Ti nhiing nhan dinh trén day vé chat lugng déng hoc chung cua hé théng cé sd
dung bd didu khién gain—scheduling thi rd rang tinh én dinh toan cuc cia hé thing la
khéng dude dam bao, mac dua bd diéu khién gain—scheduling da chic chan mang dén cho
hé théng tinh &n dinh dia phudng (véi mién 6n dinh @ 14 lan can tugng 461 nho xung

quanh cac diém lam viéc).

PE kiém tra tinh 4n dinh toan cuc (global) hay tinh 8n dinh tuvét d61 ta c6 thé si
dung tiéu chuin Lyapunov. Nhung difu nay cing cé han ché cia né vi tidu chuén
Lyvapunov hoan toan khéng duge dé v téi trong qua trinh thigt ké bé didu khién
gain—scheduling. N&i cach khac néu nhu sau nay o di dén két luan ring hé kin khéng
8n dinh tean cuc thi két luan dé ciing ching giup ich gi cho eéng viée hiéu chinh b didu
khién gain-scheduling da 6. Céng cu kiém tra tinh dn dinh toan cuc cia hé théng (@
mitc d6 han ché) trong qua trinh thiét ké hién thuong diing 1a mé phong.

Khd néng thiét ké trong mién phic

Trong didu khién tuyén tinh thi cac phudng phap thigt ké b diéu khién trong mién
phiic 1a kha phé bién. Mt phan 14 do ngudn goc lich si, phan nita la vi cac phuong phap
thiét k& trong mién phiic 14 kha don gian song cing di dén duge nhitng bd didu khién co
chat lugng cao.

Dé sit dung duge cac phuong phap thiét k& bs diéu khién trong mién phite cia 1§
thuvét difu khién tuvén tinh vao k¥ thuat gain—scheduling. khi ma diéu kién cho phép,
ngudi ta da tién hanh (hinh 4.7):

1) Chuyén mé hinh trang thai tuyén tinh tuong dudng (4.24) cia 461 tugng tai cac diém
x.(v)

up(o)

lam viéc { ] thanh ham ¢hodc ma tran) truyén dat G(s,z} v tat nhidn cac

ham truyén dat nay ciing phu thude vector tham sé p.

2) Thidt ké bd didu khién tuvén tinh R(s.0) cho 46 tugng G(s.u) ti véu chu phai c6
vé chat lugng hé kin,

3) Xac dinh b diéu khién (phi tuyén)

mi md hinh tuvén tinh tuong Il z i ¥
TP = “P N R(s. ) R G0 975
dudng cua nd ta céc diém lam >
viée (diém ditng) cda hé kin 6 -
ham truyén dat 1a R{s v},
4) Thayv quan hé tham s6 hoa vao b Hirth 4.7: Minh hoa viéc thiét ké bd didu khién
digu khién vita xac dinh duoe dé gain-scheduling trong mién phitc.

¢o bd diéu khién gain-scheduling.
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Tu tudng thuc hién vide thiét k& bd diéu khién gain-scheduling trong mién phiic
nhu vay 12 da 15 rang. Tuy nhién, dé tu tudng dé 12 kha thi thi con nhiéu vin dé cin
phai duge lam ré, chang han:

—  Khi nao thi sé tdn tai mot bé didu khién phi tuyéh ma mé hinh tuyén tinh cia né
tai diém lam viée 5& c6 ham truvén dat R(s,v} cho trudc.

—  Néu da tén tai mét bd diéu khién phi tuvén nhu vay thi ¢é phuong phap hiu hidu
nao dé xac dinh né, hay

- Lam th& nao dé co thé thidt k& dude mot bé diéu khién tuyén tinh phy thude tham

86 R(s.uv) cho déi tugng ciing phu thudce tham s& G{s,v) ma chat ludng hé kin thi

la1 khong phu thudc tham sé ...

Dang tié 1a cho dén nay nhiing cdu hdi trén méi chi duge tra 19i timg phén chd
chua dude hoan toan tron ven. Chéng han, ngudi ta ciing mdi chi biét dude ring dé ton
tai mét bd diéu khién phi tuyén ma moé hinh tuyén tinh tusng duong cia né tai cac diém

lam viée [ﬁ :E)J chinh 13 ham truyén dat phu thudc tham s& B (s,r) thi cin phai co:
pit
duy () . de. ()
—_ =R 0. il a2
dr : © du

chii chua biét dugc 1a didu kién dé @i du hav chua.

Cing nhu vay, khi ma da c6 cac bo diéu khién R(s.v), va d¢é tim bd diéu khién
gain—-scheduling u=r{w.x, ¥) tudng ting, thi cho dén nay ngudi ta vén lai phai quay trd

v& mién thoi gian véi cac mé hinh trang thai eua R(s,y) rdi sau 46 s dung phuong
phap thiét k& trong khdng gian trang thai da dugc trinh bay trong muc trude, chit chua
¢é duge kha nang thue hién chuing hoan toan trong mién phiie,

4.3 DPiéu khién tuy&n tinh hinh thie

Trong 16p cac md hinh phi tuyén khéng tu tri:

dx _
E—f({-ﬁ-r) (437

y=gud)

phuong phap diéu khién tuyén tink hinh thizc dic biét thich hgp véi nhiing hé théng (d6i
tugng) phi tuyén ma mo hinh trang thai cia né cé dang:

(4.38)

195



trong 86 A{x.u.t), B, u,t), Cl{x,u.t) 1 che ma tran o6 phan i la ham sdetax, u va
. Kiéu mé hinh (4.38) ta da dudc gap trong phuong phap Alserman dé thiét k& ham
Lyapunov {muc 3.1.2) nhung 6 khudn khd hep hon. '

Dang mé hinh (4.38) cé tén goi la tuyén tinh hinh thic (formal linear), vi trong
truong hop dic biél. khi cac ma tran trong mé hinh {4.38) khéng con phu thudc 2. 1 va
trd thanh A(z). B(¢), C(¢) thi ndchinh 1A mo hinh cua hé tuvén tinh (khing ding).

Bai toan diéu khién tuvén tinh hinh thic ma ta quan tam ¢ day la tim cach can
thiép vao hé thong. chang han nhu bing b diéu khién phan héi trang thai (hinh 4.12)

w = w—Rix u, il (4.39)

dé hé 6 duge chat luong nhu mong mudn.

1=

w i
w o u %:A(g.g,ﬂﬁB@‘i’”E "

Hinh 4.8: Diéu khién tuyén tinh hinh thie | L __
bang bd didu khién phan hdi trang thai.

Chat lugng ddu tién ma ta thudng nghi dén la tim ba diéu khién (4.39), sao cho vii
no, hé kin v61 mé hinh trang thai

dx . {ACeu. )= Blaw OHR(x.u. O))x + Bla,u. (4.40)

dt ~
Al

cd ma Lran Al khong con phu thudc x, &, Khi do hé (4.40) khi khong bi kich thich sé
trd thanh tuvén tinh.
Vi du 4.15: Thiét k& bd diéu khién tuyén tinh hda chinh xéac

Xét dé1 tugng phi tuyén c6 md hinh

s

- 2 o 13 fx
dx ferea sl 2y ), voi x= (4.41)
7 Y L T %y
i B

Néu chon b diéu khién phan héi trang thai

v = w- (i, kyx (4.42)
R

véi k 1a hang sé tuy ¥, thi hé kin sé trd thanh

196



F oy ot 1\ . 3
ax {A-BR)x+Buw :l Tpxy L2 *( J(xfxz kJ}gﬂk[l]w
1 3

0

ks

12—k} (1}
l ‘1 +[ ‘w
13 7D,

!

Nhu vav. b didu khién (1.42) dd tuvén tinh hoa chinh xde 361 tugng (4.41), a

Ta ¢6 thé thav bai toan thiét k& bd difu khién phan hdi trang thai (4.42) dé tuyén
tinh hoa chink xdc hé nhu vi dua 4.15 da minh hea, khéng phai lic nao ciing ¢6 181 giai.
Béi vay. trong rdt nhiéu tng dung ngudi ta thutng théa min néu nhu bo diu khién
{41.42) mang dén it nhiéu moét s& tinh chat. chat ludng, dinh hudng theo mét hé tuyén
tinh nao dé.

431 Cong cu toan hoc cin thigt

(Céng viéc thiét ké bo diéu khién tuvén tinh hinh thifc ma ta sé xét dud day hén
quan nhidu t3i mét 56 cong cu Loan hge. bao gom:
—  Tich Kronecker elia hai ma tran va toan ti vector héa ma iran.
—  Phép tinh giac hodn hang, cdt ¢lia ma tran,

Tich Kronecker

f . X o . - 2 - N * i
Cho ma tran Ae "™ " kidu mxn (co m hang va n cdt) va Be R” ™Y kidu pxg

fdyy @y - ap, ‘ by by - by

225 (s ST 2y H hzl bz?' b!
A= R g B=| ° - 4
Qogl Bz 0 O s _bpl bp2 bpq

Tich Kronecker ciia hal ma tran A. B ky hiéu bdi A®B . dugc hidu 13

apB apB o B \[
A®RB = 1‘1218 azzB (‘Iz”B eRmenq
'\am] B amZB o Qg B/'

Tich Kronecker ¢6 nhiing tinh chat sau:
- A®B =z B®A {khéng giao hoan)
-~ (A®B)®C = A(B3C(C) {c6 tinh két hap)
- A®(B+()y= A®B+BaC

- (A, ®B)(A,®B,) - (A,®B,) = (A,A, - A)®(B,B, - B

H

197



_ (A®B)n: AH.QBH
- (A®B) = A"leB™!
- (A;B))®{A,B,)® - ®{A,B,) = (A;® - ®A,}B & - ®B,)

- {AB)®"= A®"B®" | trong 46 ©n 1a k¥ hidu chi liy thita Kronecker.

Todn 10 vector héa ma trdin

Toan tu vector hod ma tran

a1 dyy o Gy

— _| @1 agp o Gz,
A_(leg_2' Eﬂ)_ . . . .

Ty Oz 0 By

thue ch&t 14 sy sdp x&p lai cac phén tf trong A theo thil ti vector ¢t g; cila nd nhu sau:

€y

vec(Ad) =
En
Toan tu vectar hoa vec(A) cé nhiing tinh chit sau:

~  veclA +Ay+ - +A )} = vec{A ) TveclAg) + - + vec(A,)

- vec(ABC) = (CT®A)vec(B)
trong dé phép tinh nhdn ABC A ¢6 nghia.

Mat {ng dyng cta tich Kronecker: Tim nghlém phuong trinh Sylvester

_ Phudng trinh Svlvester 1a trudng hop téng quat cia phuong trinh Lyapunov (3.15)
da biét d chuong 3, muc 3.1.1. N6 cé dang nhu sau:

PM-NP = -@ (4.43)

n¥xm

trong d6 PeR la &n 86 va céc ma tran vudng MeR™ ", Ner™™" ciing nhu

nXm

Qer 14 & cho trude.

Nhan c& hai v& clia phudng trinh Sylvester (4.43) véi J, vé phia trai va véi I, vé
phia phai, trong 46 I, 14 kg hiéu chi ma trén don vi kidu nxn, ta duge
I,(PM - NP, =I,PM -NPI, =-1,Q1I,

Tit dédy va cac theo tinh chét ciia todn td vector héa thi nghiém cla (4.43) s& 1a
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vee(I ,PM ~ NPI ) = vee(—1,QI, )
= vee(I, PM) — vec(NPI,} = —vec, Q1)
< (MT®I”)vec(P) - (1’3: &N)vec(P) = —( I?,: @1, )vec(Q)

< vec(P) = —(MT®I“—]3:®N)_1(J’T®1,,)vec(Q)

1H

o veeP) = ~(MT®I, - I,,eN)"! vee(@) (4.44)

vi tich Kronecker ciia hal ma tran don vj lal 12 mit ma tran don vi. tde 14:

ITer, =1, =I

HLIL
va hal ma tran MT®I” val, ®N déula ma tran vudng 6 s6 hang/cdt bing nm.

Véi cong thiic nghiém (4.44) cda phudng trinh Sylvester (4.43) ta cing cd dugc
nghiém cia phuong trinh Lyapunov (3.15) dang tudng minh bing cach thay M=4.
N=-AT vio (4.44) va di dén:

veelP) = —(A ®I,+ I,®A)"" vec(@)

Phép finh gico hodn hiing/cét cla ma trén

Xét ma tran

‘ hT\'
ay Ay o Gy =1
T
_la ags o oan, |_| Ay |
A= TR = g g
A1 Qe 0 Oy \hfn

Tir dai s& ma tran ((19], [21]) ta da duge bidt dén mdt s5 cong thic biu didn phép
giao hoan hang hay cit caa A nhd ma tran I, 12 ma tran khéng suy bién thu duge tu
ma tran don vi I sau khi déi chd hai hang thii { va k (hosc hai ¢6t). Chang han nhu:

—  Viéc hoan 461 vi tri vector hang thd  véi hing thi & ca A tudng dudng phép nhan
;) va1 A vé phia trai, Vidu

e T T

100 0 o)A _’11f

. L

0 000 1|k hy
I,;4=|0 0 1 0 O|{hAL|= |&]
0 0 01 0 h:' hi
0100 0f|,r T
)\% \EQ,
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- Viée hoan ddi vi tri vector cot thit i véi cét thii k clia A tudng dudng phép nhan I
viL A vé bén phai. Vi du

10000\l
0000 1%
Alys=(e ¢y ¢ & &)|0 01 0 0= (g ¢ g & o)
00010
01 000

Tiép theo day ta s& lam quen véi mdt cdng thitc tudng tu mé ta phép chuyén vi tit A
thanh A”. Cang thitc nay lién quan dén ma tran E,, 14 ma trin ma phan tU thii i cua
né bang 1 va cac phan ti con lai déu bing 0. Chang han nhiing ma tran E,, thude kiéu
ba hang hai ¢bt (3x2) ¢6 dang:

4

10 0 0 0
E; =0 0} E,=|1 @} E =0
0 o] 0 0} 1
001 0 0 00
Eq.,=10 04 Ess= . K= 0
0 0, 00 0

Ti tat ca cic ma tran £, cing kiéu mxn, tdc 12 i=1.2, ... m: j=1.2, ... n, ngusi

ta xay dung ma trdn UJ kiéu nmxnm nhu sau:

f.m
Eyy En - Ep)
U,y = E:"Z Ez‘] E:?;z trong dé E‘.ke.limx”
\Eln E;Zn Emn)

Ré vang UV, ,, 1a ma tran vubng nm hang va cot. D6 cing 1a ly do tai sac nd ¢é ky hiéu

n,m G chisé. Vé1 ma tran U7, ,, duge dinh nghia nhy trén thi:

- Ur:.m Um,:r = Inm
-1 _
- {-"Ffr.m - Um o
vec(AT) =U,, ,vec(d) trong d6 A c6 kifu la mxn

- A®B= U, ,(B®A)U, , trongdsAer™ " va Ber”™



4.3.2 Phuong phap thiét ké dinh hudng hinh thifc theo gia tri riéng

Thue chdt, ¥ tudng cua phucng phap dink hudng hinh thite theo gid tri riéng 14t
phuong phap thiét ké bo diéu khién theo nguvén téc diém cuc dat trude quen hiét caa
di8u khién tuvén tinh.

Cho dé1 tugng cé mé hinh tuyvén linh hinh thic:

d—£ = A(xix+tB(xiu {d.45)
di

trong 46 A(x), Bix) la nhiing ma tran ¢é cac phéan ti 13 him caa x.

Bai toan duge dat ra ¢ dav 1a phat thiét k& ba didu khién phén héi trang thai R (x)
clng gia tuyén tinh

rp o n, @)
R(z) = ?”21:(@ ’"22:(5'3 o )
\rrl(ﬁ) ?‘FZ(E) rm(ﬁ);

d€ vgi tin hidu ra caa né thinh 4.9)
z = Rixix

hé kin thu duge vdi md hinh

% = (AW-B@OR @)+ Blow
nhan nhiing gia tri sy. ;. - . &, cho trude lam diém cuc. Cac gia tri S1. 83, - L&

cho trude nav dude xac dinh tit chat liong mong mudn ma hé kin phai cé.

2,04 % =A(D+ B w s
|

Hinh 4.9; Thigt ké bd diéu khién theo nguyén
téc cho trude diém cuc. z=Ryx

Nhu vay, nhiém vu thiét k& ducc cu thé bing cach tim R (x) dé ¢6 duoc st can bing
hai da thuce

det{sI-A(x)+B()R(x)) = (5=5,}(s=54} - (5=5,} (4.46)

Céng thuic (4.46) cho thay ta cé thé xac dinh nghiém R(x) mét cach don gian bing
cach cAn bang hé s6 cia hai da thiic & hal v& Do ca hai da thiic ciing cé bac bing n va



déu cd hé sd cua s” bang 1, nén ti viée can bang hé s6 hai da thic cia hai vé ta sé cé
dudc 7 phuong trinh cho 7r an rtad i=1.20 L s j=1.20 . on. Bl vay khi i
twong la diéu khién duwge thi bai toan thiét ké bd diéu khién R(x) dinh hudng hinh thie
theo cac gia tri viéng s,. §.. - . s, cho trude véi tiéu chi (4.46) ludn c6 161 giai, trong

trudng hop r>1 tham chi con la vo sé.

Vi du 4.16: Thiét ké b digu khign dinh husdng tuyén tinh theo gia tri riéng
Xét d61 tuong c6 mé hinh

d_E:('w 1 & +(0 u {c6n=2 va r=1)
dt lx; x, ) lxy 1

— s+ —

Alx) X B
Khi d6 bd diéu khién phan hdi trang thal gia tuvén tinh sé c6 dang
Riz) = (r@ . r@)

(Gia i ring hat gia £31 Yiéng mong muén la s, =—1. s,==2. Vay thi cong thuc tinh
(4.46) 5é trd thanh

det‘ ] ($—8,)(s=52)= s +3s+2
M -X st Xy
.y . g
o § Fs(ro—2x,)=x5(r,— x,)+Hir— x ) =8 +3s+2
|2 —rXy +ryma =2 rr] =25y, +8xy +x8
=4 ] - - p—4 - -
lr, —2x, =3 ry =3+ 2y,

Hay tin hiéu vao cua déi tudng trong hé kin sé la
= w-Rix)x = w— ri{x)x,—r,(x,

= w—(2+x,+3x,F 13 )%, - (3+xa)xs O

Vi du 4.17: Thiét k& bé diéu khién dinh hudng tuyén tinh theo gia tri rigng
Xét 461 tuong co ma hinh

dx a”(x) 012(1)][ ) {bl(E)JM

{con=2 va r=1)

dt RZI(X) a)z(x) g \bz({)
Afx) I Bix)

Gol s, s4 1A hai gi tri riéng mong mudn cua hé kin. Vay thi phai c6



vl

det(sI-A+BR) = (s-5)(s-5,} = -92—(51+32)s+3133

R(x) = (rim . ri(x)

Tixr day suy ra duge

(s -y, + Py by —ay. .
11 TN 17y — a1y 2
detl = 5 ={s,t55)8+55,

L bery—ayy s—agy +hory )

,b]f’] +b2r2 —{ly e :—(3'1 -:'-3'2)

(@y9by — auybydry +{andy —anby)ry +Hanayy —aspey ) =519,

Ta phan biét cac trudng hgp sau:

1) Hai phan ti &,(x) va b5(x) khong thé ddng thoi bang 0, vi ndu nhu vay déi tugng sé

khong thé diéu khién duge.

9) Néu b {x)=0 va b.(x)#0. Khi dé ciing phai cé a . (x)#0 d& d6i tuong la diéu khién

duge. Suv ra

byry —ayy =@y = =(8) +8;)
~{bary —agg)ayy +{bory —au Iy =8y

R il Rl S (byry —ayylay +8185, +ayyay
b'i bgﬂ]_g

o=

3} Néu b,(x)=0 va b,(x)#0. Khi d6. dé ddi tugng didu khién duge con phai cd thém

1)

. (0)#0. Suyra

_ @y gy 8 Sy = (b —ayy)agy +5183 + a3y,

r .
bl fag)

N&u b, (x)#0 va bo(x) 20. Khi d6 thir,(x) ., rs(x) 12 nghiém cha:

[ & i “*’11_‘ ayy +agy —5; — 8y )
@yoby —agyby  agiby —apby J il LS8 —ayagy taggay )
LA
A r b

Hé phuong trinh trén sé ¢6 nghiém néu ma tran A ¥ khong suy bién. Ta 6 thé thay
diéu kién nav tudng dudng véi didu kién 481 tuong 12 diu khién duge. Khi dé:

e

vii A°) = 1 132151“01152 -by
bylag by —ayyby) —bylayby — byl agoby —arghy 4




NXét truong hop eu thé cho truong hop déi tigng ¢6 mo hinh:

dt 1 o)

vi hat gia tri riéng cho triude § | =5,==2 Vay thi do b, (2)=0 ta dude:

43 T dyy = &1 — 8o B
ry = il 22 i 2 — gt

by

_ i —aydagy +815p + 8190y _

4 +x) p X

1=

byay)
hay bo diéu khién phan hé: am trang than gia tuvén tinh R(x) ¢6 dang
Rix)={(5e¢™ (4+ux,)e™™)
Tin hidu diu vio cua déi tugng trong hé kin la

]

R ~Xn
= w=-Rx)x = w-rx=r.x, T w=5e =4 +x)e  x,

. 5 "2
Dang quy dao trang thia cua hé kin di tir diém Lrang thar dau x, =[0 khi khéng bi
kich thich trong hinh 4.10a) xac nhan tinh 6n dinh ¢cun hé
a) b)
:_:[.Hl-l-.ll.l'i_..r”.-l . 5 _— o e T = - -
e o o ) T i s Hé tuyén tinh

v u|Psitugng| || X
UTT¥ ) phituyén o
Rix)x v

Hinh 4.10: Tuyén tinh hoa chinh xac dé tuong phi tuyén bang bé diéu khién dinh
hutng hinh thic theo gia tn riéng. Minh hoa vi du 4,17

DE ¥ thém rang vdi bo diéu khién tim dude. hé kin ¢6 mé hinh trang tha

dx _ (-4 -4] [ .--"'-']
—== E A w
dt [ 1 o0/} [0

i

Do do. néu nhu ta su dung thém bé tién xu lyv:

204



e ]
w=e -u

thi cudi ciing hé trd thanh tuyén tinh (dé tuong duge tuvén tinh hda chinh xac):

- el :

4.3.3 Kha nang thiét ké& dinh huwéng hé tuyén tinh

Nguyén tde chung

Xét d61 tudng phi tuvén co mo hinh gia tuyén tinh

‘Z_ﬁ = A(x)x+Bu véi zxerR" . uwer’ vi Ber"" (4.47)
i

Khac voi ddi tugng (4.45) da xél & muc 4.3.2. § iy phii ¢o thém gia thiét ring B 12 ma
tran hing. Nhiém vu thiél k& duge dat ra 13 xéc dinh bd diéu khién R (x) thude kiéu rxn
phan héi Am trang thai sac cho hé kin (hinh 4 11) vdi mo hinh trang tha

%:(A(ﬁ)—BR(x_))LJ’Bw_ vii  weRr'

cé duge chat huong gidng nhu chat lugng cua hé tuvén tinh mé ta bdi

d iy g
“r;;i: Sx+Bu vii  Ser"™ xer”, uer’ (4.48)

Viée thiét k& dinh hudng theo hé tuvén tinh (4.48) duge hidu 13 tim R (x)} dé co
I{A)~-BR(x)] - S| - min (4.49)

S dung cong cu toan hoe da trinh bay & muc 4.3 1 thi 15 tudng nhit ta ¢6 thé tim R(x)
nhu sau: '

A{x)-BR(x) = § = veclA—BR} = vec(8)
r=y vec(A) —vec(BRY = vec(S) = vec(A)—vec(BRI,} = vec(8)
r=3 vecelA) ([, @Blvec{R)=vec(S}) & (I, @B)vec(R) = vec(A)-vec(S)

< vee(R) = T, vec(A-5)
trong dé T, la mét ma tran gia nghich dao (pseudo—inverse) bén trai cha:
T=1,8B (thudc kiéu rixnr)

Néu nhu r<n va T 6 hang bing nr. tic 1a Rank(T)=nr thi mot trong v s6 cac ma

tran g1a nghich dao (pseudo—inverse) T, bén tri cha T sé 1

L2
<
o



T, = (' rT
Tuv nhién, mét didu ta c6 thé thay dude ngav 14 chat lugng bd didu khién tim duge
phu thuoe rdt nhiéu vao ma trén gic nghich ddo T, ma ta da chon. Pé minh hoa ta xét
vi du sau.
Vi du 4.18: Chét lugng déng hoc phu thude vao ma tran gia nghich déo duoc chon
Cho déi tuong phi tuvén eé md hinh

—x, -1} {x ) (O e o s
= 2 [ + ) ) {ticlacén=2 va r=1)

0 kS Xy
R —

dx _
dt

kY

—

A(x) x B
v mgt hé tuyén tinh duoe dude sii dung dé dinh hudng cho viéc thiét ké R (x)
dx (— 1 - 4] 0
_— x+
de 11 0 /7 1

_— —
5

B

i

Ap dung lan hugt cac bude thigt k& trén

1’0 0

10y (0 1L oo
T:IZB:( e |=

o 1) 00

\0 1/

-1 .

"’1 o] [0 10 0‘_{0 1 0 0}

01 oo o1

T =1 0T
T, =TT 'T =
pr 7D 000 1)

b

(01 0 0y (-x,+4 3] -1
- R = ] A— - - 3 | = .
veelRy) = Ty yvec@=5)=|, 4 1,.‘“80{\ -1 o) s

ta c6 bo diéu khién R, (x) tim theo 7, la

Rix) =(-1 .«
vi R1{x) phai ]a ma tran thude kifu 1x2. Hinh 4.115) Ja quy dac cua hé di til diém trang
thail dau J_QFH] khi khéng bi kich thich Gng véi bé didu khién R (x). Dang khép kin

AN

cia n6 trong hinh chi rd hé khéng 61 dinh tiém can.

Bén canh T, ta con 6 mit ma tran gia nghich dao khac cia T 1A
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Tudng ung 1i bé didu khién.

 fx®, L o=1 0 (-xp+4 3
vec(R4) = | ° ‘
1 0 0

oy
-x5 +idxy —4

2 1
—1 X7 ) \':Iii'll"'.‘(l ]

= R-:_r[-L):{—x:f+4:r.3—4 . —xytd+ :rfj

Dac biét, khac véi R (x), bo diéu khién tha hai B,(x) nay Iai lam c¢ho hé kin on
dinh ém can tal goe toa do vor mot chat luong kha tét. Hinh 4.11b) 1a quy dao cua hé

) : 1 - &
t diém trang thai dau L‘:[l] khi khong bi kich thich dng vai bo dieu khién R.(x).

N

Dang cia no xac nhan tinh 6n dinh tiém ean tar 0 cua hé kin, O

Hinh 4.11: Minh hoa vi du 4.18 cho ha) truong hop khéng én dinh va 8n dinh,

Két qua minh hoa cia vi du 4.18 xac nhan lai nhan dinh ban dau coa ta vé bo diéu
khién R(x) tim duoc theo phuong phap dinh hwong trize tiép theo hé tuyvén tinh (4.48)
nhés tidu chudn so sanh (4.49) rang chit lugng bo didu khién thu duge phu thube rat
nhidu vao ma tran gia nghich dao A cia T ma ta da chon. Su phu thude nay tham chi
con ca tinh on dinh Bdi vay. dé hoan thién phudng phip dinh huéng truc tiép nav thi
can ¢é thém su hé tro cho viée lua chon mot ma tran T, thich hdp trong vo SO cac ma

tran gia nghich dao bén trar cua 7 va mat trong nhing phuong phap nhu vay la phuong
phap thiét ké cua Sieber.

[5~]
S
=3



Phuong phép thiét ké Sieber

Xét db1 tudng ding. ¢d mo hinh tuvén tinh hinh thic
dx

— = Ax)xt+Bu (4.50)
ot

trong dé. khac véi mé hinh tdng quat (4.43). ¢ day ma tvan B dude gia thiét la ma trdin
héng. (id thigt nav sé khong han ch& kha hang ung dung cha phudng phap, vi véi phép
bién ddi trang thaix ~» ¥ ciing nhu tin hiéu vao z — & thich hop ta ludn dua duge mé
hinh (4.43) cho trudng hop diting vé dang (4.50).
Dé thay 14 doi tugng (4.50) cAn bang tai géc toa d6 Q va trong mot lan can 40 nho
xung quanh gée. 16 ¢6 mé hinh tuvén tinh tuong duong
d -
2 = AuxtBu (451
dt
trong d6 A= A((Q) 14 ma tran hang.
(ro1

u = w—Rixx

14 bé difu khién phi tuvén phan hdi trang thai cila dé1 tugng phi tuyén (4.45). Vav thi hé
kin s& ¢6 mé hinh
dx _

== [A(x)-BR{x)|+Buw {4.52)

Tudng ty nhu vay, ta gol
u= w-Ryx {4.53)

Ia b diéu khién tuvén tinh (B, la ma tran hang) phan héi trang thal cila dé tudng
tuvén tinh (4.31). Bé didu khién tuvén tinh R nav Ja di biét, hodc da duce thidt k& theo
cac phuong phap cia 1y thuvét didu khién tuvén tinh (b8 didu khién cho trude diém cuic.

b digu khién té uu ...).

Chu ¥ ring bd diéu khién B, 1a da dugce thiét k& cho mé hinh tuyén tinh (4.51) theo
mét chal luong xac dinh tirude. Boi viv. néu su dung né cho d8i tugng phi tuvén (4.50)
thi chat lugng dinh trude do chi duge dam bao trong Fn can nho xung quanh gac 0.
Ma hinh hé kin gém déi tugng tuvén tinh (4.51) va bd diéu khién (4.53) 1a
dx

=, = (A-BRoz+Bu (4.54)

Xuat phat tir tu tudng thiét ké dinh hudng theo hé tuyén tinh. Sieber da dé xuat
tim bd didu khién (phi tuyén) R(x) cho d8i tudng 1.50) sao cho véi nd, quy dao trang
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thal ciia hé kin (4.52) khi khéng bi kich thich cé tinh chét gdn gidng nhu qu§ dao trang
thai ciia hé tuvén tinh (4.54) dudi tae dong cua B ,. Khai niém tinh chdt gin gidng nhaou
gifia hai quy dac trang thai s& duge danh gia bing mdt phiém ham mue tiédu,

Khéng mat tinh téng quat néu la cho rdng ca hai qu¥ dac trang thai cua hai hé

(4.52) va (4.54) cung di tit mét diém trang thai du tiy ¥ x, va cang két thie tai gdc toa
d6 0. Nhu vay thi phat c6:

RO = R, (4.55)

Tiép theo. dé xay dung mot phiém ham § lam co s6 danh gia sy gén gidng nbau vé
chat lugng ciia hai quy dao trang thai cua hé kin phi tuyén (4.52) va cla hé kin tuyén
tinh {4.54). Sieber s dung ham Lyvapunov v

Vix) = LTPJL (1.58)
trong dé P 1a ma tran (khéng bit bude phai 1a hang s6) d6i wiing, xde dinh duong.
Dao ham ctia ham xae dinh dudng (4.56) theo hé tuvén tinh (4.54), ta duoc

LanV= - [(BR-A) P+PBR.~A)]x = xT (-Qy)x

trong dé
Q. = (BRy-A) P+PBR,-A,) (4.57)
Do hé kin tuvén tinh (4.54) 1a én dinh (ch&l luimg ma bd diéu khién R, dz mang’ lai
cho hé théng) nén theo tiéu chuan Lyapunov. ma tran @, phai xde dinh duong.
Tuang tu, ta dao ham cua ham xic dinh duong (4.56) theo hé phi tuyén (4.52):
LaV = - x [(BR®-A@) P+P(BR@-A) ]z = 2 (-Q()x
trang do
Q) = (BR(1-AW) P+P(BR(x)-A(D) (4.58)
va khac vél @4 ma tran Q(x) 1d ma trén ham.
Tir didu kién (4 535) ta suv ra duge Q(01=6,. Nhu vay thi trong mét 1an ean di nho
n#o dé xung quanh géc toa d6 0 ma tran @ (x) ciing xac dinh duong. Suv ra, hé kin phi

tuyén (4.52) vai bd didu khién R(x) thoa man (4.55) chng sé On dinh (liém can
Lyvapunov) tai géc toa dé.

Céng thiie (4.58) chi ré su phu thude cua Q(x) vao bd diéu khién can tim R(x). Dé
danh g4 sai lech cua chat lugng hat quy dao trang thai cing di tU x; va cang két thic

tal gée toa d6 0. ciia hé kin phi tuvén (4.52) vh cua hé kin tuvén tinh (4.54), Sieber di
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x4y dung phi€m ham so sanh chuin cia ma tran Q(x) cho trong (4.58) vdi chuan cua

ma tran §, cho trong (4.57} nhu sau:
8 = Q- @l (4.59)

vh dat ra chi Ligu so sanh 1a bd didu khién B(x) & duge goi 14 tit nhit néu nd dem dén
cho ham S gia tri nhe nhat.

Nhu vay, bai toan thiél ké b6 diéu khién R (x) tuyén tinh hinh thic, phan héi trang
théi cho déi tuong phi tuyén (4.50) ¢6 chat lugng duge dinh hudng theo chit lugng hé kin
tuyén tinh (4.54). da dude chuvén thé thanh bai tean téi uu: "Tim Rix) thich hop d6'S c6
gid tri nho nhdt",

Dé nhin 15 dude sy phu thude vao ba diéu khién R(x} cdn tim cua phiém ham 8
trong cong thie (4.59). ta thay

Q)= (BR(-4(x) P+P(BR(1)-A()
vao Q{x)}-&; va duge
Q-Q, = R"B'P-ATP+PBR-PA-Q,
trong dé. dé don giéﬁ cho céch viét, ta d3 bo di d61 s6 x.
S dung toan tit vector hoa hai vé didng thiic trén sé o

veelQ-Qp) = veelRTB P-ATP+PBR-PA-Q)

Vec(RTBTP) + veclPBRY} - \-'ec(ATP+PA+QU)

= vec(I”RTBTP) + vec(PBRI,) - vec{ATP+PA+Q{,)

Néu chi su dung ma tran P déi xing (P= PTY thi theo tinh chat cta toin t veetor héa.

tic lA:

veelI, RTBTPY= vectd, RTB PTY = [(PRY®I,)vec(RT)

vec(PBRI )= [1n®(PB)]vec(R]
thi ¢ong thie trén s& duge bién déi thanh:
vee(@—- Q)= [(PBY®I, Jvec(R") + [{,®(PB}]vec(R) - vec(ATP+PA+Q,)

Tiép tue, ta si dung phép bién d6i hang cdt cia ma tran cho R{x) thude kidu rxn
(vi d61 tugng cd r tin higu vao va n bidn trang thai);
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vec(RT} = [7,  vec(R)

sé di dén
vec(@-Qo)= Hvec(R) — vec(A  P+PA+Q)
trong do
H=1,®@PB)+ [(PB)®I U, , (4.60)

Quay lzi bai toan toi uu (4.59). N&u st dung chuin Euclid cia ma trén thi do

1@~ Qallg =l veclQ@-Qud | g

bl toan dé sé trd thanh:

| Hvec(R) - vectAT P+PA+Qy) |z — min

&  Hvec(R) = veclATP+PA+Q,) (4.61)
vi chuan 12 mét ¢ khong am.

Ma tran H trong (4.61) néi chung khéng phai 14 ma tran vuéng. Né cb n® hang va
nr cot. tue 1a thude kidu n xnr. Béi vav dé giai phuong trinh (4.61) trong truong hdp
phd bién 7<n ta phai si dung ma tran gid nghich déo bén trai caa H (pseudo—inverse),
tie 12 mit ma tran HP nio dé thude kiéu nrxn” dé

HpH = Iﬂr
Khi dé thi tir (4.61) ta 6 duge nghiém R{x):
vec{R) = Hp vec(A TP+PA+Q.—|) (4.62)

Cudi cung, tong k&t lai ta di dén thuat toan thidt k& bé didu khién R(x) cho ddi
tugng phi tuvén (4.50} gdm cac bude nhu sau:

1) Thiét ké bo diéu khién phan hdi trang thai R, cho 481 tugng tuyén tinh (4.51). trong
A6 Ap=A(D).

2} Chon mét ma tran P dél xiing va xac dinh duong. Xac dinh § , theo cong thite (4.57).

3} Xac dinh ma tran H theo céng thic (4 60) vA xac dinh mot ma trin gia nghich dao
bén trai H, nao dé caa H.

4) Tinh R(x) theo (4.62).



Vi du 4,19: Minh hoa phuong phap thiét ké Sieber

Cho dé1 tugng phi tuvén vdi mé hinh

1 D
ﬁ:t xj][”“%fo]u (co6n=2 va r=1) (4.63)

Bai toan dit va 14 phai tim bd didu khién phan héi trang thai B(x) sao cho véi né, hé
thu dude & hinh 4,12a) khi khéng bi kich thich sé ¢o chat lugng duge dinh hudng theo he
tuyén tinh mo ta boi:

1 00y 0
]|xl]+[ |u (4.64)
"\ 0 "l_ \x\z l.)-

Trong vi du nay ta b6 qua bude thiét k& bé difu khién R, c¢ho mé hinh tuyvén tinh
tugng dugng cua déi tugng phi tuvén (4.63) 1a
—1 0% (%Y (0
dx _ NENE (4.65)
df (} "y X ' 1
A=A, * B

dx

dt

#

Néi cach khic (4.64) chinh 14 mé hinh hé kin bao gém dé1 tugng tuyén tinh (4.65) va mot
bé diéu khién phan héi trang thai R, nao dé dé ¢

—1 0
ACI"BR[]:‘ 0 1l
X _

Chon ma tran P dé1 xing, xac dinh duong

1o
P=|
\0 1)’
Khi d6 thi
T 2.0
Q[] :(BR“‘_AL}) P+P(Bff“—AIJ):(O 9]
0 2
6 0y {00 00
1 0 o ofl{1 o
H = [,&(PB+[(PBYSI,|17, , = + 10y _110
”'“00i1001)10
0 ) 0 1, o 2
- 2 {_‘]\_1 a 1 O\ q
H, = (H H) ‘HT_( ( 1 :l( 110
i 04) looo 2z 2loo o1

2
bt
| ]



vec.(ATP-l-PA-i-QU) = ve('{ s
Xy +xy 2x5+2

Suv ra
0

(01 1 0Y|x +xy Xy + X

vec( R} = H,VEC(ATP+PA+QJJJ -1 L :( S 2}

£ 200 00 1) |x +xp xp +1

2 +2

&  R(x)=(x,+xq . xi+1) (1.66)
vi R(x) phaico kiéu 1x2.

Nhit vav hé kin sé ¢6 tin hiéu sal léch w 1a (hinh 4.12a)

u = w-Rix)x = w—{x;+ xy)x;—(xj+1)x,

Hinh 4.12b) la quy dao trang thai ciia hé kin khi khong bi kich thich va ¢6 trang thai

{ l) ) i y "
dau .l’.]=| i) Dang quy dao trang tha két thie tai goc toa do 0 xae nhan tinh én dinh
=) .
cua he
a) b)
LS
—5

2,05 ﬁ=.4(£'1;+8;:_}_4
dt

%2 o0« Dbw o0a

Hinh 4.12: Minh hoa vi du 4.19.

Trén dav la cac bude thiét ké bo diéu khién R(x) duoe minh hoa theo thuat toan
Theo dé ta thu dude két qua (4.66). Tuy nhién riéng var hé cd hai bién trang thén va mét

tin hiéu vao. tic 1a ba diéu khién co dang

Rix)=1ry . rs)

thi ta ciing ¢6 thé dén duoe bo diéu khién d6 mot cach don gian han nhu sau



— TinhQ(x) = (BR-A)Y P+P(BR-A) :{ 2 n—x —xz]

. B
rno-xy—xy  2ry -2xy

— Déco min Q(x)-Qp | tachicin xac dinh ry . 1y sao cho Q(x)=Q va di dén:
Rix)

P2 r—x —xy ) {2 0} - nmXy —xp =0

Lrl —X|— Xy 2?‘2"’2.‘(% ‘J LO ZJ 2?'2 —2x£ =2
rp=x; tXxy 3

o 3 (= R(&): (I1+ Xa . I2+1)
r2=x.'2+1



5  PIEU KHIEN TUYEN TINH HOA CHINH XAC

5.1 Gidgi thiéu chung
51.1 Hé co cau trac md hinh affine

Théng qua ndi dung ctia nhing chuong trude day ta ¢ thé thav ndi lén mét ban
kho#n la tuy ¢6 nheu chi tidu chit lugng duge dat ra cho céng viée phin tich hé ph
tuvén nhu tinh én dinh. tinh diéu khién duge, quan sét duge. kha nang tu dao dong,

hién tugng hon loan. phan nhanh ... nhung s0 phudng phap hiu hiéu phuc vu truc tiép

cac céng viée doé lal khing nhidu, Thudng dung nhat 13 phudng phap phan tich gian tiép
théng qua mé hinh tuvén tinh tugng dudng cua hé phi tuyén trong 1an can du nhé xung
quanh diém lam viée cia hé. song phuong phap nay lai khéng cung cdp dude thong tin
mdt ciach day di cia hé théng trong toan bo khong gan trang thai. Con déi véi nhing
phucng phap phan tich truc tiép thi ngoal trid tidu chuan Lyvapunov cho viée phan tich
én dinh va phuong phap mit phéng pha gidi han d hé phi tuvén NL c6 hai bién trang
thal. cho 161 nay ta chua 6 mot phuong phap eu thé nio khac.

Gan dav, vdi edng cu hinh hoe vi phan (differential geometric tools) ngudi ta da &
dén duge mot s& phudng phap, b dip phan nao sy khiém khuyét trén, cu thé 1a phudng
phap phan tich tinh diéu khién duge (controllable), quan sat duge (obsersable). phan tich
tinh déng hoc khéng (zero dynamic) cang nhu xac dinh tinh pha cue tiéu (minunum
phase) cha hé phi tuvén ed cdu trae affine:

| dx

B - Flxy+ Hix)
= flx)+ Hix)u B0

¥ =gl

trang dé /(x) . glx} 1a cae vector ham, eon A (x) 1A ma tran ham theo bign x. 6 s chidu
.. o e a - . . . . n . N
phi hdp voi 8 céac tin hidu vaoue R . ra ¥ ®"” va trang thai xe R . tuce la:

f\(jf_)" / g]{E}\
' gx=| Hig=

\_an (E)J \gp(i_))l hnl(£) hmn(z),

(R (x) - Ayu(a))
fix)= ' ’ :




Nham tac ra méi trudng thich hdp vdi ¢ong cu hinh hoce vi phén, ¢ dav ngudi ta da
gia thiét cac vector tin hidu vaofra x(#), ¥(¢) la kkd vi vé han {dn, tie 1a thude tap €7
Biéu nay doi hoi cac phan tif cia flx). H(x). glx) cang phai kha vi vé han lan theo x,
déng thai vector tin hiéw vao u (£) cing phal thube 1ap €7 {cling kha vi v6 han lan).

Viée phai thoa mén tinh kha vi v6 han 1an cia cac phan tl caa f(x). H(x), £(x)

cling 14 mdt han ché vi ta cé thé thay, tat ca cac khiu phi tuvén co ban did duge trinh bay
trong chudng 2 déu khong thoa man didu kién nav,

Tuy nhién. ta cing cé thé duge an ui ring gis thiét mé hinh hé phai c6 dang (5.1)
hoan toan khéng han ch& mién ting dung cta né. That vay, véi hé wi tri téng quat ¢d mo
hinh trang thau

dx _
—JE— = f({ii)

thi chi bang viée dinh nghia lai bién vao w ()

dic
= = it
dt )

ta sé trd vé dude dang md hinh affine (5.1} quen thubc:

( flx.u) &}
ala 5

4 L
Hé affine véi mé hinh (5.1} c6 nhing tinh chAl rd ban saw:
1) Bdt bién vdi phép doi bién vi phoi:

G

14 méat phép déi bigh vi phii (song dnh va khi vi}. Khi d6 mé hinh (5.1) biéu dién theo
bign méi la z cang c6 dang affine:

-‘fﬁ— =fo+ Hou
y= g

trong do

=22y g =2 L Eo=g(m @)



2} Bat bich i e trie song song. not fiép va hoi tép:

Hinh 5.1 biéu dién hé ¢é cdu trae song song va hdi tiép cua hai hé con affine:

'”E Fefx.
_ 14 H (e e 22 () Holx
He 1: J d! f (1 SRR i He 2: J dt ff__; 2y alx,
\']=§1(£1] L‘—I::é_{z(‘—tz}

Khi dé. ¢ tridng hop eo edn tiic song song (hinh 3.1a). hé lén ¢lng ¢d mé hinh affine:

d"’ill—[.'f_"l{il‘J\\'i_*_ H|{.\]]‘E
drlx, | ]\.{'._,,(52)_,! L H o,
TS Hix)

vl ¢ truong hop hdi t1ép (hivh 5.1b) eling viy:

?ll "|\ 'f (‘.L' 'P+1[1 (1 )g ‘ ](El)‘-u_
|331_;‘ (X))~ Hyix g, (m ‘*
I —;_11)4 T H(

Tiang i cho nhiing cau trie khace nhu néi tidp. hé nguoe. ta co dide k8t luiin vé
tinh bat bién cua méd hinh affine.

Hinh 5.1: H& cau thanh béi cac hé
affine thanh phan cling 1a mat
hé affine

Xét hé (5.1) klu khong bi kich thich (=0}

dx . .
— = f(x] {:
ot !‘"[l

ot
[

Gov x(¢) 1a qu¥ dao lrang thai tu do cua hé théa man didu kién dau x(0)=x,. Ung vai
nhing diém trang thai ddu khac nhau x,; ta 6 cac quy dao trang thai tu do khac nhau
x(21. Ky hiéu phép bién d&i diém trang thin ban ddu xoc " thanh quy dao (rang thai

x(f) Jatoan td @f | racla



x(fy = (b}( {x,) hay ID:: 1y B xit) {5.3)

ta sé oo
Binh Iy 5.1: Toén t ®f (x,)) bién ddi mét diém trang thai x, thanh ham thai gian x(¢)

thoa man {5.2) vdi x(0}=x, ¢b cac tinh chat saw

a} CD‘; (x} =x

by ol o =of bl w)= ol o] )

o (@) = ol
Chitng minh.

Tur dinh nghia toan ti ®] (x,)=x(¢) ta c6 ngay ®L(x,)=x(0)=x, dung vdi moi x,
va do 1a két luan a). Tuong tu. tf x{ )= ®f{x,). x(t+ 7=, (x,) va x(t+d=f (x(7))
dung véi mol x, ta cing c¢o b}, Cudi cing, khing dinh ¢ duge suy ra ti¥ h) vdi

=@} x0)= ®_ (=0 (& (n)) = o/, (=0 x). 0

Vi du 5.1: Minh hoa dinh ly 5.1

D& minh hoa dinh 1y 5.1 ta xét trugng hé (5.2) la tuyén tinh tham sé hing véi
flay=Ax. Khi do cé:

@l () =i (x) = My,

R& rang toan i nay anh xa nay théa man nhiing tinh chit néu trong dinh 1y 5.1;

— (])Ef({): gtiﬂ_£:f£:£

CIJ{;‘,(E):;» '.g———y e x = e ‘.1=cb‘:[¢>‘f'(£)_) 0

Ngoal ra, néu f{x) 13 ham giai tich thi d)f(g} ciing giai tich. Do d6 trong lan edn ¢,
ham x(t+ )= d)‘,’ (x(7)) xap xi dude bdi cong thic "tuvén tinh" véi hai thanh phin dau

tién trong céng thite khai trién Tavlor cita né:

®f (2(r)) = a(t+ 1) = gt‘;+%—f— r (5.4)

-2
m—
o



Binh ly 5.2: Cho vector lién tuc A(x) vdl x(f} chayv doc trén quy dao trang thai (D’;'(g).
Goi @, la mét 14n cin cda'x(¢). Gia su xp=x(t+T) la mdt diém trén (1){ {x) thugc
O, tac la 7= dh(x)e O, va &f (x;)=(@5)(x;) 12 anh xa ngude bich xp
thanh x. Khi dé vét T da nhé sé cé:

Q) x(t+T) = xp = &(t)+%’1‘, ticla Ohiw) =z +f0) T

by 2y = A + 2B g = e B8 7
dx dx =~
L L Y
) ——alx) = Alx) - == 4(x}7
ax dx
Chung minh:

Khang dinh a) dude suy truge 1iép L (5.4) véi =T, PE co b) ta khai trién A{xs)

thanh chudi Tavlor trong lan can x rdi chi git lai hal thanh phan dau tién vai:

dy _ x{t+Ty—x(ty _ .
_.,._;..__.——_}‘{_-()_
't T -

Cudi cling. k&t luan o) ducc suy tiz khang dinh a) véi (‘D{T(E] =x—f({x) T nhusau:

5.1.2 Cong cu toan hoc: Hinh hoc vi phan

Pao ham cua hdim vd hudng (Bac ham Lie)

Cho mét ham vo hudng vi{x}. Pac hiun cua nd doc theo quy dao trang thai tu do

x{t)=®! (x,) cha hé khong bi kich thich (5.2) duge hidu la;

= p
Ly = J—L [ L= -j-‘i Fx) (5.5)

X WX -
(26 thé thav phép tinh dao him Lv cua v{x) da duge biét dén ti chuong 3 khi néi
vé tiéu chudn Lyvapunov. Né do su thav déi gia tri cia v (x) doc theo x(£)1= (L‘;_r ().
Nhu vay LL'L-‘(_:E) cong la ham vé hudng gidng nhu v(x). Hinh 5.2 minh hoa phép

tinh . Nhiing dudng nét rai trong hinh la cac dubng déng miic cta v(x}, tic 14 tap

214



cde diém trong K" ma téi d6 ham v (x) c6 cang mét gia tri 4. Ching han dusng nét rdi
chia diém x trong hinh 12 tap cac diém trang théi théa man v{x)= k, con dubng rdi nét
chiia x p 1 tap cac diém trang thai ¢é v(x )=k, Khi dé, téc do thav d#i gia tri cta vix)
doc theo qu§ dao x (£}, bit diu tit diém x cho tdi di€m xp = d);(g), s€ la:

vxp)—vix) U(‘D; (E))‘ vix)

= hm —
7

Ll T

. .,k .
LI-L‘(I) = him ko L= im
- T T T .50 T

TN D (x) - x _ dvix) dx _ dulz} 0
dx T -0 T dx dt dx =7

x(t)

Hinh 5.2: Minh hoa phép tinh dac ham cua
ham vb hudng v(x) doc theo guy dac
trang thai x{t).

Phép dao ham L[u ¢o nhiing tinh chit:

1) Cho mdt vector ham f{x) va hai ham v6 hudng vi(x), wix). Khi dd sécd:

ju ) X I a{.: I\\
Lo = Lv-w vl o= il wil=|— 2]
) f w wf r)}: ( i) {a{ ‘r_;

2) Cho haivector ham f{x), g(x)} va mét ham vé hudng v(x). Vay thi:

AL yux)

LELiU(I) = LE (LLU(E)] - dx

- 8(x)
31 Cho vector ham ﬁ({) . mdt ham vo hudng v (2} va mdt sd nguvén k. Vav thi

J (LE_[L:{E))

Foixy=
fulx) r

flx

Vi du 5.2: Minh hoa dao ham Lie

Xeét trueng hop bé 14 tuvén tinh tham s5 hing



% = Ax+Bu  véi [z Ax va @M@ = ey

Theo ¢ong thic dinh nghia (5.5) vén v(x)=Vr va V14 ma tran hing. sé ¢é

Lycvix) = db(x’ Ax = VAx
Ax 91

Ta cing di dén duge két qua trén ti ban chat rang L, vlx) do tée db thav déi cia

vix} doc theo quy dao trang thai dlf‘l({) nhu sau:

! \I—u x) V! (x)-Vx _ ATy v
Lyye(n= lim @hw]-vus i @7V Ve 2oV
301 T T-si T T =t T
Suyra
i (._-!AT _1 b
Licvix} =V lim—»-—-—’gZVA;L- 0
Tt T

Phép nhan lie, hay dgo héim cua vector
Cho hai vector ham ﬁ(_yg) va gix) . Phép nhan Lie ca ching duge hidu la;
of

f —4 (5.5}
LA

1

A .
I+ Il:n:
-

1

Song song cing véi tén goi phép nhin Lie. ngudl ta ¢on gol né 1a ngode vuong Lie (Lie
bracket) docoky hidu {f.g]

Nhu vay két qua cua phép nhan Lie cua hail vecter ham f{x) va g(x) lai la mét
vector ham. Né do téc dd thav déi gia tri cua vector gix) tinh doc theo quy dac trang

thiti tu do x(2)= @ (x,,} 14 nghiém cua hé (5.2).
Phép tinh nhin Lie ¢6 nhing tinh chat sau:

1} Cho hai vector ham f(x). g(x) va mét st nguveén k. Vay thi:
[f.gl=-lg./]. ticla ad{é_{ =- “d.gi (phan d61 xiing)
ﬂdf& = adf(adf_]gf] = {{ ,adf—]ﬁ]

2) Cho ha verctor ham i(g) ,g[{) . va ham vé hudng vix). Vay thi:

LU_!_J]LI = = L{LEU"LéL{TU

22



3) Cho hai vector ham f(x). g(x) - hai ham v& hudng vix), wix). Vay thic
l“ﬁ'wﬁ] = uw[f,g]ﬂ wa) vg —{ Lgu) w_fv

4) V@i cac vector ham fi{x) . g(x}. A(x) va har s& thue a. b ludn e

1

{af +hy k] =alf Al +blg. Al

(h.af +bgl = alk f1+ blE . g]

5) Bavector ham f(x). glx}, £{x) luin thoa man tinh déng dang Jacobi:
£ g W) + [g b £l + 1A/ 21w =0

6) Neéu hai veetor f(x), g(x) ti€D tuvén val mot da tap thi | f g 1(x)= adrg(x) cing la

mét vector 118p tuvén vl da tap do.

Hém ma rdng (distribution)

Duéi khai niént ham moé réng cla hinb hoc vi phan ngudi ta hiéu mbt anh xa A gan
mdi phan i x cla khdng gian vector n chidu B thanh mat khéng gian vector con A{x)
véi d chidu (d€n) trong & .

Arx b Alx)

Vi la mét khéng gian vector ¢6 sd chiéu bing o nén trong A(x) phai tén tai d vector

i‘](p. [ E SRR £d(£] doc lap tuvén tinh sao cho Alx) 14 tap hop eda tat ca céc
vector f(x) dang t6 hop wuvén tinh cia chang. tie 1a
)
flx) = Y aix)f (1) € AlD)
izt
vdil mol han vo hudng a,(x)
Né&1 cach khiac, khi x ¢d dinh thi

Ax)= span( f (x). f (x). ... f (x)

Ham md réng thudng duge ding dé bidu dién Hinh 5.3: Ham ma rong ia
. - . . mat tiép tuyén vdi da tap
khéng gian tiép tuvén T, vii da tap M tai diém x trang thai #.

(hinh 3.3). Ham mo rong A(x) duge goi la tron néu

| B}
[ B
[ Rl



chc f{(;), £2‘(E)= .. fd(_:g) 142 nhung vector ham kha vi
Ham mo vdng A(x) o cac tinh chat sau:
1) Ham md réng A(x) dude goi 14 khéng suv bién tal x néu d d6 ea dimiA(x))>0.
9) Cho hai hiim md réng trdn A, (x) va A, (x). Téng A(x) cla ching, dinh nghia béi:
A = A= g +h) | gwea ) vi hixed, @)
cang la mdt ham md réng tran,

3) Giao A=A;A5 cia hat ham md réng tron 4, (x) va Ay(x) 1a mdt ham md vdng tron
fdidu ngugce lai khong ding).

4) Khai nigm ham mo réng xodn: Ham md vong A{x) cé s8 chidu d véi bd co =a {1(5) .
fztg), vee - {d(g) trong 1an can x. duoce goi 14 xoan (involutive) néu tich Lie ¢ia hai
phan 1 bat ky thude a{x} cung thude A(x).

Ngoai ra, cin va dn dé:
Alx)= span( ﬁl(gg}‘ f_'2{§), e I:d(gg}}
14 hAm md réng xodn la

[f_'}(g),ﬁ;(g]]es(.g) v6l mol 187 j€d.
5) Ham mé réng truc giao: Cho A(X)CR " ¢6 50 chidu bing d
Atg=span( £ (x). [ (x). .. f ()
Ham mé rng truc giao ria Atx), ky hitu bdi A ' {x). dude hiéu 1a haim mé réng gém
cac phan ti glx) thoa man:

AT= {ewer” | g7/ =0 va Jeaw)}

Vay thi dima ™ (x)=n-d vi néu ky hiéu

_'\_L(_;t_): spani Edq_](p,g Jxre g {x))

(f+2 - ey
s& con cd thém:

gL O (x)=0  véimol 1SkSn—d vi LSisd.



6) Tiéu chuan Frobenius: X¢ét ham md réng Af{xjo i’ ¢6 sd chifu bang o N&u tén tar

n—d ham vo hudng m g, (a0 mg,0(x). 0w {x) sao cho
; T ¢ T
o ) ) ] a
.-\J'(_x_) = span(‘ M (&) ’ , ‘ Irrigey(2) R (x) ‘ }
L dx rhx ax

thi A(x) goi 4 tich phdn dioe hoan toan. Theo Frobenius, cdn va dit dé A(x) tich
phan duge hoan toan la ne phdi xodn.

7} Ham mé rong bt bign: Cho ham md véng Alxyc k" 6 8 chidu bing d va mdt vectar
ham [z} Kh dé Aly) dude goi la bdt bién vé Fix) néu tich Lie gilta fix) v mot
vector giad tuy ¥ thude A(x) lai thude Alx). Noi cach khéc, tir g(x) e A(x) suv ra

duce | F1x). glx)]e Afx), Nhu vay. néu co:

(xtb. . ,l‘t\

2= ef

Atar= span( f'] (x}. [/
thi can va du dé A({x) bdt hien vii JACINEE

[ {({} . f'l_(i}]E Alx) vormo 1Li8d

#) Néu ham md rong A{x) bat bién vé1 ca hai vector ham f{x) va g{x) thi noé cang bt

bign vél vector ham { f{x} . g(x) |= ad; g(2).

5.2 Phan tich hé affine
524 Xac dinh phép d&i bién dé tach hé

Trude tién ta xét mot Adm md réng xodn Alxic R 6 s& chifu bang d va AT{x) 14

hiam mo réng true glao cla 6. Do A{x) 1a hdam md rong xodn nén theo Frobenius, ludn

tom tal n—d ham vo hudng m g, (x). m 400X}, .. . m, (x} théa man:
» T o RPN
m Mg (2 .
ATy = &pan(’ ¢ d I(U | . ( oM gl ( o IL{”D:C_J ) (5.1
X | 35 A L dx

St dune phép dai bién:

l" myix)




vl d cic him duge cho thém vao la:
moylx)=x, . mylx}=x, . ..., myla)= xy
ndi cach khae
2= mix)y = (. o xgmglx). . e, () )T (5.8)

thi mét vector ham vi{x)e Alx) tav ¥. khr duge chuvén sang hién méi theo cong thic:

s& phai co n—d phan ti cudi déng nhat bang 0. hav:
. e e . T N
Flzy = (§(z) ...  Tg(2).0. ... .0} (2.9}

Ta can dé dang thav dude didu nguge lai cling ding. Vay:

Binh Iy 5.3: Cho mét ham mo réng A(x)CR" ¢6 s6 chidu bang d vi xodn. Gol f.\l(y XAc
dinh theo (3.7) 14 ham md réng truc giao cia A{x) cing nhu v(x) 1a mét vector ham
tuv ¥ trong k7. Khi dé. dé v(x)e Alx) thi cdn va du 12 anh §(z) cla néd qua phép
d81 bién (5.8) phai cé n~d phan t cuét déng nhit bang 0, tie 13 Fiz) phai cd cau

trac nhu trong (5.9}

Bav gid ta xét hé alfine (5.1) ¢é md hinh khéng bi kich thich (5.2):

MEDN

— = f(x} =

510
eft - ®

fulx),

VA gia s 1a vector ham f{x) cia né bat bién véi ham mé réng Alx) =R ¢b si chiéu

bang d va xoan. Ky hiéu ?(_g) 14 anh cda no qua phép d61 bién (3.8), tic la:

d 3 '.f}?:(g)\
z m o, = P
—:[_ Filx) = flz) =
dr Lax-— o - -
x=me (2l ‘}!”[2)
Goi z, k=1, 2 .. .n labd vector cd 5¢ trong K. theo bién z, théa min:
. ) A
zp = (0. 0,10, . .0)
4

phin tu thi k

2
Lo
o



Nhu vav. theo dinh Iy 5.3, tit ca cac vector z, 6 k< déu la Anh qua phép doi bién (5.8)
cua mat veetor nio dé thudc Afx).

Xat tich Lie:

[ fiz) 2 1= ‘; [(2-—=—z, =-—F=2

T

_ (@ e @

oz 1 bz 5 . T b L

vdl k<d 58 la phan

2=mix

ta thiv do c6 gia thidl fix) bat bién vél A{x) nén EE(E)'EJ.' ]
td cun A{x). Boi vay khi k<d thi ] J;‘h'(g) .z, ] phai ¢d n—d phan td cud dong nhat bing

0. hawv

o, o -
—M =0 wviimol Oskad va i>d
(}2}‘.

v d6 cing chinh 1a 161 ching minh ca dinh 15 sau:

Dinh ly 5.4: Xét hé kliomg bi kich thich (510} bac #. N&u tdn tai mét ham md réng xodn
A(x) v6i 53 chidu bang d sao cho vector ham f(x) clia hé (5.10) At bién v Alx)

thi phép dé bién (5.8). trong dé n—d ham m . ((x}. ... .m,(x) dugc l&v td him

me réng truc glao A {x) xac dinh theo (3.7). 8¢ chuvén hé (5.10) v& dang:

itz o cEgiggan s 2y)

di = F{Z = ’(‘d(z]_“_ R Y L Ea TS ’zn)j
- Jrr:I'H(zﬂ'—I-" "'»211)

Fulzger - 2,)

Vi du 5.3: Phép d5i bién che hé khéng bi kich thich

Cho hé khong bi kich thich vé md hinh

.f - \'.
Ry |
dx . Xy !
- = f (E) =
t - = XXy — X Xyu0y

. " i
L SIN X, + X3 + 1y |

o]
| Rl
&



¥ét ham md rong vail s6 chifu d =2

(17 0"

. . . .. 0 1
Aflxy=spanfy (x). ta(x}} vir v {xd)= valx)= 0
v Lo

Do co

[ty{x) v, ()] =0e Ax)
nén A{x) 1 xoan. Hon niia vi

[ fx).e (a)]=0eAlx)  va [ Flad . vuf)]=-u,(x)e Alx}
nén Alx) la bat bién vél f(x).

Theo Frobenius. ti tinh xoin cia Afx). phai téu tai hai ham v6 hudng ma(x).

mo(x) dé cé

|

N i'(.g} _ spnn(! g (x) \ ‘ r 31?1\_1(5) '
| Sy

ox

tic 14 hat ham d6 phat thda man

, r)m%(x) \— __\kdmi I o ({)!?Il(x) |_1f_) lﬂm‘,(x)\ volx)=0

dx T

Ta cé thé thav mét trong nhimg cap ham v6 hudng m (), m q(x) dola

ma(x) | \ (om0 _ _
rﬁ# (0.0 .1.0) va ‘“?——1.,'1(9 = (-xu.-xy L 00 1)
wy L
hav
mylx) = 2, va m{x) = —xgx,toxg

Két hgp thém véi
mo(x)= xy VA ara(x)= o

ta oo duoe phép dai true

X | Zy \!

}

. X i _ Z5 ;I
z2=mix)= B = x=m (2= - '
Ly Ty I

R R ST . L2127 +24J

Suv ra

| Rl
32
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1 0 0 0) oz,
3 1 00 d - z.
_& = = _E - f(?} — A D
ox 0 0 10 it —- Zq2
—x, —x; 0 1) \sinzaj

Tiép tuc, md réng dinh 1¥ 5.4 ta cdn €6 hé qua saw:
Pinh Iy 5.5 (Hé qua cia dinh Iy 5.4): Cho hé affine:

E? = flxy+H(x)w vl xerR" | uer”™ (3.11)

Néu tén tai mét ham mé rong A{x) c6 s8 chibu d, chua tat ca cac vector edt ki{x),

ha(x), . . A, (x) cha ma tran H(x), xoin va bit bién véi vector ham f(x) . thi

cung sé tén tai mot phép dé bign z=m(x) dua hé vé dang "téch” nhy sau:

‘dz, -~ —
d_ zfliil-ég)*'Hl(épEz)ﬁ
t - 519
d (3.12)
2y =
_— ) (Z. )
dt Iz
Lrong da
- (‘zd‘H i
2= va zz=| o
Zd} 2y 7
Chitng minh:
Do Afx) chita A {x). Aa(x}. .. . A, (x) vid x0odn nén né bat bién v cic vector

d6. Theo ndi dung dinh 1§ 5.4, khi d6é phai tén tai phép d6i bién z=m(x) d€ tach flx)
thanh }‘:1(51,59)6 k. Ez(gz} er" ™ va ma tran H(xz) thanh I}l(gl,ﬁ) erT™ 3
ﬁé(gg}tkn Tdxm Nhung vi f(x). As(x). ... h,{x) thudc A(z) nén khi chuvén
sang bién z. ching phai ¢é w~d phan ti cudl bang 0 Vav ﬁ'{g(ﬁ) =0 (ma tran cd ¢ac

phén ti bang 0). a

Vidy 5.4: Minh hoa dinh Iy 5.5

Xét hé atfine cd:



w0
{ X xq + Xoe™? %)
dx x. 1
=== f(x)+hldu = ’ +|
off X, XQI:.} 0

2 £ xX.
X3+ XpXy —XyNy ) 3

va hiam md rdng véi sb chidu d=2

9 e*?
1 a
Alp=span(y, (@), go(x)) trongdd v (=) |, L= 0
X3 0
Ham mo rdng nay chita A{x) va bat bién v flxy vi:
adsu(x) = [ /() .0, @] = 2,(0) € A
adsug(x) = [ [(x),py(x)] = 0 € Alx)
Hon niia né 1a ham md réng xodn bdi cd:
ad, v,(x) = [v)(x).uy(x)] = 0 e Alx)
nén theo Frobenius, phai ton tai hai hiun vé hudng m G(x), m(x) dé
T
! I ("c) am, (x)\
AT (x) = span (('f : } [ =1 )
d )
Ta thdy mét trong nhitng eap ham vé hudng m4(x), m,(x) dé la
moalx) = x5 va  mglx) = —xpxat x,
Nhu vay, ta co phép déi truc theo (5.8) la:
Xy h S k
X, _ z.
2=m(x)= : = x=m lp=| (5.13)
Xy 23
LTy Y Xy 222312
Suv ra
'3123 +22E’22 )
d J _ . 1
92 o+ L Hm ey =] o (5.14)
(it dy — dx z,
0 g N 0 A



Ra rang, véi phép d6i true (5.13), hé affine cho ban ddu da tré thanh dang "tach" véi md
hinh (5.14), trong dé

P s LA
= 292y +zoe™E > N > 21
Jf (_]-_Z_g): 1= ’ fJ(__})_i W 1(%1:5;)_r
! T Lo L o)

v

5.2.2 Phan tich tinh diéu khién dudc

Tinh diéu khién duge cua mét hé thong la gi va tai sac phal quan tam téi né. Dé tra
151 ta hay xét bai toan 13 thiét k& bd didu khuén dé 6n dinh héa duoc hé théng, titc 1a bo
digu khién phai tao ra duce tin hiéu diéu khién dun hé théng ti mét diém trang théi x,,
nao d6 (diém ma tin hitu nhidu da dua hé ¢ dé) quay duge vé diém can bing x, ban
dau. N&u nhu rédng khong tdn tai bat cd mat tin hiéu didu khién nio c6 Lhé lam duge viée
nav thi su ¢d ging tong hop hay xav dung bo didu khién én dinh héa sé tré nén vo nghla
(bai toan khong co 101 giai). Bdi vay dé cong viée xav dung bd diu khién 6 thé co két
qua ta phal bifl dude rang cé tén tal hav khong it nhat mot tin hiéu diéu khién c6 thé
dua duge hé théng ti x,, nao dd vé x,.. Néu nhu tén tat mét tin hidu didu khién lam duge

viée do thi ta noi hé théng diéu khién duge hoan toan tai diém trang thi X

Pinh nghia 5.1; Cho cac diém trang thaix, va xe. Hé:

ot
1..\«' = glxet)
dudgc got 1a (hinh 5.4}

a)  Didu khién difde tai diém trang thai x, . néu ton tai vector diu khién u (1) dé
c6 dudng qu¥ dao trang thai () Luong ng xuat phat tit x;, va két thuc tai
goe toa do trong khodng thal gian hivu han,

b)  Pat toi ditge diém trang thai 7 . néu 16n tar vector diéu khidn «(t) d€ o
dudng guy dao trang thai x(#) tuong dng ¥uat phat tir gde toa dd va két thie
tal xy trong khodng thdi gian hite han.

¢)  Pidu khién dide hoan toan tai diém trang thai xy néu véi diém xp bat ky.
nhung xac dinh cho trude, tén tai w(f) dé c6 quy dac trang thai x(¢) tuong

ing xuit phat 1 x, va két thic tai x ¢ trong khodng thot gian hitu han,

2340



B

digu khién dugc
hoan toan

|=
[
BoRom

-

Hinh 5.4: Cac khai niém diéu khién duoe, dat
téi duoc va diéu khién duce hoan toan,

oy
(24

Chu ¥ ring trong dinh nghia viia phat biéu ludn co didu kién trong khodng thoi
gian hite han, Dav 12 véu ciu ma su ciin thiél cda né gan nhu 1a hién nhién, vi néu hé ¢é
thé dua duge vé trang thai dich y, meng muén nhung phai trong khoang thii gian vo
cing ldn thi ciing ching o6 ¥ nghia gi cho bai todan didu khién. Tham chi ¢é nhidu hé
khong digu khién duge nhung van cé kha ning ty quay dude vé x,. tuy nhién i trong

khoang thai gian vé han (vi dy khi hé én dinh tai x,).

Pa tap cac diém trang théi dat 16i ducc

Nhiém vu cila cong vite xac dinh tinh diéu khién dude hoan toan che hé phi tuvén
affine (5.11} lién quan tdi viée xac dinh tap cac diém trang thai ma véi chung hé ¢o thé
dat té dude bang mdt tin hidu didu khién 204 nao dé. Wic 1a xac dinh da tap My gim
cac diém trang thal x; ma hé cé the dat 181 duge bing nhiing tin hiéu didu khién w(t)
khac nhau trong khoang thoi gian hiiu han Tt diém trang thai diu xn thude da tap M

da biét thinh 5.5). Hé sé 1a didu khién dute hoan toan néu nhu da tap Mr la toan bd

khong gian lrang thai, hav:

dim ”T =n
a2 ()= o] (2}
i 1
=] |
n rz N
o . l\
Hinh 5.5: X4c dinh da tap cac diém trang thai Vot X

dat tch duge cho hé phi tuyén,
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Tiéu chudn diéu khién dude hoan todn

Céng viée xac dinh da tap M+ 58 don gian hon nhidu néu ta chuyén hé phi tuyén
affine (5.11) cho ban ddu thanh c&u tric vdi hai phin riéng biét (5.12) nhd phép dd1 bign
z=m(x) néu trong dinh 1y 5.4 va dinh 1y 5.5, vi khi dé, da tap #¢ gbm cac diém trang
thai dat t6i duoe s€ duge xac dinh t khong gian con chia z, trong thanh phan thi nhat
vh tap cac diém z,(T) dat té1 duge mdt cach tu do (khéng phu thudc vao tin hidu diéu
khién) sau khoang thai gian hitu han T. Néi céch khice, vél md hinh dang tach (5.12).

[dz - —~
d;rlzf_l(irig)*'Ht(épEz)E
dz -~

c;zz =1,

ta thay ngay dudc tin hidu diéu khién u (£} chi ¢6 tac dung Jdi dude hudng di cia phan
bién trang thai z,(¢) chit khong tac dong dude t8i z,(¢). Diéu nay dan téi da tap My cac
diém trang thai dat téi duge cua hé chi co thé ¢6 s chidu nhiéu nhat la d.

Song viéc tach hé (5.11) thanh (3.12), nhu dinh 1y 5.4 va 5.5 da trvinh bay, lai duge
quyét dinh hdi sy tén ta clia ham md véng:

Afx)= spanl{u,(x). valx}. . . vylx))
thoa man:
—  Chua tat ca cac vector ¢dt b (x), ho(x}. ... . A, (x) cua matran H(x).

—  Béat bién vdi vector ham f(x).
- Xoan (involutive).
Bdi vay. cong viée dau Lién cdn phai lam khi phan tich tinh didu khién duge la xac

dinh ham md rong A(x) thoa man nhiing diéu kién via néu.

Diéu dau tién c6 thé biél duge ngay vé A{x) 13 16 khéng thé ¢é s6 chidu vugt qua n,

vi ban than né la mét khéng gian vector con trong &7

dimA{x)<n
D& A(x) chita duge tat ca cac vector cdt A (x). ho(x). .. | A, (x) cua ma tran
Hx) thi
span(hy (). AL (). k(D) < aly) (5.15)

Tiép theo, dé A(x) bat bién vdi f(x) . né phai chiia ca nhiing vector



[L(g) Jixy] = rr.dfﬁi-(gj € Alx} véimoi i=1.2.

Nhung khi da chia adgh;(x} vA lal bat bién vé1 f(x) thi duong nhién né cling phai

chiia
(£ [ £ )] = adfhix)

[f@ [ £l [ B )} = adih, ()

@ f@ L F@ . L@ ko) ) = adfh (o)
trong dé & 14 mét s8 nguvén niao dé thoa man: Néu di cé

adfh(x)eAx)  vdimei i=1.2. . .m

thi cling cé

adf—”}_:r.(g)eé(y vilmer (=1.2. .. m

va gia tri k 16n nhat co thé ¢6 1a k=n—1. Ti dav ta suv ra dugc:
span(adfiii({) |1'=1_,2 coam R=001 . 0 a-1) © Ax)
trong d6 ta d3 sit dung quv udc:
adf hy(x) = ()
va nhu vay, trong (5.16) co ludn ca (5.15)

Ta di ¢én khang dinh:

Binh Iy 5.6: Hé phi tuvén affine:;

dx .
= = +H
dt {(E} [

. LN e
Ju il xR | UER

sé& diéu khién dude hean toan. néu cé;

dimspan(ad;ﬁﬁi(i‘) |i:1.2 Loom k=01 .. n=1)=n

trong do A {x), Au(x). ... . A, (x) 14 cic vector cdt clla ma tran H(x).

(5.16)
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Vidu 5.4: Minh hoa dinh ly 5.7
Cho hé tuvén tinh vii

ﬂ —Ax +Bu tdc 1a ﬁ(l} = Ax va H{(x)=R (ma trin hing).

Go1 &; 1a cac vector c6t cua B, hay B=(b;. b, . b,,) taséco

adf b =0 vib; lacac vector hing

va
dob a‘fzi f af { 5 Ab
ie ) T —— ——— 1 _ =
L= dx — dx x T !

= ady (-Ab) = A%h,

=
%
jnad

f

ﬂd;a—]{;—): - {_1)”—]‘4“_1{15

Tir dayv suy ra

span( ad?i}_rrtg) |:'.=1,‘2 Com k=01 a—1)=

=spanld,, .. . b, . adII_J,: ,ad;-t‘_)m . ,ad?"l_)} -

=span(B . AB . A"B . ... . A"'R)

va két luan cda dinh 1y 5.9 chinh 13 tiéu chuan Kalman quen biét trong 1y

khién tuvén tinh.

Vi du 5.5: Minh hoa dinh Iy 5.6

Cho hé xac dinh trong 22 (o n=2):

. o £
| a.x]+b11x2].h(xj_ 0]
\1)

{—axy rbxyxy C(3 .
! - +’ \u var flx)=
dt o —hxyxy, ) 1) - i by

O dav la co:

& /_b__
apan{h(x). adphix) } = span( ~ (1}} { 5 * 1)
- ' Xy
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Vi

dh(x} Jf(x) Jobx
adeh(x) = ('_'(l}f(_g}— =—HAlx)=" ! |
L= da — dx T | hxy
Do
‘0 —hx}
dct‘ ! ‘bel
L1 bxy
) _ (O (=) o — o
nén hal vector . ] ( by la dée 1ap tuvén tinh véi nhau moi diém trang tha .£=’
VG ox :

cox =0, hav

dim span(f(x). adyh(x)) =2 khi xy20
Vav hé diéu khién duge hoan toan tai imot diém trang thai x 6,20,
Vi du 5.6: Minh hoa dinh Iy 5.6

Cho hé xéc dinh trong k! (n=11):

~,

l( Ay +x3033 l
dE _op o . _I Xy i . _
—==fx)thlx)u v fix)y= va hlx)=

v 2
S O R T o

Tu dav ta cé:

I

r
i
l

ad hix) = v adihx) = adih(x) =0

[ S e S i

Vay

dim span(f(x). adghia). adf{_{(g) . arf;}l(y)

x ( - l
. 0
= dim span( ‘ ‘ } =2wd=n
Vg, LD

nén hé 1a khéng didu khién duge.

1
V]

x.

o

X

12



5.2.3 Xac dinh bac tudng déi

Béc tuong déi cua hé affine SISO

DE dé tiép can té1 khal niém bac tuong d&i, ta xét trutng hgp dac biét vdi dsi tugng
tuvén tinh duge mé ta bang ham truyén dat hop thice chit (strickly proper):
by tbyst -+ b 8™

i)

Gis)

trong do men
G +a.8+ - ra,s"

Khi dé, bde tuang dbi dude hidu la hiéu r=n-mz1.

Gia s rang do) tugng. bén canh haim truvén dat trén, cén ¢é mo hinh trang thai:

Vay thi bac tugng doi r ciing duge xac dinh tii mé hinh trang thai theo (xem [19]):

LI?‘A#:Q:{ZO khi 0<hsr-2
#0 khi k=r-1

(5.17

Chuvén sang hé phi tuvén va vdi su goi ¥ cla céng thiic tinh (5.17), khai niém bac
tudng dé1 cia hé ALl ¢4 mét tin hiéu vae, mét tin hidu ra. duge dinh nghia nhu sau:

Dinh nghia 5.2: Cho hé afifine SISO

Bac tudng déi tai diém trang thai x cua hé la s¢ td nhién r ma trong lin can x théa
man:

J:U khi O<kh<r-32

_l‘ru_ -
Eubyglx) 120 khi k=r-1

(3.18)

C6 Lhé thay duge ngay ving trong trudng hgp hé tuvén tinh, tic la véi flxy=Ax,
hix)=h. g(£)=QTL hai céng thiic (5.17) va (5.18) =& déng nhat, vi:
Ugo=c"a%y = Llkgo=ca%
Vi du 5.7: Minh hoa béc tuong di

XéL hé Van der Pol vdi md hinh;
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dx _ X3 ] [0 iyl
—== 9 + o owva y=glx)=x,
dt axy(l-bxi)-x; ) | :

fix) h(x)
Khi dé thi do

dy 0}
Liglx) == h(x) = {1 0) J: 0
B dx 1

HLsg) d (ae .|
L,L: =2 hixy= | B ()
h igtz) ax hix 0&‘-\ d{f_) tix
al. %, (0 0
=210 UJ[ 2 | W:(U 1) }Zl#U
dx Laxy(1—bxy)—xy )|\ 1) 1
nén bic tucng déi ciia hé bing 2 (tai moi x). a

Cha ¥: Hé phi tuyén affine ¢6 thé c6 bac tudng déi khac nhau ¢ nhiing diém trang
thai khac nhau. Negoai ra. khac véi hé tuvén tinh, khéng phai § bit o mét diém trang
thai x ndo trong khdng gian trang thai, hé cang co bac tuong dél. Chang han. hé sé

khéng oo bac tudng déi tai diém trang thai x, ma trong lan can cha né co

Lyg(x)#0. LyLeg(x)#0. - Ly Ligtx) #0. -
song lal c6
I:ﬁg(z[]): _T‘;_]Lfg(ﬁﬁ): .- :IJELJ}g(E,]): - =0

Ngoai ra, tir cong thiic {5 18} tinh bac tudng déi ciia hé SIS0, ta con cé:

Binh ly 5.7: Cho hai vector him f(x). A(x} va mdt him vd hudng gix). Vav thi hai

didu kién sau sé 14 tuang dudng:

a)  Lpglx} = LﬁLf'g(E) = o :L,_z[,';-g'(ﬁ} =0

by Lpglx) = Lad-ﬁg(f)z =L gk g{l) =0
n ra ad®h

Chung nitnh:
Ti Lpg(x)= L;Lyg(x) =0 ta c6 theo unh chat cua phép nhin Lie diéu phai ching

minh thia nhat:

[
b
-1



Véi phudng phap quy nap ta efing ¢6 cac didu cén g .’,( d"hg(x) =0 (k=1), vi:
1a, i -

Lad‘:‘.‘ﬁg(EJ = Llr—Ln glx)- Ladf_: P L{g[:g_} .

dilh

Vi du 5.8: Minh hoa bac tuang dsi

Xét lai hé Van der Pol cia vi du trudc nhung vl tin hiéu ra v bay gio la:

dx o v \ -
——== ” ‘+ ‘ lu  wva  vy=gi(x)=sinx,
et o (l—xyd-x ) 1)

Fla Hix)

Vay thi do
iyt

g | 07
Lyglx) =)—a‘_1(£): (0 cosx,)) | E LR
- oJx VL

hé s& khong 6 bac tudng 461 tai moi difm trang thai x=

23 L s o3 .
ma o do cd:
Ve
_(3l+0m

. —

i o

Vi du 5.8 {[9]}: Minh hoa bac tuong dsi

Cho hé bac bén

rml.rz—x;f" O
dx _ x 2+2t{
== + 7] va v—g(\|_—r|
dt —ay | 1
' -\'.]l Xy o 8! £
/’(E] hlxs
Hé ndyv co
¥
' g - 2+ 2x
Lygtx) = jixi =(0 0 0 1) ! I _—
SR P
L0
[ x1xg -y
g ! : )
Leg) =2 rioy=0 0 0 i ¥ = v,
o ica ‘ — % I B
\ "I12+x'_4



S T

ol p g 242 )
LLgx) = )"‘5’ R(x)=(2%, 1 0 ) lx3 =2(1+x3) #0  khi x,%—1
I ax
0
nén né sé ¢6 bac tuiong dél #=2 tai nhing diém trang thai cé x #-1. 0

Bac tuong déi tai thidu cla hé affine MISO

Tir 1y thuvét didu khign tuyeén tinh (xem [19]) ta d& duge higt he MISO:

J_(_i'_I;AI 1 B
dt - =

T
lv=c'x

chry. ru. ... . r,, bac tuong déi cho tiing kénh véi diu vao u; va dau ra ¥ duge tinh theo

cong thife (5.17). ma eu thé la

- =0 khi 0<h<r-2
¢ ATh = .
#0 khi k=1r-1

trong dé b, la vector bt thii cua ma twan B. Khi dé bac tudng déi 181 thidu » duge dinh

nghia boi gia tri nhe nhatcaar . ro, 0L 0

L

b

FOEOMINGS L Tl e

Nhu vay. nd chinh 1a;

Lk [=0 vl mor 1<i<m vi Osh<r-2
AL =y T

|_;t0 chométgratri iva k=r-1
khi O0<sk<r-2

|207  khi k-r-i

Mot cach hoan toian tuong tu. khai niém bac tuong 46t to1 thidu cua dbi Lugng MIS0
phi tuvén afffine dude dinh nghia nhu saw:

Binh nghia 5.3: Cho ddi tugng MISO bae 7 cé m tin hidu vao (nzm)
.dJ.‘ o
‘—;: ()~ H{x) u=flx)+ ¥ hixh,
dr LR u=flx ,.;*5* S (5.19)
y=glx}
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trong do

Xy U

H(y=(h (x) .y (x), - A, (x))

Rac tuong 461 t81 thidu tai diém trang thai x cia d6) tugng 14 s6 tg nhién r trong lan
cAl x thoa man:

Loy, L) :{

=0 vdl mom 1<i<m va 0<hsr-2

e e (2.200
20 chomdtglatyj iva k=r-1

Vi du 5.8: Minh hoa bac tuang déi

Cho déi tugng bae ba {n=3) c6 hai tin hiéu vao {m=2). dudec md ta hdi:
a0
%% = f)+H(xu = | xx; |[+|0 2]lu va y=x,
L Xy —x"f/ SERY
Nhu vav thi vdi
(0 (07
=10 Ajx)=12], glx)=x.

ta co

Ly Leg(x) = —2—h,(x} = (0 1 0)0

£

2
L1

Suyv ra bde tiung dot 161 thisu cia doi tuong lar=2. a

Ly Leglx) = 1, (x) = (01 0) =2#0
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Bac tusng doi t81 thidu r o6 nhiing tinh chat sau:

Pinh Iy 5.8: Néu » 1a bic tudng dai tdi thidu cia déi tuong MISO ¢ m tin hiéu vio, md
ta hdi (5.19) thi

aj L;ifg(ﬁ}: Lad{glg(ﬁ): o= Lm:- 2, glx}=0  viimol l<i<m

b} Thn tai mat chi sé{ dé cac vector Ai(x) . adf—}lffg). . ad‘;f‘lﬁf(E) 1a dic
tap tuvén tinh.

dg(x) OrelX) rLZ_Ig(E)

. la dée lap tuvén tinh.
dx dx X

¢y {Cac vector hang

d) r=n

Chirng minh:
Khang dinh a) duge suv ra ngav ti dinh nghia 5.3 vé bac 161 Lthiéu va ndi dung dinh
1y 5.7. Dé chring minh b) va ¢) trude hét ta thay:

FOEMINE L Pa, . P00

trong dd cac giatrl #, 1=1.2, ... .m dude xac dinh

r . |=0 khi O0ghksr-2
Ly Lyglxy=q .
- T A0 kht k-r -1

Chon chi 58/ théa man r=r, sau 46 lap ma tran:

; ‘ag (0 )
dx
al. {g (x)

a ed i) . adhix)  hyw) =D
: ~— - )

oLt D

I

AL gy A
e e L
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Do

] (x) = =0 khi O<k<r-2
w1 20 khi her-1

Va
G, dihx) = L 9Lt di Ry ‘ L Lg(x)
_—=. x) = da } e :
ox RVACIES ! o [0 adE ]!‘_l( ’—gi)
cung nhur
thg(‘f) ‘L dk i g(x) dk—Lh{Lfe‘-f[E)]
A '
tue la
fﬂxfgil') =0 néu k+i<n-2
7(}.({){]1 (I) -
dx 20 néu kA-r1=n-1

nén D sé c6 dang tam gidc véi cae phin td nam trén dusng chéo chinh khac (0. Boi vay D
khéng suv bién, Suy ra cac veclor hang cta ma tyan 7, thudc kiéu rxn cling nhu cac
vector ¢ot clia ma tran D, kifu nxr la déc lap tuvénd tinh,

Khang dinh dj 13 duong nhién. vi néu khéng tu sé ed dude didu vé 1y 14 trong khéng
gian 7 chidu R" chya cac vector edt adff-_lﬁ!.{gj cocadihx) L Ry(x) cua 2, talaico
86 cac vector doc 1ap tuyén tinh 1a r nhifu hon &8 chigu la n. Cing vé 1§ tuong tu 1A
khéng gian vector n chidu chua 7, sé& cd s6 chiéu nho hon sé cac vector dée lap tuyén

Saivy Ol gix) aL” g(x}
dglx) for=t f )

tinh trong nd la cice vector hing . . . =
dx dx dx

Vi du 5.9: Minh hoa dinh Iy 5.8

Quay lai d&i tuong bac ba (1 =3) vdi hat tin hiéu vio (m=2), da duge xét dvidu 5.7

Vico L, Lpg(x)#0 nénl=2 var=r,=2. Hién nhién cé r=2<n=3 vi
Ly, gtx)=1Ly; glx)=0

Ngoal ra. rd rang hai vector hang:

el oL, g(x)
BE g0y va L5 o0 1 )
ax ax
14 doe lap tuvén tinh. )



Vector bac tuong dai t6i thidu cla Hé affine MIMO

Tu Iy thuvét diéu khién tuvén tinh (xem [19]). hé tuyén tinh:

Jg=Ax+Bu
de - T~ (5.21}
y=Cx

vl s6 tin hidu vae bing 6 uin hiéu ra va cung 13 m. c6 vector bac tuong dot (61 thidu (r .

Fo. . . F o). dude x4ce dinh theo eéng thue:
T 3 L
T .k =0" khi O<sksr -2
A J (5.22)
| 0" khi k=r -1

trong dé ¢, €y, ... .L, ' cac vector hang cua ma tran (.

=N b}

A QU o

Wyp=—W =====-~ F Yo

Hinh 5.6: Thiét k& bo didu khign tach kénh cho ddi tugng tuyén tinh.

Ngoai ra, cing duge Wét tir Iy thuvét didu khién tuvén tinh [19), néu ma tran;

It L N - . R
P MA” by o fANTE )
I. = : : ’ :

{2.23)

Toar -1 Toan, -1
,('m“'.l " él r'mA “ b

=t

EITAFHF_]B}
khéng suy bign, thi ta ludn tin duge mét bé didu khién tién xd 1y M va mét bo diéu
khién phan hdi trang thai KB (hinh 5.6a) d€ dua d6: tuong MIMO (5.21) ban diu v€ dang
tach thanh m kénh riéng biél (hinh 5.6b):

\ Gl(s) 0
0 (7,(s)

-

’ Y] (S)
. Ym (‘;)

0
a3 W by \
o 1:(9')

. ) |w
{) (;_”[,ﬁ) . m(S),
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Chuyén cac diéu kién (5.92) va (5.23) mét cach tuong tu sang cho hé phi tuyén
affine. khai niém vector bdc titong dii t6l thicu duge dinh nghia nh sau:

Binh nghia 5.4: Cho hé affine MIMO vdi m tin hidu vioira va 2 bién trang thai (nzm}:

ird ) i
d_f =L Hix)u =7 EE“@”* (5.24)
y=gw)
trong do
f(".‘3’1[5)
H(x) = (Ry(2) o). A, (@) va g)=| |
gy lx))

Vector bic tuong doi 6! thiéu ena héla m sd ty nhiénr,, r». ... , r,, thoa man:
&) L, Lhg,(x) =0 khi k<r~2 véimor i=1.2. ... .m. (5.25)

b} Ma tran

(L, L) e Ly L

. _ N
: Ly, 1 0

L, L, Ly D Ve (ay L, L g0

Lio=| b5t 8:(x) h by &l b, of #(x (5.26)
Lh, L;{H _]gm (E} Lh.. L? _lg.rn {l} Lh L?” _1gm (l}

o1 L - Zm g

14 khong suy bién.

Vi du 5.10: Minh hoa vector bac tuong déi tdi thiéu

Cho do tuong bac ba (n=23) ¢6 hai tin hiéu vao/ ra (m=2):

) N JO 0\|
dx b o R [
= = b +|1 3l va “':i
dt 3 . = ixytx )
\\x:i —I] A \2 ‘1/ ——
e (x)
[(x0) Hix} g1
Nhu vay thi
0 ‘0
hy(x)= o ha(a= 3]0 gi(@Fx. gulr)sxatag,
'\2,’| '\:1_.”
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0

—  Khij=1 i=leé  (k=0). !;ﬂ]g](g):%g_l&](a):(l 0 o1 =0
(.E 2/]
0 *2
(h=11%: L!.g](ijziél_f(i):(} 0 0) —xjd-x}f =x,
oz = g
(A & B
.-'U\
= Lf;lL;'g:(£)=(0 1 M1 |=t0
\2J
3 0
- Khij=1. (=2 cd (k=0 Lh,,glﬂilz—?‘&g(@=ﬂ 0 ol3l=0
= dx
- \4/'
O\
=11 L}_z.Lfg](}_'):(O 1 0| 3|=30
1)
3 0
- Khij=2, t=1 co th=0): Lh]gzﬁz):_ag_g_b_l(&)z(o 1 1| 1]=320
- X
x 2
A 07
- Khij=2. i=2¢6  (k=0): thjgz(__x):__fiEE[L):(O 113|270
- 7
- 4
)

biéu nav chitng té vdng r,=2. r,=1. Tiép theo ta thiv ma tran

I/LE]LLg]{E) LE_LEgl(E)\" 1 3\]
30T

S £

Lix) =

Ly #,(x) by, g,8x)

khéng suv bidn. Vav vector bdc tuong doi 161 thidu eva 461 tugng 1a (7 =2, r,=1).

Mot didu can phai chi ¥ thém 1 dé ¢é duige vector bac Lidng d6i (r(. Fy. .oy .

ta phai c6 dong thot ca hai didu kién (5.25) va (5.26).

Vi du 5.11: Minh hoa vector bac fugng déi tdi thiéu
Xét dai tugng di cho d vi du 5.7, nhung ¢6 vecour tin hidu va khéac 1a;

¢ ~
X ‘

« oy

"

m



Nhu vay thi d dav taclingcér,=2. ru=1. vi

[ oxy ) [0 [’o
flw=| RU®={1]. k(0= {3] g7, g
\:c;;—:rizj. 12 v

- Khij=1.i=led  (h=0) L, g()=(1 0 0)h,(x)=0
(k=1): Lygi@=f)=(1 0 0)f(x)=x,
= L;llLﬁgl(E)z(O 1 0¥a,(x)=1#0
- Khij=1.i22¢6  (£=0): Ly m(x)=(1 0 Dhy(x)=0
(k=1): Ly Lpg(x)=(0 1 Oyho(x)=320
- Kl =2 i=1co {k=0): L;llg'2(£)=(0 1 0YA,(x)=1#0
- Khij=2.i=2c6  (k=0): Ly g(x)=(0 1 0)A,(x)=3%0

Song do ma tran

Lix)=

(L Lyg@) Ly Ly (1 3
5_‘1 3,‘

5 L}_:]g‘_g(z} !rf;_}z,g'g[{)

cé dinh thic bang 0 nén suy bidn. BSi vay (=2, r,=1) khéng phdi la vector bdc tuong

ddi tai thidy cha déi tuong. *
Binh ly 5.9: Néu (ry, r.. ... . r, ) [ vector bic Luong déi t31 thiéu cia hé (5.24) thi:
a) 1,;,:_;,‘_:-(5): Lndfhrg;'(y = - =L i £,(x)=0 viimol 1<i<m | 1<j<m
gy g (x) AL g (x)
by Cac vector hang ié_:_(_J_f)_ . ;_71— . L =
dx dx ox
o W e
R
-
(-)gm(_t) a‘r‘f'gm (E) a‘(‘}]" gm(fj
e ax C ax

14 ddc 1ap tuvén tinh



m

oy r= Zr;\. <n
Chitng minh:

Theo dinh 1\'! 5.7, thi tir didu kién (5.23) cla vector bac tuong dai té thiéu (ry, r,.

) ta suv ra ngav dude khing dinh ).

!FE

Didu phai ching minh ¢) 1 hé qua truc tiép cta b) vi 58 clc vector hing trong b)

diing bang r=r,+ryt+ --- + r, vi mdi vector lai ¢6 n phin 1 thude khéng gian cac

vector hang n chiéu. Néu b) dung, thi ¢) cing phai dung vi s6 cac vector déc 1ap tuvén
tinh khéng thé nhiéu hon s& chiéu cha khéng gian dé 1a n. Vay chi con lai by la phai
ching minh.

Trude hét ta thiy do

L E)L’;'._]g,(.l)
L’—‘.J'Lf g;(x) 2—;-5;—-_} (x)

—_—

dL} ™ g;x)

nén ma tran L (x) trong dinh nghia 5.4 d cong thic (5.26) ¢on viét dude thanh
¢ 1o
dL} gy ()

a1 g (x)
Lo =| “7 2% . b, At (@) (5.27)

Hix}

| dL;:” _Igm {l)/

Pix)

trong d¢ P(x) 1a ma tran thuéc kidu mxn . con Hix) thudc kiéu nxm. Vi L(x) khéng
suy bién nén cac vector hang cua Pix} la

d,( L} g, d(L’z gy (0)), - cdfLp g, 12)] (5.28)
phai doc 1ap tuyvén tinh.

Ngoai ra. theo dinh 1y 5.8 ta con cé m nhém, méi nhém. iing vdi mét chi s& j o6

dinh. c6 r, vector hang

. -
i Aego Oy g (5.29)
o dx ' ' dx -

;i;;(?) deg_,(z)

™
=
-1



déc lap tuven tinh,
K&l hap m nhém cac vector hang (5.29) doc Lap tuvén tinh dé lar vdi nhau (j=1,2.
. .m} bang didu kién (5.28) ta dén dude diéu phai ching minh b). 0
Vi du 5.92: Mioh hoa dinh ly 5.9
Xét 1a1 déi tuong da cho ¢ vi du 5.11. Vai két qua thu dude (#7,=2, r,=1) tacd
rEFrtr,=3 =0
Tiép theo ta cang thav I-'h] £1{x)= Ly m(x) =0 vi cAc vector hing
dgi()=(1 0 0). d[Lpg(x)|=(0 1 0). dg.(x)=(0 1 1)
la dée lap tuvén tinh. )

Tu phan chiing minh dinh 1y 3.9, dic bigt la quan hé gitia hai ma tran L{x) vi
H{x) ¢ cong thie (5.27) ta con rat ra duge:
Pinh Iy 5.10 (Hé qua cia dinh Iy 5.9): Cén dé d&l tugng affine (5.24) c6 vector bac tudng déi
181 thiu (r (. ry. ... . 7,0 12 che vector bt 4 ,(x). ha(x), - . A, (x) cia H(x)

phai déc lap luvén tinh

5.24 Phép d6i truc toa dé dura hé vé dang chuan

Xét hé phi tuvén SISO c6 md hinh

dy _ ., ,
_a?_i(iﬂhﬁ({) u (5.30)

¥ = glx)
(301 r 1a bac (uong d61 cua no tai x. Nhu vav. theo edng thic (5.18) ¢ dinh nghia 3.2 thi

Lyl = LyLegtn) = oo = LiLT g()=0 v L7 gl #0

Cung vdi didu kién trén, tiz md hinh (5.30) ci1a hé ta cd

v o= glx).

dv _ og dx _ &

)+ Al = Leglady+ Ly g = Lya(x
T e T k] = Lo L = L

o



8-
== f(t)+:’l(3(]!r—| —I,fg(t“Lthg(x)“ = Lfgm

=0
dr_l\«' ] . ,
. _ gr- - =2 e — preboe
s = L7 w0+ LﬂLf AQ_] i Ll glx)
=0
o’y - .
= L;g(\j + L, .’} bgria)
de’ - - T
=0
m](E)\"
Bdi vay. néu chon phép déi bign z=m(x}= thoa man:
RO ESY
1) om0 =Ly glx) véi  A=1.2. ;
2) m—r hameonlaim,(x). k=r+1. ... .n dugc chon sao cho Lynlx) =0

ia =€ dugc:

dz om, dx _ dg dx
TLaT0 S = s L) g = Lg) = molo= 2y

=0
dz, _om, dx _ Mgl dx

dt ox dt  9x dt Lpg)+ LyLpg(nyu = 1g(0)= ma(0= 2,

e ——

iz oLy "% d — -z — :
: ;:_1 = Cax g ff = L7'go+ LU ew = I g = mow= 2,
f ax 4 ’ = -
X =0
dz, _ ., =1 - i r-l -1 3
T Lpa) + L LT gl us gl @)+ Ly Ly gl (2N u= alz)+blu
alz . bz}
dz, ., _dm, : -
Lot el B g% Ly = Ly (@)= @
: ‘ . —_ = .- .
=0 ¢ (2)

dz ) d
(}': - {:;:n ﬁ = Lymy(x)+ Lym, (x)u= = ¢y (2)

r L - .

- =(}
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’ Z) i Zy h
: dang tuvén tinh

d 21 4
— | 2z, |=|alz)+biziu (5.31)
dt - -

Zpe) ¢)(2)

(T PR C”_,.(_Z_}
y=glx) =z, (5.32)

Cudi cung ta di dén:

Binh Iy 5.11: Phép @61 bién vi phéi (diffeomorphism)

&(x)
L‘(gtg)

z = mix) = L}%—lg(g) trong dé L,‘im,‘,@}:O L k=r+l, . .n

LT (E)

maix) |

s& chuvén hé phi tuvén affine (5.30) véi bac tuong déi r vé dang dang chudn, mo ta
b (5.31) va (5.32).

Vi du 5.13; Minh hoa dinh Iy 5.11

Xét hi
’ - X '!etz
R
d
—==|xxy |+ 1 |u va VI lx)=x
ot -
S r2 Sz 0
—

fo Ko

Hé nav c6 bac tudng déi r=2 vi

Lpaix) ZMFL(Q =(0 0 1} 1 {=0
paa - BE

Lo
o
s



BE p) =0 0 1) xs|= 2

Lyglx}y =
ﬁg(_) x L
3 1'.__.
Coa
: !
dl gl{x)
= T«;_TLfg(g) =g—g(_ﬁ(£) =0 1 0] 1 [=10
! dx 0|
n, ’

Nhu viy, phép d6i truc toa d6 cin tim z=m (x) Ung véi dinh 1y 5.11 s& ¢6 hai phéan
tu dAu tién la

zy=m{x) = gla) = xy

zy = n12(£) = ‘L,'g(i) = xy

Ta xac dinh phan tii thii ba m 5 (x) ti diéu kién:

Lhnlq(x):(] dm(x) R an’i:-i(z} -0
S x| s

Trong v6 s cac ham m ;(x) thoa man diéu kién trén ta chon mdt ham nao dd sao cho két

hop véi m y (x) va m,{x) & ¢b dude phép dai true vi phdt z=m(x). Chang han;

mylx) = 1+x,=-e™

Suy ra
2 Xy b (a0 | —1+e™ + 24
2y |= Xu = X, 1= 2y
A |
V3 Al et a8
N
z m{x) : mz)

Vi phép d6i truc trén. hé da cho trd thinh

s

d “
—f = jalz)+blzu
ciz)

v

aiz) = Liglm™ (20 = (~1+z+ e )z,
biz) = LyLeg(m™' (2) = 1

ciiz) = Limgtrg_l(g)} = (l—z2y—e®™}1+z,e™)



chi y: Khéng bat bude Iie nio ta eing phai xie dinh n~r ham m {x} thoa man
Lymy(x)=0. k=r+1,

.7t cho phép 481 truc toa 46 z=m(x). Hdn nia vide xac dinh
nhu vay thudng kha phiic tap vi phai giai n—7 phuang trinh dao ham riéng
dmy (x
Lhmk(g:_):—-ﬁ:’i{ﬂ:o. k=r+1, ..
= dx

R

(0.33)
Néu nhu n-r ham m,(x}, k=r+1,

.7 khong thoa man {5.33) ma chi lam cho
z=m(x} 14 mét vi phit (dia phuong) thi sau khi c:huyén sang hé truc toa dé mai, hé
affine (5.30) ban dau sé ¢6 dang

I3

ES) ’ 2y '
d Zr._] z,.
E 2, |= alz)+blzu (5.34)
S zen ay{z) = by (zhu
-

L Oy, - ?(E) + bn—r' (E)u’;

¥ =gl =z,

{3.35)
Khac véi (5.31) va (5.32), dang mb hinh (5.34), (3.35) trén khéng duc goi ¢ dang chudn.

vi tin hiéu diéu khién u xuat hién trong nhifu phudng trinh vi phan (6 dang chuin, tin
hiéu u chi duge phép xuit hién trong mdt phuong trinh v1 phan duy nhat).

Vi diy 5.14: Phép déi bién khéng chuan

Xeét lai hé da cho 6 vi du 5.8, HE ¢6 bae tuong 461 r=2 tai nhing diém trang thai c6
x,#—1 nén phép dbi truc toa do vi phél z=m (x) trong l1an can cac diém dé sé ¢o hai phan
ti ddu tién la

Zy=m o (xp=glx)=x,

z,=my (@)= Lg ()= 2+ x4

Dé xac dinh ha1 phan i tiép theo m,{x} va m (2 ta c6é thé biat diu tir phucng
trinh vi phan dao ham riéng (5.33). Tuv nhién, ta cang ¢d thé si dung
z3=mylx)=i,
7, =mgiay=x,

vi khi do



- B ~

Xy 0O 001
2 :
Xy +xy dm 2x, 1 0 0
hd = == Mitil=—=
z=m(x) o (x} 21 o 01 0
Xy ) 1 ¢ 0 0

cé M (x) khéng suy bign véi moi x. hay m(x) cang da la mdt phép bién déi vi phéi.

Vi phép bién déi Lrén (a sé ¢

It

2
dz _ |24 +224 [z4(zs -zf)wzf] +2(1+ 25 )
dt —zy-u ’
| —QZ'f + 252, )

Cuéi ciing con mét didu can lam 1§ trude khi két thuc wuc nay. D6 1a didu kién dé
phép bién d6i z=m (x) 1a kha nghich, tie 1a d¢ ma wan:

Mix)y = m khéng suv bidn, (7.36)
Ax

Mat cach true quan., dé ¢ (5.36) thi khéng thé chi dua vac vige chon mél minh n—r

phin td cudi m,(x)., k=r+1. .. .n cha z=p(x). Ching han néu nhu r phan n1 dau

. . . . .. ) om;(x)

tienm {(x). 1=1.2. ... . reaag=mlx) cd cic vector hang = {=1.2, ...  rphu
ax

thude tuvén tinh thi =@ khéng cd (5.36) vdi mol r—r ham m,{(x). k=r+1. .. .n. Song.

theo [9]. {18] thi khim (x), i=1.2. .. . r dude xéce dinh ta

mAx) = L’flg(g)

ta ludn co:
dm(x) . . 1a s
é(— =120 die lap tuvén Linh
ox
B vay van dé con lai chi 14 xde dinh n—r phin td cudl my(x). k=r+1, .. .n cla

z=m(x) nhuta di lam ¢ trén.

5,25 Phan tich tinh déng hoc khéng va khai niém hé pha cuc tiéu

Tinh déng hoc khdng cla hé tuyén finh

Khai niém déng hoe khéng (zero dynamic) ciia hé tuvén tinh SISO c6é méi 1ién quan
i1 diém khong ciia ham truvén dat hé théng.

253



Xét hé hop thic chat vét tin hidu viao w{f}, tin hidu ra ¥ () ¢6 ham truyén dat:

. -1 H
bl‘]+h]‘s+”-+bn?—l“' + 5

=k - (m<n) (5.37)

s . =1 RG
L(s) ﬂ[]+(l]$+"""ﬂu_15 - N

RG rang néu m>0 thi (F(s) sé c6 diém khéng. No1 cach khac, hé sé e6 diém khang néu co
bac tudng d&i r=n—m thoéa man r<n,

Gor:
ﬁ:AI‘"bﬂ.
dt -~ (5.38}
T
Y=o ox

12 md hinh trang thai cda hé trén (eo bae t61 thidu). Vav thi gida hai md hinh (5.37) va
(5.38) md tA cung mot hé thang co quan hé:

G(s) = ¢’ (sI-A)"'b (5.39)

-l i

= det(sf-4) = a,+ta s+ta.s+ - +a.”_is” +5

Co thé thiy duge rdng tuong tng véi moét haum truvén dat (5.37) tén tai vé s6 mé
hinh trang thai dang (5.38). Ching han nhu mé hinh chuan diéu khién:

6 1 0 0 .
04
0 v 1 0 A
A= Q:
o 0
8] () )] 1 { ;
A G L B _'an—lf". o
QT = (bfl : bl T bnr—l 10

Tat nhién rang tinh chit déng hoc cua hé khing thay déi néu ta bién doi mé hinh
trang thai eta né bang nhimg phép bién ddi tuong duvng nhu phép déi truc toa ds khang
suy bién (c6 phép bién déi nguse) nhu sau:

T
€ x
N (_'TAx
21 -
Z. .
z= : :HL(QZETAJ-IE
Y
T
L
R\

= h

Phép bién déi nay dua mé hinh (5.38) thanh daug tuong dudng:



dt N
@ _,,
dt '
ﬁ dzoy _ . (5.40)
e
-O—i—z—"-: £T§+£Tq+ku
; 2 i
dn
== P IO
‘i £tQn
¥EY=z08)
trong d6
0 1 0 0
R £ 0 0 1 0
?f: E: : . Q= : : : T .
\Zr ) Lz, 0 0 o - 1

'\_b[l _bl _b2 ‘_b?n“l/’l

va vector hang [T, iT, clng nhu ma tran P dude suvra tit A, 4. grr__ m(x} gibng nhu §.
nhung ¢ diay khéng ducc ta tinh cu thé vi chang khéng cd vai trd gi trong vide xét tinh
déng hoc khéng.

Gita (3.40) vA ham truvén dat (5.37) cing ¢6 quan hé (5.39), tic 1a ndu viét lm
{5.40) thianh:

. . (0
010 -0y | :
001 - 0j :

PN T e o
_—__..,_.}— = =+ k N
¢ dz\gJ o 0 0 1y .y 0

z r’ s -
P | :
2 Q/ Oz
A —fv;:d
r'lf
v=z,=1{ 0 ... Q) l‘w
[ S —_— ]r}l
T _
Q
thi ciing c6
Gisy = (sT-A)!



Pinh nghia 5.5: Néu hé (5.140) ¢6 it nhat mét diém trang thai dau g'r):i o J #0 va Ung vdi
o

=3 [

né la tin hiéu didu khién 1,{¢) sao cho tin hiéu ddu ra v(¢) déng nhat bing 0 thi hé

dudc goi la ed tinh déng hoe khong (zero dyvnamic).

(3ia si rang hé (5.40) cé tinh déng hoc khéng. Viay thi phai co

¥=2=0 = n=§ =0
Suv ra
dn o a1
E—Qg. 7, tuyy 541
1 7 -
walfy= ——s’ gt} (5.2}
k =
i 0 Y
Néi cach khac, khi dang & trang thai déu z,=| ~ ‘,r}u tuy v, va dude kich thich
=l

bang tin hidu ot} tinh theo (5.42). troug dé 7ty ii nghiém cua (5.41), thi tin hidu dau

ra cia hé (5.40) s& déng nhat bang khéng. mac du trang thai cta néd lai khae khing.

tham chi con tién téi vé cling néu ma tran @ ¢6 it nhat mot gia tri riéng nam bén phai

truc ao. Khi ¢ ché d¢ dong hoe khing. dang cua quy dao trang thai z(¢)= (r}(_t)] cua heé
L B

duge quyét dinh boi gia tri riéng clia ma tran @ va ta thay dé chinh la diém khong clia

ham truvén dat (3.37). vi

det(s[-) = 3_:,_]+b1.¢+b33"2+ co+h

Tiép tue. ta xét hé (5.40) ¢ ma tran @ voi it nhat mét gid tri riéng nidm bén pha

I . S
’?;f) ‘ cua no ¢ ché df dong hoc khing sé tién

o

truc ao. Khi dé qu¥ dao trang thai z(£)=

tdi vé cing. Bdi vay theo tiéu chuin Lyvapunov ngude, phai tdn tal mét ham xac dinh
dudng V(z) dé 2 (1) 1udn cit cac dudng déng miic cin V(2) theo hudéng tit trong ra ngohi
(xem lai chudng 3). hay

dViz)
eft

>0 = u,yv.

Suv ra. he (5.40) c6 ma tran @ vé it nhAt mdt g1a v vidng nim bén phai truc ao khéng
thé 'l mét hé thu déng. Didu nav 14 hoan toan phi hop véi két luan cho riing hé thu ddng
phai cé ham truvén dat G(s) 1a ham thuc—dudng (chudng 2).



Chd ¥ rAng k&t luan trén chi duge phat bidu cho mét chifu, vi mét hé hgp thiic chat,
khéng ¢6 diém khdng naoc ndm bén phai truc ao, chua chdc di la hé thu déng. Ham
truyén dat ciia hé thu déng hop thie chdt phdi c6 bic tuomg déi bing mét va khong <6

" diém cue ciing nhu diém khong ndm bén phdi truc do.

K&t lugn trén ciing cho thiy mét hé &n dinh, ¢6 tinh dong hoc khong, vin cé thé cé
quy dao trang thal tién t6i vo cang (dugi kich thich cia mét tin hidu vao u,(¢) thich
hop). Bav cling 14 mét hién tugng kho chiu ena hé tuyén tinh ed tinh déng hoc khéne.
Bdi vay trong didu khién, ngudi ta thuong hay gid thiét hé cé quy dao trang thai bi chan
hofic tiém can vé gic toa dé 0 ngay ca khi § ché d6 déng hoc khang.

Mot hé 8IS0 tuyén tinh, néu cé qu¥ dao trang thai tién vé goc toa d6 6 ché dd déng
hoc khéng thi moi diém cuc cang nhu diém khong clia né déu phai ndm bén trai truc do.

Nhuf vay no sé 13 mdt hé pha cuc tiéu (minimum phase).

Téng két chung lai. La di dén:

Binh ly 5.12: Xét hé tuvén tinh SISO vdi ham truyén dat (5.37).

a) Né&u hé 6 béc tudng déi r nho hon bac cia hé 14 n thi hé s& ¢é tinh dong hoc
khéng.
b) Néu ma tran @ cha mé hinh tuong dudng (5.40) clia nod cé it nhat mét gia tri

riéng ndm bén phai truc ao, thi hé khéng phai 13 mot hé thu déng. QuF dao

0 . .
trang thaiz(t)= {ry(_t)w cla no o ché do déng hoc khéng s& tién té1 vé cing.

¢)  Néu hé 1d pha cuc tidu thi quy dao trang thai z(#) cla né d ché 36 dong hoc
khong s& tiém can vé gbe toa 4o 0.
Péng hoc khdng hé phi tuyén

Xét hé phi tuyén SISO ¢6 mé hinh trang thai

dx .
PrRA (5.43)
v =g(x)

Tinh dong hoc khong (zero dvnamic} cua hé (5.43) dude dinh nghia nhu sau:

Dinh nghfa 5.6: Néu hé (5.43) ¢6 it nh&t mot diém trang thai ddu x,#0 va ung vdi né 1a
tin hiéu didu khién u,(¢) sac cho tin hiéu ddu ra y (¢) déng nhat bing 0 thi hé dude
goi1 la cd tinh déng hoc khonrg (zero dvnamic).

Ta cé thé thay duge 1a dé hé co tinh déng hoc khéng thi cdn thiét phai ¢6 gi(x,)=0.
Gia si rang hé (5.43) co bac tuong déi la r, tic la
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=0 néu 0<k<r-2
LyLigix) = )
slrg®) {:0 néu k=r-1

Khi dé, v6i phép déi true toa d6 vi phéi (dinh 1y 5.11)

29 / g(E)
r-Z-
Zr__l Lf g{z)
z=| 2z, |=m(x)=| L} 'g(x) véi  Lymy(x)=0, k=r+1, .. .n (5.44)
Zr41 mr+l(£)
z, g (%)
hé {5.43) da cho sé duge dua vé dang chuan
F41 Zy
d d Zy_q Zy
E%:?E z, |=lal)+b2u| . ¥=z, (5.45)
Zr+], CI (_2;)
\ Tn Cpr (2}
trong dé

a@=Ligm™ @), b@=LL gm @), (= Lpm.,(mT(2)

St dung ky hidu

: 2 Z,41 c1(2)
22[;) voi &= ' :

) Q = : va E_(Z_) =

. ¢p-rl2),
thi mé hinh (5.45) dude vigt lai thanh

) Zy
Lol =] = - y=2 (5.46)
z, a(é, E) + b(é. r_,r)u
7 c6.

Gia sU rang hé (5.43) cé tinh déng hoc khong Ung véi trang thai ddu x,#0 va tin
higu didu khién u,(¢) thich hap. Vay thi tity(£)=2,(¢)=0 ta suy ra dugc
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Z](t) = a = zr(t):o
vadodola & =0. Diéu nay dan dén:

a(0.71)

0.7+ (0. =0 (Y= —
WM THODU =0 & w5

(5.47)

S =e0, ) (5.48)

Pé ciing 14 hai phudng trinh phén tich tinh déng hoc khéng cia hé (5.43) thong qua
mo6 hinh chuén tuong dudng (5.46) ciia né. T £(¢) =0 ciing nhu phép 4d1 truc toa do

(3.44) va hal phudng trinh (5.47}, {5.48) ta thav, & ché& dd déng hoc khong, quy dao trang
thai x(z} phai théa man:

g = Lyglx) = - = L} g(x)=0
No6i cach khace x(¢) ctia dong hoc khéng sé chi ndm trong da tap (hinh 5.7)

K={zer"| g@)=Lrg)= - = L 'g(x)=0 |

Hinh 5.7: Quy dao trang thai cia hé phi tuyén, khi dang &
ché d& déng hoc khang, luén ndm trong da tap K.

Tuy rng nim trong da tap K, song viéc quy dao x(¢) & ché d6 dong hoc khéng (iing
véi tin hiéu diéu khién uo(¢) thich hop) c6 tién vé goc toa d6 0 hay khéng thi chua duge’
dam bac va diéu nay cing khéng dude quvét dinh bdi hé phi tuyén (5.43) ¢é 6n dinh hay
khéng. N6 chi ¢6 thé tién vé 0 néu nhu hé (5.48) 13 n dinh tiém can Lyapunov, tilc 1a
phat ton tal mat ham xae dinh duong Q( 1) sao cho:

ﬁg(llr.r;)~<0 khi n=#0.
an - -

Dinh nghia 5.6: Heé (5.43) duge goi 1a pha cuc tiéu (minimum phase) néu né c6 tinh déng
hoe khéng va qu§ dao trang thal x(¢) cia né & ché d6 déng hoe khéng tiém can vé
goc toa do.
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Vi du 5.15: Tinh ddng hoc khdng ciia hé phi tuyén affine

Cho hé e6 mo hinh trang thai:

Xy — Xy 0
dx _ . _ h . _
E = £(£)+}i(£)u = —x; +|-1|u va y=x,
Xa — Xy l/'
Hé nav cé

Lygix)=0. Lfg(z):Is—xz- LyLpg(x) =2

nén béic tuong d61 cia noé bang 2. Sit dung phép déi trac toa do:

glx) x
z=mix)= L[g(g] =|x3-xg ¢é m;(x) théa man Lyms(x)=0
my(x) ) Ly tay
ta dugc
Zy 2
dz - _ ¢ ‘
--;— = |alz) +blzh |=] 27 -2, +2u
u 2
2] =23 =&y

Suy ra, dong hoc khéng cila hé sé& xu#t hién néu hé dang d trang thai dau:
I 0 A
0 |, z4g tayy

1

g\i

Z3n

thi bi kich thich bing tin hidu w,(£)=0. Quy dao trang thai & ché do dong hoc khéng
duge mé ta boi:
dz:i

—!
= —z. =] Eall)= zape .
dr 3 a 30

Theo dinh nghia 5.6 thi hé dang xét 12 pha cuc tiéu vi ¢6 lim z4(2)=0.
e

Muén quay lai hé true toa d6 cii, ta sif dung phép bién d6i nguge:

réi di dén:
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/0\ 0

L . 1 s
xXp=|w@|. @ tayy va ;\:_(r):; we

@ wet)

Quy dac trang thai nay nim tron trong da tap:

K={ a_:eRsl Xy= Xy ). a

Tuong tu nhw ¢ hé tuvén tinh, & dav, déi vdi hé phi tuyén (5.43) ta ciing cd:

Binh 1y 5.13: Cho hé phi tuyén SISO mé ta bdi md hinh (5.43).
a) Néu hé co bac tuong ddi r nho hon bac cua hé 1a r thi hé s& co tinh déng hoc
khing.
b) Néu hé con tusng dusng cua na la (5.48) khdng 8n dinh thi né khong phai 1a hé
thu déng.

Ung dyng trong nghich déo hé thang

Téng quét han viéc phan tich tinh déng hoe khéng la bai toan nghich ddo hé théng
(system invertion). N6 duge phat biéu nhu sau: "Hay xdce dinh diém trang thdi dau x, va
tin hidu ddu vao uit), dé tin hiéu ddu ra cia hé théng ding nhu ham y(1) mdu cho
trudc”. Day la dang bal toan kha phd bién trong linh vuc diéu khién tuy déng
{servomechanism) hav diéu khién bam (tracking).

(i su hé dude md ta bdi md hinh (5.43) va ¢b bac tudng 481 r<n. St dung phép doi
bién vi phéi (5.44). hé s& duge dua vé dang chuén (5.46). Ro rang dé ¢é dugce tin hiéu ra
(¢} 13 mdt ham mau cho trude thi trang thal £(¢) va tin hiéu ddu vao u(¢) phai thoa

man:

dz,(t) - dy(t)
dt de

_dz, () _d7 'y

Z(O=y (). z,(8)= dt dt™!
t

z,(t)

[ri "
dz, (t) _ d"vit) ¥ ) —alg ey ale)
= —alE.mM+blE N & ult)= = =
ar g DT PEOED)

trong dé 7(¢) 14 nghidm eua:

d
_E:Q(

” D val E(O) tay ¥

|4

Cac céng thiic trén chi rd, bai todn nghich dao hé théng chi c6 161 giai khi:



z () #0)
o= o=
2, (@) {0

Cuél cing. téng két lai. ta sé di dén:

Binh 1y 5.14: Nghiém eda bai toan nghich dao hé thong mé ta bdi mé hinh (5.43), va khi

dude chuyén vé hé truc toa dé mdi bing phép bién d6i vi phéi (5.44) thanh dang
chuin (5.486), sé la:

~ yfr] _ a(g‘ﬂ)
big.m
trong dé:

a) y{t) 1a tin hidu ddu ra mong mudn ciia hé (d3 cho trudc),

b) 5:: Cl=

. dn
c} Q(t) 14 nghiém euna —;=Q( § . E) vl E(O) toy v,

Vi du 5.16: Minh hoa phuang phap nghich dao hé thong
Xét hé mb ta boi:

d'x x2x3 0
ar =flxyth(u = | x |+ 1|l va  y=g{0)= xy-x;
x2 1

Hé nav cé

Lﬁgtz) =0, Lf-g(i) = x,-xy, L_;_ILfg{E) =1
nén bac tudng d&i cha nd la r=1.
Su dung phép d6i truc toa do vi phéi:
7 g{x) Xy =Xy
27|z [mmipy=| Lrg{x) |=|x; - x5 co m3(x) théa man L,m;(x)=0
z3 mglx) X

A
vGi phép hién d6i nguge
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Xy 23
=|xz |Fm (2)=| -zt
Xy —Z _22 + 24
thi hé sé duge duia vé md hinh chuan:
Z3
dz N B
— = |(—2y +23)—2y ~2y +24)—2Z3—U va  y=2z,

dt

| (=29 +23)~-2) —z5 + 23} ;
Gia st ddu ra mong muén cia hé 13 y=cos(?). Khi dé, theo dinh 1¥ 5.14 thi véi:
z,=cos(t), zy=-sinlf).
tin hiéu dau vao phai la:
u=cos(t)+|[—sin(£)+z;] [~cos(t)+sin{t)+z5) 24
trong db 24(t) la nghiém cua:

% = [-sin{t)+z 4] [-cos(ty+sin(t) +2 ;] véi gia tri dAu z,4, tiay . )

5.3 Diéu khién tuy&n tinh héa chinh xac

Day 14 bai tean thift ké bd diéu khién phan héi trang thai hay phan héi tin hidu ra
che déi tugng phi tuyén sac cho véi né hé kin trd thanh tuyén tinh. Khac véi vige tuyén
tinh héa x&p xi trong lan can diém lam viéc (chudng 4). b didu khién tuyén tinh héa
chinh xac ddm bdo tinh chdt tuyén tinh cho hé théng trong todn bd khéng gian trang
thdi. O nhidu bai toan don gian, nhiém vu tuvén tinh héa nay 4a dude gial quyét ngay £t
khau doi bién z=m (x), md thyc chat cang dige xem nhu 13 mét bd diéu khién (xem lai
vi du 1.4 ¢ chuong 13.

Ngoai phusng phap cudn chiéu cho hé truvén ngude cing dua dén b didu khién
tuvén tinh héa chinh xac (xem lai muc 3.2.4 ciia chudgng 3}, trong chudng muc nay ta sé
lam quen vdi mét phuong phap téng quat. xac dinh phép dai bién cho mot d&i tugng phi
tuyén affine, ciing nhu xac dinh b didu khién phan héi trang thai thich hgp cho phép
doi bién dé. nhim dua toin b hé théng trg thanh tuvén tinh.

5.3.1 Tuyén tinh héa chinh xa¢ hé SISO

Tuyé&n tinh hda quan hé vio—ra

Quay lai muc 5.2.4 véi dinh Iy 5.11 vé phép déi bin vi phdi z=m (x} dua déi tuong
(5.30) cé bac tudng déi r<n vé dang chuin (3.31) hoac khong chuidn (5.34) ta thiy, néu
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nhu cé r=n trong toan bé khéng gian trang thai, hai dang dé s& déng nhat, Didu nay

dan ta tdi y tudng thiét ké b didu khién tao ra duge:

w = aizi+bi(z)u

—alz)+w —L%g{g:_) N 1
b(z} L 'gx) Lyl 'g(x)

= U=

L

plx) q(x}

(5.49)

Khi dé. hé (5.30) txd thanh tuyén tinh véi mé hinh chuan diéu khién (xem hinh 5.8):

F 01 - 0 0
%: : st + w = Azt+bw
dt |z, 0 1

w
v =z;=(1 O O)QZQTg_

Tém tat lai. ta di dén:
Pinh Iy 5.15: Néu déi tugng affine

dx _
—p = [+ Al

vy = glx)

(5.50)

(5.51}

c6 bac tudng d61 r=n, thi by diéu khién phan hdi trang thai (5.49) sé tuyén tinh héa
chinh xéc duge d6i tugng thanh (5.50). Gita bién trang thal el x cia d8i tugng va

bién trang thai mdi z cioa hé kin cé quan hé:

I

£(x)

Lrglx]
= mi = Y

L’}-—} #(x)

Hé tuyénfinh Z=Az+bw , y=c'x

(1]

e

pa)+q(Dw L.E—% F) +A (D)

Hirth 5.8: Diéu khién tuyén tinh hda chinh xac quan hé vic—ra d8i tugng phi tuyén.
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Md réng, néu dé v thém téi dinh 1y 5.7 thi ta cdn ¢6 didu tudng ty nhu sau:
Pinh ly 5.16; Néu 4 tugng affine (5.51) thoa man:

Ly = Lag p8®0= = =Ly 0=0 0 Loy, 8220

thi bd diéu khién phan héi trang thai (5.49) s& tuyén tinh héa chinh xac duge d6i
tugng thanh (5.50). Giita bién trang thai e x cta d&i tugng va bién trang thai méi
z cua hé kin c6 quan hé (5.52),

Vi du 5.17: Minh hoa phudng phap tuyén tinh héa chinh xac
Cho dé1 tugng phi tuyén bac hai (n=2):

di:[ *2 1+£ﬂ w. y=glx)=x

dt | -sinx, )

K

fx) E@

Vi

d 0
Lign = Sha = (1 0){ ]=o
= dx 1

—SInx,

L?{g(g)=(0 1)( *2 ]=—sinx2

|~ SInx,
nén déi tugng cé bac tugng d61 r=2 trong toan bd khong gian trang thai. Vay, déi tugng
sé duge tuyén tinh héa chinh xac bang bé diéu khién phan héi trang thai
u=pla+rglnw
vl
‘L?rg(ﬁ) 1

plx)=—=——=sinxy; . ()= ———=1
LyL;g(x) : Y A ey

Cang véi bé didu khién tim duge. hé kin sé trd thanh tuyén tinh véi mé hinh

E:(G 1}&4—[?}{0 R yxz,=(1 U)Z_

(Gilia bién trang thai ciix va bién trang thai mdi z c6 quan hé:

| ]
>
ot



(2 _[ &%) [0
=2 ) () 0

Vi du 5.18: Minh hoa phuong phap tuyén tinh hda chinh xac

Xeét do1 tugng SISO bac ba (r=3) ¢ mo hinh

4 0 e?
Seloeag +let e ova v,
Xy - Xy 0
flx) A(x}
Vi
Lyg(x)=0

Lyg(x)= x)-x, = LyLsg(x)=0
Ligx)= -x\-xf = LyLjg(x)= - ™ (1+2x5) #0 néu 1+2x,#0
glx)= -2 + x5
ER(E)—— xi(xy+ x3)
nén trong tap I7 thude khong gian trang thal vdi 1+2x,#0, d8i tugng c6 bac tuong dai

r=3. Rd rang U la tap tru mat trong khéng gian trang thai.

Vay. déi tuong sé dude tuyén tinh héa chinh xac trong U bing b diéu khién phan
héi trang thai

u=plx)+rglxlw

f _ _ )= _ - _
LyLrg(x)  (1+2x;)e™ LyLig(x)  (1+2xy)e™

pilx) =

Hé kin gém d&i tugng va bé diéu khién trén €6 mé hinh

dz

t

o o o
o O =

o 0
ljz+10|w . ¥y=z,;=(1 0 0)z .
o 1

Giita bién trang thai cit x cua déi tugng phi tuvén affine da cho va bién trang thai mdi z
cua hé tuyén tinh thu duge ¢é quan hé:



2z g(x) | Xy
Legix)|=] x;-x5 |. 0
z3) (Lhgw)) |-x1-x;

151
I
N
=)
!

M3i lidn hé gilta khé nang tuyé&n tinh héa chinh xéc v tinh didu khién duge

Pinh ly 5.15 v& 5.16 khang dinh, moi d8i tugng SISO bac n mb ta bsi (5.51), khi cb
bac tuong ddi r=n déu chuyén dudc vé dang tuyén tinh (5.50) nhd bd didu khién phan
hdi trang thai ¢5.49) va phép déi bién vi phéi {(5.52). Didu dac biét ¢ dav 12 dang tuvén
tinh (5.50) cda hé kin véi '

o1 -0 0
A=l | =

0 0 . - |0

00 0 1

1a didu khién dude, vi

00 01
00 10

Rank(b,Ab. - .A" ') = Rank|: ! - ! i|=n
01 - 00
10 - 00

trong khi dé, d ca hai dinh 1§ trén lai khéng cé véu clu gi vé tinh didu khién dude ctia d6i
tugng phi tuvén (53.51).

D61 tugng (5.51) khéng thé 1a khong diéu khién duge, vi néu didu dé xay ra ta sé
thu duoe didu nghich Iy la di diéu khién tuvén tinh hoa chinh xac dudc déi tugng khéng
diéu khién duge. Vav, giiia tinh didu khién ducc clia 461 tusng va bac tudng doi r=n cia
né phai ¢6 mét méi lién quan. D6 1a:

Pinh by 5.17: Néu déi tugng phi tuvén affine bac n mé ta béi (5.51) ¢6 bac tucng déi r=n
thi né ciing sé digu khién dude. Néi cach khac. tix:
LyLg(x)=0 khi k<n-1 va LI} g(x)#0 (5.53)
s& suy ra dugc:
dim span{h(x). ad;h(x) . ... .ad} ' hiz)}=n (5.54)
Chimng minh:

Theo nol dung dinh 1y 5.7, didu kién (5.53) 1a tuong ducng vét
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Lpg(x)=Log p8(x)= - =L_n #(x)=0 . L g(x) =0 (5.55)
k /A P

ad’:."_lﬁ

Theo tinh chit cua phép tinh nhan Lie va bing phudng phap quy nap, ta dugc:

Lad;-i_;g(i) = Lﬁng(E)- L;_ILEE(E;

= L= Ly [Ladf‘l gg(i)] ~ Ly (Lrew)

=0 néu k=<n-2

20 néu k=n-1

= Ladf“f_: (I‘Eg(f)] - {

=0 néu k+ign-2

= Ladfg( Eg(z)):{

20 néu k+i=n-1
cling nhu

o Lyet)
ox

@(z)J - Log,p8(x)
x rh
= <grad( Lig h> = L‘,-<g1‘ad(g),?_1w> - Ladf_,_ig

= < grad( L‘E’lg ¥, adfé > = Lf <grad{ L!»I’_'g)’ adffa' > — Ladfﬂé(l."{g)

trong dé ki hiéu <a,b> chi tich v hudng cia hai vector a vd b Bdi vay, tir (5.55) vdi
moét dang khac biéu dién theo tich vé hudng

<grad(g).h> =<grad(g), ad;h > = .- = Cgrad(g},ad?_zﬁi':(}
va <grad{g), ad?'211> #0
sé ¢

- = du kxi<n-2
c.grad(L}g),ad?_}l;» :{ 0 néu isn

#0 néu k+i=n-1

Gol D=(d,;) 1a ma tran thudc kidu nxn b

dy; = <grad( I 'g), adf ™ h>



thi I sé& 14 ma tran tam gidc ¢ cde phén ti ndm trén dudng chée chinh khae 0, tie 1a D
khong suy bién va RankD=n. Nhung do ma trin D cén viét duge thanh:

gradTg

gradTLfg ot
D= : - (adf_ ﬁ'”-'adfé’b—)

grad? L';-*l g

nén ( ad?'lﬁ[i) . oo adghix), h(x)) cling phai la ma tran khéng suy bién va dé chinh

1 diéu kién (5.54) phai chiing minh, )

Vi dy 5.19: Minh hoa dinh Iy 5.17

Xét déi tuong SISO tuvén tinh:

Néu déi tugng e6 bic tuang ddi 1a r thi tir digu kién:

c'A = ]
#0 khi k=r-1

ta suv ra duge:

4 - b
ET ETAA-IQ 0
T s Tyur Tar-1
CA ATy AT oy =] CATD cATE o
ETAE—]) ETAzJ'-EE_) ETAQF'—SQ ETAF_]Q
D
ta thay, ré rang I} la mot ma tran tam giac khong suy bién. O

Tuyén tinh héa chinh xdc quan hé vao-trang thai

O nhitng bai toan tuyén tinh héa quan hé vio-ra ma hé phi tuyén affine da cho ban
ddu (5.51} khong co duge bac tuong déi r thoa man diéu kién r=n ngudi ta thudng nghi
t81 viée thay tin hiéu ra ¥y =g(x} ciia h@ bing mdt tin hidu ra ac khac ¥ =A{x) dé€ véi né,

hé c6 tin hiéu ra thay thé ¥ :



9X _ fia)+ Ao

¥ =A%)

i
&| 8

(5.56)

¢6 dude bac tudng ddi r=n, tuc la

=0 khi 0gsk<n-
Lylbag={"0 M Osken=2 (5.57)
=L - <0 khi k=n-1

Néu lam dude nhu vay, ta lai hoan toan tuyén tinh héa chinh xac dugc né, nhung tét
nhién 14 chi riéng phan quan hé vao-trang thai (hinh 5.9).

__________________________________________________

p@raw 9 = @) rh@u m(x)

|t
|

Hinh 5.9: Biéu khién tuy&n tinh héa chinh xac quan hé vao-trang thai déi tuong phi tuyén.

Dinh Iy 5.18: Che ddi tuong affine:
d
2L - fla) +h(u (5.58)
dt -
Cén va du d€ tén tai ham A(x) théa man (5.57) la;
a) Déi tudng didu khién duge, tirc la:
dim span{k(x), adeh(z), .. . adf " hix)}=n
b) Ham md réng sau phai xoin:
Alx) = span{h(x), adph(x). . . ad} Chix)}

Khi d6 ham v4 hudng A(x) 14 nghiém cua:
dA(x)
o

X

(h(x). ad/h(x). ... . ad} 2hix))=0” (5.59)

dong thai hé (5.58) sé tuyén tinh tinh hoa chinh xae thanh

18
-1
o



B2 - ppvbw = |zt Hw (5.60)

nh& bo didu khién phan héi trang thai:

Wralow = 2 1 (5.61)
cu Eplaptg(Bw = = w 3.
LUy Alx) Ly L Alx)

va phép d81 bifn vi phérz=m(x):

Alx)
2] LpA(x)
z=| © |=m)=] ", (5.62)
“ L Agx)
f oM
Chitng minh:

Trude hét ta thay khi di tugng (5.58) di tuyén tinh héa chinh xac duge bai bd didu
khién (5.61) va phép d6i bidn vi phdi (5.62) thi theo néi dung dinh ly 5.15, ham vo hudng
A{x) phai théa min (5.57). Do dé ctng véi tin hiéu dau ra hinh thite ¥ =A(x}, 461 tugng
(5.56) c6 bic tudng ddi r=n. T day ta cé ngav dudce a) nhd vao dinh ly 5.17.

Tiép tuc. theo dinh 1¥ 5.7, thi tir {5.57) ta suy ra dugc:

(29 0y D g py 242 qapipio )=0”
Ax dx =TT
- agu (A(0). adsh(®) . .., ad]h(x))

va do phudng trinh trén c6 nghiém A(x) nén theo Frobenius, ham md rong:

A(x) = spanth(n), adph(x), .. . ad} " hix) |

phai xoan va dé la didu kién b).

Chuvén sang diéu kién du. Khi da co a) thi hAm md réng A(x), s& ¢6 sd chiéu
d=n-1. Vi cd b} nén theo tidu chuin Frobenius, ham md réng A(x) la tich phan duge
hoan toan, tie 1 tén tai n—d=1 ham v6 hudng A(x) thda min

dA(x)
dx

a%(z) = spanl ) (5.63)

271



Nhung do AJ_(A_f) va A(x) 14 hai ham md réng truc giao v6i nhau nén ham A(x) trong
(5.63) dugng nhién 1a thoa mian diéu kién (5.57) va do 46, theo dinh 1§ 5.7, cing thoa
man diéu kién {5.59).

Cuéi cling, khi hé vdi tin hidu ra ao (5.56) da c6 bac tudng déi r=n thi theo dinh 1y
5.15, nd s& tuyén tinh héa chinh xac dude bing bb didu khién (5.61) vA phép d8i bign vi
phéi (5.62). O

Vi du 5.20 ([%}): Minh hoa dinh Iy 5.18
Xét do1 tuong bac ba {(n=3) ¢o mdt tin hidu vao:
4 Xy Yo(0
&x = flx)th{xdu = [(1-Inxgdx |+ 0 |u vl xp, xg, 23>0

dt or
—‘_x].'l_a ; 1 ;

Trude hét ta kiém tra tinh didu khién dude ciia déi tuong. Do co

K B
0 1 0 0 0
a 4 v
adgh(x} :ﬁ{(z)——iﬂ(g)r— 0 l-lnxg -2 ||o|=| 22
- dx ax X3 | *s
_2x;’. 0 _ZI] } 2x1
'd
_Xe
dad,; h *3
. d ¢ A dJ 4% v,
adfﬁ(;{) = 8; ‘{({)‘a_iadf}—l(i): xll-
2x, +4xi‘)'
nén
_X
o 0 X3
€= spanifs(n), adyhix) . adfh(x) = spanf|0], | 22| | 20Xy
- B Xy Xy
1
N 2x, + 4x}
Vi
0 0 _x2
Xz .
X, 4x,x. x%
det|0 =2 172 =—-#0 voi mol Xy, X320
x Xy x5
1 2x, 23:2+4x;‘2

A

[ Rv]
=1
[ o]



cé s8 chidu bing 3. tc 1a dimC=3. va do d6 déi tugng 1 diéu khién duge.

Tiép tuc. ta kim tra tinh xoén cia

0] 1]
A(x) = span{h(x), adshlx) }= spani| 0|, X2 |y
! )
SRS
Do co
[h). adsh@m]=|0 — -ZZ]lo}= |22
L Xy Xa 1 , x;
W2 0 (I 0
VA
g o a
) ) 3 Xy
1 2x 0

nén [A(x). adph(x) ] 14 phu thude tuyén tinh vao A(x) va adph(x), hay
[Alx), adphlx) ] e alx)

va nhu vay A(x} 12 ham md réng xoan.

© Tiép tuc, dé tim A(x), ta di tir (5.59) véi

f 0

PO (h(x) adph(x)= A2 10| |2 ])=o]
ax - ax Xy
" )' 0

Do cd hai vector ca st trong A{x) déu c6é phan tir ddu bang 0 nén chi cdn xac dinh mot

. . ad .. s a . . i . 2 . . an 2
ham A{x) cé 7(£) vl phan tit thd nhat khac (0. hai phan i sau bang 0 la du. Chang
dx

han ta co thé chon

a’;@:(l 00 =  AM=x,.
X

Va1 cach chon ham vé hudng A{x) nhu vay ta c6:

Lfﬁ(x) =ﬂf(£) =(1 0 0} = x4
L= ax —

ra
-3
oa



Xg

, BL A
L}-z?.(gg) = f{x) (0 1 0| (L-lnxgixs |= (1-lnxg)xg
h —ZIIIH
, BL3A o [
L‘}A(E] == £(_J§)Z(D (1-Tnxyr — 22| (1-Inxg)xy =(1-Inx4) xy+2x 2,
N = 3 L -2x]x3
5. 0
AL A .
Ly L3AGz) = A= (0 (1-lnxy) -22)lol= =22
=L dx T N Xy
~LpACx) e
pix) = ———= —(1-Inx) xy+2xx.
L_;]L A 3) x5 1% 3
1 X
qlx} = ————= — -4

L;ILJ(A.( ‘C) Xy
Suy ra. b6 diéu khién phan héi trang thai (5.61) 1a

u =plgtqlxiw = —(].—]le;s)zx3+2x]x3 X
Xy

va phép dbt true toa dé vi phéi (5.62) 1a

K

2 Alx) x
z={zy |=m{x) = | LiA(x)|= i
Zy L?i(g) (1-1Inxg)xy |

Vi du 5.21: Minh hoa dinh Iy 5.18

Xét ddi tugng bac ba:

(42, 0

dx 3 2

_.5 :{(5) +}_7__(£)u = ‘1‘_] + ]_+I2 i
ryll+xy}) L -xy )

Trude hét ta kiém tra tinh didu khién duge cita 461 tugng. Do cd

_oh, . 9of
adsh(x) —gi@‘g@@

D 0 0% (x3(l+xy) 0 x l+x, 0
=01 0 ¥ —{1 0 0 1+x5
0 0 -1]lxzit+xy) X, 1+ 0 - Xy

o]
)
e



0
= 'S
= {1+ xy M1 +2x,)

oad;h af (l+x'2)(l +2x2)(1+x1)_xIX3
=—flx)~ a——adm(g) = x3(1+ x3)
- |~ xa {1+ xp )1+ 2xp) - 3, (L + 27)

adfﬁ[{) = 3%

va trong lan can gdc toa d6 x=0 thi

a a 1
C= span{fl(g),adff_l(g),ad?ﬁ(g}} = gpani|1(.} 0 |.|0]}
0 -1 0
vl
g 0 1
det|1 0O 0|=-1%0
0 -1 0

nén tai dé dimC=3, hay dé tudng la didu khién dugc trong lan can gac toa dd.

Ta cing c6 thé kiém tra duge rang trong lan ¢an 0, vector [A(x), adj@(g)] c6 phan
ti dau tién bing 0 giéng nhu A(x) va adohix). tic la

0
[A(x), adh(x)] =|*

hoi vay
(A(0). adshizn) e 8(x) = spanihix). adsh(x)}
hay Alx) l& mét ham md réng xoin.

Tiép theo, dé tim A(x). ta di tu

0 0
a,;(g) (h(e). adshix))= U |, . o7
= - ~xq  =(l4+x)(1+2xy)
va e dudc
D (1 o 0) = Awe=x,
dx

Vai ham A(x) tim duge thi



LA =5/ = ws(le)

. alLs4
LiAfx) = —=—f(x} = xyx3+x(l+x,}(1+xy)
f - aE -
AEA ) ,

L‘}A(E) = 8_ Flx) = x3(l+x;)+apag(l4+x5)" +(1+325){1 + 21 )x,
o x -

\ LG A
LyLeMx) = 5 (x) = (1+x ) 1+x,) (1+2x5)— 2%,
(o) = “L%/l(i) C—x3 (4 xg) —xgxa (14 x)7 ~ (1482, )1+ 2 )y

LhL%l(E) (Lo ML+ )1+ 225 Y-y
1 1

q(x = =

_) LhL‘%/E{E) {1"‘.’(] )(1+x2)(l+2x2)—x1x3

Suyv ra, bb diéu khién phan héi trang thai (3.61) la
4 =p(x)tqiDw = —xP (1 xy )= xpxa (142507 = (L4 3x,)(L+ 2y )%, +w
QI+x )l +xa Ml +2xy)—xp2;3

v phép dai truc toa dé vi phai (5.62) 1a

P \
5 : A(x) ( X
2=z, [=mip) =| Ledtw) | = x4l +2,) o
23 L?&(E) 3%y +xp(l+ 2 01+ 2x5) )

Tuyén tinh héa chinh xdc va gan diém cue
Nhin Iai mé hinh hé tuyén tinh thu dude (5.60) ta th&y né khéng 8n dinh vi hé cé
diém cuc s=0 bdi . DE tao ra dude hé tuyén tinh (5.60) 6n dinh véi nhing diém cue:
1. 89 3 vee Sn

dat truée, ta dé dang thay 1a chi can sita déi chit it trong bé diéu khién (5.61) thanh:

—LAlx) 1 n-1 _
“= £1_ * ] [w-3 q L}'ﬂiz)] (5.64}
LhL:}_ if{) LJ} Lf;r_' /1({) =0 - —— )
T T z.f+|.
trong d6 cac hé sday . @y . ..., @, dugde xic dinh tit
+a, 5" " (5.65)

(5—51)(5=83) « {8§-5,) = apta s+

2
=1
o



Khi dé. hé tuvén tinh (3.60) tré thanh:

0 1 0 0
dz R L : : _
L - Ar+bw = z+ I (5.66)
dt - = 0 o - 1 17 |0

“fn TE Q. 1

Binh ly 5.18: N&u d&1 tugng affine (5.58) ea tin hidu ra ao ¥ =A(x) théa méan (5.59) thi bd
diéu khién phan hdi trang thai (3.64) véi cac hé s e, £=1,2, ... .n dugc tinh t¥
nhiing diém cuc dat brude s1 . 85 . o 8, theo (5.65), ciing phép d6i bién (5.62), =6

tuyén tinh héa chinh xac né thanh hé tuyén tinh mé ta bai (5.66).

5.3.2 Tuyén tinh héa chinh xac hé MIMO

Tuyén tinh hda chinh xdc quan hé vao—ra

Xét dai tugng phi tuyén affine bac n vdi m tin hiéu vao va ra, mé ta béi:

dx "
[—-:f{x)+H(x)-u=f(x)+ A txdu;
dt =7 - s E—‘ - (5.6T)
L%@
trong d6 A, (x). hotx). -, A, {x) 14 cac vector céf ciia H(x). Gia si riing vector bac
tuong dé&i t61 thiéu (r(. ro, ... . . ) ciia né thoa man:
r=rytr,t +r,=nhn
Khi dé, phép ddi truc toa db
mlw | [ &l
-1
2, m,,l-1 {x) L‘;—J &0
z=| ¢ [=mo=] = : (5.68)
vZn mi”(g) Em (ﬁ"_)
-1
mi @] LT g )
trong d6 g,(x). ... £,,(x) Ja cac phan tu cha vector g(x), sé cd ma tran Jacobi tinh theo

nhu sau:

3]
|
=1



dg;({)

dL} gy () otk g ()

) f g (x

om(x) _ : . véikyhisu diig(x) = -—%—‘:—
- s

dg,, (x)

AL g )

khéng suv bién {dinh 1y 5.9) nén la mdt phép vi phoi (diffeomorphism}.
Vi1 phép dot truc toa db vi phoi (3.68) ta dugc

dzl amll dx 7

Sl == ], gl(E)+Zthl(E)u:Lg](£) =z,
dt dx dt f g% ! !

=0
dz, _om) dx . 2
—Z-—-"—-———Lg[t)+ZLthl(I) i = Leg€x) =z
dt dx  dt f pat 4 f

=0

Vo1
dz, .y M,y dx m

L = =L} gltx)+zL,, @y = L) g )= 2,

dt ox  dt L
:‘o
zrl m
—L= Lfg] (x)+ Z L, Ll be (0w, {5.69)

=0

dzn  am!? dx

= Lrgyx)+ Z Lpgy(x) e, = Legy(x) = 2y 12

dt | ax dt =
=0

dzr,),l ami_! dx n i ol
——=—— ==L g () + th Telviu; = L gy(x) =2,

dt dx  dt L f 2

=0

gr2 Iii]

T LY g(x)+ ZLh Ly FReors (5.70)

20
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i1}
—2 =1 = =] s {x)+ Fo w0 HE:L =z, .
d¢ ox dt r8(Z E 83 () (82X = 2, 1y

=0

Bdi vay, néu trong cac ebng thiic (5.69), (5.70) ta dat:
~ m _
wp= Lrgy(0)+ Y L LY g u,
£ = !
cho toan bé cac chisd k=1, 2, ... . m, ticla

‘ Law | [ Lyl aw Ly e |,
w=otoEe : : : (5.71)

K L?“ &m (E) LF_TJ L?”_lgm (x) - Lﬁm LEH ‘lgm (E) . f::i_,

= = t

px) L{x)

thi toan bé cae quan hé trén sé dude viét gon lai thanh dang tuyén tinh nhy sau:

AL © By (b 0 - 0)
e A, - 0O 0 b, 0]
dz .19 A N EE Bl < e (5.72)
di : : - : : : :
S a - Am/ .Q Q "_Jm,
A B

trong d6 @ l& ma tran gém toan cac phan tit 0 va

o1 -0
A= thude kidu r xr
*loo 1 ' k.
0 0 0
1]
g&:(:) thude kifu  r,x1
L1

Van dé con lai chi 14 tao ra duge vector tin hiéu diéu khién y tit vector tin hiéu w
ma ta da dat trong (5.71) cling nhu tir vector trang thai x cia dél tugng. Diéu nay rat
don gian, vi di c6 gia thiét ring ma tran L(x) khéng suy bién. Suy ra:



g Ll (z)
= L0 w- : | = - : +L N w (5.73)
L} g x) Ly g (x)

&=

[\l

e+l (Ww
Day chinh 1a b didu khién tuvén tinh héa chinh xéc choe déi tugng (5.67).

Gifia vector tin hiéu ra y va bién trang thai méi z ¢6 quan hé dugc suy ra tu phép

ddi bign (5.68) nhu sau:

, (T o 07|
gl(ﬁ) T T T
[ I A &\, (5.74)
W (X) '
o7 of
C

cr=(1 0 - 0). k=12 ...m

Hinh 5.10: Biéu khién tuyén tinh héa chinh xac quan hé vao-ra ddi tugng MIMO phi tuyén,

Téng két 1ai. ta di dén két luan thinh 5.10):

Pinh 1y 5.20; Néu d8) tugng MIMO phi tuvén md ta bdi (5.67) cé vector bac tuong doi tai
thiéu (ry, ro, ... . r,) théa man r=r +r,+ - +r,.=n thi né sé tuyén tinh hda

chinh xac dude thanh hé tuvén tinh (5.72), {5.74) bing bd difu khién phan héi trang



thai (5.73). Giiia vector trang thal ca lad x vdi vector trang thai mdi 14 z ¢ quan hé
z=m(x) xac dinh theo (5.68).

Vi du 5.22: Minh hoa dinh Iy 5.20
Xét 461 tuong di cho d vi du 5.10:

g ¢ Xa Il(0 0 . x
g xi_} +11 3 |u VA ¥T e .
dt ' i - Xo + Xy

4 =X LA | -

Xy — Xy & J

Ciing trong vi du 5.10 ta di duge bidl ddi tuong trén cé vector bac tuong dél téi
thiéu (r,=2. r,=1}. Suy ra phép ddi bién vi phoi sé la:

r'zl g]{f) | [’r
2z =2y |= mlx) = Lygy(zx) ‘
VEs ) | gz(l) X2+'(
V&1 phép déi true toa do trén. ta dude:
J 5 ER oo
92 % X g o0y & 41 0 0))1 8 |u =,
dt dx ot i
- Xy — X} 2 4
X, Y 0 0
dZZ aLfg'l dI 1 9
—_—— s == 1 0 X +(0 1 O3}l 3ly mxz3+ (1 Jju
dt gx  dt ) - ( ) = 3;&,__)—
X3 — X)) 2 4 Ly
L%gl(r)
, | 0 0
23 % dx oo | g2 w0 1 1|1 8w = xdrg- <343 T
dt a£ dt 4 5 4 - ~ )
Xy =Xy ) = / Wy
Lfgz(x)

Boi vav néu dat:

W o ~ .
I/H.Jl x.f}‘ {1 3
£=L =, 7 +‘ S le
we; \xy+xg—ay ) 3 T,

NI

e L{x)

ta sé& ¢6 bd didu khién phan hdi trang thai;



e T 2 +:l[7 =31
T 2\=3 1 Jlalexy-x) 2l-3 1 )T

— ———

LY(x) P L)

_ | 2x5 - 1%y +15x] 35 -15
I 3 |~ o 1
-x§ +05x, —O.Sxf -15 05

Vi b didu khién trén. d6i tugng cho ban dau trd thanh tuyén tinh va ¢ mé hinh
trang thai

z, 0 1]0 oo
wy |=10 0]0jz2+ 1|0 |w
wy] Lo 0]0 01

r=(5)- (55t 0

Vi du 5.23 ([9)): Minh hoa dinh Iy 5.20

dz _
dt

Xét dail tucng bac nam (r=5) co hai tin hidu vao/ra (m=2), dude md ta bdi mbd hinh
vao—trang thai:

x9(1+2xy) 4] 1
x;5~x1(x1 —rl-‘}) 0 0
dx _ X X5
—= = xpxy + x50 —x5) |l —xy 1w v=[ J
dt - Xy
xf 0 1 8x)
fix} Hix)
Nbu vay thi:
0] 1
)] 0
A= x) —x; hotxy=|1 Eilx=x x5, gal)=x, .
0 0
. 0 1

T dav ta cé:
1) BKhij=1:
Ly g1(x)= Ly, g1(x) =0

Legh (X)=x; = Ly Lygn (x)= Ly, Lig(x)=0

Nz
o]
[ R}



Ligy@=xamxs(xi=25) = Ly Ligi(x)=x)-xs

hay d61 tugng c6 7, =3 tai cic difm trang thai théa man x #x; .
2) Khij=2:

Ly g2(x)= Ly, g5(x) =0

Legy(x)=xs = Ly Legy(x)=120

hay d&i tugng c6 r,=2 tai moi diém trang thai.

Tiép theo ta thay ma tran:

Lix)=

L,_llLigl(z) L&L%gl@l‘[xl‘xﬁ 0]
Ly, Lygatx) ngftfgg(f)),

khéong suv bién khix #x 5.

T day ta co:

Vay ddi tugng cé vectar bac tudng dfi toi thidu 1a (r{=3, r,=2). Hon niia né cdn théa

méan difu kién cdnr,+r,=5=n.
Lap vector

px) = p
plx 2

L::_fg1(£] _[ 0 ]
L?_'gz(ﬁ

ta sé& co duge bd diéu khién tuyén tinh hoa chinh xac déi tugng, duge xay dung theo cdng
thite (5.73) nhu sau:

1
1 - 0 0

u=-L@px) + L (Dw= - o |+|x-x (@
—— ¢y 0 1

Cung véi bd diéu khién trén. doi tugng da cho trd thanh tuyén tinh va duce mé ta
bang mé hinh:



|

H
o ols o O
o o|lao o =
<o ol — Q
o oo o o

10000]
y= z
= l0 001 0

Giita bién trang thai cit x va bién trang thal mdi z cé quan hé vi phéi z=m(x):

f g(x) I
X~ X5
L;‘g](f)
y *u
z=mix)= L'j’fgﬂz) ={xg—xy(x) ~x5) O
g2(£) X4
| Lygax) 5

M&t s6 nhdn xét vé phuong phdp tuyén tinh héa chinh xéc quan hé véo-ra

Vé phudng phap tuvén tinh héa chinh xac quan hé vac-ra hé phi tuvén affine
MIMO ta c6 mav didu bé sung thém nhu sau:

1) Khi da duge tuyén tinh héa chinh xac, hé kin (tuyén tinh} véi mé hinh trang thai
{5.72), (5.74} s cH ma tran tru_vén dat:

QT(SI—Al)_Ié] 0
Yis) = C(sI-A) 'BW(s)= : : Wis)
O gr{;(s}-ﬁArn)‘qIQm
L 0
n
=| - Wis)

0 .

SrI'JI

Diéu nay ching to rang tin higu ra y,(¢) chi con phu thudc vio tin hiéu dau vao
uy (£). N6i cach khac, b diéu khién (5.73) va phép d6i bién (5.68) khong nhiing da
tuvén tinh héa duge dé tudng ma con tach duoe né thanh m kénh riéng hét. Vi &
dé. trong nhiéu tai lidu, phuong phap didu khién tuvén tinh héa chinh xac quan hé
vao-ra déi tugng MIMO phi tuvén con duge goi la diéu khién tdch kénh

(noninteracting control).

2) Vicé (xem phén chitng minh dinh Iy 5.17):



LI gw = (0L g
f i,

—

nén tiI tinh khong suy bién cia ma tran L(x) ta cling suy ra dugc la ma tran

L w10 g,(x) Lad‘""lh glxy - Lad"_lh g1(x}

f =2 f_ ot
M(Ji): Lad;2 B EIAQ(E) L ;‘z 'h gz (x) Lad;‘!_lﬁm gZ(E)
Lﬂd;—_m -i l;_]14{—""-1'?1 (I) L ;m _1; éﬂ?l (E) e Lﬂd;-m -1 f[.m g”l (£)

cling khong suy bién.
3) Tugdng tu nhu ¢ phan chitng minh dinh 1y 5.17, d day ta cing c6 cho moi ;
L 4, by (Lfg}) néu k+i< -2
4) Co thé thay néu lam tudng tu nhu & phén chitng minh dinh 1 5.17 v# viéc xay dung
ma tran D khong suy bién thi ta cing sé dén duge D=D, D ., trong do6
dgqix)

dLigI (x)

dL} " gy (x)

dgy(x)
dlsga(x)
D-’: = ' Dr' - ad;] _IEI(E)‘ ad? _QE](EL T é](_x')
dr g, ) o
[ &) adP T hy (@), ad? P hy(x). o, RytD)
dgm (E) » .
dL;g,(2) ad" b, (). adf" Ry @), R, ()

1
dei” Em (E)

Tir day suy ra cae vector cot trohg D 14 dde 1ap tuyén tinh,

5) Nhiing két qua trén vé viée tuvén tinh hoa chinh xac déi tugng (5.67) con cé thé mé
rong cho cd nhing trudng hgp ma 6 d6 khéng can phai cé gia thiét rang déi tudng cb
s6 cac tin higdu vaoc bang s6 cac tin hiéu ra. Khi d6. diéu kién ma tran L(x) theo

fo]
s ]
(41}



(5.26) khong suy bién, sé dudc thay bdi hang ciia né phdi bing s6 cde tin hidu ddu ra
va s6 ede tin hiéu diu ra khéng diude Idn hon s6 cde fin hiéu vao. Néu nhu vay, do sé
6 v6 86 ma tran gid nghich dao L, (x) caa L(x) thay vi chi cé mot L™ '(x), ta sé xac
dinh dudc vd s6 bd didu khién tuvén tinh héa chinh xac thay vi chi ¢ mbt bs didu
khién (5.73).

Tuyén tinh héa chinh xac quan hé vao-trang thai

Gidng nhu di lam véi doi tugng SISO trude day, ching ta ciing 58 ban vé kha ning
diéu khién tuyén tinh héa chinh xac déi tugng phi tuyén (5.67) ma ¢ do vector bie tuong
d&i téi thidu {ry. ra, ... . 7 ,,) khong thoa man digu kién can 7 +ry+ -0 +pr, =n.

Tt nhién réng bai toan diéu khién tuvén tinh héa chinh xac quan hé vao—trang

thai vifa néu sé tré thanh bai toan tuvén tinh héa chinh xac quan hé vig—ra da dudc xét
va gidi quvét tron ven d muc vira roi, néu nhu ta thm duge m Lin hidu ra hinh thic cho né

la 4j(x). j=1.2, ... .m saocho 461 tugng vho—ra hinh thic:
AL
gi:f{x)+H(x)-u .. . le} .
dt —— - vl Alx)= : {5.75)
¥ = Alx) A (2)

¢b duoe vector bac tuong dé téi thidu (7. r.. ... ) thda méan;

N )H]

ritryt - tr=n {(5.76)

m

Ré rang bai todn difu khién tuvén tinh haa chinh xac ddi tugng vao-trang thai l1a
bai toan tdng quat. Tinh téng quat nimn ¢ chd khi d8i tugng vao—ra (5.67) da cho cd bac
tuong déi téi thidu khéng thda man véu cau (5.76) thi ta van cé thé tuyén tinh hoa chinh
xac duge né bang cach thav cac tin hidu ra y = gix) ban diu bing céc tin hidu ra hinh
thic khac ¥ =A{x) sao cho lal ¢6 duge (5.76). Khi dé. theo dinh 1y 5.20, dé1 tugng (5.73)

sé dugc tuyén tinh héa chinh xdc bang b diéu khién phan héi trang thai:
L’E A(x)
=L @ w- : ] (5.77)
Ly 4, (x)
L&f X

vi phép déi bién vi phéi (ma thuc chit cing ¢6 vai trd nhu mét bé didu khién (xem hinh
5.100:



A lx)

L} 1 x)

z2= m(x)= i (5.78)
flm(z)
rm ,1?7 (X)
trong dé:
Ly, Lzl_lil @ - Ly ’}“‘AI(x)
L(zx) = : : (5.79)
Ly Ly ™ A x) o Ly Ly ™'2,()
Nhu vav. vAn dé con lai chi 1a xac dinh vector:
/1] ({)
A(x) = :
A (2)
sao cho hé (5.75) c6 dugc diéu kién (5.76).
Binh Iy 5.21: Xét d61 tugng c¢6 quan hé vao-trang thai mé ta bdi
dx
—= = f{x)+H(x):
= fy+H(u
trong dé cac vector cbt £, (x) h.(x), - .A,,{(x) cla ma trdn H(x) 1a dbc lap tuyén

tinh va n22m. Goi

Gy

spanlh, . h, . - A

—r

G,=G,_| + span(adfﬁ{.(g) li=1.2. .. om)

Vay thi cn va du cho sy ton tai eda m ham 4,(x), 4,(2), ... .4, {x) sao cho d&i
tudng co tin hiéu ra hinh thic ¥ = A(x) mé ta bdi (5.75) ¢é vector bac tuong déi to1
thidu (r,. ry, ... .r,) thda man (5.76) Ja:

a) Cacham mdring G, , £=0,1, ... .n—2 phai xodn va c6 sd chién hang.

b) dimG,_,=



Chitng minh:
- Trude hét ta ching minh diu kién can. Gia si da ¢6 A(x) dé véi né dbl tugng (5.75)
c6 vector bac tuong déi téi thiéu (r|. r,, ... . r,) théa man (5.76). Khong mt tinh

tong quat néu ta cho ring:

ryEryE - S

Tix
Lﬂﬂ’fﬁ, (L{f/ij)=0 néu k+i< r,—% véimolyf
ta cé
span( [:dLiiiJ-)T |k+i< ri=2 5 y=1,2. .. m)C G} (5.80)

Negoal ra, do tat ca cAc vector cot:

hi@, oo ad) TRy,

halx), oo cad] " hy (). o ad? T Ry (x).
"lm('x..}‘ ~ad?_1ém(£)' 'ad;‘?_‘}_lm(z}-‘ ‘ad?”_l}_lm(:.t_)

ciing nhu cac vector hang
dL‘Zl_J/l, (@ e dLphiE), d Ay (D).

AL A0 e T A0 dlydo(x) . dAz(z),

dL}'a"“»;n(;), ,dL‘}“‘am(p. AL A ) cdLph, (2}, d2,, (D).

doc lap tuvén tinh, va ry+ry+ - + r, =n nén
~  Khik<r, ham mé rong (G, sé cocd sd la
Boa(x), v b (), .. ,adfgl(g). .adf@m@,
hay  dim Gy =m{k+1)

va dim span( |k+££ ri~23 =02, . m)=n-mik+1)



hay dim G+ dim span( (.def_-ij)T | k+1< ri-2;J=1.2, ... mYy=n
-  Khir,<k<r, him morong G =€ co co s0 la
B(x). .. By (2), ... ,adgl*‘/_v.l(_@, ,adE‘_lﬁl(g),
. ,adf!_zg(g), ,adf)_lm[g),
hay dim Gp= mr +(im-1)(k-r,)

T
va dim span((dL‘}i‘j] k+1c r~2;3=12, ... m)=n—(m-1)k-r,

; T
hay  dim G+ dim span((dL{;lj) | k+1< ri-235=1.2, .. mi=n

Boi vay. suy ra mot cach tong quét cho moi sk <n ta ludn cé:
) . i T .
dim G+ dim span( (deA.J-) | k+i< r=237=1,2, .. m)=n (5.81)
Ké&t hgp (5.80) vdi (5.81) ta di dén:
{ T I
Gy =span( (dLiA, ) k+ls r -2 5j=1,2, . m) (5.82)

Do dé, theo tiéu chuan Frobenius, cac ham md rong G, phai xoén.
8] dav ta com ¢d nhan xét thém
dimG,}”_] = rytryt - tr,=n
Suyra

Grru—l:Gr :Grm"J:“-:Gn'—l

m

Bay gi¢ ta chuvén sang ching minh diéu kién 40 va dé don gian trong trinh bay, &
dayv ta glasir,, ry, -, r,, dudcsip x&p theo chidu ngude lai:
P12 ra2 - 2 r,

Vi co:

dimGy=m, dimG, . ;=n va GG, - < G, -,
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nén sé chiéu cia G, £=0,1, ... .n—1 tang din theo k t& m dén n. N1 cach khac, khi
cho & chay nguge tit r—1 vé 0, ta ludn tim duge mdt chi s6 p sao cho:
dimG,_y=n . dimG,_o< n.
Do
Gp—l: span(adf&i(i) | i=1.2, ... -1
hay G,_, la bao tuyén tinh cua mp vector, nén:
n = dimGp_]S mp. {5.83)
Goi
m; =n—~dimGp_9

thi ta phai cé m,<m vi s8 chiu bi giam la m, khéng thé nhiéu hon s8 cac vector di bi
bat dilam.

Do G-, %o0in nén theo tiéu chuan Frobenius. ta ludn tim duge m; ham A;(x),

» , T
J=1.2. .. om, déco (dA(x)] e Gy_y. Nhungvi:

Go=Gic - <G, tikcld GioGio - 2G5
T .
nén ta cang cé (diJ (5)) € G vé1 mol ksp—-2. Suy ra:

_ o4y
A ﬂdfh. =0

L
d::ha 7 Bx
ding véi mo1 k<p-2 . j=1.2, ... .my va i=1.2. ... .m. T dav, va k&t hgp vdi ndi

dung dinh 1y 5.7 ta duge:

LhL A (x)=0 khi k<p-2.5=1.2, ... ;my va (=12 ... m.

Ngoaira, vi dim G,_;=n nén ma tran kidum xm

Ly, Lff"ﬁ.l @ Ly L’E"lﬂq(._g) Ly I @
=1 71 -1

\LEILE_l’iml(E) Lﬁz‘{ff_liml(i) Lh L__l’lml()

—irt



phai ¢é hang m . Gia st ring m;=m. Vav, theo dinh nghia 5.4, dth tudng sé cé:
r]:r:e: -a. :}"m :P

Do téng chc bac tudng déi tdi thifu khdng thé 16n hon bac mé hinh (dinh ly 5.9, titc
la phai cd mp< n nén khi két hop vdi (3.83) ta dude mp= n. hay:

ritrot - tr_ = mp =n

Néi cach khae, trong trudng hgp m ;=m cac ham A (), j=1.2, ... ,m tim dude theo
(5.83) da lam che déi tugng vdi tin hidu ra hinh thite ¥ = A(x) thda man yéu ciu can cd

dé c6 thé tuvén tinh héa duge chinh xéc.
Né&u nhu m <m . Vay thi déi tudng sé o m | bac tuong dé1 t8i thidu:
Fa=Fe= 0 =y, TP
déng thai, do ¢é quan hé (5.82). tic la:
! T . |
span([deAj) |k+is ry=2 3 j=1.2. ... .m)c G,
nén cang co:
i T - 1
span( [dL{;IJ-({)) li<1 pJi=1.20 ... umy)c Gp'_g

Hoan toan tudng tu, ta cho chi 86 & tiép tuc giam tf p vé O ta & dén duge chi s6 tiép
theo la g<p sao cha:

dimG,_;= dimG, -, . dimG,_,< dimG,_,.
Khi dé néu dat
my = dimG,.,- dimG,_,
thi do tinh xodn cua Gq_g ta cling sé tim dugc v=m,—2m, ham AJ-(Ji). J=m 1,

m,+v¢ bd sung thém vao m, ham da cé. tic Ja;
L,,_”ij(p:o . k<g-2 ., jEm,+1. ... m,tvva i=1.2. ... .m.

() day ta cAn phai chon cac ham méi nay dbc lap tuyén tinh véi toan b 2m , cac dao

ham dLiA;(x). 1<1 ; j=1.2. ... .m, di co. Diéu nay 13 hoan toan c6 thé vi

[ va
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dimGy_3= m +my.
Lai gia st m,+my=m. Khi d6 dé1 tugng sé cé vector bae tudng ddi;
FyFre= o0 SFp =P
Tmy+1 = Tmy-2= =" ==
vi vector bic tudng ddi nay cling thoa mén:
ritrgt e P, =mgptmag=n
vi, mdt mat téng cac bac tuong 461 t61 thiéu khong dude 1én han » (dinh Iy 5.9), tic 13
m ptm,qsn,
mit khac:

maptmaeg = myp+im—m,iqg = m(p-gl+mgq

z my(p-g)+ dimG _, ((7,- 13 bao tuyén tinh cua mg¢ vector)
= m(p-g)+ dimG,_, (dimG .= dimG,__5)

= my(p-q)tn-m,

Zmytn-m,=n (prg}.

Néum +m,<m. tic la déi tucng méi chi cd cac bac tugng di t61 thidu;
r]:rQ: e :rml :p

r

my~l =T

my~2 = 7 T Tmyemy, T4

ta lai cho % gidm tiép tuc tir ¢ v& (¢ ¢& dé&n duge hang s6 méi I<g thoa man:
dimG,_;= dimG,_, . dimG;_,< dimG, 4

nhim tim tiép cac ham Aj(:i) b sung thém véo nhing ham da c6 .... Cid nhu vay ta sé

¢6 duge toan by m ham A;{x), j=1.2, ... ,m m véi né déi tugng c6 dudc vector bac

tuong d6i téi thidu (ry, ry, ... .r,,) thoa man (5.76), 0

Dinh 1§ 5.21 da dude chiing mirh. Phan chiing minh dinh 1§ ciing 14 médt su bé sung

thém che viée xac dinh cu thé cdec ham R_j(g), j=1.2, ... ,m. Ta dén duge thuit toan

xée dinh 4,(0). j=1.2, ... .m gdm cac bude nhu sau:
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1} Kiém tra tinh déc lap tuyén tinh cua hotx), hy(x), - . h,(x) 14 m cac vector cit

clia ma tran H{x).

2} XAy dung cac hAim mérdng G, £=0.1, ... .n~1 theo céng thue:

Gy=span{h, . Ay, -  h,)

—fL
G,=G,_, + span(ad?}ii(g) li=1.2. ... .m)
3) Kiém tra tinh xodn cia G,. £=0,1. ... .n-2

4} Kiém tra diéu kién dimG, _=n.
5 Ganp=n-1. {=v=0.
6) Giam k tit p v& O cho téi khi e6 duge chi =6 k=g <p thoa man:

dimG ;= dimG,_,; . dim(7,_5< dimG,_5.

7} Tinh
s = dimG,_,- dimG .,
cang nhu s—v ham tuong Ung AJ-(J;'),_ J=i+1. ... [I+s—v tiebéng thic

8/1), X ) i
— aqdth =0, t=1.2. ....om
X r=t

sao cho d4;(x) cua cac ham mdi nay la dée lap tuyén tinh véi dA;(x) vadLed;(x)

cua nhitng ham da cé.
8} Gan:
rf+1:r|f+2: L — rlf“‘\l.:(j
Li=l+s~v,. pi=gy, vicvts

Kiém tra néu/=m hodc p=0 thi ding thuat toan. Ngugc lai thi quay v& budc 6).

9] Xac dinh

¢ A .
L} 4 (2) Ly LY 4@ Ly L7
plx}= : va Lix)= ' : .
| L?Jr A (X) Lh] L?H_]im (x) - Lh,,, L?n—l/lm (x)
" 4 kN A

10) Xav dung bs digu khién (3.77) vii vhép dai truc toa db vi phdi z=m(x) theo (5.78):
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Hé tuyéntinhz=Az+Bw

R C:l-e':l—fhlen 0 = flx)+H x| 3 ”L@—;_é)
N (3.77) dt - .
x  — e _

Hinh 5.11: Di€u khign tuyén tinh héa chinh xac quan hé vao-trang thai déi tugng MIMO phi tuyén

Vidy 5.24 ([9]}: Minh hoa dinh Iy 5.21

¥ét do1 tuong duge md ta bil mé hinh vao-trang thai

( LI = ] O I
, R T P T o { 0 i
(X - ki
G- MO @ = ey g - |+ eoste —xg) 1w,
. 0 0
i \ 0 1
_12 ' B

Ta co thé thay ngay dusc ring hal vector ¢ot ciua Hix)

0 ; e

0 ' 0

h(x)= ] coslx; —x3) |, Aaix)=11
R |
0o .y

12 dic tap tuyén tinh tai moi diém trang thai b cos(y;—x;)#0 . D& tugng b

nd*’_ll hy =0

’ 0 ! {}
—cos{x) —x3) ‘ -1
adphy = —xysinlxy -x3) | adgh, :| —lx; —x5)
; 0 -1
|\ 0 0 )

adff:l = ady adeh, = ad; ad b, = (zdf—ﬂz U
[adph, . adrhyl= adyg.p adyft, = tan(x— x;0h, (x}

Suv ra:
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(Gn=spanlf, . h.) xoinvacd dimG =2

Gi=spanth, . b, ad:h . adch,} x04n va cé dimG ;=4

dim(7F.=dim(7 ;= dim(; | =5=n.
Vav dél tugng 1a co the tuvén rinh héa chinh xac dudc.
Bat dau véi I=v =0 vii cho & chay tu 1 v& 0, ta thavkhi k=p=3 ¢
dim(y,_»= dimG=4<5= dimG,= dim(7,_,
nén oy =p=3, Tiép tuc, vi

s=n—dim{7{=5-4=1 = dim Gy =s=1

nén phai ¢é it nhat s—e=1 ham 4,{x) thda man:

A dA
spani e WD il hy=
lx ax =

DA Y Py ~
L hz = —1adfél = T:;Ladﬁﬁz—ﬂ_

EJ__l' - az - r

(" thé thily mot trong ciac ham do 1a
A{a}= 1 —x,.
Gan f=l+s—e=1. v:=v+5 =1 vii cho & chay 11ép tix 3 vé 0 ta lal duge vér k=p=2-
dimG . .= dimG=2<4= dimG = dinG -,
do dér,=p=2 Hon niia. vi
= JdinG -dimGy=4-2=2

nén phai ¢6 it nhat s—e=1 ham A,{x) bé sung thém va ham nay phai déc lap tuyén
tinh vo1

dijg) =(1 0 0 0 ~1)
va vGi

dl A4x) = (0 1 0 0 0

cung nhu phal thoa man:

A ; A HA.
apani st jo. (A7 = r_ el h,= [_ 2 h,=0.
dx tx T dx 77

Ta thiav mdt lrong cac ham A.{x) d6 1



Rl(‘z.) =Xy
Thuat toan ding d day vi da cé {+s—v=2=m. Vay v6l hai ham tim duge la
Ald=x,—x, , A;(x)=x, d6i tugng ¢6 md hinh vao—trang thai da cho s& tuvén tinh hoa
dude chinh xac cung véi hai tin hiéu ra hinh thic

:{21 (E)):(% _xﬂ
Aptxy) L oxy )

:

|4

Né ¢6 vector bac tuong déi (r,.751=(3,2). a

Bén vé diéu kign n22m va vén dé mao

Xét d61 tuong vao—trang thai bac n cé m tin hidu vao va dude mb ti bdng mbd hinh:

=9 Taou,

=

Ky hiéu;
GD: Span(}il . }iz LT }l.m)
Gp=Gpy + Span(adfﬁi(g) li=1.2. ... .n)

trong d6 £=1.2, ... .n—-1 Vavséco:

GogGhc - <G, L Gi2Gio -+ 2065,

. . . : T
Suv ra, khi két hop véi mét ham A;(x) bal ky nao d6 ¢6 (d{,-(g)) e Gt

b doi tugng

MISO (m tin hiéu vao, mat tin hiéu ra) mé ta ban:

=1 (5.84)

$& ¢6 biac tudng ddi tol thiéu r; khong nho han p+2. tic lar; = p+2. Mg réng ra, néu co
dijx)e Gy va dilx)e Gy

thi bac tudng dbi téi thidu r cia (5.84) sé ding bang p+2, tue la ri = p+2.

Dinh 1y 5.21 da dude chiing minh dua vao nhan xét trén, P6 cing 14 Iy do tal sao
phai c¢é diéu kién n22m. Tuy nhién, nhing cach ching minh khac cho dinh ly 5.21
trong céc tai ligu [3]. [18] lai khéng st dung didu kién nay. N6 chiing t6 tinh dving dén
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cua dinh 1y 521 duge md réng cho ca cac truong hop ma ¢ dé diéu kién n22m bi vi
pham. Song khac vdi phén chiing minh ma ta da tién hanh, nhiing ching minh nay

khong néu 1&n dude phudng thic xac dinh cie ham 4;(x). j=1. ... , m cho viéc thiét ké
bd diéu khién.

Theo thuat toan duge xay dung tir phdn chiing minh dinh 1y 5.21. Ta chi c6 thé xac
dinh dugc nhigu nh&t n—m ham 4,(x), j=1. ... . n—m+1 iing véi n-m bac tuong dal
151 thidu ricJ=lo . n-mtl,

Nhung theo nhan xét trén, cac ham eon lai c6 thé duse bd sung ti viée chon:

(d&_,-(p)Ts Gy . Jj= n-m+2. ..., m (5.85)

Khi dé hé MISO (5.84) ng vdi cic ham 4;(x) nay sé c6 bac tuong déi ti thiéu r,=1.

j=n-—-m+2, ... . m.

Vin dé con lai chi 1a xac dinh cac ham 4;(x). j= n-m+2. ... , m th&€nao dé toan

b§ tat ca m bac tudng déi tél thiu tao thanh dude vector bac tudng 46 toi thiéu (r, rs,
. 7.}, tic la dé cho ma tran Lix) xac dinh theo (5.79) khéng suy bién Cho téi nav,

161 giai ela bal toan nav van dang bi bo ngo, tic Ia van chua ¢6 mét thuat toan tdng quat

tim ¢ac ham bd sung A;(x) theo (5.85) d€ L(x) khong suv bidn.

Vi du 5.25: Xac dinh tin hiéu diu ra 4o cho bai todn khéng thda man gia thiét cla dinh Iy 5.21
Cho déi tugng c6 md hinh:
Iz
—_—= Ifg +]1 3

Xy x1 4/,

tic la co n=3 vam=2. D&l tuong nayv cd:

0 0
G, = spanth .ot = span(|1].| 3]}
12/ 4

x0an vi ady holx}=0 vaco dimG, =2 hav dimG; = 3-dimG, =1

Cac ham md réng con lai 1a 7, G, déu 6 dimG = dimf75=3 nén theo sy md réng
dinh 1¥ 5.21, d81 tugng 14 tuyén tinh héa chinh xac dude, mac du § day didu kién n22m
14 khéng dude thoa man.
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) o . s . o W ~ s N - o
Trude hét ta tim ham 4,{x) thoa man (dA4(x}} € G; . Ham ndy =& mang dén cho

d6} tuong bac tuong doi 1o thidur,=2;
(d/llfgc_))TE Gy = dix) =41 0 0y = 4 ==x,

Ung véi 2, {x) tim duge ta ¢

L*‘_H I*iilﬂl) =1 va L}__:_: f.

Ham A,(x) con lai ta xac dinh ta:

(d20)) € GF  hay gradis(xe G
tic 14 phai cé:

dA, (x} _
x,

va ham niy sé mang d&n cho déi tugng bac tudng di téi thidu r,=1.

bé (ry,re)=(2.1) tao thanh vector bac tuang dé1 181 thiéu thi ma tran:

Ly LiA(x) Ly LeAy(x)
Lix) =| 7 ~ PN
Li;.__’l‘.a(f) Ly, Aa(x)

{ 1 3

| L Autxd Ly Anx) |

r
phai khéng suy bién. Ta ¢6 thé chon trude. chang han nhu:

L;_]]zi.z(g) =0 wva L,_??/LE(E) =3

Khi dé, két hop ciing v6i (3.87) sé dudc:

. 0 o)
di,(OH(x) = (0 22 Ry, 3‘ = 2)
dry  dry
2 4
A, (13
o (2 LJ}X =@ o
axg 8'.'6;4 2 ;
. -1
A, dd, ‘103) f4 =33
(== LEy =0 2 | =0 - kztz ~1)
81'2 t).\';_:, 2 4),. \—2 1 J

Suv ra mét trong cac ham A, (x) do 1a

Aafx) = 2x,-xy
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Vay voi hai ham tim duge {5.86) va (5.%8) ddi tuong ¢6 md hinh vio—-lrang thai d3
¢ho s& tuvén tinh hda dude chinh xac cing vdi hai tin hiéu ra hinh thie:

- _ [)n (x)
‘I..’ pu—

I‘_‘( 0o
’{-‘)_(E); V2xy ~ay ]

T

N6 mang dén cho hé veetor bac tucng dot 161 thigu (7. r,}=(2.17

Tuyén tinh héa chinh xéc vé gén diém cuc

Nhin lai k&t qua (5.72} La thiv tuy ring di duge tuyén tinh héa chinh xac. song hé
tuvén tinh thu duge lai khéng én dinh vi ¢6 didm cuc =0 bdi n.

Dé c6 dude k8t qua tavén tinh héa chinh xae 14 mat hé tuvén tinh én dinh véi mb

hinh:

dz
—= = Az+RBuw (5.89)
di
trong do
‘A, ©®& - 06" 0 | N
o A, “ : : . .
A= -
: 0 Ag 0o 0 1
0 ® A Ly gy Thoy,
by b 0 o
s |0 B 0 b=
=T N iy =
: ol
B Q Q o st} 1 -';
vaay,. k=1.2. . om :i=1.2. . .r, la nhiing hé sé dudc xac dinh td céc diém cuc
cho trude §,;. £=1,2. ... .m . 1=1.2. ... .r, cin phai gan cho hé tuvén tinh (5.59
duge tinh theo:
(s—spMa—sp,) - (5=8, 1 = cpy +opas+ o +q”.}/5”’_] +5'h

ta chi can stia lai b didu khién (5.77). ciing nhu (5.71) sac cho 6 dude:
w-Az = p(x)+Lixw

vl

2494



S L)
A= - -0 : va plx)=
0 o 0 L LT B I‘q"mrm L?” '{?n (E)

Didu nav dan dén bd diéu khién thich hap la:

u = L7 w- po- Amn)] (5.90)
va ta ¢d duge khang dinh:

Binh ly 5.22: Néu dbi tudng bac n véi m tin hidu vao:

\ dx
—= = flxy+H(Du
dt ==

¢H m tin hiéu ra ao, ghép chung lal thanh vector ¥ =A(x), sao cho vector bac tuong

déi téi thiéu (r,, r. ... .r,) cua hé

J%=[(§)+H(z)-g

¥ =Ax)

thda méan r+r,+ ««« +r,=n. thibo didu khién phan héi trang thai (5.90) va phép

d51 bign (5.78) sé tuvén tinh héa chinh xdc né thanh (5.89) vdi cac diém cuc s,

k=1.2. ... .m :1=1,2. ... .r; lanhiing gia tyi tay y cho trude.

5.4 Kha ning quan sat trang thai

Xae dinh trang thai x(#) ctia hé théng 12 mdt trong nhiing bt todn thudng gap clua
didu khién. Nhiém vu cia no 1a xac dinh gia tri trang thai x(¢4) tai théi diém ¢, ti viee
do céc tin hidu vao #(t). ra ¥t} cua hé théng trang mét khodng thdi gian T hin han.

PZ minh hoa cho su can thiét cia cong vide nay ta hay quay lai van dé xay dung b
diéu khifn phan héi trang thai on dinh héa hé théng, Néu sau khi da bidt 1a cong viéc
xav dung bé diéu khién c6 thé ca két qua (hé difu khién duge tai x,) thi cong viée tisp
theo 1a phai xac dinh duge x, dé tit d6 bd didu khién cé thé tao ra dugde tin hidu didu
khién thich hop dua hé tit x, vé diém can bing x,, ban ddu. Cong viec xac dinh diém
trang thai x,, cé thé dude tién hanh bing cach do truc tiép (nhd cac bo cam bién, sensor)

hoac quan sat khi khéng thé do dude truc tiép x,. ching han nhu gia téc khang thé do
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dugc truc tiép ma phai dude suyv ra tI viée do toc dd trong mét khoang thai gian. Néi
cach khae khai niém quan sat duge hidu 13 théng qua cac tin higu do dude khac (thudng
la cac tin hidu vaofra) ma suy ra x,. Diém trang thai x,, cliia mét hé phi tuyén s& duge
néi la quan sat dude néu ta cé thé xac dinh duge né théng qua viée do cae tin hidu vaolra
trong mot khoang thdi gian hiou han. Yéu ciu phai do trong khoang thai gian hitu han 14
rit quan trong. Khoang thoi gian guan sat cAng ngin sé cang tét cho cing viée didu
khién sau nay. Néu thoi gian quan sat qua ldn, diém trang thai x, vizta xac dinh dudc sé
méat ¥ nghia ing dung cho bai toan didu khién, vi du khi c6 dude x thi c6 thé hé da
chuyén dén moét diém trang thai mdi cach rat xa di€m trang thai x, .

Hinh 5.12 mob td nguvén tic xic dinh cac bién trang thai x(¢). Hé théng giac tiép
vl mol truong bén ngoal thong gua cic tin hidu vio u(¢) va ra y(t). Trang thai x{f) c¢6
thé khéng dugce thé hién ra bén ngoai. nhung cé6 mai 1ién hé véi u(t) va y(¢). Bd quan
sat trang thai ¢é nhiém vu st dung méi lién hé dé dé xac dinh x(#) ti tin hidu do duoe
u(t}, (). Mdt bd quan sat 6 khoang thai glan quan sat T cang nho sé duge danh gia
1a cé chit lugng cang tét.

Bai toan quan sat nay ta gap thuong xuvén trong cudc séng d6i thuong chi khong
riéng gi 4 hé thdng ky thuat. Chang han nhu:

- Bac s§ chan doan hénh théng qua tée déng clia minh viio ngudi bénh (tin hidu vao)
va triéu chiing thé hién ra bén ngoai ciia bénh nhin tng véi tic déng dé (tin hién
raj.

—  (Gide vién xac dinh trinh d§ cua hoc sinh théng qua viée dat ra cu hoi (tin hiéu
va0) va két qua cau tra 161 cta hoe sinh (Lin hidu ra).

Ha thiing
5 diéu khién —

v

"

B quan sat J

trang thai |«

IEIIRERE:

Hinh 5.12: Quan sat trang thai.

|
I
| =

Binh nghia 5.7: Xét hé c6 cac tin hidu vao w(f} va cac tin hiéu ra ¥({) , md ta bon:

|‘

J

-

|I3-'.
II
I:-—

U )

)

(5.91}

(x.

| S

|*-f Q‘
il
|0"'

Hé sé dude goi ta:
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a) Quan sdt duoe tai thot dism ¢, . néu tén tai it nhat mét gia tri thoi gian hitu
han 7>t, dé diém trang thai x¢¢,)=x, xac dinh duge mét cach chinh xac
théng qua viée quan sal veclor cic tin hidu vao ra u(t}. x(t) trong khoang
thai gian hifu han [¢,,7].

b Quan sdt dude hodn toan tai thoi diem £, néu vai moi gia tri thei gian T>¢,,
diém trang thai x,=z(f,) luén Xac dinh dude mét cach chinh xac t vidge quan

sAt vector cac tin hidu vao ra u(f). y(¢) trong khoang thadi gian [¢,.7T].

O hé tuyén tinh ta di dudc biét dén hai b quan sat trang thai co ban. D6 1a b
guan sat Luenberger vi bd guan sat Kalman {cén goi b6 loc Kalman), Ngay tit cudi
nhitng nam 1970. cdu triec hai bé quan sat nay da duge chuyén thé sang cho hé phi
tuyvén. Chiang dude biét dén dudi nhiing Al trén nhu b§ quan sat Luenberger md réng,

vit bd loc Kalman md rémg.

5.4.1 Bo quan sat Luenberger mo rdng

Duge goi ¥ tit bd quan sat Luenberger cua diéu khién tuyén tinh, d day, cho doi

tuong phi tuvén (5.91), ngudl La cing st dung bd quan sal viél mé hinh:

—= = R+ (Tuy) (5.99)

Baj toan thiét k& duge dat ra d dav 1a tim vector ham [ (X, ¥) sao cho ¢6 duge ¥ —x.

TAt nhién réng trude bét { {(X.u,¥) phai théa man:

lim L(x.w.)=0  hay xwu y)=0
S0 ¥ ¥

Vil bé quan sat (5.92) thi phuong trinh déng hoe mé ta sa1 léch e= ¥ —x, cé tén goi

la sai s& dong hoc (error dvramie), s la:

—':f = fle+xu) - flrw +l(e+x u. y) (5.93)

Nhu vav, van dé thiét k& da duoc cu the héa hon. Ta phai xac dinh vector {{e+x.u. v)

820 cho ¢é dude lim e() =0 vél te do cang nhanh ciang tét va diéu nay khéng duge phu

fovem
thudc vao x, ¥ eing nhu v. Hién nav. bai toan nav mé chi 6 161 giai cho tiing trudng

hop tng dung cu thé. Ly do 13 vi ngudt ta edn dua kha nhiéu vio kinh nghiém ehti chua
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thie su xac dinb dude cu thé mé 1ién quan gida ciu trae flx.u) di cé cha ddl tuong vdi

ciiu tride phat co eda fle+x. . v}

Phuong phap tim kiém {{e+x.v, v) thutng duge 4p dung la Lyvapunov. Tae la tir

mdt ham V{e) xac dinb dudng dude chon (rudc, nguol ta xay dung {(e+x, 1. ¥) sao cho

dao ham Lie cia né:

dVie) =M fletxau)— Fleuy+liety, e vl
ot de = T =T =

xac dinh Am vdl mol x. w. v. Ngav d ddy ta da thay, viée chon trude ham Vig) 6 val tro

gquyét dinh td codng viée tim kiém {{e+x.1. v). Néu "khéo" chon Vie), bal toan sé o

nghiém don gian,

Vi du 5.26: Md hinh chudn
Xét 16p cac déi Lugng c6 md hinh trang tha dang:

gz Ax +a(u, y)

fe s
¥ =g

trong d6 A. C 14 hal ma tran hing quan saf dude (thoa man tidu chuin Kalman, xem tai

ligu [18]) va glu. v). g(Cx) la hal vector ham phi tuyén, u la vector tin hiéu véo. ¥ la

vector tin higu ra. Gia thiét tiép vector him g(Cx) 1A nghich dae duge. tite 13 ton tai:
b — " ] K
Cx=g (¥

Sl dung vector ham (X .. v)=L{ g (3 ~C ¥ ). tiic 1a sl dung bd quan sat:

di _, - - N
d—fﬁ’t Eralu, IHL(g (W-CE)

trong do [ 1a ma tran hiing can xac dinh, thi phugng trinh sai s ddng hoc (3.93) sé la:

de

2L — (A-LC)e

eft

Nhu vav ta lai quay tré vé bal toan thidt k€ bd quan sat trang thai Luenberger

quen bidt cia difu khign tuvén tinh. Ta chi céin xéc dinh ma tran L sao cho t4t ca cac gia
tri riéng 4; cta (A—-LC) nam bén trai true do. Ching ndm cang xa tiuc ao vé phia trai,
toc dé hoi tidn vé 0 cua ¢(¢) cang nhanh. din d&n 13 thdl gian cin thift dé quan sat se
cang ngin. a
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Vi dy 5.27: BO quan sat Luenberger ma réng

Xét 18p cac db1 tudng mé ta boi:
dx

{BT = Axta(x)+b(u. y)

y=Cx
vai A, € 13 hat ma tran hang, dude gia thiét 1a quan sit dude, u 1A vector tin hiéu vao,
¥ 1a vector tin hiéu ra vaa(x), b(x, ¥} la nhiing vector ham phi tuyén.

8ii dung vector ham £( X .u, v}=L( v-C ¥ }. tic 13 si dung bd quan sat;

dx

—= T AIZ+ali)+blu, ¥

dt

—

trong d¢ L 1a ma tran hing cin xac dinh, thi phugng trinh sai s& dong hoc (5.93) =8 14

% = (A-LC)e+ale+x)-a(x)

Né&u nhi thanh phan phi tuyén g(e+x)—a(x) con bi chan trén theo nghia
ale+tx)—aix) |- S 7

thi ta chi cin xac dinb ma tran L sao cho tat ca cac gia tri riéng 4, clia (A-LC) nim di

xa truc ac vé phia tra
Retd,(A-LC)}< y

12 s& dat duge muc dich dat ra cia bl toan thiét ké:
Iim e{()=0 0
t oo

5.4.2 Quan sat theo nguyén ly trugt (sliding mode ohserver)

Xét 1dp cac hé bat dinh cé mod hinh trang thai

dx
JE = Av+alu, ¥)+ BO(x.u) (5.94)
ly=cx

cé n bién trang thai x, m tin hidu vao i, va s tin hiéu ra ¥, cip ma tran (A4,C) 14 quan

sdt duge, g thanh phén bat dinh 8(x.u) 1A chin trén theo x, tic 13 tén tai ham plu)
thoa man:

I 8tz ) | € pta
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con a(w, ¥) 1a vector ham da biét ctia mé hinh.

Gia st rang bd quan sat trang thai ducc mé ta mét edch hinh thire bél

- T =
92 pFra v+ Bow) B BTy O F) (5.95)
dt = UBTP(E—E_) -

nxn

trong dé Pe R 12 ma tran xac dinh duong dude chon tuy ¥ va L 14 ma tran con can

phai dude xac dinh. Ta goi (5.95) 1A hinh thic vi trong céng thice trén nd ¢ chida trang
thai x khéng dude phép.
D& khu trang thai x khéng duge phép trong (5.93). ta giai phudng trinh:
BYp = EC {5.96}

nhim tim nghiém Ee k9™ rdi thay vao (5.95) sé dudc:

Cx)

-

dz E(y-

—= = Ai+alu. y)+ Bplu) +L(y-CX) (5.97)

C6 thé thay khis<n thi phudng trinh (5.96) 6 vd s6 nghiém E.

Vi bd guan sat (5.97), phuong trinh sai =8 dong hoe (5.93) sé 1a

E(y-Ci I
28 - (ALCve- B oy 22 ot ) (5.98)
205y -c3]

H

T phueng trinh sai s§ dong hoc d6, ta thay vdi ham xac dinh duong

Vie) = ¢'Pe (5.99)
SE o
Vv
D) = _TQe —2p(u) | ECe|-2(ECe)" 8 (5.100)
dt ~— —— =
<0 vi pz|f o
trong dé

Q@ = (A-LCY P+P(A-LC) (5.101)

Nhu vav, (5.101) chinh 14 phudng trinh Lyapunov (dinh 1y 3.2) va né khang dinh rang
khi (A-LC) 13 ma tran bén. ta luén tim duge ma tran P dé: xiing xac dinh duong che
ham xac dinh duong V{¢) theo céng thiic (5.99) dé vdi noé c6 dude dao ham (5.100) xac
dinh Am va do d6 cung sé c6 dugc e (£) -~ 0.



Cuéi clng, nhin lal md hinh (5.98) ta thay ¢ trudng hdp déac biét s=1, tuc 1a khi hé

chi o mét tin hiéu ra. hay C=gT thi do hé quan sat ¢o chida thanh phan
E(y-¢ %)
-5

sgniv "QT )

wuong ty nhu mot didu kién trugt véi mat trudl y—!.'f x . nén nd duge goi la bd quan sdf

trang that theo nguyén Iy tregt {(sliding mode observer),

5.4.3 B quan sat ¢é hé s6 khuéch dai Idn (high gain observer)

Xét 16p cic hé 8IS0 ¢6 md hinh trang than

0100y,
[ 2y {0
! 001 -0 i
dz _ I P - :.@{_ -
—_— = - : N : . : - £
di z, = 0! =
) 1000 N
Mz k] )
PO 0 0 0 0] Lz
MR < b
A
_ .7
V=2

Vil
=010, .00,
(¢ thé thay day chinh la md hinh trang thai chuan (normal form) cha cac hé afline oo

bae tudng déi r=n. Hon na. cho moi hé phi tuyén céd cau trie truvén ngude ta déu tim
duge mot phép 461 bién z=m (x) dé dua no vé dang trén (xem [21]1

Su dung bd guan sat trang thil

1%

73 e
Z - . T~
— = A7+ : e
ar z B (v—¢ 2}
h,e
N
h

trong dé ¢ 1a hang s6 du nho cho trude viv Ay ... . h,, la nhing hing 8 con phal dugce

xac dinh. ta s€ 6 phuong trinh déng bot md ta saj léch ¢= z -2 nhu saw

trong do
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—het 10 o

—hye" 01 0

A= A+he = : S
—h, e 0 0

L =R 00 0

Nhu vav la cén phai chon cic hing sd k. ... . A, sa0 ebo

det(sf- A) = s"+ R U+ s 4 A

Ia da thic Hurwitz, Khn dé thi do

lim Red 4,( Al = —w

-l

véi A, 14 gia trj riéng cta ma tran A . ta 8 ludn tim duge mdt hang s5 ¢ dv nho dé tat cd
cde gia tri riéng 4, cia A ném d0 xa tryc so vé phia trai, lam cho sy anh hucng cua
thanh phén phi tuvén b @(z. u) téi tée dd tign vé 0 cta e(t) 14 bd qua duge. Didu d6 din

dén 7 > z.

5.4.4 Nguyeén ly tach (separation principle)

DE c6 duge bg didu khién phan hoi tin hidu ra cho 481 tucng phi tuyén, nham mang
tai cho né mot chat lugng mong mudn, chang han nhu én dinh, bén viing, tach nhidu ...
ngudi ta thudng tidn hinh hai bude thidt ké nhu sau:

—  Bude 1 1a thiét k& bo didu khién phan héi trang thai trén cd sd gia thiét rang tat
ca cac bién trang thal x cua dél tuong 14 do dude. Két qua eia bude nav 15 pha
mang lai cho hé thng tat ca mo1 chit ludng mong mudn da dit ra.

- Buéc 2 1a thiét ké bd quan sat trang thai ¥(¢} trén cd sd do tin hiéu vae. ra cua
@51 tuong, nhim cung cip cho b didu khién phan hét trang thai co tiz bude 1 gia
tri trang thal xdp x1 (O =x (¢} cua dd1 tudng.

Khi ghép bé diéu khién phan hdi trang thal va bd quan sat trang thai chung lay véi nhau

ta 5 ¢6 duge bi diéu khién phan hii tin hiéu ra.

Tuy nhién. cing cdn phai nol thém rang khac véi hé tuyén tinh, khéng phai hie nao
ta clng c6 thé dé dang két hap nhiing bd quan sat trang thai phi tuvén véi ba didu khién
phan héi trang thai nhu bé didu khién tuvén tinh héa chinh xac, bd didu khién cuén

chigu ... d& 6 duge mat bd didu khién phan hii ddu ra ma van gid duge chat lugng gidng

nhu mit minh ba diéu khién phan hét trang thal da mang dén cho hé théng (vi du nhu

307



tinh on dinh tean cuc. tach nhifu ...). Ly do la tinh khéng thdéa man nguvén 1y tach

(separation principle) cua hé phi tuvén ma dién hinh, nhu ta d3 thiv tal cac mue trudc,
hé gém hai khau phi tuvén én dinh méc ndl tiép. chua chic 43 on dinh.

Tu vén dé dat ra nhu vay cba nguyén Iy tach, mdr ciu hot dat ra 6 day la nhiing
phugng phap thiét ké bo quan sat trang thai nhu th& nao thi ¢o thé ghép chung duce véi
bo diéu khién phan hdj trang thai da cé ma khong lam thay d8i chat lugng cia hé théng.
Cung nhu vay 14 nhiing phuong phap thiét k&€ bé diéu khién phan héi tin hiéu ra nhu
thé nao thi ¢6 thé tach duge thanh hai bai toin con la thiét k& bo difu khién phan héi
trang thai vi thift k& bo guan sat trang thai, ma vAn dat duge chit lugng didu khién
mong mudn.

Trong qua trinh tim cdu tra 1o, mét hudng nehién ciiu mdi di xuat hién (khoang 10
nam gan day) la difu khién tach duge (separation principle control). Péng gop dau tién
cua hudng nghién ciiu mdi nav 1a kéL qua cia Teel va Praly [28]. K&t qua niy cho thav
néu doi tuong lé quan sdt dupe hoan toan, déu (uniformly completely observable, UCO)
va bo didu khién phdn hot trang thidi dd mang dén cho hé thong chdt luong on dinh tiém
can toan cuc (global) thi sé tén tai bé quan sdt trang thdi dé khi duwde ghep chung vdi bé
diéu khién phdn hii trang thdi da co thanh b didu khién phdn hoi tin hidu ra, hé sé co
tink én dinh bin totn cuc (semi-global). tic 1a én dinh véi mién én dinh 1a tap kin. lén
thy v. song khéing phai la toan bo khong gian trang thai,

Theo dinh nghia v& tinh quan sal dude (hoan toan) cua mét hé phi tuyén thi kha

nang xac dinh duge x{0)=x; t tin hiéu vho ¥ {r) vi tin hiéu ra z(r) trong khoang thai
giun 0< 7T duge hidn 14 sy ton tai cva mét ham @(-) dé cé:
x(ty)= tb(g(r).l(r)) vii O< =T
Néu;
— T khéng duge nho hon mét hang s6 cho thude thi hé 1a quan sdt dude.
~  Tlatuy y. chicin 1én hon 0 thi hé dude goi la guan sdt duoe hodn toan.

Trong k&t luan eua minh, Teel va Praly st dung té khai niém quan sat duge hoan
todan va déu (UCO). Khai niém nay la siy md réng cia dinh nghia trén, Mot hé phi tuyén

V6l vector trang thai x (¢}, tin hiéu vao p{t) va tin hidu ra v} . dude go1 13 UCO néu tén

tai hai s& nguyén ducng v, r va ham @(+) dé cé:

() = oul), .. @O, o, oY),

Nhiing hé affine co bac tuong dél r=n déu la UCO. Két qua cia Teel va Praly da chi
ra su ton tai cha bd quan sat trang thai, song lai khing néu 1én duge phuong phap thiét
k& né. Cing chinh vi vay, né di kich thich su ra do ciia mt loat cac nghién edu didn



khién tach dugc ma trong tdm la cac phuong phap ghép bd diéu khién phan héi trang
thai v61 mot b) quan sat trang thai thich hop. Dién hinh c6 thé k& dén la céng trinh cta
Atassi va Khalil [1]. N6 chi rdng ldp cac d6i tuong quan sat dude hoan toan va déu
(UCO) md ta bai:

d[5)_(Ag+Beignw Y[
dt|n g | y,) \a¢n)
x Y

trong dé
o1 0
A=diag(A )eerr, A, = o = R
B4 C e 0 1T
00 - 0
o
B=diag(B,)e R B,= 0 e

C=diag(C, e RY™", Cp = (1.0, - ,0)e RV,

sé dugc 6n dinh ban todn cue biang bd didu khién phan héi ddu ra, gém b6 diéu khién

phdn hdl trang thdi dong khong hoan toan:

dE . . -
—";— =AE+B o nuwy+H(y -CE)
vl
hyge”
H = diag(H,), H,=|  |er"™
hr;_kg_’?

s thy s +hy, la da thic Hurwitz,
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Hién nay, huéng nghién ciiu nay vin con dang duge tiép tuc. Ching han céng trinh
cia Maggiore, Passino [16}, {17) va cia Shim, Teel (24]. N6 md réng két qua cua Atassi
va Khalil cho ca nhitng dé1 tugng phi tuyén quan sat duge hoan tean nhung khéng déu,
hoac quan sat duge nhung khong hoan toan.
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